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GRANT, BRYDON J. B., AND LINDA J. PARADOWSKI. Char-
acterization of pulmonary arterial input impedance with lumped
parameter models. Am. J. Physiol. 252 (Heart Circ. Physiol.
21): H585-H593, 1987.—The purpose of this study is to eval-
uate systematically the ability of lumped parameter models to
approximate pulmonary arterial input impedance (Z;,) and
estimate characteristic impedance (Z.) and pulmonary arterial
compliance (C,.). To assess goodness of fit, the parameters of
each model were adjusted so that the model’s impedance ap-
proximates the Z;, measured in anesthetized cats. To assess the
ability of the model to estimate Z, and C,,, the lumped param-
eter models were fitted to Z;, calculated from a distributed
parameter model of the feline pulmonary vasculature. In addi-
tion, we assessed the concordance between the lumped param-
eter model estimates of Z. and C,... The results indicate that
no one model was superior; any of four models would be a
reasonable choice. A four-element model was used to compare
Z;, measured at different phases of the respiratory cycle. Small
differences in the impedance spectra were found that have not
been previously reported. We conclude that lumped parameter
models can be used I) to provide close approximations to Z;,,
2) to estimate Z. and C,., and 3) to provide a useful approach
for statistical comparisons of impedance spectra.

cats; characteristic impedance; pulmonary arterial compliance;
mathematical models

PULMONARY ARTERIAL INPUT impedance is used as a
descriptor of the right ventricular afterload (4). Because
impedance is expressed in the form of moduli and phase
angles as a function of frequency there have been at-
tempts to present impedance data in a more concise
form. The usual approach is to use a simple electrical
network that has a similar impedance to pulmonary
arterial input impedance. The parameter values of these
electrical elements are used to provide an approximate
description of the hemodynamic properties of the pul-
monary vasculature. A number of these lumped param-
eter models have been developed, but there has been no
systematic evaluation of their use. The purpose of this
study is to find which of the electrical analogs is most
appropriate to characterize pulmonary arterial input
impedance.

The most appropriate model to represent pulmonary
arterial input impedance may depend on the use of the
model. Therefore, we used two criteria for testing these
models: first, the adequacy of the impedance of the
lumped parameter model to simulate the measured pul-
monary arterial input impedance (goodness of fit), and
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second, the accuracy with which the lumped parameter
model recovers values for characteristic impedance and
total pulmonary arterial compliance calculated from a
distributed parameter model of the pulmonary vascula-
ture (numerical identification). We then tested the prac-
tical application of the lumped parameter models to
experimental data.

METHODS

Lumped parameter models. Eight lumped parameter
models are used in this study. There are between two
and five elements in each model. The electrical analogs
of these models are shown in Fig. 1. The simplest model
(model A) is the two-element Windkessel which com-
prises of a resistor and capacitor in parallel (7). The
resistor represents the viscous resistive properties of the
pulmonary vasculature which are considered to reside
primarily in the pulmonary microcirculation (3). The
capacitor represents the compliant properties of the pul-
monary arterial tree. All the other seven models are
variations on this basic design.

Engleberg and Dubois (6) added an inductance in
series with the Windkessel elements (model B). The
inductance incorporates the inertial properties of the
pulmonary vasculature due to the mass of blood. Wes-
terhof and his colleagues (24) have used a different three-
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FIG. 1. Eight electrical analogs used to simulate input impedance of
pulmonary vasculature.
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element model in which the inductance is replaced by a
resistor (model C). In this case the second resistor was
used to reflect characteristic impedance. In a later ver-
sion of this model (25) an inductance was introduced in
series with this second resistor to produce a four-element
model (model D). This element was used to permit posi-
tive phase angles in the impedance spectrum.

In all of these four models only the elastic properties
of the vessel wall are expressed in terms of a capacitance.
To include the viscous resistive properties of the vessel
wall some investigators have used a Voigt viscoelastic
element which consists of a resistor in series with the
capacitance (21). :

Models E-H were developed with this adjustment to
models A-D, respectively. The relation between the eight
models is shown in Fig. 2.

Method for testing goodness of fit. To test the ability of
these lumped parameter models to fit experimental data,
we measured pulmonary arterial input impedance in six
cats that weighed between 2.5 and 5.0 kg. Anesthesia was
induced with 20 mg/kg ketamine (Parke-Davis) intra-
muscularly and maintained with 0.67 ml/kg a-chloralose
solution intravenously. The solution contains 60 mg/ml
of a-chloralose (Sigma), 46 mg/ml of sodium tetraborate
decahydrate (Sigma), and 25 mg/ml of sodtum bicarbon-
ate. Pancuronium bromide (Parke-Davis, 2 mg/kg iv)
was used for muscular paralysis. The cats were ventilated
through a tracheal cannula at 12-15 breaths/min and a
tidal volume sufficient to maintain an arterial Pco, of
40 mmHg. A microswitch was added to the Harvard
ventilator (model 618) to produce a 5-volt pulse at end-
expiration. A femoral arterial catheter was placed for
recording systemic blood pressure and obtaining blood
samples to measure arterial blood gas composition (BMS
3 Mark 2 Blood microsystem). A femoral venous catheter
was placed for additional injections of chloralose and
pancuronium bromide as needed. After a midline thora-
cotomy, the pericardium was opened, and a Statham
cuffed electromagnetic flow probe was placed around the
main pulmonary artery. The flow probe was coupled to
a Statham 2022 flowmeter with 100 Hz lowpass filter.
We found that the flowmeter caused a phase shift of 1.8
degrees/Hz with no appreciable effect on amplitude (13).
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FIG. 2. Relation of eight models to each other. Order of model is
number of elements present. Arrows indicate which models are nested.
A nested model is a submodel of a higher order model. For example, all
models are nested relative to model H, but B, E, and C are not nested,
nor are models F, D, and G.
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Pulmonary arterial pressure was measured by direct
puncture of the pulmonary conus with a 0.8-mm Teflon
catheter with its tip close to the cuffed flow probe. The
catheter was connected to a Statham P23ID pressure
transducer and flushed with degassed saline. The cathe-
ter transducer system has a resonant frequency of 73.0
Hz and a damping ratio of 0.109 as tested by a pop test
(9). The electrocardiogram was monitored throughout
the experiment and all electrical signals were recorded
on an eight-channel Gould ink recorder and an eight-
channel Hewlett-Packard FM tape recorder for further
analysis. Pressure and flow data was digitized onto a
North Star Horizon computer from the tape recorder at
a tape speed of 3.75 in/s at a sampling rate of 333 Hz.
Heart cycles were selected from 10 successive breaths:
10 cycles at end-expiration and 10 cycles end-inspiration
which were identified from the output of the ventilator
microswitch. The start and finish of individual heart
cycles were identified from the QRS complex of the
electrocardiogram. This approach divides each cardiac
cycle in late diastole when there is minimal change of
pulmonary arterial pressure and flow and avoids sharp
discontinuities in the data that could cause “leakage”
with Fourier analysis (4). The Fourier series of the pres-
sure and flow signals for each cardiac cycle were corrected
for the frequency response of the pressure and flow
measurement systems. The inverse Fourier transform
was performed, and the corrected pressure and flow
signals were inspected to verify that the diacrotic notch
of the pressure and flow signals were synchronized, which
indicates that the pressure and flow are measured at the
same site (23). Pulmonary arterial input impedance was
calculated for 20 harmonics in polar form

Z(w) = P(0)/Q(v) (1)
Z(w) = A(w)e*@ 2

where Z(w) is the input impedance as a function of w
(angular frequency, rad/s), P and Q are the pressure and
flow as functions of w, respectively. Z(w) is expressed in
polar form in the complex plane. At each w, there is a
modulus, A, and a phase angle, ¢. j is the square root of
minus one. At each harmonic, the mean of the moduli of
10 cardiac cycles and the standard error of the mean
were calculated. Calculation of the mean and confidence
limits for the phase angle required the use of angular
statistical methods (12). The standard deviation of the
phase angle was estimated from Rayleigh’s r statistic
based on the normal circular distribution of von Mises
(28). An advantage to this approach is that it provides
an objective method of detecting higher harmonics where
the noise is too great to be able to define a mean angle
because the confidence limits increase without bound. If
Rayleigh’s r statistic indicates that 95% confidence limits
could not be assigned to the phase angles of two succes-
sive harmonics, then those and higher harmonics were
excluded from further analysis.

Fitting lumped parameter models to experimental data.
Input impedance spectra are usually displayed in polar
form. For the purpose of fitting impedance spectra of
lumped parameter models to experimental data, the mea-
sured pulmonary arterial input impedance was expressed
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in rectangular coordinate form rather than polar form
A(w)e”® = Zy(w) + jZi(w) (3)

where Zy is the real component and Z; is the complex
component of impedance at a particular value of w. At
each harmonic the standard deviations (s and ;) were
calculated for Zr and Z;, respectively. To each set of
impedance data, we optimized the parameters of the
impedance of each of the eight-lumped parameter models
with a Marquardt procedure (2). Since all eight models
are nested in relation to model H, the impedance of each
model can be derived from the impedance of model H by
setting one or more parameters to zero. The impedance
of model H (Zy(w)) is

Zm(w) = Zmr(w) + jZmi(w)

Zmr(w) = R, + [Ry + «*C*R.R3(R, + R3))/
(1 + w*C?R3R3)

Zmi(w) = wL = wCR3/[1 + w*C*(R; + R3)?]

Zwvr and Zyy are the real and complex components of
Zm. Ry, Ry, L and C are values of the resistors, inductance,
and capacitor, respectively, as indicated in Fig. 3. Esti-
mates of the model parameters were obtained by mini-
mizing the weighted residual sum of squares in the com-
plex plane (WRSS). The residual sum of squares are
weighted by experimental error according to the follow-
ing equation

@
®)
(6)

w=h
WRSS = 20 {(1/0%) [Zmr(w) — Zr(w)]?
o= (7)
+ (1/a))[Zmi(w) — Zi(w)]?}

where h is the angular frequency of the highest harmonic.

Assessment of model adequacy. Of the eight models,
one has two parameters, three have three parameters,
three have four parameters, and one has five parameters.
For each data set we estimated the reduced chi-squared
value (x2) for each model

= WRSS/df

where df represents the degrees of freedom (N — P).
The 2 is the ratio of the variance of the data points
from the model’s impedance to the variance of the mea-
sured data points due to experimental error. When x2 is
less than unity, it indicates that the model’s impedance
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FIG. 3. Five-element model H. Diagram gives code for resistors (R,
R, Ry), capacitance (C), and inductance (L).
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is an adequate description of the data for the degree of
experimental error. When x? is greater than unity, it
indicates that there are features of the measured 1mped-
ance spectrum not described by the model.

To determine the most efficient model for fitting the
data, we started with the lowest order model (model A)
and determined if an additional parameter was justified
by the reduction in the sum of squares with an F test
(21)

F = [(WRSS, -

WRSS,)/
(Py = P1)]/[WRSS,/(N — Py)]

where N is the number of data points, P is the number
of parameters in the model, and subscripts 1 and 2 refer
to the lower and higher order models, respectively. Since
there were three models each with three parameters, we
selected the model from these three with the lowest
residual sum of squares. Similarly we compared the best
three-parameter model with the best four-parameter
model, and the best four-parameter with the five-param-
eter model with an F test. Strictly, this approach can
only be used for nested models (11). Therefore, we also
used two other approaches to determine the model with
the best fit: the Akaike information criterion (AIC) (1),
and the Schwartz criterion (SC) (18)

AIC = WRSS + 2P (10
SC = WRSS + P In (N) (11)

The best model is the one with the lowest values of AIC
or SC.

Methods for testing numerical identification. To test
the extent to which these lumped parameters represent
physiological characteristics, we fitted the lumped pa-
rameter model to impedance spectra estimated from a
distributed parameter model (27, 29). Instead of using
impedance spectra measured experimentally, we used
impedance spectra calculated from a distributed model
of the pulmonary vasculature of the cat, because the true
values of characteristic impedance and pulmonary arte-
rial compliance can be estimated directly. These data
(27, 29) provide the length, diameter, compliance, and
number of branches of each order of the pulmonary
vasculature and the length, surface area, and compliance
of the pulmonary microcirculation. The intravascular
pressure at each level in the pulmonary vasculature was
calculated as described by Zhuarg et al. (29). The oscil-
latory pressure and flow were calculated with the Wom-
ersley equations as described by Weiner et al. (26). De-
tails are provided in the APPENDIX. From this distributed
parameter model we directly calculated pulmonary arte-
rial input resistance (R;,), total pulmonary arterial com-
pliance (C,.) and characteristic impedance (Zc). Pul-
monary arterial input resistance was defined as the mean
pulmonary arterial pressure divided by mean pulmonary
arterial flow, that is, the modulus of impedance at zero
frequency. We varied the dimensions and elasticity of
the pulmonary arterial tree to obtain eight impedance
spectra with 10 harmonics of a fundamental frequency
of 2.5 Hz similar to impedance spectra measured exper-
imentally. The lumped parameter model was then fitted
to the calculated impedance spectra. We compared the
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true value of Ri,, C.n, and Z, with the values recovered
with the lumped parameter model.

Assessment of numerical identification. To each input
impedance from the distributed parameter model, we
fitted the eight-lumped parameter models by the least
squares approach outlined above without applying
weights for experimental error. The residual sum of
squares (RSS) was calculated from the following equa-
tion

w=h
RSS = ¥ {[Zmr(w) — Zr(w)]?

w=0
+ [Zmi(w) = Zy(w)P}

Recovered parameter values were compared with Ry, Car,
and Z. (see Table 1). The comparisons were assessed by
linear regression analysis (20) with R;,, Cur, and Z.
considered as the independent variables. The primary
test of numerical identification is Pearson’s correlation
coefficient, since this measure assessed the extent that
the estimated R;,, C.x, and Z. reflect changes of the true
Ri,, Can, and Z.. A secondary test of numerical identifi-
cation is that of the regression equation. A regression
coefficient of unity with a zero intercept would indicate
perfect accuracy of recovered lumped parameter values.

Application of lumped parameter models. The practical
application of lumped parameter models to experimental
data was tested in two ways. First, to determine the
concordance between the lumped parameter models for
recovering characteristic impedance and pulmonary ar-
terial compliance from impedance spectra measured ex-
perimentally. Second, to test the hypothesis that the
pulmonary arterial input impedance does not vary during
the respiratory cycle.

To determine the degree of concordance between the
recovered values of Z. and of C, for the lumped param-
eter models, Kendall’s coefficient of concordance (W)
was calculated from the average value of Spearman’s
rank correlation coefficient (r,) between all possible pairs
of model determinations (19)

W = [rik = 1) + 1]/k (13)

where k is the number of models. To provide some
indication of the relative degree of concordance for each
model, we developed an index of concordance by calcu-
lating the Spearman’s rank correlation coefficient for the

TABLE 1. Numerical identification
with lumped parameter models

Representation
Model Elements
Rin Z,
A R, C R,
B LR, C R, (L/C)*
C R R, C R, +R, R,
D R LR, C R, + R, R,
E R, CR; R, R,
F R, LCR, R, R,
G R, R;CR; R, + R, R, + R,y
H R, LR;CR; R, + R, R, + Ry

R, is pulmonary arterial input resistance (mean pulmonary arterial
pressure divided by mean flow); Z, is characteristic impedance. Rep-
resentation of compliance is the capacitance C for all models. L,
inductance.

LUMPED PARAMETER MODELS

recovered model values compared with the average value
recovered by all models. This index is not used for
statistical testing but merely to provide some qualitative
comparison of the extent of concordance for each model.
To determine whether or not the pulmonary arterial
input impedance varied during the respiratory cycle, we
compared impedance measured at end-expiration with
impedance measured at end-inspiration in each of the
six cats. We used the same lumped parameter model to
fit each pair of impedance spectra (model F). The WRSS
was estimated for each spectrum, but deviations from
the zero harmonic term were ignored. WRSS for each
spectrum was summed (WRSSs) and compared with the
WRSS from pooled data (WRSSp) using the F test

=D
F= [2 {(WRSSp — WRSSs}/(D-P)] /
1 (14)

[ED WRSSs/(D{N — P})]

where D is the number of pairs of impedance spectra to
be compared, and N is the sum of the number of har-
monics used in each spectrum.

RESULTS

An example of the pulmonary arterial input impedance
(Z.,) that was measured experimentally and of the imped-
ance generated from the distributed parameter model are
shown in Fig. 4. Some of the impedance spectra generated
by the distributed parameter model exhibited marked
fluctuations of the moduli at higher frequencies of the
spectrum compared with the pulmonary arterial input
impedance measured experimentally. Nevertheless, the
spectra are fairly similar. The marked fluctuations of
moduli in impedance spectra generated by the distributed
parameter model are probably due to the symmetrical
nature of the system (21).

Goodness of fit to experimental data. To test the ade-
quacy of fit we used x?2 test. By this criterion we found
that models C-H provide adequate fits to the experimen-
tal data for 6 out of the 12 impedance spectra, since x2
was less than unity. For the six spectra that were not
described adequately by the lumped parameter models,
we determined the maximal xZ that each model produced.
Models D and F had the lowest maximal %2, which
indicates that they provided the closest fits to the exper-
imental data under the most adverse conditions.

Three criteria were used to assess the goodness of fit
of the lumped parameter models to the experiment data:
the F test, the Akaike information criterion, and the
Schwartz criterion. Regardless of the criteria used, the
same four models (C-F') stand out as being superior (Fig.
5).

Numerical identification from distributed parameter
model. Of the eight models, six provided strong correla-
tions between the actual and recovered values of char-
acteristic impedance from the distributed parameter
model (Fig. 6). Only two models (A and B) did not provide
reasonable values of characteristic impedance. There
were few parameters in model A, and the values for Z; in
model B were all close to zero. The regression coefficients
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FIG. 4. Examples of pulmonary arterial input
impedance measured by experiment (left) and cal-
culated from distributed parameter model (right)
with same input values used by Zhuarg et al. (29).
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were higher than unity (Table 2) mainly due to overes-
timates of Z, for two data sets when characteristic imped-
ance was high.

All eight models provided good correlations between
the actual and recovered values of arterial compliance.
The simplest model (model A) provided the best corre-
lation coefficient (Fig. 7) but not the best regression
coefficient (Table 2) largely due to underestimating low
compliance values (Fig. 8).

Practical application of lumped parameter models to
experimental data. When the models were used to deter-

mine the characteristic impedance from the experimental
data, there was nearly perfect agreement among all six
models (C-F). The W was 0.975. Not surprisingly, the
index of concordance was equally high for all six models
(Fig. 9). Therefore, the choice of model had little effect
on the estimate of Z, from experimental data. This
agreement between models was not so close for the
determination of arterial compliance: the coefficient of
concordance was only 0.75. For C,,, the index of con-
cordance was similar for seven of the eight models; only
model B produced results that differed substantially from
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CHARACTERISTIC

IMPEDANCE
1.0

0.9

PEARSON'S
CORRELATION 0.8
COEFFICIENT

0.7
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TABLE 2. Numerical identification of pulmonary arterial
compliance and characteristic impedance

M

T

Arterial Compliance Characteristic Impedance

Model (orrelation Regression Constant Correlation Regression Constant

coefficient coefficient  term coefficient coefficient  term
A 0.975 1.288 —0.095 NA NA NA
B 0.947 1.197 —-0.039 NA NA NA
C 0.866 1.033 0.022 0.963 1.413 —0.093
D 0.863 1.166 0.031 0.962 1.423 —-0.095
E 0.970 1.259 —0.084 0.854 1.450 -0.077
F 0.926 1.393 —-0.062 0.959 2.056 —0.204
aq 0.916 1.143 -0.019 0.96 1.482 -0.10
H 0.787 1.065 0.037 0.958 1.501 -0.103

NA, model is not capable of identifying approximate values of
characteristic impedance.
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FIG. 7. Correlation between true values of pulmonary arterial com-
pliance in distributed parameter model (abscissa, true Cart) and values
recovered from its impedance spectra with lumped parameter model A
(ordinate, recovered C,..). Correlation coefficient is 0.975.

the others (Fig. 9).

We used the lumped parameter model F to test for
differences in the impedance spectra measured at end-
expiration and end-inspiration. We found that there was
a significant difference between the spectra (F = 1.62,
P < 0.05). When individual experiments were analyzed
with the F test using the Bonferroni adjustment only

LUMPED PARAMETER MODELS

ARTERIAL
COMPLIANCE

e | FIG. 6. Numerical identification of
characteristic impedance (Z,) and total
pulmonary arterial compliance (C,,) in
distributed model. Histograms compared
Pearson’s correlation coefficients for
each of 8 models. True values of each
parameter (Z, and C,;,) from distributed
parameter model are correlated with val-
ues recovered from its impedance spectra

with lumped parameter model.
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one experiment showed a significant difference of Zi,
between end-expiration and end-inspiration (Fig. 10).
Neither of the model values of Z, or C,, showed signifi-
cant differences between end-expiration and end-inspi-
ration; Z, was 0.31 + 0.11 and 0.23 + 0.05 kdyn-s~-cm™
(SE), respectively, Cur was 0.13 % 0.02 and 0.14 + 0.02
kdyn~'.cm*® (SE), respectively. Nevertheless there is
a significant positive correlation between change in
mean pulmonary arterial pressure from end-expiration
to end-inspiration with the F value for each experiment
(r=10.76, P < 0.05, n = 6). The F value is a measure of
the difference between impedance spectra. This result
suggests that the extent to which the impedance spec-
trum varies during the respiratory cycle depends on the
change of the mean pulmonary arterial pressure during
the respiratory cycle.

DISCUSSION

Comparison of lumped parameter models. Even the
most cursory inspection of the results would indicate
that there is little basis to choose between four models
(C-F); each of the other four models have at least one
drawback. Models A and B do not fit the impedance data
well, and models G and H contain elements that do not
contribute significantly to the ability of the model to fit
the data. Furthermore, models A and B do not contain
elements that can be used to estimate characteristic
impedance. From this perspective model B is somewhat
disappointing because it contains an inductance and a
capacitance which is potentially a more realistic ap-
proach to simulating characteristic impedance than the
resistor used in models C and F. On the other hand these
four models (A, B, G, and H) are not entirely devoid of
merit. For example, model A is particularly good for
estimating pulmonary arterial compliance from imped-
ance spectra generated from the distributed parameter
model. Paradoxically, this result may be due to the
inability of the model to fit the data well. As a result the
model tends to average the fluctuations of the moduli
and phase angles with frequency due to wave reflection.

Adequacy of fit. In the real system wave reflection has
less effect on input impedance. Consequently good fits
of the experimental data are obtained with lumped pa-
rameter models. The ability of lumped parameter models
to fit the experimental data can be gauged from the x2
(see Eq. 8). Six of the 8 models provided adequate fits to
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FIG. 8. Correlation between true values of
characteristic impedance (Z.) in distributed pa-
rameter model (abscissa, true Z;) and values re-
covered from its impedance spectra with lumped
parameter model C (ordinate, recovered Z.). Cor-
relation coefficient is 0.963.
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6 of the 12 measured impedance spectra by this criterion.
Adequacy of fit by the reduced chi-squared criterion
indicates that deviations of the experimental data from
the model impedance spectrum can be accounted for
entirely by experimental errors.

Limitations. It should be emphasized that this study is
limited to the application of lumped parameter models
to pulmonary arterial input impedance. No attempt is
made in this paper to determine the most accurate way
of measuring pulmonary arterial input impedance, char-
acteristic impedance, or pulmonary arterial compliance.
Nevertheless the results do suggest that the lumped
parameter models are capable of providing approximate
estimates of these parameters. In addition, it should be
mentioned that the use of lumped parameter models to
compare impedance spectra is not necessarily the most
efficient approach. If the impedance spectra are obtained
at a constant fundamental frequency by pacing the heart
for example, then the impedance spectra can be com-

ABCDE

ARTERIAL COMPLIANCE

FIG. 9. Histogram of degree of con-
cordance of recovered value. Index of
concordance was obtained by calculating
Spearman’s rank correlation coefficient
for recovered value of each parameter
(characteristic impedance or arterial
compliance) with average value re-
covered by all 8 models.

F GH

pared by analysis of variance with a nested design with-
out the need to invoke regression techniques. The advan-
tage of the lumped parameter model approach is that it
does not require the impedance moduli and phase angles
to be measured at the same frequencies to permit com-
parisons.

Impedance changes during respiratory cycle. We used
the lumped parameter model to test for differences in
pulmonary input impedance during the respiratory cycle.
Changes of pulmonary arterial input impedance during
the respiratory cycle have not been previously reported.
We found differences in the impedance spectra measured
at end-expiration and at end-inspiration, but we did not
find any difference in C,y. Z. tended to be larger at end-
expiration, but this difference was not significant. This
difference in the impedance spectra might seem unim-
portant, since only one of the six experiments showed a
significant difference when each experiment was ana-
lyzed individually. Nevertheless the fact that the F value
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correlated with the difference in mean pulmonary arte-
rial pressure between end-expiration and end-inspiration
suggests this finding does have a physiological basis.
Clearly, further studies would be needed to investigate
this matter. The point that should be emphasized is that
this statistical approach is a powerful means of detecting
differences between impedance spectra.

Practical application of lumped parameter models. The
reasons for using lumped parameter models to describe
pulmonary arterial input impedance are fourfold: 1) to
provide a simple description of the spectrum (for example
see Ref. 16), 2) to use the spectra generated from lumped
parameter models in mathematical models of right ven-
tricular-vascular interaction (for example see Ref. 17),
3) to estimate characteristic impedance and pulmonary
arterial compliance (for example see Ref. 22), 4) to com-
pare impedance spectra (for example see Ref. 5, 11, 19).
If one model was to be selected, then model F is probably
the best overall choice. We reached this conclusion for
the following reasons. First, it is one of the four models
(C-F) that best fit the data, and second, it provides
reasonable estimates of characteristic impedance and
arterial compliance. The fact that it has four instead of
three elements means that for some impedance spectra
the inductance is superfluous. Inclusion of the induct-
ance does not have a deleterious effect on parameter
estimation, because in these circumstances it is opti-
mized to a value close to zero. The only penalty is the
loss of a degree of freedom. This penalty is offset by the
fact that other spectra do require the inductance to
describe the positive phase angles in the impedance
spectrum. Nevertheless, any of the four models including
the commonly used models C and D are all reasonable
alternatives. The choice of model will depend on the
purpose for which it is used.

Distributed parameter model

The data of Zhuarg et al. (29) gives the length, diameter,
apparent viscosity of blood, compliance, and number of
branches at each order of the pulmonary vasculature. Because
the diameter of each order is dependent on the intravascular
pressure, we calculated the mean pressure at the entrance and
exit at each order of the arteries and veins according to the
fifth power law (29). Changes in pressure at the junctions of
each order of the pulmonary vasculature from the left atrium
to the main pulmonary artery due to the Bernoulli effect were
taken into account in a manner described by Zhuarg et al. (29).
For the pulmonary capillary sheet we subdivided it along its
length into 31 units and applied sheet-flow equations to calcu-
late entrance and exit pressures for each unit. Thus a series of
linear approximations was used to overcome the nonlinearities
of the sheet. For oscillatory flow we defined the longitudinal
(Z.) and transverse impedance (Zr) for each order

Z. = —(dP/dx)/Q = R + L(dQ/dt)/Q
Zr = —~P/(dQ/dx) = —P/C(dP/d¢)

(15)
(16)

where P is pressure, Q is flow in the axial direction, x is axial
length, R is resistance per unit length, C is compliance per unit
length, and L is inertance per unit length. From the telegraph
line equations it can be shown that characteristic impedance
(Z.) is

Z. = [Z1/Z:]'"* = [(R + jwL)/juwC]"? (17)
where Z;, and Zr have been expressed in the frequency domain
so that j is the square root of minus one, and w is the angular
frequency expressed as radians per second. Similarly, we esti-
mate the propagation coefficient () as

v = [Zv-Z+1]'"? = [(R + jwL)jwC]? (18)

To calculate Z, and v as functions of w we need to calculate R,
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L, and C. R and L were calculated from the equations
R = [4 pw/(xD*M)]sin 6
L = [4 p/{xD*M)]cos 8§

(19)
(20)

where p is the density of blood, D is the vessel diameter which
is an average of diameter at the entrance and exit of the vessel,
M and # have numerical values that are tabulated by Womersley
as functions of the dimensionless parameter o which is defined
as

a = (D/2)(pw/u)? (21

where u is apparent blood viscosity. The exact values of M and
6 for a given « were derived by interpolation of the tabulated
values (16). For small values of w, 6 tends to 90 degrees and
a®/M tends to 8 degrees. Zhuarg et al. (29) defined compliance
as (dD/dP). In the equations for Z, and v, compliance is defined
as (dV/dP) per unit length where V is the volume of the vessel.
Wall thickness is assumed to be negligible in relation to the
diameter. To convert compliance into this form we used the
identity

dV/dP = (dD/dP)(dV/dD)

where dV/dD = #DL/2 and L is the length of the vessel.
After calculation of Z, and v the next step is to calculate the
reflection coefficient (T")

I'=(Zy = ZJ)/(Zr + Z) (23)

We started at the point where the pulmonary veins exit into
the left atrium. The left atrium is assumed to act like an open
reservoir so the input impedance at this point has a modulus
of zero and a phase angle of 90 degrees at all nonzero frequen-
cies. We then worked backwards along each order of the pul-
monary vasculature from the left atrium to the main pulmonary
artery. At each level we calculated the input impedance (Z;) at
the entrance to a vessel of that order

Zi = ZJ1 + Texp(—=2vy1)]/[1 — Texp(~2v1)]  (24)

We used a symmetrical model of the pulmonary vasculature so
that the total input impedance at the entrance of an order of
the pulmonary vasculature can be estimated from Z;/n, where
Z; is the input impedance of a vessel of that order, and n is the
number of branches of the order.

(22)
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