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1 1D bar



2 1D EB beam



3 2D CST

3.1 Strong form

Consider Fig. 1, a small section of a 2D plane subject to a certain distribution of force.
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Figure 1: Solid mechanics infinitesimal square. Note that because of the symmetry of the
stress tensor, the shear components are equal (xy < yz). I made this substitution in the
derivation implicitly.

Assume the body (2 is in equilibrium so that the sum of the forces in x

Z fo = Fpdxdydz + (A/+ Oz dx)dydz + (Tug + or. xydy)dwdz — Oprdydz — Ty dacd?

= F,dxdydz + 00z dxdydz + L dzxdydz = 0. (1)
ox Jy
This implies
F,+ 0%z + Oy _ (2)

ox oy
Similarly for y,

ny = Fydxzdydz + (g + %o yydy)dxdz + (Tyz + o, yxdac)dydz — Oy dadz — Tdydz

= F,dedydz + 0w gdydz + 2 dudyds = 0. (3)

dy ox

This implies
0oy  OTya

dy ox

F, + —0. (4)

Egs. 2 and 4 can be rewritten as

Fo+0ppa+Tayy =0, Fy+0yyy+Tyzs =0 (5)
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Note that 7,,, 7, are components in stress tensor o], just like 0., 0y,. So, it is permissible
to write
Fy+ Oupa + 0uyy =0, Fy+0yyy + 0yae = 0. (6)

Generalizing,

-Fz' -+ Oij5 — 0. (7)

Eq. 7 is the strong form. It is an equilibrium equation of force per volume (newtons per
meters cubed). F'is a body force that acts volumetrically, so that F' = f/V. In this case, f is
a true force in newtons. Stress o = f/A; the spatial derivative of stress is also a volumetric
term, because %Nm_2 = —2Nm 3, speaking in terms of units.
Surface traction
ti = oiny (8)

is the normal component of stress. Here n is a vector normal to the surface of the body.
A Neumann boundary condition in this context is some imposition on ¢;. On the other
hand, a Dirichlet boundary condition is an imposition on displacement u;(0,0) = .

3.2 Weak form

Recall the strong form Eq. 7 (0;;;+ F; = 0). The principle of virtual work (PVW) is defined
as the act of multiplying the governing equation by a virtual displacement (F' x du = W)
and then integrating over the domain 2. That is,

Q
This implies
QHI/—’ Q
Now, as an aside, consider the chain rule
(Uij5u2-),j = aij,j5u2- +Uij6uz’,j - aij,j5u2- = (O'Z'jéul‘),j — O',‘j(sui’j (].1)
I I

Substituting Eq. 11 into Eq. 10,

/[(aijéui),j — ol-jéui,j]dQ + / Eéude =0 (12)
Q Q
implies
Q Q Q
II.



The divergence theorem (/ (w;) ;dV = / (w;)n;dA) transforms Eq. 13 into
Q 09

J/

L. 1L,
Jr P Q Q
111
Because of Eq. 8 (o4n; =),
r Q Q

Any tensor A can be broken into its symmetric and skew parts symA + skwA. For displace-
ment gradient,
Ui,j = €4 -+ Wiy = sym(uiyj) -+ SkW(UZ’J). (16)

Note that displacement gradients are effectively strains, because strain e = §/L is deforma-
tion with respect to the length of the body. So, de is a virtual strain. Substituting,

Tr Q Q
implies
r Q Q Q

The elementwise product of any symmetric and skew matrix A;;B;; <& A : B is 0. This is
because

w is skew while ¢ is symmetric. Therefore, Eq. 18 becomes

r Q Q
Rearranged,
r Q L, JQ
(;V[Zzp 6V[7z’nt

The LHS term is the external virtual work 6W,,; done by surface tractions and body forces.
The RHS term is the internal virtual work 6W;,; done by virtual strain. Therefore,

5Wezt = 5Vth (22>

Eq. 21 is the weak form.



3.3 Develop CST element

3.3.1 Define element

3.3.2 Shape functions

3.3.3 Strain/displacement relationship
3.3.4 Stress/strain relationship

3.3.5 Virtual quantities

3.3.6 Invoke PVW

3.3.7 Global stiffness matrix/boundary conditions



4 2D QUADA4

4.1 Strong form/weak form

For QUADA4, the strong and weak forms are the same as in CST. Those are Eq. 7 and 21, or

Fi + O'ijyj = O (23)
and
/ 0ijoe;dS). = /ti(suidr + / Fiou,dS (24)
Jo _,JT X .
(SV?/;Lt. 51/17;%-

The LHS term is the internal virtual work 6W;,; done by virtual strain. The RHS term is
the external virtual work 0W,,; done by surface tractions and body forces. Recall also from
Sec. 3.2 that surface traction

ti = 04N; (25)

is the normal component of stress. In this case n is a vector normal to the surface of the
body. A Neumann boundary condition in this context is some imposition on ;. On the
other hand, a Dirichlet boundary condition is an imposition on displacement u;(0,0) = .

4.2 Develop QUAD4 element
4.2.1 Define element

Node#2 n
(x2.¥2) VNode#4 o VNode#3
('11 1) (11 1)
Node#1 s B X
(xy) <_Mapping > > §
Node#3
(x3,3) ... VNode#1 VNode#?2
(x41y4) ('1r -1) (1' -1)
Physical Space (x, y) Intrinsic Space (¢, 7)

Figure 2: Mapping between intrinsic and physical spaces



Fig. 2 describes the mapping that isoparametric elements use between the intrinsic

(reference) space
{<517 nl)} = {(_17 _1)7 (17 _1)7 (17 1)7 (_17 1)} (26)
and the physical (deformed) space

{(@i,yi)} = {(x1, 1), (22, 92), (3, 3), (T4, Ya) }- (27)
The deformed configuration can be expressed as a function of its reference, such that
z=xz(§n), y=y&n). (28)

Of course, the converse
§=E&(2,y), n=n(zy) (29)

is also true.

4.2.2 Shape functions

Determining the shape functions is first of all a matter of determining the functional form
of Eq. 28. Fig. 3 shows the relationship between Pascal’s triangle and the polynomial terms
that comprise x(&,n) and y(&,n).

AR 4 Node
x/ W Quadrilateral

x}fz | xzy )’3 8 Node‘z /9 Node
T Quadrilateral

Figure 3: Pascal’s triangle. Note that this is completely analogous to the intrinsic space, in
that zy < &n.

For QUAD4,
aq
w(€n) = il + ook Fagntoagn = [1 €y €] | 2] =1 € 0 & {a},
Qy
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(673

Q e
y(&,m) = asl + agé + am + asgén = [1 §n 577] ai = [1 §n 577} {a}, (30)
s
where «; are coefficients. Substituting Eq. 26 {(&,n:)} = {(—-1,-1),(1,-1),(1,1),(—1,1)}
into Eq. 30,

o

1 -1 -1 1 o
{L’l(gl,?’/l) = I =~ =~~~ = 2 = 9 —O./Q—Oé3+Oé4, (31)
1 3 n &n Q3

Qy

ZL’Q(fQ,T]Q) = [1 1 -1 —1] =y + g — Qg — Qy, (32)

]}3(53,773) = [1 11 1} =oq + g+ a3+ gy, (33)

374(54,7]4) = [1 -1 1 —1] = (1 — Qg + (g — Oy, (34)

yl(fl,m):[l -1 -1 1} = a5 — (g — Q7 + ag, (35)

ya(bo,m) =1 1 -1 —1] = a5+ ag — a7 — ag, (36)

ys(&aoms) =1 1 1 1] = a5 + ag + a7 + as, (37)

yalla,ma) =11 -1 1 —1] = a5 —ag + a7 — as. (38)
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Altogether,

I 1 -1 -1 1 aq U1 1 -1 -1 1 (873
To| 1 1 -1 -1 (0] Ya| 1 1 -1 -1 (675
xTs3 - 1 1 1 1 (0% ’ Ys - 1 1 1 1 Q7 ’
Ty 1 -1 1 =1 |ay Ya 1 -1 1 -—-1] |ag
~—— N ~ D = N ~ S ——~
x° A af y° A af
or
x¢ = A, y° = Aa’
This means
ae_A—lxe’ af = —1ye7
where the inverse of A
1 1 1 1
(-1 1 1 -1
-1 _
A 41-1 -1 1 1
1 -1 1 -1

Substituting Eq. 41 into Eq. 30,

zEn)=[1 ¢ n &{a}=[1 ¢ n &) {A'x}

1 1 1 1 1
1 -1 1 1 —1| |9 e
1 -1 1 —1| |24
N ~- A
N x¢

y&n) =11 ¢ n a{a}=[1 ¢ n & {A 'y}

1 1 1 17w
1 11 1 1| |y
=z el oy Ys
1 -1 1 <1 |w

7 =

N y©

= z(&,n) = N(&n)y",

where N < N;(£,n) are the shape functions. N can be condensed to

1 1-¢(—n+&n El&ggl—é;gl—n; N,

1+&—n—=&n|  |(1/HAQ+&EA—=n)| [ N2|

D1 ernren| ~lamaroarn| = [N TNED e N
1—&+n—¢&n (1/4)(1 =& +n) Ny

Consider | .
N1(51,771) = Z(l —&)(L—m) = 1_1(1 + 1)(1 + 1) =1
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and
1 1
Ni&am) = 3(1 - &)(1—m) = ;1= 1)1 +1) =0. (47)
This is an example of the general rule
1, i=7

Ni(&5,m;) & Ni(z;) = 0 = {O i # J.

4.2.3 Strain/displacement relationship

To obtain two separate equations for horizontal and vertical displacement uw and v, let us
redefine the system of shape functions as

_ Nl 0 N2 0 N3 0 N4 0
N_{o Ny 0O Ny 0 Ny 0 NJ' (49)
In general, strain
_Ou _ [0u/0x Ou/dy (50)
- Ox |0v/dx Ov/oy|”
Rewritten in Voigt notation,
Ou/0x
€= v /0y : (51)
Ou/0y + Ov/0x
This can be decomposed as
d/0x 0 P d/0x 0
e=| 0 0/oy [ﬂ (Voigt: Pl 0 9/oyl|). (52)
8/dy 0/dx * |o/oy 0/0x
Recall also that generalized strain
0 9 ey 9 e c
e—&(u)—a—X(Nu )—a—X(N)u —\]é_/u : (53)
S~—— 1.

I

This means

B=—_—N=| 0 08/dy

0% /0y 0o

P d/0x 0
0 Nl 0 N2 0 N3 0 N4

[N10N20N30N40]

. (54)
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The chain rules for f(g,h), g(z,y), h(z,y) are
of _0fdg  Ofoh of 0fdg  Of0h
dr  0g0r  Ohdx By Ogdy  Ohoy

Ifg:£> h:777 and f(ga ): 1(5777)7

ON;, 9¢ ON; O
€+ n

Ox o Ox,  0On Oz oy o¢ Oy On Oy
Using Eq. 45,
N 1—&—n+¢&n
Nol L1 +&—n—&n
N3 4 [14+&+n+&n
Ny 1-8+n—¢&n
[ON,/0¢] [—1 4 1] —(1/4)(1 = n)
_ |omyee| _1|i-w| _ | ajma-n)
ON3 /0 4| 14079 (1/4)(1+mn) |’
|ON4/O¢ —1—n] [-(1/9)(1+n)]
[ON,/0n] [—1+¢] —(1/4)(1 = ¢)]
_ |omyon| _1|-1-¢| _ |-(/m0+8
ONz/On| 4| 1+¢ (L/HA+8 |-
|ON4/0n] | 1-¢]  L@/Ha-=9

Expanding Eq. 56 and substituting terms contained in Eq. 57 where appropriate,

ON,/0x (8]\71/05)(?11—1—(8]\71/877),?21 —(1_77);111_(1_5);121
8N2/8:U _ (8N2/8§)l]11 + (aNg/an){lQl _ l ( )Jll — (1 + g)ng
ONs/0x (ON3/0€)I11 + (ONs/Om)dor | 4 | (L+m)du + (1+6)da
ONy/0x (ON4/0€)I 11 + (ON4/0n)T (14 )+ (1= &)dz
and
ON; /0y (8]\71/6{).?12—}—(8]\71/677).?22 —(1- )J12—(1—5)322
ON2/Oy| _ (aNz/ﬁf)qlz + (aNQ/aﬁ)tIzQ L= )J12 —(1+ f)J22
ON3/0y (ON3/0€)J1a + (ON3/Om)doa | 4 | (14+m)T12+ (1+6)Tas
ON, /9y (ON4/0€)T 12 + (ON4/I1) T g2 —(1+n)Jiz+ (1 —-8)J2

4.2.4 Jacobian
Matrix

3] = [JH JlZ] _ [ag/ax ag/ay] _

J21 J22

on)ow on/dy| ~

14

(55)

(56)

(57)

—~

58)

(60)



is the inverse of

1= 30 52| = s oee] = atem, (1)

the Jacobian. Using the shape function definition x = Nx° < x = N;x;, Eq. 61 becomes

] = |:<8Ni/a£)xi (8Ni/a§)yi}
(ON;/On)x;  (ON;/On)y;

(ON1/08)x1 + (ON2/08) 9 + (ON3/08) 3 + (ON4/OE) s, (ON1/OE)Y1 + (ON2/OE)ya + . ..

~ [(ONy/On)xy + (ON2/On)xe + (ON3/0n) 23 + (ON4/On)xy, (ON1/ON)y1 + (ON2/ON)ys + . ..

1 Y
_ {aNl/ﬁf ON3 /0§ ON3/OE 8]\74/(95] Ty Yo (62)
8]\/1/877 8]\72/877 8N3/87] 6N4/877 T3 Ys .
T4 Y4
Again substituting appropriate terms in Eq. 57,
1 W
_ 1 {_(1 -n) (-7 I+ -1 +77)} Ty Y| _ [Jn J12] — 1) (63)
41-(1-¢) -(1+& (1+& (1-9 T3 Ys Jor Jao '
T4 Y4
A physically realistic deformation requires
detJ > 0. (64)

If J is known, its inverse is nothing more than

Joy —J Jn J .
J1 — 22 12| _ (Jun izl gy 65
[ ] |:_J21 J11 ng J22 [ ] ( )
Both Egs. 61 and 63 are valid ways to calculate J. Eq. 61 is convenient if x = N;x;, y = N;y;

are already given. Eq. 63 is convenient if only x;, y; are given and x, y would need to be
found otherwise.

An interesting special case is the 1D bar element, where & = —1, & =1 and
_ _ aq T o 1 —]_ O[l-
r=m+mf=[1 ¢ [QJ = LJ = L ) 1 {042 (66)
N—— -
A
1 1 1 T1| | . 1/2 1/2 -$1
73 [—1 1] LQ] - L@} =e=[l ¢ {—1/2 1/2] |
——— B
A71
2
Fhen or 0N, 11 L
x i
96~ ag T TRt T g (68)

where 9 — 21 = L.
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4.2.5 Stress/strain relationship

The stress/strain relationship in QUAD4 is the same as in CST. For linear elasticity, Hooke’s
law states that stress
o = Ce = CBu°, (69)

given Eq. 53 and using Voigt notation

011 €11
O = (022, €= |[€22] . (70)
012 €12
For a plane stress problem, i
1 v 0
E
C= T |V 1 0 (71)
o0 1-v
For a plane strain problem,
(1 —v v 0
E
C= ] 3 v 1—-v 0 . (72)
T+n)A=20) | o o 1-2
Here, F is Young’s modulus and v is Poisson’s ratio.
4.2.6 Virtual quantities
Just like for CST, virtual quantities
du=Ndju®, de=DBju". (73)

4.2.7 Invoke PVW

Recall the weak form for the whole domain that is Eq. 24,

/O-ij(sfide. :/ti5uidf+/Fi5uidQ.
Q o Jr Q

JWint- 5We:ct-

In matrix notation, noting that a symmetric € permits deo = de’'o and using Eqs. 69
(o0 = CBu®) and 73 (de = Bou®), the LHS at the elemental level (2 = Q°) is

/ (6€T)(a)d2° :/ ([6u]"B")(CBu®)dQ° = [ju’]" Ku® (74)
where elemental stifflness matrix

K¢ = / B CBdO°. (75)
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We assume the body has some thickness ¢, which is simply multiplied as a scalar. Then for a
plane stress problem, the conversion from the physical space z, y € €2¢ to the intrinsic space

67 URS [_17 1] is
K = t/ B(z,y) CB(x, y)dzdy (76)

1 / 1 / B(€0) CBIE )[det (€, )]l (77)

We rely on Gauss quadrature to approximate the solution to this integral. The more Gauss
points, the finer the distribution and the closer the approximation. Fig. 4 is a visualization
of Gauss quadrature.

Uj Uj n
VNode#4 VNode#3 VNode#4 VNode#3 VNode#4 VNode#3
(-1,1) (1,1) (-1, 1) (1,1) (-1,1) (1,1)
VNode#1 VNode#2 VNode#1 VNode#2 VNode#1 VNode#2
(-1,-1) (1,-1) (-1,-1) (1,-1) (-1,-1) (1,-1)
# of Gauss Points = 1 # of Gauss Points = 2 # of Gauss Points =3

Figure 4: Gauss points GP = {1,2, 3}

Then Eq. 77 is approximately

GP GP

K=t Z Z w;w;B(&, ;)" CB(&, n;)[det J (&, )], (78)

i=1 j=1

where weights w are explained in further detail in Sec. 4.3. If GP =1,

K = twywiB(&, )" CB (&, m)[det I (&1, m))]. (79)
If GP =2,
K¢ = twywiB(&1,m)" CB(&, mi)[det I (&1, m))]
+twiwyB (&1, 1) CB(E1, 7o) [det I (1, 772)]
Htwywi B(E2, )" CB(&, mi)[det J(&2,m)]
+twowyB(&2,m2) T CB (&g, m2) [det J(E2,m2)]. (80)
If GP = 3,

K° = t/ B(z,y) CB(x, y)dxdy
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K® = twywB(&,m)" CB(&r,m)[det J(&r,m)]
+wiw,B(&1, 772)TCB(517772)[detJ §1,1m2)]
+twywsB(&r,13)T CB(&1, )] £1,73)]
+twaw B(&2, Ul)TCB(@a m)l §2,m1)]
HtwywsB (&g, 12) T CB(&s, 1) [det I (&3, 772)]

+twowsB(&, n3)  CB(&, m3)[det I (&2, 13)]

( ( [ ]
( ( [ ]
( (

o,
D

—+
~

det J

o,
@

—+
~

+Hwszw, B fa,ﬁl)TCB £3,m) £3,m)
—|—tw3w2B 53, ng)TCB 53,772) detJ )
+twzwsB(&5,m3) " CB(&3, 173) [det I

6377]2
3,713 ] (81)

TN~ o~ o~ o~ o~ o~ o~

4.2.8 Forcing term

Recall once again the weak form for the whole domain that is FEq. 24,

Q P Q r P

5Wint- (SWezt-

The left hand side is addressed in Sec. 4.2.7. As for the right hand side, its representation
in matrix notation is

Q r

su”gdQe + / su”tdre, (82)

Qe
where body force F; < g so as to not confuse body force g with overall forcing term

FC=b +T°= | N'gdQ®+ | NTtare, (83)
Qe Te
in which
B GP GP SF
B =33 wayNT (&, 1) (Z Nk@,nj)gk) det (&) (84)
i=1 j=1 k=1
and

GP SF
T = Z w;NT (&, 1) <Z Ni(&, Ui)fk) [det J (&, m:)] (85)
i=1 k=1
For elemental body force b and external force T, index k goes from 1 to SF, which is the
total number of shape functions (N’s) in the problem. Note also that in the same way as

SF SF SF SF
T = ZNZ‘%’, Yy = ZNi%, U = ZNM@', v = ZNM, (86)

the forcing term can be constructed using contributions from nodes. That is,
SF
f= Z N fr- (87)
k=i

18



4.3 Numerical integration/Gauss quadrature

A quadrature approximates a definite integral. It is usually a weighted sum of function
values at specific points within the domain, written as

1 n
[ tas =Y w6 (55)
-1 i=1
provided the domain Q¢ = [—1, 1]. In terms of a more general Q¢, and in higher dimensions,
1 1 1 GP GP GP
e = [ [ ] pen o aidedndc = Y3 S w6, Gldet )
¢ -1J-1J-1 i=1 j=1 k=1
(89)

An n- (GP-) point quadrature rule yields a result for polynomials f with degree 2n — 1 or
less. Weights

w; = Lé%’ (90)
[npn—l(ﬁz‘)]
Where P, (&) is the nth Legendre polynomial, given by
PO(&) = 17 P1(§> = 57
2n — 1 —1
Pu(E) = T EPua(€) = Pua(0). (91)
Therefore, ; .
_ T2 -
PZ(&) - 2 27
O3 1) 2,53
P = 36(56 - 3 )36 =36 - 36
(92)

Setting P,(&) = 0 reveals solutions for §;, followed by w; (plugging &; into Eq. 90 and
separetely calculating P,_1(&;)). The first few solutions are

0=P == E(=0=w =2

3 1 1
0:P2:§§2_§:>§1,§2:iﬁ:>U)1,WQzl;
5 3 3 5 8
O:P3:§€3_§€:>€17 52:\/; §=0= wy, w2 =g, W3 =g

Fig. 5 provides some low order weights which can be applied to the quadrature rule.
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Number of points, n

900

Points, \xi_i Weights, w;
1 0 2
o 1
2 - +£0.57735... |
V3
: .
0 = 1 0.888889...
3
3 5}
/5 +0.774597... - 0.555556...
4,03 _2 /8| 530081 | 18T V30 |, esa1as..
7 7TV 5 36
4 A\
4, /302 /8 | oset1se.| 18=V30 |4 auzess.
7 TV 2 36
c 0 Jad 0.568889
| | o o
" + 1 /5o /10| 0538460, | 322+ 13VT0 | rgeon. .
3 7 900 |
= 5D 1_70 £0.90618... | 522~ 13V70 | 56907

Figure 5: Low order weights w; over interval [—1, 1] given number of Gauss points n.



4.3.1 Example A

Suppose we wished to evaluate

b 7 1
Iy = dr = dz.
a= [ reyie = [ s (93)
To solve such an equation, let
2r —b—a b{ —al+b+a b—a b+a
§==, ¢ 2 7 ¢t (54)
This causes
2 b—a
¢ = b_adx:dm: dg. (95)
New bounds are
20—b—a a—0» b—a 2b—b—a b—a
I — — = —1 b/: = = 1.
¢ b—a b—a b—a ’ b—a b—a (96)
For this problem in particular,
T€E—-3E4+T7+3 7—3
S 5; T2 o gs, dr = L2 dg = 2de. (97)

Note it is no coincidence that 2 = dz/0¢ = det J = J in one dimension. Substituting Eqs.
97 into Eq. 93,

b 1 9
IA :/a f(ilj')d[lf = /_1 mdf (98)
(3]

Using two Gauss points in the 1D governing equation Eq. 88 (f_ll fz)de ~ ij wif(fi)> ,

2 2

Iy~ w f(&) +waf(&2) :wlm—l—wgm. (99)
According to Fig. 5,
fiziiéflzi,fzz—i; wi=1=w =1 wy=1 (100)
V3 V3 V3
Substituting,
2 2 = 0.680107776642. (101)

~ +
Y114 2/V3+45  11-2/V3+5

To compute the answer using MATLAB,
funlnt = Q(x) (1./(1.1+x)); result = integral (funlnt, 3,7); disp(result)
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4.3.2 Example

B

Suppose we wished to solve

Let [0, 7] = [c,d] and [0,3] =

&=

n =

T 3
Ip = / / (2 — z) sin ydxdy.
o Jo

[a,b]. Now, recall the function mapping

2r—b—a bl —ak+b+a b—a b+a
—_— e = —

b—a

2

§+

2 2

d—c

2

2y —d — d¢ — d d— d
y c_. :f c€ + te c +c

§+

2 2

which is the double-integral analog of Eq. 94. In particular,

Then, of course, b

Also,

- pr YTy
ounds
B ,  2b—b—a , 2c—d—c ,
1, b= — , C P 1, d=
B dx /0 Ox/on| 3/2 0| _ 3«
detJ_det[@y/(?{ Dy 0n = det 0 /2 =T

Substituting according to the 2D form of Eq. 89, which is

GP GP

Ip = f(x y, 2)dQ° = //fgn [det J)dédn ~ Y > " waw; f(&,n;)[det I,

we receive

e[ G

=1 j=1

x27z

,’U}1:2,

3
Ip ~ wlwl[(§§1 + 5)

22

97

-

Y det J dzx
T, 3T
sin(Cm + D)

T 1.76714586764.

) G D (e D) () G ()

dy

(102)

(107)

(108)

(109)

(110)



IfFGP=2= &, m=1/V3; 29, mp=—1/V3; wy=1; wy =1,

3

g~ (wlwlf(fl, m) + wiws f (&, m2) + wawr f(&2,m) + w2w2f(§2,772)>: 8.7122. (111)

IfGP:3:>£17 771:07 527 T2 = \/3/57 637 773:_\/3/57 w1:8/9? w2:5/97 w3:5/97

3T

Ip~ T (w1w1f(€1,7h) +wiwa f (&1, m2) + wiws f(§1,m3)

Fwawy f(§2,m) + waws f (&2, m2) + wows f(§2,13)

+wswy (&3, M) + wswa f (&3, m2) + wzws f(&s, 773)) = 9.0063. (112)

To compute the answer using MATLAB,
funlnt = Q(x,y) (x."2—x).*sin(y); result = integral2(funInt, 0,3 0,pi); disp(result )
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5 3D HEXS8

5.1 Strong form

Consider the 3D material body subject to the force distribution drawn in Fig. 6. The

Figure 6: Solid mechanics infinitesimal cube.

equilibrium equation for the electrostatic continuum is the same as in CST and QUAD4
(Eq. 7, Eq. 23), but generalized to 3 dimensions. It is

04,5 + Fz = 0. (1].3)

With the addition of dynamics,

aijy + 0" fi = i (114)
p® is mass density. Like in QUAD4, this is still in units Nm™2, because p°i; = mii; /V°.
Recall also from Sec. 3.2 and from QUAD4 that surface traction

ti = 04N; (115)

is the normal component of stress. In this case n is a vector normal to the surface of the
body. A Neumann boundary condition in this context is some imposition on #;. On the other
hand, a Dirichlet boundary condition is an imposition on displacement w;(0,0,0) = .

5.2 Develop HEXS8 element
5.2.1 Define element

Fig. 7 illustrates the mapping between the physical space x, ¥, z and intrinsic space &, 7, (.
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VNode#d VNode#3
(1,1 -1) (L, 1-1)

Nods Node#7 VNoded#s
(%2, s, (X7, Y7, 27) A1 [ (-1, 3 1)
< Mapping >
eagie o VNade#1 hdet2
z  Node#l (5,3 23) e L)
ey, y1, 24) Nodei#2 VNode#5 VNode#6
3 (%2, ¥2, 23] (-1,-1,1) (1,-1,1)
x Physical Space (x, y, 2) Intrinsic Space (¢, 7,¢)
Figure 7: Mapping between physical and intrinsic space.
As in Fig. 7,

(flvnb Cl) = <_17 _17 _1)7 (5277727 CQ) = (17 _17 _1)7

(5377737<3) = (1717_1)7 (54777474.4) = <_1717_1)7
(55,7757C5) = (—17 —1, 1): (56,7767C6) = (17 -1, 1)7
(57,777;C7) = (17 L, 1)= (5877787C8) = (—17 L 1)-

5.2.2 Shape functions

Shape functions
Ni= g -O1-m1-0, No= 1+ -n)(1-0),

Ny= S+ O+ n)(1 -0, Ny=(1-)(1+n)(1 )

8
Ny = S0 -00=n1+0, Ne= 1+ —n)(1+0),
Ne= S0+ +n)(1+0), Ny = (-1 +n)(1+0).
Notice 1
Ni(§rsm, G) :§(1+1)(1+1>(1+1):1a
but

Ni(€4,ma,Ca) = %(1 +1)(1-1)(1+1)=0.
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In general, like in QUADA4,
Ni(&5,mj,G) & Ni(w;) = dij. (120)

To obtain three separate equations for displacement X, Y, Z, let us construct N as

N, 0 0 Ny O 0 ... Ng 0 0
0O Ny 0 0 Ny O ... 0 Ng 0] =[N] (121)
0O 0 N 0O 0 Ny ... 0 0 DNy
so that -
X1
Y
Z
T NN 0O 0 N, 0 0 ... Ng 0 0 ?
yl=10 N 0 0 N, O ... 0 Ng O ; (122)
z 0 0 N 0 0 Ny ... 0 0 Ng 2
X
Yy
_ZS_
Note that N is 3 x 24. Thus,
r; = NioXo, a=1{1,2,...,24}, i=1{1,2,3}. (123)
Also, by definition of the shape function, demonstrated in Eq. 86,
A= N,A, (124)

for any variable A. This means that any variable can be approximated by its corresponding
values at each node.

5.2.3 Strain/displacement relationship
Let A= A(£,n, (). Then,

0A 0 ON, 0¢ ON,0On ON, OC
Ae=5-= o= =55 = —=]A, =[N, N, NcCal Au:
"t Ox ar( a)4a [85 Jdr  On Ox  OC &E] o = [Naglat+ Napfa+NacCalAai
0A 0 ON, 06 ON,0On ON,OC
= 5= - (Na)da = = — 2]A, = [N, N N, oCl Ay
Y ay ax( a) «a [ag ay 077 ay ac ay] « [ a,{f,y“— a,nn,y"‘ a7<gy] as
0A 0 ON, 0¢ ON,0On ON,OC
~ 9. or = . oo — A = [N N, N, Aq.
== 3r T o Ve = 5 5 Y 5 8 tac 9. e = WNaebs T Naahs + NacCalda
(125)
Now, consider displacement
Ui = NiaUa, (126)
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where U < u€ is the displacement at the nodes. Then, displacement gradient

Ui j; = NiajUa = [Nia,e&j + Niannj + NiacCj]Ua- (127)
By definition,
0
Nioc p = Bl o —N = B. 128
»J J 8.’£j ( )
Therefore,
Uj5 = BijaUa- (129)

1,7 are free indices while « is a dummy index, so it gets summed over. Then the strain is
the symmetric component of the displacement gradient

1 1
Sym(um) = §(ui7j + uj,i) = Z §(Bijoc + sz'a) = Eij. (130)

[0}

5.2.4 Jacobian

5.3 Galerkin weak form

From Eq. 114,
oijg + 0 fi = PVt = p il — 055 — p°f; = 0. (131)
Invoking PVW,
Q
implies
Jo Jo L Ja |
1 il T

There are three terms. Let us simplify one at a time, starting with I. First of all, notice that
u; = N;oUy = 5“1 = Nia(SUow (134)

Substituting into I,

/ PVl 0u;dQ = / p°NigUsN;io6UndQ = 5U,Uj / P°NigNipdQ := 6Uo(UsM,3).  (135)
Q Q Q

As for 11,
/Q—Uij,jéuidQ— /Q[(_O-ijéui),j - (—aij5uiyj)}d§2 (136)
T Q r Q
:/—t_i(Nia(SUa)dF—i-/U¢j<Bija5Ua)dQ (138)
r Q
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= 5Ua (/ —EZNladF + / aijBijadQ> e (5Ua<_F§t + F(i)nt)'
r Q
Lastly, for III,
/ _pofi(Nia)éUadQ = _6UOC / pofiNiadQ = 5Uo¢<_F(Ef).
Q 0
Altogether,
(1) = {11 (100} = 601, (Dhp = F2 4 2 = P2 )=
implies the Galerkin weak form
UsMg — F3' + F™ — FP = 0,
where
MOC/B = / pONiﬁNiadga
Q
F = / £ Niodl,
r
F(;nt — / UijBijadQ,
0

FY = [ 9fiNudo:
Q

5.3.1 Linear elastic constitutive
For a linear elastic material, stress
Oij = Uijkl€kl-

Therefore,
Fcixnt = / UijBijadQ = / Oijkl(ekl)BijaéUadQ
Q Q
== / Cijkl(Bkaﬁ)BijadQ = Uﬁ/ CijleklﬁBijadQ = UﬁKaﬁ-
Q Q
Of course, this means
K.5 = / Cijki Brig BijadS2.
Q
The weak form Eq. 142 then becomes
0=UsMyp — F* + F™ — FP = UgM,5 — F* + UgKop — FY,

which implies )
UsMop + UsKop = F5* + FP.
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(141)

(142)

(143)
(144)
(145)

(146)

(147)

(148)

(149)
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5.3.2 Viscoelastic constitutive

For a viscoelastic material, stress is generalized as
0ij = Cijri€rr + Dijri€r. (153)

D is Rayleigh damping. Strain rate € is a damping term, which is a good way to think about
viscosity. This means

F’Ciynt = / Uz‘sz'jadQ = /(Cijklfkl + Dz’jklékl)Bz‘jadQ (154)
Q Q
= / Cijri€rBijadS2 + / D€ Bija BijadS2 (155)
Q Q
Us / Cijri Brp BijadQ + Usg / DijiiBripBijadS) := UsK o3 + UsCp. (156)
Q Q
Clearly,
Kop = / Cijki BrigBijadS2, (157)
Q
Cus = | DiBusBad (158)
Q
Then the weak form Eq. 142 becomes
0=UsMyz — FS' 4+ F'" — FM — (75 Mo5 — F2' + UsKop + UsClag — FM, (159)
which implies ) .
UsMeup + UsKpp + UgClp = F5¥ + F2L (160)
5.3.3 Thermoviscoelastic constitutive
For a thermoviscoelastic material, stress
0ij = Cijri€rr + Dijri€rr — Bij T + bijiT . (161)

Added to this term are the set of thermal expansion coefficients §;;, temperature T, temper-
ature gradient 7'y, and tensor b;;;. Notice by virtue of the shape function that

T = NyTj. (162)

This means

F(ixnt = / 0i;Bijad) = /(Cz'jk:lszl + Dijriér — BijT + bijiTx) BijadS) (163)
Q Q

= Uﬁ/ CijleleBijadQ+U,B/ D11 BrigBijadS2
0 Q
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—Tj / Bii NpBijadS2 + Tg/ bijiNg 1 BijadC) := UgKop + UﬁCaﬁ + T3(—Fop + Gap). (164)
Q Q

Here,
Kaﬁz/ﬂcijleklﬁBijadgy (165)
CaB:/QDijleklﬁBijaan (166)
Py — /Q B, N s Byjud, (167)
G = /Q bisk Ng i BijadQ = /Q bisi Bis Bijad. (168)

The term Ngj in Eq. 168 changes to Byg by virtue of Eq. 128. Then the weak form Eq.
142 becomes

0= UsMyp—F3 + F™ — Y — [Ty M5 — FS + Us K o s+ UsCiag+T5(— Pap+Gag)— FXF, (169)
which implies the updated weak form
UsMap + UsKop + UgCop + Tg(—Pag + Gop) = F + FP. (170)

Now, Eq. 170 is only one of two governing equations for this system. That is because
temperature T must also obey the energy conservation law

T + T°Biiti j = —qry + p°h = T + T°Bijii j + qrr — p°h =0, (171)

where p° is mass density, T is temperature, T° is the reference temperature, v is the heat
conductivity, §;; are the set of damping coefficients, ¢ is the heat flux, and h is the heat
source. We also define the deformation rate tensor as the symmetric component of the time
derivative of the displacement gradient. It is also the strain rate. That is,

1
This causes ‘
Bijdij = Bijui; = Bijéij = BijBijaUa- (173)
Now, invoking PVW on Eq. 171,
0= / PPy TOTdQ + / T° Byt j0TdS) + / Qe rOTdQ — / p°hOTdQ (174)
Q Q Q Q

_ / PO (STN, ) + / TOBy511s (T N ) dQ + / Qx0T — / Ph(ETLNAQ (175)
Q Q Q Q

_ / (TN ) (OTu N )2 + / T0(8,;BijaUs) ($Ta N, )
(9] (9]

.

v~ v~
I

II
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+ / Q10T — / p°h(6T,N,)dS2
11 v
= 5TaTgra5 + 5TQUBT0PBQ + / q,@kéTdQ — 5TQQZ .
. ~~ ” . ~ Q
I II —_— v

1
Notice IIT in Eq. 177 went unexamined. This is because we can reexpress heat flux

g = —HuT) — T bijiéy;.
Now addressing III in Eq. 177,

Q Q Q

:/qk(éT)nde—/(—Hklfl —Tob”lEW)(;deQ
r Q

= / G(6T,Ny)dl + / Hy(T))(6Tx)dQ2 + / T°b;j:5 (0T 1) dS
r Q 0
:(5Ta/qNadF—|—/Hkl(TgNg,l)((STaNa7k)dQ+/Tobiﬂéij((STaNa,k)dQ
r Q Q

=0T, / GN.dT + 0T, / Hy(TsNp ) Ny d2 + 6T, / TObijiéij Ny xd$2
T Q Q

= 0T\ [QL + TsHop + T°U3G 5] = TIL
Substituting Eq. 180 into Eq. 177,
0 = 0T\ T3 0p + 6T UsT Pog + 0Tn[QF + Ty Hop + TOU3G 0] — 0TW Q3
N - ~ N ~ Vv d v

a

I 11 11 v
Dropping 07, and rearranging, the second part of the weak form is

T3l o + T°Us(Psa + Gga) + TsHap = Q5 — QY
where

Lop = / PP YN N,
Q
Q
Q
[:Iagz/HklNﬂ,lNa,de7
Q
GﬁaZ/bz‘jzéz‘jNa,de:/biﬂBz‘jﬁNavde’
0 Q
Q= /gNadF.
r
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(179)

(180)

(181)

(182)

(183)
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