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Definition

vt  = the (log) true value of a risky asset

        at time t;

μt  = E[vt /Ht] = the conditional

expectation of vt given the set of public information at time t, Ht;

pt = the (log) price of the risky asset at

 time t;

In efficient and frictionless (e.g., zero trading cost) markets, price reflect all public information.  Thus we have:

pt = μt
In these markets, the return is defined as

rt = pt  -  pt-1

   =  εt  =  μt  -   μt-1

     = E[vt /Ht] -  E[vt-1 /Ht-1]

     = innovation in beliefs

In market with frictions (e.g., market microstructure effects) 

pt = μt  + st    and   st  = sxt
where s = the half-spread


    xt = +1 for a buyer-initiated trade

–1 for a seller-initiated trade

rt = pt  -  pt-1

   = (μt  + st) -  (μt-1  + st-1)    

   = (μt  -  μt-1) + (st - st-1)    

   =  εt  + (st - st-1) 

     =  εt  + s(xt - xt-1)
= Innovation + Market micro-

      in beliefs 

structure effect  

Roll (1984, p. 1129) shows 

rt =  εt  + s(xt - xt-1)

↓

Cov(rt , rt-1) = - s2
Note that 

Cov(rt , rt-1) = - s2  →  s = [-Cov(rt , rt-1)]½

The round-trip spread (the bid-ask spread) can be estimated by

            2 [-Cov(rt , rt-1)]½

Price data  → Spread estimates

Private Information

Now assume that some agents possess private information and they buy when prices are below true value and sell when prices are above true value.     

pt = μt  + st   + λxt,   where  st  = sxt
or alternatively 

pt = μt  + sxt   + λxt  = μt  + (s + λ)xt  
If xt = 1 (i.e., buy transaction)

pt = μt  + (s + λ)  
or alternatively

pt - μt  = s + λ  

pt - μt  = s + λ  = the price impact of trade for a unit purchase (the deviation of price from the pre-trade conditional expecta-tion based public information only).

The true cost of trading will be greater than the quoted (half) spread, s.

With λ, implicit trading costs can be economically significant because large trades move prices, especially for small-cap stocks.

With frictions and private information

pt = μt  + sxt   + λxt  = μt  + (s + λ)xt  
pt-1 = μt-1  + sxt-1   + λxt-1  = μt-1  + (s+λ)xt-1 

rt = pt  -  pt-1

  = (μt  -  μt-1) + (s + λ)(xt - xt-1)    

   =  εt  + (s + λ)(xt - xt-1)    
s = f(market structure, transparency)

λ = g(market structure, transparency)

Inventory Model: Garman (1976) 

It = I0 – ∑ xk

            k = 1 to t-1   

where It = the inventory at time t

xk = the order flow (-1, 0, +1)

It+1 = It  – xt+1  or  It+1 – It  = –xt+1

E(It+1 – It) = –E(xt+1) = 0 

Inventory follows a random walk with zero drift. 

Pr(|IT| > K) = 1, where K is the finite dealer capital 

Market makers must actively adjust prices in relation to inventory to avoid the Gambler’s Ruin problem. 

Inventory Models – General Idea

pt = μt  + sxt   - ф(It  - I*) 

Set price to control inventory.  Dealer cuts the price if It  > I* and vice versa.

Equilibrium half-spread (s) is a function of inventory risk.    

Information Model (Glosten and Milgrom, 1985; Easley and O’Hara, 1987)

Ask price = E[vt /xt = 1] = the expected value of the security given that a buy order has arrived (ex post regret free price)

Bid price = E[vt /xt = 0] = the expected value of the security given that a sell order has arrived 

Bid-Ask Spread 

= E[vt /xt = 1] - E[vt /xt = 0]
= ωσ, 

where

ω = the extent of information asymmetry

σ = the degree of asset value uncertainty
