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3 2D CST

3.1 Strong form

Consider Fig. 1, a small section of a 2D plane subject to a certain distribution of force.

Figure 1: Solid mechanics infinitesimal square. Note that because of the symmetry of the
stress tensor, the shear components are equal (xy ⇔ yx). I made this substitution in the
derivation implicitly.

Assume the body Ω is in equilibrium so that the sum of the forces in x∑
fx = Fxdxdydz + (��σxx +

∂σxx

∂x
dx)dydz + (��τxy +

∂τxy
∂y

dy)dxdz −�����σxxdydz −�����τxydxdz

= Fxdxdydz +
∂σxx

∂x
dxdydz +

∂τxy
∂y

dxdydz = 0. (1)

This implies

Fx +
∂σxx

∂x
+

∂τxy
∂y

= 0. (2)

Similarly for y,∑
fy = Fydxdydz + (��σyy +

∂σyy

∂y
dy)dxdz + (��τyx +

∂τyx
∂x

dx)dydz −�����σyydxdz −�����τyxdydz

= Fydxdydz +
∂σyy

∂y
dxdydz +

∂τyx
∂x

dxdydz = 0. (3)

This implies

Fy +
∂σyy

∂y
+

∂τyx
∂x

= 0. (4)

Eqs. 2 and 4 can be rewritten as

Fx + σxx,x + τxy,y = 0, Fy + σyy,y + τyx,x = 0 (5)
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Note that τxy, τyx are components in stress tensor [σ], just like σxx, σyy. So, it is permissible
to write

Fx + σxx,x + σxy,y = 0, Fy + σyy,y + σyx,x = 0. (6)

Generalizing,
Fi + σij,j = 0. (7)

Eq. 7 is the strong form. It is an equilibrium equation of force per volume (newtons per
meters cubed). F is a body force that acts volumetrically, so that F = f/V. In this case, f is
a true force in newtons. Stress σ = f/A; the spatial derivative of stress is also a volumetric
term, because d

dm
Nm−2 = −2Nm−3, speaking in terms of units.

Surface traction
ti = σijnj (8)

is the normal component of stress. Here n is a vector normal to the surface of the body.
A Neumann boundary condition in this context is some imposition on t̄i. On the other

hand, a Dirichlet boundary condition is an imposition on displacement ui(0, 0) = ū0.

3.2 Weak form

Recall the strong form Eq. 7 (σij,j+Fi = 0). The principle of virtual work (PVW) is defined
as the act of multiplying the governing equation by a virtual displacement (F × δu = δW )
and then integrating over the domain Ω. That is,∫

Ω

(σij,j + Fi)δuidΩ = 0. (9)

This implies ∫
Ω

σij,jδui︸ ︷︷ ︸
I.

dΩ +

∫
Ω

FiδuidΩ = 0. (10)

Now, as an aside, consider the chain rule

(σijδui),j = σij,jδui︸ ︷︷ ︸
I.

+σijδui,j =⇒ σij,jδui︸ ︷︷ ︸
I.

= (σijδui),j − σijδui,j (11)

Substituting Eq. 11 into Eq. 10,∫
Ω

[(σijδui),j − σijδui,j]dΩ +

∫
Ω

FiδuidΩ = 0 (12)

implies ∫
Ω

(σijδui),jdΩ︸ ︷︷ ︸
II.

−
∫
Ω

σijδui,jdΩ +

∫
Ω

FiδuidΩ = 0. (13)
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The divergence theorem (

∫
Ω

(wj),jdV︸ ︷︷ ︸
II.

=

∫
∂Ω

(wj)njdA︸ ︷︷ ︸
III.

) transforms Eq. 13 into

∫
Γ

(σijδui)njdΓ︸ ︷︷ ︸
III.

−
∫
Ω

σijδui,jdΩ +

∫
Ω

FiδuidΩ = 0. (14)

Because of Eq. 8 (σijnj = t̄i),∫
Γ

t̄iδuidΓ−
∫
Ω

σijδui,jdΩ +

∫
Ω

FiδuidΩ = 0. (15)

Any tensor A can be broken into its symmetric and skew parts symA + skwA. For displace-
ment gradient,

ui,j = ϵij + ωij = sym(ui,j) + skw(ui,j). (16)

Note that displacement gradients are effectively strains, because strain ϵ = δ/L is deforma-
tion with respect to the length of the body. So, δϵ is a virtual strain. Substituting,∫

Γ

t̄iδuidΓ−
∫
Ω

σijδ(ϵij + ωij)dΩ +

∫
Ω

FiδuidΩ = 0 (17)

implies ∫
Γ

t̄iδuidΓ−
∫
Ω

σijδϵijdΩ +

∫
Ω

σijδωijdΩ +

∫
Ω

FiδuidΩ = 0. (18)

The elementwise product of any symmetric and skew matrix AijBij ⇔ A : B is 0. This is
because

A : B ⇔ AijBij = Aji(−Bji) ⇔ −(A : B) =⇒ 2(A : B) = 0 =⇒ A : B = 0. (19)

ω is skew while σ is symmetric. Therefore, Eq. 18 becomes∫
Γ

t̄iδuidΓ−
∫
Ω

σijδϵijdΩ + 0 +

∫
Ω

FiδuidΩ = 0. (20)

Rearranged, ∫
Γ

t̄iδuidΓ +

∫
Ω

FiδuidΩ︸ ︷︷ ︸
δWext.

=

∫
Ω

σijδϵijdΩ.︸ ︷︷ ︸
δWint.

(21)

The LHS term is the external virtual work δWext done by surface tractions and body forces.
The RHS term is the internal virtual work δWint done by virtual strain. Therefore,

δWext = δWint. (22)

Eq. 21 is the weak form.
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3.3 Develop CST element

3.3.1 Define element

3.3.2 Shape functions

3.3.3 Strain/displacement relationship

3.3.4 Stress/strain relationship

3.3.5 Virtual quantities

3.3.6 Invoke PVW

3.3.7 Global stiffness matrix/boundary conditions
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4 2D QUAD4

4.1 Strong form/weak form

For QUAD4, the strong and weak forms are the same as in CST. Those are Eq. 7 and 21, or

Fi + σij,j = 0 (23)

and ∫
Ω

σijδϵijdΩ.︸ ︷︷ ︸
δWint.

=

∫
Γ

t̄iδuidΓ +

∫
Ω

FiδuidΩ︸ ︷︷ ︸
δWext.

(24)

The LHS term is the internal virtual work δWint done by virtual strain. The RHS term is
the external virtual work δWext done by surface tractions and body forces. Recall also from
Sec. 3.2 that surface traction

ti = σijnj (25)

is the normal component of stress. In this case n is a vector normal to the surface of the
body. A Neumann boundary condition in this context is some imposition on t̄i. On the
other hand, a Dirichlet boundary condition is an imposition on displacement ui(0, 0) = ū0.

4.2 Develop QUAD4 element

4.2.1 Define element

Figure 2: Mapping between intrinsic and physical spaces
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Fig. 2 describes the mapping that isoparametric elements use between the intrinsic
(reference) space

{(ξi, ηi)} = {(−1,−1), (1,−1), (1, 1), (−1, 1)} (26)

and the physical (deformed) space

{(xi, yi)} = {(x1, y1), (x2, y2), (x3, y3), (x4, y4)}. (27)

The deformed configuration can be expressed as a function of its reference, such that

x = x(ξ, η), y = y(ξ, η). (28)

Of course, the converse
ξ = ξ(x, y), η = η(x, y) (29)

is also true.

4.2.2 Shape functions

Determining the shape functions is first of all a matter of determining the functional form
of Eq. 28. Fig. 3 shows the relationship between Pascal’s triangle and the polynomial terms
that comprise x(ξ, η) and y(ξ, η).

Figure 3: Pascal’s triangle. Note that this is completely analogous to the intrinsic space, in
that xy ⇔ ξη.

For QUAD4,

x(ξ, η) = α11 + α2ξ + α3η + α4ξη =
[
1 ξ η ξη

] 
α1

α2

α3

α4

 =
[
1 ξ η ξη

]
{αe},

10



y(ξ, η) = α51 + α6ξ + α7η + α8ξη =
[
1 ξ η ξη

] 
α5

α6

α7

α8

 =
[
1 ξ η ξη

]
{αe}, (30)

where αi are coefficients. Substituting Eq. 26 {(ξi, ηi)} = {(−1,−1), (1,−1), (1, 1), (−1, 1)}
into Eq. 30,

x1(ξ1, η1) =

[
1︸︷︷︸
1

−1︸︷︷︸
ξ

−1︸︷︷︸
η

1︸︷︷︸
ξη

]
α1

α2

α3

α4

 = α1 − α2 − α3 + α4, (31)

x2(ξ2, η2) =
[
1 1 −1 −1

] 
α1

α2

α3

α4

 = α1 + α2 − α3 − α4, (32)

x3(ξ3, η3) =
[
1 1 1 1

] 
α1

α2

α3

α4

 = α1 + α2 + α3 + α4, (33)

x4(ξ4, η4) =
[
1 −1 1 −1

] 
α1

α2

α3

α4

 = α1 − α2 + α3 − α4, (34)

y1(ξ1, η1) =
[
1 −1 −1 1

] 
α5

α6

α7

α8

 = α5 − α6 − α7 + α8, (35)

y2(ξ2, η2) =
[
1 1 −1 −1

] 
α5

α6

α7

α8

 = α5 + α6 − α7 − α8, (36)

y3(ξ3, η3) =
[
1 1 1 1

] 
α5

α6

α7

α8

 = α5 + α6 + α7 + α8, (37)

y4(ξ4, η4) =
[
1 −1 1 −1

] 
α5

α6

α7

α8

 = α5 − α6 + α7 − α8. (38)
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Altogether,
x1

x2

x3

x4


︸ ︷︷ ︸

xe

=


1 −1 −1 1
1 1 −1 −1
1 1 1 1
1 −1 1 −1


︸ ︷︷ ︸

A


α1

α2

α3

α4


︸ ︷︷ ︸

αe

,


y1
y2
y3
y4


︸ ︷︷ ︸

ye

=


1 −1 −1 1
1 1 −1 −1
1 1 1 1
1 −1 1 −1


︸ ︷︷ ︸

A


α5

α6

α7

α8


︸ ︷︷ ︸

αe

, (39)

or
xe = Aαe, ye = Aαe. (40)

This means
αe = A−1xe, αe = A−1ye, (41)

where the inverse of A

A−1 =
1

4


1 1 1 1
−1 1 1 −1
−1 −1 1 1
1 −1 1 −1

 . (42)

Substituting Eq. 41 into Eq. 30,

x(ξ, η) =
[
1 ξ η ξη

]
{αe} =

[
1 ξ η ξη

]
{A−1xe}

=
1

4

[
1 ξ η ξη

] 
1 1 1 1
−1 1 1 −1
−1 −1 1 1
1 −1 1 −1


︸ ︷︷ ︸

N


x1

x2

x3

x4


︸ ︷︷ ︸

xe

= x(ξ, η) = N(ξ, η)xe, (43)

y(ξ, η) =
[
1 ξ η ξη

]
{αe} =

[
1 ξ η ξη

]
{A−1ye}

=
1

4

[
1 ξ η ξη

] 
1 1 1 1
−1 1 1 −1
−1 −1 1 1
1 −1 1 −1


︸ ︷︷ ︸

N


y1
y2
y3
y4


︸ ︷︷ ︸

ye

= x(ξ, η) = N(ξ, η)ye, (44)

where N ⇔ Ni(ξ, η) are the shape functions. N can be condensed to

1

4


1− ξ − η + ξη
1 + ξ − η − ξη
1 + ξ + η + ξη
1− ξ + η − ξη

 =


(1/4)(1− ξ)(1− η)
(1/4)(1 + ξ)(1− η)
(1/4)(1 + ξ)(1 + η)
(1/4)(1− ξ)(1 + η)

 =


N1

N2

N3

N4

 = N(ξ, η) ⇔ Ni. (45)

Consider

N1(ξ1, η1) =
1

4
(1− ξ1)(1− η1) =

1

4
(1 + 1)(1 + 1) = 1 (46)
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and

N1(ξ2, η2) =
1

4
(1− ξ2)(1− η2) =

1

4
(1− 1)(1 + 1) = 0. (47)

This is an example of the general rule

Ni(ξj, ηj) ⇔ Ni(xj) = δij =

{
1, i = j

0, i ̸= j.
(48)

4.2.3 Strain/displacement relationship

To obtain two separate equations for horizontal and vertical displacement u and v, let us
redefine the system of shape functions as

N =

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
. (49)

In general, strain

ϵ =
∂u

∂x
=

[
∂u/∂x ∂u/∂y
∂v/∂x ∂v/∂y

]
. (50)

Rewritten in Voigt notation,

ϵ =

 ∂u/∂x
∂v/∂y

∂u/∂y + ∂v/∂x

 . (51)

This can be decomposed as

ϵ =

∂/∂x 0
0 ∂/∂y

∂/∂y ∂/∂x

[
u
v

]
(Voigt:

∂

∂x
=

∂/∂x 0
0 ∂/∂y

∂/∂y ∂/∂x

). (52)

Recall also that generalized strain

ϵ =
∂

∂x
(u) =

∂

∂x
(Nue) =

∂

∂x
(N)︸ ︷︷ ︸
I.

ue = B︸︷︷︸
I.

ue. (53)

This means

B =
∂

∂x
N =

∂/∂x 0
0 ∂/∂y

∂/∂y ∂/∂x

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]

=

∂N1/∂x 0 ∂N2/∂x 0 ∂N3/∂x 0 ∂N4/∂x 0
0 ∂N1/∂y 0 ∂N2/∂y 0 ∂N3/∂y 0 ∂N4/∂y

∂N1/∂y ∂N1/∂x ∂N2/∂y ∂N2/∂x ∂N3/∂y ∂N3/∂x ∂N4/∂y ∂N4/∂x

 . (54)
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The chain rules for f(g, h), g(x, y), h(x, y) are

∂f

∂x
=

∂f

∂g

∂g

∂x
+

∂f

∂h

∂h

∂x
,

∂f

∂y
=

∂f

∂g

∂g

∂y
+

∂f

∂h

∂h

∂y
. (55)

If g = ξ, h = η, and f(g, h) = Ni(ξ, η),

∂Ni

∂x
=

∂Ni

∂ξ

∂ξ

∂x︸︷︷︸
Ĵ11

+
∂Ni

∂η

∂η

∂x︸︷︷︸
Ĵ21

,
∂Ni

∂y
=

∂Ni

∂ξ

∂ξ

∂y︸︷︷︸
Ĵ12

+
∂Ni

∂η

∂η

∂y︸︷︷︸
Ĵ22

. (56)

Using Eq. 45, 
N1

N2

N3

N4

 =
1

4


1− ξ − η + ξη
1 + ξ − η − ξη
1 + ξ + η + ξη
1− ξ + η − ξη



=⇒


∂N1/∂ξ
∂N2/∂ξ
∂N3/∂ξ
∂N4/∂ξ

 =
1

4


−1 + η
1− η
1 + η
−1− η

 =


−(1/4)(1− η)
(1/4)(1− η)
(1/4)(1 + η)
−(1/4)(1 + η)

 ,

=⇒


∂N1/∂η
∂N2/∂η
∂N3/∂η
∂N4/∂η

 =
1

4


−1 + ξ
−1− ξ
1 + ξ
1− ξ

 =


−(1/4)(1− ξ)
−(1/4)(1 + ξ)
(1/4)(1 + ξ)
(1/4)(1− ξ)

 . (57)

Expanding Eq. 56 and substituting terms contained in Eq. 57 where appropriate,
∂N1/∂x
∂N2/∂x
∂N3/∂x
∂N4/∂x

 =


(∂N1/∂ξ)Ĵ11 + (∂N1/∂η)Ĵ21

(∂N2/∂ξ)Ĵ11 + (∂N2/∂η)Ĵ21

(∂N3/∂ξ)Ĵ11 + (∂N3/∂η)Ĵ21

(∂N4/∂ξ)Ĵ11 + (∂N4/∂η)Ĵ21

 =
1

4


−(1− η)Ĵ11 − (1− ξ)Ĵ21

(1− η)Ĵ11 − (1 + ξ)Ĵ21

(1 + η)Ĵ11 + (1 + ξ)Ĵ21

−(1 + η)Ĵ11 + (1− ξ)Ĵ21

 (58)

and
∂N1/∂y
∂N2/∂y
∂N3/∂y
∂N4/∂y

 =


(∂N1/∂ξ)Ĵ12 + (∂N1/∂η)Ĵ22

(∂N2/∂ξ)Ĵ12 + (∂N2/∂η)Ĵ22

(∂N3/∂ξ)Ĵ12 + (∂N3/∂η)Ĵ22

(∂N4/∂ξ)Ĵ12 + (∂N4/∂η)Ĵ22

 =
1

4


−(1− η)Ĵ12 − (1− ξ)Ĵ22

(1− η)Ĵ12 − (1 + ξ)Ĵ22

(1 + η)Ĵ12 + (1 + ξ)Ĵ22

−(1 + η)Ĵ12 + (1− ξ)Ĵ22

 . (59)

4.2.4 Jacobian

Matrix

[Ĵ] =

[
Ĵ11 Ĵ12

Ĵ21 Ĵ22

]
=

[
∂ξ/∂x ∂ξ/∂y
∂η/∂x ∂η/∂y

]
= [J−1] (60)
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is the inverse of

[J] =

[
J11 J12

J21 J22

]
=

[
∂x/∂ξ ∂y/∂ξ
∂x/∂η ∂y/∂η

]
⇐⇒ J(ξ, η), (61)

the Jacobian. Using the shape function definition x = Nxe ⇔ x = Nixi, Eq. 61 becomes

[J] =

[
(∂Ni/∂ξ)xi (∂Ni/∂ξ)yi
(∂Ni/∂η)xi (∂Ni/∂η)yi

]
=

[
(∂N1/∂ξ)x1 + (∂N2/∂ξ)x2 + (∂N3/∂ξ)x3 + (∂N4/∂ξ)x4, (∂N1/∂ξ)y1 + (∂N2/∂ξ)y2 + . . .
(∂N1/∂η)x1 + (∂N2/∂η)x2 + (∂N3/∂η)x3 + (∂N4/∂η)x4, (∂N1/∂η)y1 + (∂N2/∂η)y2 + . . .

]

=

[
∂N1/∂ξ ∂N2/∂ξ ∂N3/∂ξ ∂N4/∂ξ
∂N1/∂η ∂N2/∂η ∂N3/∂η ∂N4/∂η

]
x1 y1
x2 y2
x3 y3
x4 y4

 . (62)

Again substituting appropriate terms in Eq. 57,

=
1

4

[
−(1− η) (1− η) (1 + η) −(1 + η)
−(1− ξ) −(1 + ξ) (1 + ξ) (1− ξ)

]
x1 y1
x2 y2
x3 y3
x4 y4

 =

[
J11 J12

J21 J22

]
= [J]. (63)

A physically realistic deformation requires

detJ > 0. (64)

If J is known, its inverse is nothing more than

[J−1] =

[
J22 −J12

−J21 J11

]
=

[
Ĵ11 Ĵ12

Ĵ21 Ĵ22

]
= [Ĵ]. (65)

Both Eqs. 61 and 63 are valid ways to calculate J. Eq. 61 is convenient if x = Nixi, y = Niyi
are already given. Eq. 63 is convenient if only xi, yi are given and x, y would need to be
found otherwise.

An interesting special case is the 1D bar element, where ξ1 = −1, ξ2 = 1 and

x = α1 + α2ξ =
[
1 ξ

] [α1

α2

]
⇒

[
x1

x2

]
=

[
1 −1
1 1

]
︸ ︷︷ ︸

A

[
α1

α2

]
(66)

⇒ 1

2

[
1 1
−1 1

]
︸ ︷︷ ︸

A−1

[
x1

x2

]
=

[
α1

α2

]
⇒ x =

[
1 ξ

] [ 1/2 1/2
−1/2 1/2

] [
x1

x2

]

=
[
1− ξ/2 1 + ξ/2

] [x1

x2

]
+Nixi = x, (67)

Then

J =
∂x

∂ξ
=

∂Ni

∂ξ
xi = −1

2
x1 +

1

2
x2 =

L

2
, (68)

where x2 − x1 = L.
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4.2.5 Stress/strain relationship

The stress/strain relationship in QUAD4 is the same as in CST. For linear elasticity, Hooke’s
law states that stress

σ = Cϵ = CBue, (69)

given Eq. 53 and using Voigt notation

σ =

σ11

σ22

σ12

 , ϵ =

ϵ11ϵ22
ϵ12

 . (70)

For a plane stress problem,

C =
E

1− ν2

1 ν 0
ν 1 0
0 0 1− ν

 . (71)

For a plane strain problem,

C =
E

(1 + ν)(1− 2ν)

1− ν ν 0
ν 1− ν 0
0 0 1− 2ν

 . (72)

Here, E is Young’s modulus and ν is Poisson’s ratio.

4.2.6 Virtual quantities

Just like for CST, virtual quantities

δu = Nδue, δϵ = Bδue. (73)

4.2.7 Invoke PVW

Recall the weak form for the whole domain that is Eq. 24,∫
Ω

σijδϵijdΩ.︸ ︷︷ ︸
δWint.

=

∫
Γ

t̄iδuidΓ +

∫
Ω

FiδuidΩ.︸ ︷︷ ︸
δWext.

In matrix notation, noting that a symmetric ϵ permits δϵσ = δϵTσ and using Eqs. 69
(σ = CBue) and 73 (δϵ = Bδue), the LHS at the elemental level (Ω ⇒ Ωe) is∫

Ωe

(δϵT )(σ)dΩe =

∫
Ωe

([δue]TBT )(CBue)dΩe = [δue]TKeδue (74)

where elemental stiffness matrix

Ke =

∫
Ωe

BTCBdΩe. (75)
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We assume the body has some thickness t, which is simply multiplied as a scalar. Then for a
plane stress problem, the conversion from the physical space x, y ∈ Ωe to the intrinsic space
ξ, η ∈ [−1, 1] is

Ke = t

∫
Ωe

B(x, y)TCB(x, y)dxdy (76)

= t

∫ 1

−1

∫ 1

−1

B(ξ, η)TCB(ξ, η)[detJ(ξ, η)]dξdη. (77)

We rely on Gauss quadrature to approximate the solution to this integral. The more Gauss
points, the finer the distribution and the closer the approximation. Fig. 4 is a visualization
of Gauss quadrature.

Figure 4: Gauss points GP = {1, 2, 3}

Then Eq. 77 is approximately

Ke = t
GP∑
i=1

GP∑
j=1

wiwjB(ξi, ηj)
TCB(ξi, ηj)[detJ(ξi, ηj)], (78)

where weights w are explained in further detail in Sec. 4.3. If GP = 1,

Ke = tw1w1B(ξ1, η1)
TCB(ξ1, η1)[detJ(ξ1, η1)]. (79)

If GP = 2,
Ke = tw1w1B(ξ1, η1)

TCB(ξ1, η1)[detJ(ξ1, η1)]

+tw1w2B(ξ1, η2)
TCB(ξ1, η2)[detJ(ξ1, η2)]

+tw2w1B(ξ2, η1)
TCB(ξ2, η1)[detJ(ξ2, η1)]

+tw2w2B(ξ2, η2)
TCB(ξ2, η2)[detJ(ξ2, η2)]. (80)

If GP = 3,

Ke = t

∫
Ωe

B(x, y)TCB(x, y)dxdy
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Ke = tw1w1B(ξ1, η1)
TCB(ξ1, η1)[detJ(ξ1, η1)]

+tw1w2B(ξ1, η2)
TCB(ξ1, η2)[detJ(ξ1, η2)]

+tw1w3B(ξ1, η3)
TCB(ξ1, η3)[detJ(ξ1, η3)]

+tw2w1B(ξ2, η1)
TCB(ξ2, η1)[detJ(ξ2, η1)]

+tw2w2B(ξ2, η2)
TCB(ξ2, η2)[detJ(ξ2, η2)]

+tw2w3B(ξ2, η3)
TCB(ξ2, η3)[detJ(ξ2, η3)]

+tw3w1B(ξ3, η1)
TCB(ξ3, η1)[detJ(ξ3, η1)]

+tw3w2B(ξ3, η2)
TCB(ξ3, η2)[detJ(ξ3, η2)]

+tw3w3B(ξ3, η3)
TCB(ξ3, η3)[detJ(ξ3, η3)]. (81)

4.2.8 Forcing term

Recall once again the weak form for the whole domain that is Eq. 24,∫
Ω

σijδϵijdΩ.︸ ︷︷ ︸
δWint.

=

∫
Ω

FiδuidΩ +

∫
Γ

t̄iδuidΓ.︸ ︷︷ ︸
δWext.

The left hand side is addressed in Sec. 4.2.7. As for the right hand side, its representation
in matrix notation is∫

Ω

FiδuidΩ +

∫
Γ

t̄iδuidΓ ⇐⇒
∫
Ωe

δuT ḡdΩe +

∫
Γe

δuT t̄dΓe, (82)

where body force Fi ⇔ ḡ so as to not confuse body force ḡ with overall forcing term

Fe = b̄
e
+ T̄

e
=

∫
Ωe

NT ḡdΩe +

∫
Γe

NT t̄dΓe, (83)

in which

b̄
e
=

GP∑
i=1

GP∑
j=1

wiwjN
T (ξi, ηj)

( SF∑
k=1

Nk(ξi, ηj)ḡk

)
[detJ(ξi, ηj)] (84)

and

T̄
e
=

GP∑
i=1

wiN
T (ξi, ηi)

( SF∑
k=1

Nk(ξi, ηi)t̄k

)
[detJ(ξi, ηi)] (85)

For elemental body force b̄
e
and external force T̄

e
, index k goes from 1 to SF , which is the

total number of shape functions (N ’s) in the problem. Note also that in the same way as

x =
SF∑
i=i

Nixi, y =
SF∑
i=i

Niyi, u =
SF∑
i=i

Niui, v =
SF∑
i=i

Nivi, (86)

the forcing term can be constructed using contributions from nodes. That is,

f̄ =
SF∑
k=i

Nkf̄k. (87)
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4.3 Numerical integration/Gauss quadrature

A quadrature approximates a definite integral. It is usually a weighted sum of function
values at specific points within the domain, written as∫ 1

−1

f(x)dx ≈
n∑

i=1

wif(ξi). (88)

provided the domain Ωe = [−1, 1]. In terms of a more general Ωe, and in higher dimensions,∫
Ωe

f(x, y, z)dΩe =

∫ 1

−1

∫ 1

−1

∫ 1

−1

f(ξ, η, ζ)[detJ]dξdηdζ ≈
GP∑
i=1

GP∑
j=1

GP∑
k=1

wiwjwkf(ξi, ηj, ζk)[detJ].

(89)
An n- (GP -) point quadrature rule yields a result for polynomials f with degree 2n − 1 or
less. Weights

wi =
2(1− ξ2i )[
nPn−1(ξi)

]2 , (90)

Where Pn(ξ) is the nth Legendre polynomial, given by

P0(ξ) = 1, P1(ξ) = ξ,

Pn(ξ) =
2n− 1

n
ξPn−1(ξ)−

n− 1

n
Pn−2(ξ). (91)

Therefore,

P2(ξ) =
3

2
ξ2 − 1

2
,

P3(ξ) =
5

3
ξ

(
3

2
ξ2 − 1

2

)
−2

3
ξ =

5

2
ξ3 − 3

2
ξ,

. . . . (92)

Setting Pn(ξi) = 0 reveals solutions for ξi, followed by wi (plugging ξi into Eq. 90 and
separetely calculating Pn−1(ξi)). The first few solutions are

0 = P1 = ξ =⇒ ξ = 0 =⇒ w1 = 2;

0 = P2 =
3

2
ξ2 − 1

2
=⇒ ξ1, ξ2 = ± 1√

3
=⇒ w1, w2 = 1;

0 = P3 =
5

2
ξ3 − 3

2
ξ =⇒ ξ1, ξ2 =

√
3

5
, ξ3 = 0 =⇒ w1, w2 =

5

9
, w3 =

8

9
.

Fig. 5 provides some low order weights which can be applied to the quadrature rule.
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Figure 5: Low order weights wi over interval [−1, 1] given number of Gauss points n.
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4.3.1 Example A

Suppose we wished to evaluate

IA =

∫ b

a

f(x)dx =

∫ 7

3

1

1.1 + x
dx. (93)

To solve such an equation, let

ξ =
2x− b− a

b− a
=⇒ x =

bξ − aξ + b+ a

2
=

b− a

2
ξ +

b+ a

2
. (94)

This causes

dξ =
2

b− a
dx =⇒ dx =

b− a

2
dξ. (95)

New bounds are

a′ =
2a− b− a

b− a
=

a− b

b− a
= −b− a

b− a
= −1, b′ =

2b− b− a

b− a
=

b− a

b− a
= 1. (96)

For this problem in particular,

x =
7ξ − 3ξ + 7 + 3

2
= 2ξ + 5, dx =

7− 3

2
dξ = 2dξ. (97)

Note it is no coincidence that 2 = ∂x/∂ξ = detJ = J in one dimension. Substituting Eqs.
97 into Eq. 93,

IA =

∫ b

a

f(x)dx =

∫ 1

−1

2

1.1 + 2ξ + 5︸ ︷︷ ︸
f(ξ)

dξ. (98)

Using two Gauss points in the 1D governing equation Eq. 88

(∫ 1

−1
f(x)dx ≈

∑GP
i=1 wif(ξi)

)
,

IA ≈ w1f(ξ1) + w2f(ξ2) = w1
2

1.1 + 2ξ1 + 5
+ w2

2

1.1 + 2ξ2 + 5
. (99)

According to Fig. 5,

ξi = ± 1√
3
⇒ ξ1 =

1√
3
, ξ2 = − 1√

3
; wi = 1 ⇒ w1 = 1, w2 = 1. (100)

Substituting,

IA ≈ 2

1.1 + 2/
√
3 + 5

+
2

1.1− 2/
√
3 + 5

= 0.680107776642. (101)

To compute the answer using MATLAB,
funInt = @(x) (1./(1.1+x)); result = integral(funInt, 3,7); disp( result )
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4.3.2 Example B

Suppose we wished to solve

IB =

∫ π

0

∫ 3

0

(x2 − x) sin ydxdy. (102)

Let [0, π] = [c, d] and [0, 3] = [a, b]. Now, recall the function mapping

ξ =
2x− b− a

b− a
=⇒ x =

bξ − aξ + b+ a

2
=

b− a

2
ξ +

b+ a

2
,

η =
2y − d− c

d− c
=⇒ y =

dξ − cξ + d+ c

2
=

d− c

2
ξ +

d+ c

2
, (103)

which is the double-integral analog of Eq. 94. In particular,

x =
3

2
ξ +

3

2
, y =

π

2
η +

π

2
. (104)

Then, of course, bounds

a′ =
2a− b− a

b− a
= −1, b′ =

2b− b− a

b− a
= 1, c′ =

2c− d− c

d− c
= −1, d′ =

2d− d− c

d− c
= 1.

(105)
Also,

detJ = det

[
∂x/∂ξ ∂x/∂η
∂y/∂ξ ∂y/∂η

]
= det

[
3/2 0
0 π/2

]
=

3π

4
. (106)

Substituting according to the 2D form of Eq. 89, which is

IB =

∫
Ωe

f(x, y, z)dΩe =

∫ 1

−1

∫ 1

−1

f(ξ, η)[detJ]dξdη ≈
GP∑
i=1

GP∑
j=1

wiwjf(ξi, ηj)[detJ], (107)

we receive

IB =

∫ 1

−1

∫ 1

−1

[(
3

2
ξ +

3

2

)2

−
(
3

2
ξ +

3

2

)]
︸ ︷︷ ︸

x2−x

sin

(
π

2
η +

π

2

)
︸ ︷︷ ︸

y

(
3π

4

)
︸ ︷︷ ︸
detJ

(
3

2
dξ

)
︸ ︷︷ ︸

dx

(
π

2
dη

)
︸ ︷︷ ︸

dy

. (108)

If GP = 1 ⇒ ξi, ηi = 0, w1 = 2,

IB ≈ w1w1[(
3

2
ξ1 +

3

2
)2 − (

3

2
ξ1 +

3

2
)] sin(

π

2
η1 +

π

2
)(
3π

4
) (109)

= 4(
9

4
− 3

2
) sin(

π

2
)
3π

4
=

9π

16
= 1.76714586764. (110)
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If GP = 2 ⇒ ξ1, η1 = 1/
√
3; x2, η2 = −1/

√
3; w1 = 1; w2 = 1,

IB ≈ 3π

4

(
w1w1f(ξ1, η1) + w1w2f(ξ1, η2) + w2w1f(ξ2, η1) + w2w2f(ξ2, η2)

)
= 8.7122. (111)

If GP = 3 ⇒ ξ1, η1 = 0; ξ2, η2 =
√

3/5; ξ3, η3 = −
√

3/5; w1 = 8/9, w2 = 5/9, w3 = 5/9,

IB ≈ 3π

4

(
w1w1f(ξ1, η1) + w1w2f(ξ1, η2) + w1w3f(ξ1, η3)

+w2w1f(ξ2, η1) + w2w2f(ξ2, η2) + w2w3f(ξ2, η3)

+w3w1f(ξ3, η1) + w3w2f(ξ3, η2) + w3w3f(ξ3, η3)

)
= 9.0063. (112)

To compute the answer using MATLAB,
funInt = @(x,y) (x.ˆ2−x).∗sin(y); result = integral2(funInt, 0,3 0,pi ); disp( result )
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5 3D HEX8

5.1 Strong form

Consider the 3D material body subject to the force distribution drawn in Fig. 6. The

Figure 6: Solid mechanics infinitesimal cube.

equilibrium equation for the electrostatic continuum is the same as in CST and QUAD4
(Eq. 7, Eq. 23), but generalized to 3 dimensions. It is

σij,j + Fi = 0. (113)

With the addition of dynamics,
σij,j + ρ0fi = ρ0üi. (114)

ρ0 is mass density. Like in QUAD4, this is still in units Nm−3, because ρ0üi = müi/V
0.

Recall also from Sec. 3.2 and from QUAD4 that surface traction

ti = σijnj (115)

is the normal component of stress. In this case n is a vector normal to the surface of the
body. A Neumann boundary condition in this context is some imposition on t̄i. On the other
hand, a Dirichlet boundary condition is an imposition on displacement ui(0, 0, 0) = ū0.

5.2 Develop HEX8 element

5.2.1 Define element

Fig. 7 illustrates the mapping between the physical space x, y, z and intrinsic space ξ, η, ζ.
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Figure 7: Mapping between physical and intrinsic space.

As in Fig. 7,

(ξ1, η1, ζ1) = (−1,−1,−1), (ξ2, η2, ζ2) = (1,−1,−1),

(ξ3, η3, ζ3) = (1, 1,−1), (ξ4, η4, ζ4) = (−1, 1,−1),

(ξ5, η5, ζ5) = (−1,−1, 1), (ξ6, η6, ζ6) = (1,−1, 1),

(ξ7, η7, ζ7) = (1, 1, 1), (ξ8, η8, ζ8) = (−1, 1, 1). (116)

5.2.2 Shape functions

Shape functions

N1 =
1

8
(1− ξ)(1− η)(1− ζ), N2 =

1

8
(1 + ξ)(1− η)(1− ζ),

N3 =
1

8
(1 + ξ)(1 + η)(1− ζ), N4 =

1

8
(1− ξ)(1 + η)(1− ζ),

N5 =
1

8
(1− ξ)(1− η)(1 + ζ), N6 =

1

8
(1 + ξ)(1− η)(1 + ζ),

N7 =
1

8
(1 + ξ)(1 + η)(1 + ζ), N8 =

1

8
(1− ξ)(1 + η)(1 + ζ). (117)

Notice

N1(ξ1, η1, ζ1) =
1

8
(1 + 1)(1 + 1)(1 + 1) = 1, (118)

but

N1(ξ4, η4, ζ4) =
1

8
(1 + 1)(1− 1)(1 + 1) = 0. (119)
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In general, like in QUAD4,
Ni(ξj, ηj, ζj) ⇔ Ni(xj) = δij. (120)

To obtain three separate equations for displacement X, Y, Z, let us construct N asN1 0 0 N2 0 0 . . . N8 0 0
0 N1 0 0 N2 0 . . . 0 N8 0
0 0 N1 0 0 N2 . . . 0 0 N8

 = [N] (121)

so that

xy
z

 =

N1 0 0 N2 0 0 . . . N8 0 0
0 N1 0 0 N2 0 . . . 0 N8 0
0 0 N1 0 0 N2 . . . 0 0 N8





X1

Y1

Z1

X2

Y2

Z2

. . .
X8

Y8

Z8


(122)

Note that N is 3× 24. Thus,

xi = NiαXα, α = {1, 2, . . . , 24}, i = {1, 2, 3}. (123)

Also, by definition of the shape function, demonstrated in Eq. 86,

A = NαAα (124)

for any variable A. This means that any variable can be approximated by its corresponding
values at each node.

5.2.3 Strain/displacement relationship

Let A = A(ξ, η, ζ). Then,

A,x =
∂A

∂x
=

∂

∂x
(Nα)Aα = [

∂Nα

∂ξ

∂ξ

∂x
+
∂Nα

∂η

∂η

∂x
+
∂Nα

∂ζ

∂ζ

∂x
]Aα = [Nα,ξξ,x+Nα,ηη,x+Nα,ζζ,x]Aα;

A,y =
∂A

∂y
=

∂

∂x
(Nα)Aα = [

∂Nα

∂ξ

∂ξ

∂y
+
∂Nα

∂η

∂η

∂y
+
∂Nα

∂ζ

∂ζ

∂y
]Aα = [Nα,ξξ,y+Nα,ηη,y+Nα,ζζ,y]Aα;

A,z =
∂A

∂z
=

∂

∂x
(Nα)Aα = [

∂Nα

∂ξ

∂ξ

∂z
+
∂Nα

∂η

∂η

∂z
+
∂Nα

∂ζ

∂ζ

∂z
]Aα = [Nα,ξξ,z+Nα,ηη,z+Nα,ζζ,z]Aα.

(125)
Now, consider displacement

ui = NiαUα, (126)
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where U ⇔ ue is the displacement at the nodes. Then, displacement gradient

ui,j = Niα,jUα = [Niα,ξξ,j +Niα,ηη,j +Niα,ζζ,j]Uα. (127)

By definition,

Niα,j := Bijα ⇔ ∂

∂xj

N = B. (128)

Therefore,
ui,j = BijαUα. (129)

i, j are free indices while α is a dummy index, so it gets summed over. Then the strain is
the symmetric component of the displacement gradient

sym(ui,j) =
1

2
(ui,j + uj,i) =

∑
α

1

2
(Bijα +Bjiα) = ϵij. (130)

5.2.4 Jacobian

5.3 Galerkin weak form

From Eq. 114,
σij,j + ρ0fi = ρ0üi =⇒ ρ0üi − σij,j − ρ0fi = 0. (131)

Invoking PVW, ∫
Ω

(ρ0üi − σij,j − ρ0fi)δuidΩ = 0 (132)

implies ∫
Ω

ρ0üiδuidΩ︸ ︷︷ ︸
I

−
∫
Ω

σij,jδuidΩ︸ ︷︷ ︸
II

−
∫
Ω

ρ0fiδuidΩ︸ ︷︷ ︸
III

= 0. (133)

There are three terms. Let us simplify one at a time, starting with I. First of all, notice that

ui = NiαUα ⇒ δui = NiαδUα. (134)

Substituting into I,∫
Ω

ρ0üiδuidΩ =

∫
Ω

ρ0NiβÜβNiαδUαdΩ = δUαÜβ

∫
Ω

ρ0NiβNiαdΩ := δUα(ÜβMαβ). (135)

As for II, ∫
Ω

−σij,jδuidΩ =

∫
Ω

[(−σijδui),j − (−σijδui,j)]dΩ (136)

=

∫
Γ

−σijδuinjdΓ +

∫
Ω

σijδui,jdΩ =

∫
Γ

−t̄i(δui)dΓ +

∫
Ω

σij(δϵij)dΩ (137)

=

∫
Γ

−t̄i(NiαδUα)dΓ +

∫
Ω

σij(BijαδUα)dΩ (138)
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= δUα

(∫
Γ

−t̄iNiαdΓ +

∫
Ω

σijBijαdΩ

)
:= δUα(−F st

α + F int
α ). (139)

Lastly, for III, ∫
Ω

−ρ0fi(Niα)δUαdΩ = −δUα

∫
Ω

ρ0fiNiαdΩ := δUα(−F bf
α ). (140)

Altogether,

{I} − {II} − {III} = δUα

(
ÜβMαβ − F st

α + F int
α − F bf

α

)
= 0, (141)

implies the Galerkin weak form

ÜβMαβ − F st
α + F int

α − F bf
α = 0, (142)

where

Mαβ =

∫
Ω

ρ0NiβNiαdΩ, (143)

F st
α =

∫
Γ

t̄iNiαdΓ, (144)

F int
α =

∫
Ω

σijBijαdΩ, (145)

F bf
α =

∫
Ω

ρ0fiNiαdΩ. (146)

5.3.1 Linear elastic constitutive

For a linear elastic material, stress

σij = Cijklϵkl. (147)

Therefore,

F int
α =

∫
Ω

σijBijαdΩ =

∫
Ω

Cijkl(ϵkl)BijαδUαdΩ (148)

=

∫
Ω

Cijkl(BklβUβ)BijαdΩ = Uβ

∫
Ω

CijklBklβBijαdΩ := UβKαβ. (149)

Of course, this means

Kαβ =

∫
Ω

CijklBklβBijαdΩ. (150)

The weak form Eq. 142 then becomes

0 = ÜβMαβ − F st
α + F int

α − F bf
α = ÜβMαβ − F st

α + UβKαβ − F bf
α , (151)

which implies
ÜβMαβ + UβKαβ = F st

α + F bf
α . (152)
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5.3.2 Viscoelastic constitutive

For a viscoelastic material, stress is generalized as

σij = Cijklϵkl +Dijklϵ̇kl. (153)

D is Rayleigh damping. Strain rate ϵ̇ is a damping term, which is a good way to think about
viscosity. This means

F int
α =

∫
Ω

σijBijαdΩ =

∫
Ω

(Cijklϵkl +Dijklϵ̇kl)BijαdΩ (154)

=

∫
Ω

CijklϵklBijαdΩ +

∫
Ω

Dijklϵ̇klBijαBijαdΩ (155)

Uβ

∫
Ω

CijklBklβBijαdΩ + U̇β

∫
Ω

DijklBklβBijαdΩ := UβKαβ + U̇βCαβ. (156)

Clearly,

Kαβ =

∫
Ω

CijklBklβBijαdΩ, (157)

Cαβ =

∫
Ω

DijklBklβBijαdΩ. (158)

Then the weak form Eq. 142 becomes

0 = ÜβMαβ − F st
α + F int

α − F bf
α = ÜβMαβ − F st

α + UβKαβ + U̇βCαβ − F bf
α , (159)

which implies
ÜβMαβ + UβKαβ + U̇βCαβ = F st

α + F bf
α . (160)

5.3.3 Thermoviscoelastic constitutive

For a thermoviscoelastic material, stress

σij = Cijklϵkl +Dijklϵ̇kl − βijT + bijkT,k. (161)

Added to this term are the set of thermal expansion coefficients βij, temperature T , temper-
ature gradient T,k, and tensor bijk. Notice by virtue of the shape function that

T = NβTβ. (162)

This means

F int
α =

∫
Ω

σijBijαdΩ =

∫
Ω

(Cijklϵkl +Dijklϵ̇kl − βijT + bijkT,k)BijαdΩ (163)

= Uβ

∫
Ω

CijklBklβBijαdΩ + U̇β

∫
Ω

DijklBklβBijαdΩ
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−Tβ

∫
Ω

βijNβBijαdΩ + Tβ

∫
Ω

bijkNβ,kBijαdΩ := UβKαβ + U̇βCαβ + Tβ(−Pαβ +Gαβ). (164)

Here,

Kαβ =

∫
Ω

CijklBklβBijαdΩ, (165)

Cαβ =

∫
Ω

DijklBklβBijαdΩ, (166)

Pαβ =

∫
Ω

βijNβBijαdΩ, (167)

Gαβ =

∫
Ω

bijkNβ,kBijαdΩ =

∫
Ω

bijkBkβBijαdΩ. (168)

The term Nβ,k in Eq. 168 changes to Bkβ by virtue of Eq. 128. Then the weak form Eq.
142 becomes

0 = ÜβMαβ−F st
α +F int

α −F bf
α = ÜβMαβ−F st

α +UβKαβ+U̇βCαβ+Tβ(−Pαβ+Gαβ)−F bf
α , (169)

which implies the updated weak form

ÜβMαβ + UβKαβ + U̇βCαβ + Tβ(−Pαβ +Gαβ) = F st
α + F bf

α . (170)

Now, Eq. 170 is only one of two governing equations for this system. That is because
temperature T must also obey the energy conservation law

ρ0γṪ + T 0βiju̇i,j = −qk,k + ρ0h =⇒ ρ0γṪ + T 0βiju̇i,j + qk,k − ρ0h = 0, (171)

where ρ0 is mass density, T is temperature, T 0 is the reference temperature, γ is the heat
conductivity, βij are the set of damping coefficients, q is the heat flux, and h is the heat
source. We also define the deformation rate tensor as the symmetric component of the time
derivative of the displacement gradient. It is also the strain rate. That is,

dij =
1

2
(u̇ij + u̇j,i) = ϵ̇ij. (172)

This causes
βijdij = βiju̇i,j = βij ϵ̇ij = βijBijαU̇α. (173)

Now, invoking PVW on Eq. 171,

0 =

∫
Ω

ρ0γṪ δTdΩ +

∫
Ω

T 0βiju̇i,jδTdΩ +

∫
Ω

qk,kδTdΩ−
∫
Ω

ρ0hδTdΩ (174)

=

∫
Ω

ρ0γṪ (δTαNα)dΩ +

∫
Ω

T 0βiju̇i,j(δTαNα)dΩ +

∫
Ω

qk,kδTdΩ−
∫
Ω

ρ0h(δTαNα)dΩ (175)

=

∫
Ω

ρ0γ(ṪβNβ)(δTαNα)dΩ︸ ︷︷ ︸
I

+

∫
Ω

T 0(βijBijβU̇β)(δTαNα)dΩ︸ ︷︷ ︸
II
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+

∫
Ω

qk,kδTdΩ︸ ︷︷ ︸
III

−
∫
Ω

ρ0h(δTαNα)dΩ︸ ︷︷ ︸
IV

(176)

:= δTαṪβΓαβ︸ ︷︷ ︸
I

+ δTαU̇βT
0Pβα︸ ︷︷ ︸

II

+

∫
Ω

qk,kδTdΩ︸ ︷︷ ︸
III

− δTαQ̄
s
α︸ ︷︷ ︸

IV

. (177)

Notice III in Eq. 177 went unexamined. This is because we can reexpress heat flux

qk = −HklT,l − T 0bijlϵ̇ij. (178)

Now addressing III in Eq. 177,∫
Ω

qk,kδTdΩ =

∫
Ω

(qkδT ),kdΩ−
∫
Ω

qkδT,kdΩ

=

∫
Γ

qk(δT )nkdΓ−
∫
Ω

(−HklT,l − T 0bijlϵ̇ij)δT,kdΩ

=

∫
Γ

q̄(δTαNα)dΓ +

∫
Ω

Hkl(T,l)(δT,k)dΩ +

∫
Ω

T 0bijlϵ̇ij(δT,k)dΩ

= δTα

∫
Γ

q̄NαdΓ +

∫
Ω

Hkl(TβNβ,l)(δTαNα,k)dΩ +

∫
Ω

T 0bijlϵ̇ij(δTαNα,k)dΩ

= δTα

∫
Γ

q̄NαdΓ + δTα

∫
Ω

Hkl(TβNβ,l)Nα,kdΩ + δTα

∫
Ω

T 0bijlϵ̇ijNα,kdΩ (179)

:= δTα[Q̄
f
α + TβĤαβ + T 0U̇βGβα] = III. (180)

Substituting Eq. 180 into Eq. 177,

0 = δTαṪβΓαβ︸ ︷︷ ︸
I

+ δTαU̇βT
0Pβα︸ ︷︷ ︸

II

+ δTα[Q̄
f
α + TβĤαβ + T 0U̇βGβα]︸ ︷︷ ︸

III

− δTαQ̄
s
α︸ ︷︷ ︸

IV

. (181)

Dropping δTα and rearranging, the second part of the weak form is

ṪβΓαβ + T 0U̇β(Pβα +Gβα) + TβĤαβ = Q̄s
α − Q̄f

α, (182)

where

Γαβ =

∫
Ω

ρ0γNβNαdΩ, (183)

Pβα =

∫
Ω

βijBijβNαdΩ, (184)

Q̄s
α =

∫
Ω

ρ0hNαdΩ, (185)

Ĥαβ =

∫
Ω

HklNβ,lNα,kdΩ, (186)

Gβα =

∫
Ω

bijlϵ̇ijNα,kdΩ =

∫
Ω

bijlBijβNα,kdΩ, (187)

Q̄f
α =

∫
Γ

q̄NαdΓ. (188)
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