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1 Chl

1.1 Index notation
1.1.1 Summation convention and dummy indices

A dummy index is a repeated index.

n

S = Q;il; = ATy = E a;T;
i=1

(1)

Qi Ty = a11T1Y1 + a12T1Y2 + A13T1Y3 + - . - + A32%3Y2 + A33T3Y3 = Z Z airiy;  (2)
i J

1.1.2 Free indices

A free index appears once in each product term of an equation. i, kl are free in

ai;jx; = by, ApmAim = Th

(3)

The first equation represents 3 equations for each b;. The second equation represents 9

equations for each Tj,.

1.1.3 Kronecker delta
0ij =0, 1#7; 1,i=]
0ii = 3
0ij = 0j;
Oimm = UmOim = GmOmi = Omilm
OimTmj = TinjOim = Tij
T3j0i5 = Tijo5i = T

1.1.4 Levi-Civita (permutation) symbol
eye =1, ijk — 123, 231, 312; —1,ijk — 321, 213, 132; 0, otherwise

Vv VvV Vv
1-2—3— + — 1423 1—-+1—-2— 0

Oij€iji = Oji€ijk = €51 = 0
€ijk€mnk = 5im6jn - 6in5jm
€ijkEmjk = 20im

€ijk€ijk = 6



1.1.5 Substitution

a; = Uzm<bm)> bz = V;mcm — ?m = VimnCn — Q; = Ul (ancn)
. ~- / .v A" ~~
given reindex substitute

J/

1.1.6 Multiplication

P = ambma q= Cmdm — pqg = (ambm)(cndn) 7& (ambm)(cmdm)

1.1.7 Factoring

Tiing— A n; =Tyng— Non; = (T;; — Nij)n,.

37 \ , 37 YRR ( ]) J
L I

1.1.8 Contracting

Contracting is the act of

it is true by contraction that

Trace
a = S“ .

Contracted multiplication term
U; = Aijvj.

Multiplication of second order tensors is too a contraction:

Cij = Aix By;.

1.2 Tensors
1.2.1 Dot (inner, scalar) product and norm

Dot product u - v <= u’v maps two vectors to a scalar.

~~ A

u-Vv=1ue; v;e; = uj (ei . ej) = U;Vj 51']' = U; Vj 5]‘1' = U; V.
N—— ——

1. 1. II1. III.

Euclidean norm

u|| = Vu-u = /u? = \/u? + ul + u.

a=u-v=|lull||[v|| cosb.

Scalar

6

(15)

(19)

(20)

(21)

(22)



1.2.2 Tensor (outer, dyadic) product

St Sz Sis U117 U1V2 U1V3
D=AQv < Dijk = Aijvk; Sij = UVj; — 521 SQQ 823 = |U2V1 U2V UV3| . (26)
S31 S22 Ss3 U3V U3V U3V3
Note that
(u®v)c=u(v-c)=yv;c;. (27)
S=Siu.(ei®e e, Qe ®...) (28)
1.2.3 Cross product
uxv= (uzez) X (UjGj) = U5 (ei X ej) = UiV; (eijkek). (29)
I I
w=ux v = (|[u][||v]|sinf)n = An (30)

where A is area spanned by the two vectors and n is unit normal to u, v. Volume of three
vectors u, v, w

V=u-(vxw)=uwe; - (vje; X wgey) = u; € (VjWkEjkm €m)

I L
= UVjWhEjkm Oim = ymvﬂikajk = yinEUrkeile- (31)
L change u reindex m—»i.
Moreover
(uxv)-w=(vxw)-u=(wxu)-v=V (32)

measures volume of a parallelepiped spanned by three vectors.

1.2.4 Double contraction operation

Decreasing rank by two,

Aij = ijlekl — A=E:B. (34)

1.2.5 Tensor algebra
Tensors S are required by definition to fulfill

S(u+v) =Su+ Sv, S(au)=aSu. (35)



1.2.6 Tensor components

Wlth e, — {el, €9, 63},
Sei = Sjiej — Sej = Sijei — Sij =e€;- Sej. (36)

For instance, noting u-v <= u’v,

17 [Su Si2 Sis] (0 1" (Sus
0 521 822 523 0p,=<x0 523 = 513. (37)
0 531 522 S33 1 0 533
1.2.7 Transpose
The definition
u- (Tv) =v- (T u) (38)
informs, letting u = e;, v =e; and Eq. [36]
(Th)yj = Tyi, T" = Thi(ei @ ey). (39)
Transpose rules are
(ST)" =178’ (S + T)' =8 + 717, (8T =8. (40)

Transpose affects multiplication in that, if C = AB <= C}; = A;;By;,

C= ABT < Cij = AikBjk (41>
C= ATBT <~ Cij = A]mB]k (43)

Any tensor S can be decomposed into symmetric and skew parts

1 1 1 1

1.2.8 Determinant and inverse

The determinant of tensor S

Su - (Sv x Sw)

u-(vxw)

detS = = €j191i92 93k (45)

informs the ratio between the volume of the parallelepiped spanned by Su, Sv, and Sw with
respect to u, v, and w, serving as a sort of norm. Then inverse of S

1
Sz.;l = §(det S)ilﬁiklejmnsmksnl' <46)

8



Determinant rules are
det ST = det'S, det(ST) = (det S)(det T), detS~' = (detS)™". (47)
Inverse rules are

(ST) ' =TS = (ST)T'S™Y) <= (Sir Tiom ) (T S 1) = Sire Siem S;jl
— ~~

mn ~nj

I I

:S Sil :6” (48)

1.2.9 Orthogonal tensors
Any orthogonal tensor Q is defined by

Qu-Qv = (UTQT)(QV) =u'v=u-v—> QTQ =1 = (QrQxj = 6i;)
- Q'=Q", (49)

in which it preserves the magnitude and angle between the two vectors u and v. Accepting

Eq. {7
1 =detI=det(QQ") = det Qdet Q7 = (det Q)* — det Q = 1. (50)

The sign of the determinant of Q signifies its physical meaning.

(

0 -1 0
+1, Q is proper, a rotation, e.g. [1 0 0} ;
0 0 1
det Q = 51
Q 100 (51)
—1, Q is improper, a rotation and reflection, e.g. | 0 1 0
\ 0 01
1.2.10 Transformation laws for vectors
Q transforms coordinate system e; into
e Qu Qau Qs €
€] =[Q [e)] <= ey p = |Q1z Qe Q2| S €2 p <> € = Q€. (52)
e; Q13 Q23 33 €3
QT
A counter clockwise rotation about the ez axis by 6 is given by
cosf —sinf 0
Q] =[R] = |sinf cosf 0 (53)

0 0 1

9



because

€] =e;cosf + eysinf, e, =eycosf —e;sinh, e;=e; (54)
and
cosf —sing 0]" e cosf sinf 0 e e}
[Q]"[e;] = |sin® cosf 0 € o= |—sind cosf 0 ey p =1q€,pr=1Ie]. (55)
0 0 1 es 0 0 1 es e

1.2.11 Transformation laws for tensors

Any tensor T has components T;; = e; - Te; or T}; = e; - Te; depending on reference frame.
Then because of Eq. [52] (€} = Qmien),

T'Z/J - e; ’ Te; = (Qmiem) ’ T(Qn]e”) = Qmian(em : Ten)

= QuiQnj(Trn) <= [T = [Q]"[T](Q]. (56)

For all tensors we have

O{/ =, a; - Qmiam; ,1_;/] = le@n]Tmn’

;jk - QmianQrkSmn’r‘u z{jkl - QmianQerlemnrs- (57)
Now, because

the traces of two tensors which could be orthogonal transformations of one another must be
equal.

1.2.12 The eigenproblem

If T transforms n into a parallel An, then n is an eigenvector and A is an eigenvalue in
Ta=n— (T-M)n=0, nn=1 <= (T;;—\5;)n; =0, njn; =ni+ns+n; = 1. (59)
The roots A = \; of the characteristic equation
det(T —AI) =0 (60)

are the eigenvalues of T. Then to admit nontrivial solutions to n, plug A; into

T — N Tio Tis ni 0 (T — Xi)na; + Tigng; + Thgng; = 0
15 Too — A T3 no; ¢ =00 = ¢ Toyng; + (Too — Ni)ng,; + Togng,; =0
Ty T Tss—Ai] \nsg 0 Tiny i + Tsang i + (T3 — Ai)nz; =0

(61)

assuming 7;; are known.

10
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1.2.13 Principal values and directions

Given symmetric system matrix T, eigenvectors n;, eigenvalues \;,

Tn1 = )\11’11, TIIQ = )\2n2 (62)
~— =
I I
implies
II. II.
T A A T A A 63
Ny - 11; =Ny - Al = 1(112'111), n; - 11 =13 - Aglly = z(ﬂl'nz)- ( )

I I

Because of the definition of transpose that is Eq. (n; - Tny, = ny - TTnl), and given
T =T7,

IV. Eq. IV. Eq.

- N T T
ny-Tny—n;-Tny=ny - T'n;—ny-T'n; =0= (A — \2)(n; - ny). (64)
—— ——
III. T=T7T 111 T=T7

For distinct A, this means n; - ny = 0, meaning they are perpendicular and form a basis for
a coordinate system. Now, given Eq. (T;; = n; - Tn;), and given the eigenproblem Eq.
(Tn; = Ajn;),

which implies
Ty T Tis )\1(111 : 111) )\2(n1 : nz) )\3(111 : 113) A 00
T21 TQQ T23 = )\1(n2 : 1’11) /\2(112 : n2> )\3(112 . n3) = 0 )\2 0 (66)
T3 T3 Ti3 A1(ns-ng) A(ng-ng) As(ng-ng) 0 0 A3

which implies spectral decomposition of T with respect to coordinate system n;

[Ty, = Z Ai(n; @ ). (67)

1.2.14 Principal scalar invariants

The characteristic equation of the eigenproblem (from det(T — AI) = 0) is

N LN+ LA —I;=0 (68)
where principal scalar invariants
L =0T =T}
Ty Tio Toy 1o Ty Tis
I, = det + det + det ,
2= A {Tm T22:| ¢ |:T32 T33 T T
I3 =detT. (69)

Here is a proof of Cayley Hamilton.

11
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1.3 Tensor fields
1.3.1 Temporal derivative

Some important rules of the temporal derivative of a time dependent scalar function, vector,
or tensor are

d dT s d d(Ty;) d dT\"
—(TS) = —S+T—, —(T)=—L(e;®e, —(ThH == .
g TS =S+ g =—g (@ee) ZT) <dt> (70)

1.3.2 Differentiation

The notation for differentiation of scalars, vectors, and tensors respectively is

06 o, T, 926
i = ii= o Lijk= 55 Gij= 57— 71
(b’ 8%’ UJ an ok 8xk ¢’J al‘laZL’j ( )
Some identities are .
Tij = x_] = 51‘3', (72)
0
(Aijaj)i = Aij 755 + Aigary= Aij 05 = A, A # A(x) (73)
—~~ ——
(Ty5) 0 = Tijajs + Tijar; = Ty0ji + Tijary = Ty + Tijaxy, T = T(x). (74)
1.3.3 Gradient
Differential operator
0
V(x) = axi(*)ei. (75)

Gradient (maximum directional rate of change, perpendicular to surface) increases rank by
1. Gradient of a scalar — vector

0

Gradient of a vector — second order tensor

ov ov;

Vv = a_xj®ej - a_;pj(ei®ej) = vi;(e; ®e;j). (77)
Gradient of a second order tensor — third order tensor
oT
8xk

12



1.3.4 Curl

Curl (local rate of rotation) maintains rank. There is no curl of a scalar. Curl of vector —

vector P 9
A% V;
VXv=———xe =———(e Xej)=—0; €k = V; j€ji€k (79)
oz, J 0z J i,5€ij 0,5 €kji
making components
(V X V)k = Vj j€kji < SV X V)i = Uk,jez’jk; (80)

Vv
reindex k<>i

1.3.5 Divergence

Divergence (outgoingness) decreases rank. There is no divergence of a scalar. Divergence of
vector — scalar
81%

V.-v= = Vij-
8@- ’

(81)

Divergence of tensor — vector

0Ty (0T | OTs | OTis
V- T= axj e; _Ej,jel = (axl —+ ax2 + 81;3 )91+ ()92+ (...)83. (82)

1.3.6 Laplacian

Laplacian maintains rank. It is the divergence of the gradient. Laplacian of scalar — scalar

2 2 2
o, P, 0%

VVO=V0 =0 0x101r;  0190x9  Ox30T5

(83)

Laplacian of vector — vector

0?v; 0%v *v 0%
2 i 1 1 1
Viy — = ;e = + + +{... +1{... . (84
M 8xj8:vje Vids® (89&18951 01901 al'gal'g)el ( )92 ( >e3 (84)

1.3.7 Divergence theorem
For a vector,

/ wmidA:/wi’Z-dV<:>/ w'ndA:/(V-W)dV. (85)
Joo L Jo Joa o Jo |

v~ v~ v~ ~~
I I

II. II.

An interpretation of this statement is:

e (I) flux of w out of the surface = (II) sinks and sources of w inside body.

13



2 Ch2

2.1 Body motion

Continuum mechanics studies deformation subject to an external load. Kinematics charac-
terize the set of possible deformations.

A body occupies a region of Euclidean point space €. A reference configuration By can deform
in to a subsequent configuration B. A material point X € By; a motion of By is a smooth
function ® that maps each X € Bj to an x € B, so that

x = ®(X,t) < z; = B;(X;, 1). (36)

For fixed ¢, ®(X) is called the deformation map. ®(X) is one to one in X. That is, no two
material points occupy the same spatial point. Displacement

uX)=x—-X=oX)-X. (87)
The first example is uniform stretch. This is
r1 = a1 X1, Ta = Xy, T3 = a3X3. (88)
Another is simple shear, or
1= X1 +9Xs, 9= X5, 3= X3. (89)

In general for simple shear in direction S with normal n,

x=(I++S®n)X. (90)

Figure 1: Simple shear and uniform stretch.

In this case the shearing direction is {1 0 0} with normal {0 1 0}" giving

o O O

1
0
0

o O O



If
x = ®(X) (92)

then easil
' <I>*1(x) = <I>*1(<I’(X)) = X. (93)

The reference configuration/material description
X5 Arg; Grad(x), Vo(*); Curl(x), Vo x (z); Div(x), Vo(x) (94)
is called Lagrangian and the deformed configuration/spatial description
z;; aiy; grad(x), V(x); curl(x), V x (z); div(x), V(x) (95)

is called Eulerian. For example,

0P
VOCI): 8—)(181—(}1'&(1((1)) —q)]e[, (96)
Vv—Vve—%(e ®ey) (97)
oV = Vovrer = g ler®@es),
aU[
(V()V)[J = X—J, (98)
Jvre
VOXV:VOX’UIGI 2:—8)1(; (SH
——(%I(e xe)——%e e —(%Ie ex = U JEKJI€ (99)
= Tox, o1 X &) T Tgx CIKCK = i €KIICK = ULJEKIICK-

2.2 Description of local deformation

® = &(X) informs movement of a point in a body. Let dVj be a sphere or local neighborhood
around X. Let dX, an infinitesimal material vector, be the radius of this sphere.

2.2.1 Deformation gradient

The relationship

Ehi
00Xy
defines the deformation gradient F. It maps material vectors to spatial vectors. For uniform
stretch,

dr; = Fi;dX; = Fi; =

= Vo (x) (100)

(03] 0 0
xr1 = Oéle, To = OéQXQ, T3 = OJ3X3 — [-sz] = 0 (e%) 0 . (101)
0 0 (0%

15



For simple shear,

1 v 0
z1 = X, +’}/X2, Tog = XQ, T3 = X3 — [E]] =10 1 0 (102)
0 01
Recall u = x — X. Then
Vo(u) = Vo(x — X) = e —8—XI]=EJ—51J:>F:VOu+I. (103)

2.2.2 Deformation of volume

Suppose there is a cube with dimensions leq, ley, les. Suppose it undergoes deformation such

Figure 2: Some deformation.

that
le1 — 51, leg — (527 le3 — (537 (104)
making
le1 51
dX =< ley p <= le;, dx =< 0y p < 0;. (105)
leg 53

We know Eq. (dx = FdX), so

Recall Eq. (V =1y - (rs X r3)), the volume of a parallelepiped spanned by three vectors.
This means

d‘/() = l381 . <82 X 63) = 13, dV = (51 . (52 X (53) (107)
Substituting Eq. into we find
Fe, - (F F
4V = IFe, - (Fe, x Fey) — dvpror T2 xFes) oy ip (108)
e - eg)

16



Therefore we introduce J such that

av: C detF — J — 1, volume preserving deformation, (109)
dVy # 1, volume change.
For uniform expansion Eq. J = ajasas # 1. For simple shear Eq. [102, J = 1.
2.2.3 Deformation of area
Suppose area element in the reference configuration
dA() = NdAO = N(HdXH ||dY|| sin 9XY> =dX xdY = dX]dYJE[JKeK. (110)
where N is normal to surface. Then area element in the spatial configration
I I
da = dx x dy = dxidyjeijkek — dxjdyk €iki © = dl']dyk €ijk ©;
—_————— ~——
reindex i—j, j—k, k—1 II.
= SFdeXJ)(FdeYKZEUkei = da. (111)
I
Elementwise
(FdeXJ)(FdeYK)Eijk = (da)z = nida. (112)
Then
(F}JdXJ)(FdeYK)Gij(EI) = nzda(Fﬂ) (113)
implies
nidaFu = (E]P}JFkKGijk) dXJdYK = (det FE]JK) dedYK = (J GIJK)dXJdYK
IIL. IIL. v.
= J (dX x dY) = JN;dA, (114)
—_——
v.
which implies Nanson’s formula
nida = JF;;'NidAyg = da = JF;;'dAy <= da = JFTdA,. (115)
2.2.4 Symmetric positive definite tensors
Positive definiteness of C requires for all x
x-Cx >0 (116)
and implies that
det C > 0; (117)

17



that RCR” is symmetric; that there exists U such that
U?2=C— U=+C;

and that C admits the spectral decomposition

L L
CIZMH@QIZM@

as in Eq. [67} Solving for eigenvectors \;,

IIL. 1I.
—

(118)

(119)

Zr?Cri = Zr?()\zrzﬁ): = Z Xi(r;-ry)(r; 1) = Z Ai. (120)

2.2.5 Polar decomposition theorem

Any F admits the decompositions

FIRUIVR<:>FZ'J:Ri[U[J:V;jRjJ.

)

(121)

where right- and left-stretch tensors U <= U;; and V <= V}; are symmetric and positive
definite, guaranteeing of them positive eigenvalues; and R <= R;; is an orthogonal (Q” =

Q) rotation. Then

F'F = (U'RT)(RU) = UTU = U? < F, F,; = U;,U;,, (122)
FF” = (VR)(R"VT) = VVT = V? = F,;F}; = V;,Vi;, (123)
V = RUR" <= V; = R;;U;sRy;, (124)
U=R"VR <= U, = R;;Vj;R;,. (125)

The above components permit a transformation from dX; to dz; by
e stretch by U;y, rotation by R;; — F;; = R;;Uy;, or

e rotation by R,;, stretch by Vi; — Fi; = V;; R, ;.

2.2.6 Right Cauchy Green

Let infinitesimal vector magnitudes

dSy = [|dX]|| = \/Xf + X3+ X3 =VdX-dX = VdX"dX = \/dX,dX], (126)

dS = ||dx|| = /22 4 22 + 22 = Vdx - dx = VdxTdx = \/dz;dz;. (127)
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Notice dx = FdX, so we can define some C as

dS? = dx'dx = (X" FT)(FdX) = dX* C dX (128)
I I.

which we call right Cauchy Green deformation tensor

C=F'F <+ Cy=FyFy=——r,
1J 1 09X, 0X,

dS? = dX;Cr;dX ;. (129)

C is symmetric. Notice also

J=detF = VdetF' detF = Vdet C (130)

and, as in Eq. [122]
C=F'F=U"R'TRU=U"U=U? - U=C. (131)

S dX,C1dX,
_ % _ 132
T dX,dX, (132)

we deduce that on the diagonals (J = I <» stretch in the e; direction),

= 4/ C[J = v/ C[[ — C[] = CYQ. (133)

Otherwise (J # I, stretch in a particular direction), if we are given stretch ratio a(+» U) =
A%(++» C) and that direction r, we can use Eq. (r7Cr; = )\?) to solve for that Cr; = Cyy,
recalling symmetry of C. Another relation is

C]J — COS 9\/ C[]\/ CJJ, I 7£ J, (134)

where 6 is the angle between the deformed dx and dy. 6 can be found in

If we are given a stretch ratio

dacldyl + dl’gdyg + dIgdyg
Vda? + dad + dady/dy? + dy3 + dy?

dx - dy = ||dx|| ||dy]|| cos @ — cos8 = (135)

if given dx and dy.

2.2.7 Left Cauchy Green

There is a right Cauchy Green deformation tensor C = FI'F «— C,; = F;rF;, and there
is also a left Cauchy Green deformation tensor

B = FF" < B;; = Fi;F}; (136)
which also must be symmetric positive definite. Notice that
det B = det FFT = det F> — J = det F = Vdet B (137)
and, because of Eq. [123]
B=V?>->V=1vB. (138)
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2.2.8 Lagrangian strain tensor

Strain measures how different dS'is from dSy. A good deformation measure is, starting with
Eq. [129]
dS? —dS3 = dX;Cr;dX; — dX; (dX;) = dX;Cr;dX; — dX (67;dX ;)
—— ——

L L
:dX[dXJ(O]J_(;[J) :dX[dXJ(QE[J) (139)
This representation defines the material Lagrangian strain tensor E as
1 1 1
Erjg== —0r5) = =( FiF;y —0 E=—-(C-1
1 2(CIJ 1) 2( Fiy —615) = 2( )
L. I Eq.

— %(FTF —I) = %((vouT +17)(Vou+1) - 1)

1 1
= 5(vouTvou + Vou” + Vou +I1=T1) = §(V0uTV0u +Vou' + Vou) =E (140)
provided Eq. (F=Vou+1I).

2.2.9 Euler-Almansi strain tensor

Now, suppose we look at how different dSy is from dS, which is the reverse way. Since
dl‘i = EJdXJ, then

dX; = F;'dz; (141)
and, in acknowledging the multiplication rule that is Eq. and the definition of B in Eq.
136], such that

? J

= dxzdxz — (EJF}J)ildIide = dmléz]dxj — (EJF}J)ildJIide

we define Euler-Almansi strain tensor e as
1 1
¢ij = 50 — Bj') <=e= ST FFY). (143)
Provided
8.’13'1' 8X1

u=x—-—X—-Vu=

- = —Fle—F'l'=1-Vu FT=1-vd, (144
axj axj J g1 u u ( )

we reduce Eq. to
1
e= 5(I —(I—-vu")(I - Vu))

1
= —(I-1+Vu+Vu' —vVu'Vu)

[\]

= %(Vu +Vu' — vu'vu) =e. (145)
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2.2.10 Principal directions and invariants of deformations and strains

Recall the spectral decomposition of symmetric, positive definite left Cauchy green deforma-
tion tensor that is
C= Z MNr@r; = Z Arir!l (146)

which is also Eq. [II9] Then

U:\/EZZ\/)\TCI%@I%:Z\/EHP?- (147)

Similarly for B and V,
B=) MNL®l=>Y ML (148)

V=> \/APLeL=>)Y /L1 =VB. (149)

Because according to Eq. V= RUR’,

<Z ABLIT ) =R" <Z \/)\T-CririT ) R (150)

implies
A2 =\¢ 1, =Rr;. (151)

That is, the eigenvectors of C and B (U and V) are the same, and the eigenvectors are
related through the rotation matrix R in RU = VR = F. Now,

F=RU=) /ARrior,=) /A ®r, (152)

and

E— %(c 1= 30 - Do) (153)

)

Recalling Eq. principal scalar invariants

Il =trC = Oiia (154)
Cll Cl2 CY22 C(23 Cll C113
I = det + det + det : 155
2 =de {021 022} ° [032 033} ¢ [031 033] (155)
I3 = det C = det(F'F) = J2. (156)
For

X0 0
[Cl,=|0 AF 0, (157)

0 0 A
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we get
L(C) =M +AF + )],

L(C) = ATAF + A A5 + AT,
I5(C) = XOAYAS.

2.2.11 Small strain theory

In small strain theory,
F=1< F;=0d.

Also, the distinction between E and e, formerly
1
E = §(VOUTVOU + VouT + Vou)

and )
e= E(Vu + Vu! — vu’'Vu),

(158)
(159)
(160)

(161)

diminishes as V = Vy = Grad = grad. Then strain simply reduces to small engineering

strain tensor

1 1
€ = é(Vu + VUT) < €ij = 5(“1’,]' + Ujﬂ').
Substituting Eq. into E (Eq. [140) and then into e (Eq. ,

1
E=€e+ §(VQ11TV011),

1
e=¢€— §(VuTVu).
It is also clear that, because of Eq. (F=Vou+1I),

1 1
e=-(F +F)-1= (vouT+1T+v0u+1)—I=é(vuT+vu).

1
2 2

In matrix form

1 9w 4 9w 1 9w | Oua 1( 0w | Ous
2\ Ou; + ouq 2\ Ousg + ouq 2\ Ous + ouq
1
1 == (s N = | L[ Oua 4 Oup L[ Oug | Oup L[ Oug | Ous
[El]] - [2('&17] + uj’l)] 12\ ou + ou 2\ Ous + Ouo 2\ Ous + Ouo ’
1 Quz | 9w 1 Quzg | Oua 1 Qug | Ous
2\ Ouy Ous 2\ Ousg Ous 2\ Ous Ous

where clearly
€ii = Wi, €ij = €ji-

Physically, elements of € can be thought of as

{Eu‘ change in length per unit length

€;; change in angle between material lines in e; and e, directions.
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2.3 Kinematics rates

2.3.1 Material and spatial time derivatives

Recall that @ is a smooth function that takes X to x, so that x = ®(X,t). Then, although

seemingly backwards at first, material time derivative

. d® o X is fixed
5<=‘I’<X7t)=—={§é’ 6@ 0x ’
. a5 toax e )
T
and spatial time derivative
: : dd—! Gk x is fixed
R dt ot + ox; (9;’ ,
m.
2.3.2 Velocity and acceleration fields
Material velocity
. 0P
V(X,t) =%x=®(X,t) = ET X fixed
T
and spatial description of material velocity
. . 0P~
v(x,t) =X =® ! (x,t) = 7 X fixed.
11
Material acceleration
.o 0’
A(X,t) =X = @(X,t) = %, X ﬁxed
1
and spatial description of material acceleration
L 92P-!
a(x,t) =X =® '(x,t) = oy X fixed.

N J/
-

II.

Notice that, because we are describing movement at a material point in both cases,
v(x,t) = V(X,t), a(x,t)=A(X,1).

Then, using ®~1(x, t)

X,

v(x,t) = V(® 1 (x,1),1), a(x,t)=A(P (x,1),1).
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(173)
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If X (the material point) is fixed, the velocity is the speed and direction of that point as

-~

I
the material moves along its trajectory. If x (the point in space) is fixed, the velocity at

-~

L.
that fixed place x is the speed and direction of particles flowing through that point. Now,

suppose there is some scalar field ¢(z;,t) and some vector field w(x;,t). The relationship
between the material time derivative and the spatial time derivative for each of these is

d op  0¢ dr; 0¢
— b= = == . 177
T 8t+8xi8t aﬁ@)’ )
%ei~vjej
d &ul (%J,- 8:16]- awi
“iya) — % i R Ui 1
dt (wies) ot ox; ot Ot + (V)i (178)
From these relations we obtain velocity on the right hand side. Then acceleration
ov; 0
a; = 8—1; + v,V == a= 8—‘; + (VV)V. (179)

Consider the example

v =(1+1)X), o= 1+1)>*Xy=(1+2t+t)Xy, z3=(1+1)X3

T i) I3
— X, = Xy = X3 = :
1 1+t7 2 (1+t)27 3 (1+t2)
Then
X /(1 +1)
V=x=(2(1+t)Xy p = v=1 205/(1+1)
2t X3 23 /(1 + %)
and
0 0 ov
A=S2X, 3 = a=<{21/(1+1)?2 ) = a5+ (Vv)i(v);.
2X3 2%3/(1 +t2)
2.3.3 Rate of change of deformation and strains
Spatial gradient of velocity
8%-
L=Vv Lij = a—x] = V;j- (180)
Then rate of change of deformation gradient
and . '
L=FF '« L;=F,F; (182)
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We can decompose L into rate of deformation tensor D and spin tensor W such that

YL — L. (183)

1
5 (Lij + Lyi) + 5

D:W:symL+skWL<:)Dij+W/ij:2

The rate of change of Lagrangian strain

E= gt [1 (FTF — I)] ;(FTF +FTF) = %(FTLTF + FTLF)

= 5FT(L +LNF =F'DF < FE;; = F;;D;;F};. (184)

The rate of chnge of Euler Almansi strain

— %(LTBl +B'L) <= %(Lkin‘jl + B Lyj) (185)
or
é=D—-L" —eL. (186)
Consider that for an invertible tensor S
det S = det S tr(SS71). (187)
Then, from Eq. (L=FF),
J=detF =detF tr(FF™') = J ttL = J tr(v;;) = Juy; = J divv. (188)

[sochoric motion is volume-preserving such that J=0+ v = 0.

2.3.4 Reynolds transport theorem

The time rate of change of an integral of ¢ over some subbody E C B

. d : _
=2 /E 6(x, 1)V — [E (¢ + ¢d1vv> qv. (189)
From Eq. we know
o4y 99 Vo,
T T
SO ' 96 96
¢+¢diVV:E+V¢-U+¢divv:E+ div(ov). (190)

Therefore, because of the divergence theorem f R UindV = f op ViidA,

i:/(%—f+ d1v(¢v)> /(Z‘f)dv+¢/<dw v >d1i (191)

~
I

(o] (o o

~
I

which can be thought of as (the production of ¢ inside E) + (the net transport of ¢ across
OF).
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3 Ch3

3.1 Conservation of mass

3.2 Force and stress in deformable bodies

3.2.1 Body forces

3.2.2 Surface forces

3.2.3 Stress

3.3 Balance of linear momentum

3.3.1 Cauchy stress tensor

3.3.2 Local form of linear momentum balance

3.4 Balance of angular momentum

3.5 Lagrangian description of momentum balances
3.5.1 Material form of linear momentum balance

3.5.2 Material form of angular momentum balance

3.6 Power balance
3.6.1 Principle of virtual power

3.6.2 Alternative formulations of force and moment balances
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4 Ch4

4.1 Thermodynamics introduction

4.1.1 Thermodynamic equilibrium and state variables
4.1.2 Energy and entropy

4.2 Continuum thermodynamics

4.2.1 First law, energy balance

4.2.2 Second law, non-negative entropy production
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5 Ch5

5.1 Developing physically meaningful constitutive theories
5.2 Compatibility with thermodynamics

5.2.1 Coleman Noll procedure

5.2.2 Alternative thermodynamic potentials

5.3 Material frame indifference

5.3.1 Transformation rule for kinematic fields

5.3.2 Transformation rule for stress

5.3.3 Constraints on constitutive relations
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6 Ch6

6.1 Basic laws

6.2 General constitutive equations
6.3 Coleman Noll procedure

6.4 Material frame indifference
6.5 Fourier Law

6.6 Initial/boundary value problem in heat transfer theory
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7 Ch7

7.1 Brief review

7.1.1 Kinematic relations

Recall Eq. [121], the polar decomposition of deformation gradient
F=RU=VR

into rotation R and either right stretch tensor U or left stretch tensor V, with

U= VF'F

7.1.2 Basic laws

7.1.3 Transformation law under frame change

7.2 Constitutive theory
7.2.1 Consequence of frame indifference

7.2.2 Thermodynamic restriction
7.3 Initial/boundary value problem
7.4 Isotropic solids

An isotropic tensor T satisfies

QT(A)Q" = T(QAQ")

with rotation Q. An isotropic scalar ¢ satisfies

o(A) = 6(QAQ").

(193)

(194)

(195)

(196)

The condition of isotropy imposes severe functional restrictions. An isotropic material is one
whose properties are the same in all directions. For isotropic materials, every rotation is a

symmetry transformation such that

¥(Q'CQ) = ¥(C)

(197)

for all rotations Q and for all symmetric C. Let us choose Q = R” where R is the rotation

in the polar decomposition F = RU = VR.

7.5 Hyperelastic isotropic solid

A hyperelastic solid possesses strain energy density W (F) from which stress is obtained.

Free energy per unit volume
W = pO\IJ(].
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7.5.1 Blatz Ko materials
7.5.2 Incompressible materials

Incompressible materials by definition require

J=1=4detF.

7.6 Linear theory of elasticity
7.6.1 Small deformation
7.6.2 Constitutive equation for small deformation

7.6.3 Summary and further assumptions
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8 Ch8

8.1 Brief review
8.1.1 Kinematic relations
8.1.2 Basic laws

8.1.3 Transformation rules

8.2 Elastic fluids
8.2.1 Constitutive theory
8.2.2 Consequence of frame indifference

8.2.3 Consequence of thermodynamics

8.3 Compressible viscous fluids

8.3.1 General constitutive equaitons

8.3.2 Consequence of frame indifference
8.3.3 Consequence of thermodynamics

8.3.4 Linear Newtonian viscous fluid

8.3.5 Nonlinear non-Newtonian viscous fluid

8.3.6 Compressible Navier Stokes equation

8.4 Incompressible fluids
8.4.1 Free energy imbalance for incompressible body
8.4.2 Incompressible viscious fluids

8.4.3 Incompressible Navior Stokes equation
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