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GRANT, BRYDON J. B.,, AND ALAN M. SCHNEIDER. Dynamic
response of local pulmonary blood flow to alveolar gas ten-
sions: analysis. J. Appl. Physiol.: Respirat. Environ. Exercise
Physiol. 54(2): 445-452, 1983.—It has been reported that left
lower lobe pulmonary blood flow (Q) and alveolar CO; decrease
then oscillate in a progressively damped manner when the lobar
inspirate is changed from pure O, to N,. This damped oscillatory
response of lobar Q is abolished by maintaining lobar CO,
constant. We set out to develop the simplest mathematical
model that can simulate these experimental results by using
techniques derived from control theory. Different models were
tested. The simplest model that predicts the experimental data
incorporates an exponential decrease of lobar Q to local alveolar
hypoxia (time constant 3 min) and a damped oscillatory re-
sponse of lobar Q to local alveolar hypocapnia. The response to
hypocapnia has two components: a vasodilator effect possibly
related to intracellular [H*] and a vasoconstrictor effect possi-
bly related to changes of molar CO.. Both these components
(time constants of 4.8 min) interact with each other by cross-
coupled elements (time constants of 4.8 min). This model can
be used to forecast results so that its validity can be tested by
experiment.

hypoxic pulmonary vasoconstriction; control theory; oscilla-
tions; pulmonary vascular response to carbon dioxide; cycles

HYPOXIC PULMONARY VASOCONSTRICTION is capable of
redistributing pulmonary blood flow (Q) and improving
pulmonary gas exchange in the presence of ventilation-
perfusion inequality (7-11). Previous analysis of the ef-
fects of hypoxic pulmonary vasoconstriction on pulmo-
nary gas exchange have been confined to the steady
state. Experiments designed to examine the time course
of the hypoxic pulmonary vascular response suggest that
it may not be sustained (3, 17, 18, 21), particularly in the
presence of alveolar hypocapnia (3, 17). We were in-
trigued by the results of Benumof et al. (3) because they
found that when the lobar inspirate of an anesthetized
paralyzed dog is changed from pure O: to pure Nz, both
lobar Q and end-tidal CO; (PETco,) decreased then oscil-
lated in a progressively damped manner. If lobar alveolar
CO, was held constant by adding CO; to the lobar in-
spirate during hypoxia, a sustained decrease of lobar Q
occurred in response to hypoxia within 10 min and no
cyclic changes were observed. We were impressed by the
long periodicity of these cycles that averaged 40 min,
since the vascular responses to both alveolar O; and CO.
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appear to be rapid. Although the time course of the
pulmonary vascular response to CO; has not been studied
systematically, data from both Viles and Shephard (25,
26) and Barer et al. (1, 2) appear to show maximal
responses to CO., within 10 min. Therefore we were
unclear as to the mechanisms responsible for the ob-
served damped oscillatory response of lobar Q to hypoxia.
Any explanation of the physiological basis of hypoxic
pulmonary vasoconstriction must take into account the
time course of the hypoxic vascular response. Therefore
we set out to develop the simplest mathematical model
that is capable of explaining the experimental results and
has realistic parameters. Such a model could then be
used to design experiments to test its validity.

This report describes the development of a nonlinear
mathematical model that predicts the experimental data
of Benumof et al. (3). We found that it was necessary to
explore several variations of basic design of the system
to achieve our objective. The salient aspects of the sys-
tem and its variations are contained in the main text.
The mathematical details are provided in the APPENDIX.

METHODS

In this section, we proceed in the following manner.
First we present the basic features of the mathematical
model. Second we describe the variations of the model
that are used to determine whether certain postulates of
the relation between components of the pulmonary vas-
cular response to O; and CO; explain the experimental
observations. Third we provide the key features of the
mathematical approach to this study.

Basic Features of the System

The experimental preparation used by Benumof et al.
(3) enabled the left lower lobe of the anesthetized para-
lyzed dog to be ventilated with either pure O: or hypoxic
gas mixtures independently of the rest of the lungs. We
assumed that there is no ventilation-perfusion inequality
or diffusion defect within the lobe; atelectasis was pre-
vented in his open-chest preparation by the use of posi-
tive end-expiratory pressure. We considered the lobar
alveolar ventilation to be constant, since the ventilator
settings were not altered during the experiment. The rest
of the lungs were ventilated with pure O.. Therefore we
assumed that there were no significant changes of sys-
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FIG. 1. Symbol-arrow diagram of basic design of model. Arrows
represent working relationships between variables. Primary change of
1 variable leads to secondary change of another variable. Solid arrows,
direct relations; interrupted arrows, indirect relations, If lobar inspired
0, tension (P1o,) is changed from pure O, to pure Ny, lobar alveolar 0.
tension (Pao,) falls, which decreases lobar pulmonary blood flow (Q)
due to hypoxic pulmonary vasoconstriction. Decreased Q will increase
lobar ventilation-perfusion ratio (Va/Q). Increased Va/Q will decrease
both Pao, and Paco, under conditions of N, breathing when both
inspired O and CO, tensions are less than mixed venous blood gas O,
and CO, tensions. Decrease of Paco, tends to increase Q.

temic blood gas composition and cardiac input. With
these assumptions, it is necessary only to consider gas
exchange in the left lower lobe, since the changes of lobar
alveolar gas tensions can occur only from changes of the
lobar 1nsp1red gas composition or lobar Q. In addition to
these passive mechanisms the model incorporates the
active effects of lobar alveolar O, and CO; tensions
(PAo, and Paco,, respectively) on Q. The relations be-
tween the active and passive mechanisms are shown in
Fig. 1 in the form of a symbol-arrow diagram. A change
of the lobar inspirate from pure O. to N2 causes changes
in the lobar alveolar gas tensions and Q that do not occur
instantaneously. By determining the anticipated change
of these variables under steady-state conditions and the
time delays in the system, differential-equations can be
obtained that can be used to calculate the actual values
of each variable at any instant of time.

Passive mechanisms. Under steady-state conditions
the lobar alveolar gas tensions depend on the lobar
inspired gas composition, the mixed venous blood gas
composition, and the lobar ventilation-perfusion ratio
(Va/ Q) If these values are known, the lobar alveolar gas
tensions can be calculated from computer subroutines
described in detail by West and Wagner (27). N; exchange
is taken into account. The lobar inspired gas composition
is initially 100% O,. Mixed venous blood gas composition
is held constant with values for O tension (P¥o,) of 40
Torr and CO, tension (PVco,) of 46 Torr. Blood gas
contents are calculated with a hemoglobin concentration
of 14.8 g/100 ml, a hematocrit of 0.45, body temperature
of 37°C, and N; solubility in blood of 0.0017 vol%. The
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initial VA/Q ratio is set at unity so that the initial Paco,
is 40 Torr. Since we are concerned only with changes of
lobar Q with time, lobar Q is arbitrarily set at unity under
initial conditions to simplify the calculations. Since lobar
Va is held constant, changes of lobar VA/Q are due to
changes. of lobar Q. Although the change of Va/Q that
occurs with an alteration of Q is instantaneous, the
changes of Pao, and PAco, are not. The rates of change
of the alveolar gas tensions depend on the rate at which
0. and CO; are transferred from the pulmonary capillary
blood into the alveoli and the rate which lobar Va re-
moves O; and CO, from the alveoli and lobar alveolar
volume.

For both O, and CO; the rate of gas transfer from the
blood phase is calculated from the lobar Q and the blood
gas content difference between mixed venous blood and
arterialized pulmonary venous blood from the lobe. The
blood gas tensions of the arterialized blood (Plpvo, and
Plpvco,) are assumed to be equal to the alveolar gas
tensions. The blood gas contents are calculated from
computer subroutines developed by Kelman (13-15), but
the O, dissociation curve is modified for dog blood (6).

The rate at which O, and CO, are removed from the
alveoli is calculated from the product of lobar expired
alveolar ventilation (VaA) and alveolar gas fraction less
the product of lobar inspired alveolar ventilation (Var)
and inspired gas fraction. The expired Va differs slightly
from Va1 because total gas flux is not zero.

To calculate the rates of change of the alveolar gas
tensions, an estimate of lobar alveolar volume is required,
not in absolute terms, but relative to VA. The ratio of
lobar alveolar volume to VA (r4) was initially assumed to
be 0.5 min. This time constant is an important parameter.
Therefore we measured this time constant experimen-
tally in a preparation similar to that described by Benu-
mof et al. (3) and found values close to 0.5 min (see
APPENDIX A). We found that the change of inspired gas
composition as measured in the lobar bronchus was not
instantaneous because of delays caused by the Harvard
pump and associated tubing. The time constant for a
change of lobar inspired gas composition (r1) was ap-
proximately 0.66 min.

Active mechanisms. To incorporate the effects of
Pao, and Paco, on lobar Q, it is necessary to define their
steady-state relations. The steady-state relation between
Pao, and Q is shown in Fig. 2A. Linear equations are
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FIG. 2. Graphic representation of steady-state response relations
between lobar Q and lobar Pao, (A) and between lobar @ and Paco,
(B). Abbreviations as in Fig. 1.
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used to approximate the sigmoid relation described by
Benumof and Wahrenbrock (4). It may not represent the
true steady-state relation, since Sylvester and his col-
leagues (18, 21) have demonstrated hypoxic pulmonary
vasodilation when Pao, is less than 25 Torr. However,
variations of the response curve are considered later.

The steady-state relation between Paco, and Q is
shown in Fig. 2B. An inverse linear relation is used, in
keeping with experimental data of Barer et al. (1), but
increased to provide a 2% increase of Q per unit fall of
Paco, so that results are compatible with the data of
Benumof et al. (3). There is evidence that the pulmonary
vascular response to PAco, comprises vasodilator and
vasoconstrictor components (25, 26). Nevertheless the
net results of these components must cause a net vaso-
dilator response to hypocapnia in the model, since Ben-
umof et al. (3) found that the decrease of lobar blood flow
with hypoxia was greater under eucapnic than hypo-
capnic conditions.

None of these pulmonary vascular responses to
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changes of Pao, or Paco, are instantaneous. We assume
initially that both the hypoxic and hypocapnic vascular
responses are first-order reactions and can be described
by a single time constant for each response. The time
constant for the hypoxic vascular response is adjusted so
that the model predicts the experimentally observed
changes of lobar Q due to hypoxia when Paco, was held
constant (3). The time constant for the hypocapnic vas-
cular response is unknown, but it was varied over a wide
range (up to 50 min). .

Variations of the System

To obtain a model of predictive value, it is necessary
to explore several variations of this model. The modifi-
cations we made are summarized in Figs. 3 and 4. For
reference the active components of the basic design (Fig.
1) are shown in more detail in Fig. 34. There is a vascular
response to both Pao, and Paco,, which act independ-
ently of each other with exponential decays toward des-

FIG. 3. Symbol-arrow diagrams that
show some modifications of basic model.
A, hypoxic pulmonary vasoconstriction
and hypocapnic vasodilation act inde-
pendently of each other. Changes of Q
due to Pao, and Paco, are represented
by Qo and Qcos,, respectively. B, inde-
pendent effects of hypoxic pulmonary
vasodilation and hypocapnic vasodila-
tion. C, hypoxic pulmonary vasoconstric-
tion, hypocapnic vasodilation, and hy-
pocapnic vasoconstriction, all with sep-
arate effects of lobar Q. Changes of Q
due to hypocapnic vasodilation and hy-
pocapric vasoconstriction are repre-
sented by Qco2 and Qco,, respectively.
Abbreviations as in Fig. 1.
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striction, hypocapnic vasodilation, and
hypocapnic vasoconstriction. A4, interac-
tion by cross-coupled elements between
hypoxic pulmonary vasoconstriction and
hypocapnic vasodilation. B, interaction
between hypoxic pulmonary vasocon-
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tion. C, interaction between hypocapnic
vasodilation and hypocapnic vasocon-
striction that is independent of hypoxic
pulmonary vasoconstriction. Abbrevia-
tions as in Figs. 1 and 4.
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ignated steady-state values. The rates of these changes
are varied by adjusting the time constants for each
response. The shape of the hypoxic pulmonary vascular
response curve is also varied. Figure 3B uses a hypozxic
pulmonary vasodilator response that may occur if there
is a severe degree of hypoxia. Both these models suppose
that there is a hypocapnic vasodilator response. Some
investigators have suggested that the pulmonary vascular
response to CO; is more complex.

Viles and Shephard (25, 26) suggested that the pul-
monary vascular response to CO; has two components:
a hypocapnic vasodilator response due to decrease of
[H*] and a vasoconstrictor response due to decreases of
molar CO; (Fig. 3C). They also suggested a relationship
between changes of intracellular [H*] and hypoxic pul-
monary vasoconstriction. This idea is extended to con-
sider a hypoxic vasoconstrictor effect, a hypocapnic vas-
odilator effect, and a hypocapnic vasoconstrictor effect
with an interaction between two of these three mecha-
nisms that affects both dynamic and steady-state re-
sponses. An interaction is introduced into the system by
the use of cross-coupled terms. For example, interaction
between the hypoxic vasoconstrictor response and the
hypocapnic vasodilator response occurs because the hy-
poxic vasoconstrictor response potentiates hypocapnic
vasodilation and hypocapnic vasodilator response atten-
uates hypoxic vasoconstriction (Fig. 44). Each of these
cross-coupled elements is assigned a gain and is consid-
ered a first-order reaction. Similarly interactions can be
introduced between hypozxic vasoconstriction and hypo-
capnic vasoconstriction (Fig. 4C). In all three models
represented in Fig. 4 the sign of the cross-coupled ele-
ments (attenuation or potentiation) was varied as well as
their gain and time constant.

Computer Formulation of the Model

The computer program is used to produce a plot of
lobar Q vs. time when the composition of the lobar
inspirate is changed. First the initial conditions are set so
that lobar PAco, is 40 Torr with normal mixed venous
blood gas composition when the lobe is ventilated with
0,. The differentiation equations (see APPENDIX B) that
describe the rate of change of inspired gas composition
and the rates of change of Pao, and PAco, with respect to
the time are integrated numerically with a fourth-order
Runge-Kutta-Gill method (19). The procedure is used to
determine the values of lobar Q, Pao,, and Paco, at 1-
min intervals. These plots are then compared with Ben-
umof’s experimental data. This approach is an extremely
time-consuming method to explore the dynamic charac-
teristics of the system because of the large number of
time constants and gains that need to be tested. We
found that a more convenient approach is to use a linear
approximation of the nonlinear system.

Linear approximation. The dynamic response of each
system and its variations that were tested are determined
by writing the differential equations in algebraic form.
The O, and CO, dissociation curves and pulmonary vas-
cular response curves to CO; are linearized. Any nonlin-
earities that arise in the course of linearizing the differ-
ential equations are ignored. The simultaneous first-or-
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FI1G. 5. Root locus plot to demonstrate that dynamic response can
be predicted from eigenvalues roots of characteristic equation of lin-
earized model. Abscissa, real axis; ordinate, complex or imaginary axis.
A, negative real root that will produce exponential decrease as time
increases. B, positive real root signifying response that increases with-
out bound. C, pair of complex roots with no real component that
produces sustained oscillations. D, pair of complex roots with no real
component that produces sustained oscillations. D, pair of complex
roots with negative real component that produces progressively damped
oscillatory response as time increases.

der differential equations are solved by matrix algebra to
obtain the characteristic equation of the system (see
APPENDIX ). The roots of this polynomial expression are
used to predict the dynamic response (Fig. 5). The roots
of the polynomial expression are determined by a nu-
merical method in a separate computer program (subrou-
tine ZPOLY, International Mathematical and Statistical
Libraries, Houston, TX). The system parameters are
varied until the desired pair of complex roots is obtained
that would indicate damped oscillatory response of lobar
Q. Since this approach is an approximation and only
tests the dynamic response of the system, it is necessary
to check that these parameters give both the desired
dynamic and steady-state responses of lobar Q to changes
in the composition of the lobar inspirate. Nevertheless
the linear approximation proved to be a close approxi-
mation of the nonlinear dynamic response.

RESULTS

Pulmonary Vascular Response to O, and CO,
Acting Independently

Our first attempts to simulate Benumof’s experimental
data did not incorporate any interaction between the
effects of hypoxia and hypocapnia on the pulmonary
vasculature. Three variations were tested. 1) Hypoxia
caused lobar Q to decrease monotonically with increasing
degrees of hypoxia with hypocapnia opposing hypoxic
vasoconstriction (Fig. 34). This model is similar to the
mechanism proposed by Benumof et al. (3). 2) Hypoxic
vasodilation at extreme degrees of hypoxia was incorpo-
rated into the model (Fig. 3B) in keeping with the
experimental data of Sylvester et al. (21). Both these
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models suffered the same problem: a damped oscillatory
response to ventilation of the lobe with pure N; did not
occur unless the ratio of lobar alveolar volume to Va
(time constant 7,) is greater than 20 min. Our own
experimental data indicates that this value of 4 is un-
realistic, since our measurements indicate that it is ap-
proximately 0.5 min. Therefore these two models were
rejected. 3) We separated the pulmonary vascular re-
sponse to CO; into two components (Fig. 3C). Since the
time courses of the vascular response to molar CO: and
{H*] are unknown, wide variations of the time constants
of these effects were used (0-40 min). Damped oscillatory
responses of lobar Q could be obtained in response to N,
breathing, but the model was unstable. For example, if a
hypozic vascular response was produced under isocapnic
conditions by using 5% CO: in N; as the inspired gas,
negative values of lobar Q occurred when CO; is removed
from the lobar inspirate. In view of these failures to
simulate the experimental data, we supposed that there
must be an interaction between at least two of the three
components of the pulmonary vascular response to O,
[H*], and molar CO..

Interactions Between Pulmonary Vascular
Responses to O; and CO,

Several investigators (5, 16, 25, 26) have suggested an
interaction between the vascular responses to O and
CO;. We tested models with an interaction between
hypoxic pulmonary vasoconstriction and hypocapnic
vasodilation due to changes of [H*] (Fig. 44) and be-
tween hypozxic pulmonary vasoconstriction and hypo-
capnic vasoconstriction due to changes of molar CO,
(Fig. 4B). Both models had two major drawbacks: 1) a
damped oscillatory response of lobar Q to hypoxia occurs
even under isocapnic conditions; and 2) the correct dy-
namic and steady-state responses could not be obtained
simultaneously. The correct dynamic behavior could be
obtained only with an incorrect steady-state response.
For example, lobar Q during N; breathing exceeded its
value during O: breathing. Alternatively the correct
steady-state response could be obtained only with an
incorrect dynamic response. For example, lobar Q de-
creased initially if the lobar inspired gas is changed from
5% CO; in N; to pure N,. These difficulties lead us to
consider the possibility that the vascular responses of O»
and CO; are independent of each other, but there is an
interaction between the two components of the CO.
response (Fig. 4C).

Interaction Between Components of Pulmonary
Vascular Response to CO;

The model (Fig. 4C) that predicts most successfully
the experimental data has an interaction between both
components of the vascular response to COs. The hypoxic
vascular response curve with a time constant of 3 min
was used (Fig. 2). The hypocapnic vasodilator response
has a gain of —2% AQ/APAco, Torr, and the hypocapnic
vasoconstrictor response has a gain of +2% AQ/APAco,.
The time constant of both responses is 4.8 min. Interac-
tion is introduced by cross-coupled elements such that
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FI1G. 6. Comparison of changes of lobar pulmonary blood flow ex-
pressed as proportion of total flow (QLLL/QT, %, ordinate) that occur
with time in minutes (abscissa) between experimental data obtained
from Fig. 3 of Ref. 3 and computer model. This graph shows that
computer model is capable of simulating experimental data when left
lower lobe inspirate is changed from pure O; to pure No.

hypocapnic vasodilation suppresses hypocapnic vasocon-
striction (gain of +1.28 AQ€0./AQc0.) and hypocapnic
vasoconstriction potentiates hypocapnic vasodilation
(gain of —1.28 AQc0s/AQ&02). Both elements have time
constants of 4.8 min. The net steady-state response of
lobar Q to both components of the CO. response is —1.9%
AQ/APACO2 Torr. Figure 6 compares the experimental
data points (Fig. 3 of Ref. 3) with the computer simula-
tion when the lobar inspirate is changed from pure O: to
pure Ns. The values of lobar Q from the computer model
are rescaled to express these values in terms of the
proportion of total Q to the left lower lobe (QLLL/QT).
Figure 7 compares the experimental data points (Fig. 4
of Ref. 3) with the computer simulation when the lobar
inspirate is changed from pure O to N; with added CO;
to maintain PAco, constant. By maintaining isocapnia
the damped oscillatory response of lobar Q to hypoxia no
longer occurs. But if CO; is withdrawn from the lobar
inspirate, oscillatory changes of lobar Q occur, just as
Benumof et al. (Fig. 5 of Ref. 3) described in two exper-
iments. Both experimental results are simulated with the
same model parameters. The computer simulation pro-
duced results that are within 1 SE of the experimental
data points.

DISCUSSION

Our general approach to finding a model that is capable
of predicting the experimental data (3) is to start with a
basic model and then increase its complexity until a
model of predictive value is obtained. We failed to
achieve this objective with earlier versions of the system
(Fig. 3). Therefore we believe that there must be an
interaction between the mechanisms by which O; and
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FI1G. 7. Comparison of changes of lobar pulmonary blood flow ex-
pressed as proportlon of total flow (QLLL/QT, %, ordinate) that occur
with time in minutes (abscissa) between experimental data obtained
from Fig. 4 of Ref. 3 and computer model. This graph shows that
computer model is capable of simulating experimental data when left
lower lobe inspirate is changed from pure O; to N» with added CO; to
maintain local isocapnia. At 60 min lobe was ventilated with pure N,
and computer model shows an oscillatory response similar to that
observed in 2 experiments (data points not shown) in Fig. 5 of Ref. 3.

CO. produce their effects on the pulmonary vasculature.
Without such an interaction the experimental data can
be simulated only with values of the time constant for
the rate of change of alveolar gas tensions (71) we showed
to be experimentally unrealistic.

Our approach, to develop the simplest model of pre-
dictive value, has limitations. This model may not be the
correct model or the only model; indeed earlier versions
with some modifications may yet prove to be valid. For
exampyle, if the interaction between hypoxic pulmonary
vasoconstriction and hypocapnic vasodilation only oc-
curred below a threshold value of PAco,, then this model
would be capable of simulating the experimental data.
We supposed that the dynamic response is the result of
a system with linear dynamic characteristics because of
the sinusoidal nature of the cyclic changes of lobar Q and
Paco, of the damped oscillatory response observed ex-
perimentally (3). Oscillatory behavior can occur due to
nonlinearities in the system, but in these cases the cyclic
changes tend to be asymmetric (12).

The main features of the model that we propose to
explain Benumof’s experimental data are a monotonic
response of lobar Q to changes of Pao, and a damped
oscillatory response of lobar Q to changes of Paco,.
However, not all studies agreed that there is a monotonic
response of lobar Q to hypoxia even under isocapnic
conditions (18, 21, 22). Indeed in vitro data of Sylvester
et al. (21) suggest a transient overshoot of pulmonary
vascular tone at severe degrees of hypoxia. Therefore the
first-order hypoxic vascular response does not explain all
the experimental data concerning the dynamics of hy-
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poxic pulmonary vasoconstriction in different species.
The damped oscillatory response of Q to Paco, in our
model is due to interaction between the two components
of the effect of CO,. Interaction between these vasodila-
tor and vasoconstrictor effects of CO; has not been dem-
onstrated experimentally. This interaction is produced
by the introduction of cross-coupled elements. There is
evidence to support the idea that cross-coupled mecha-
nisms exist in biochemical systems. Indeed attempts have
been made to link the autooscillations of systemic arterial
smooth muscle with oscillations in the glycolytic path-
way, although these 1- to 10-min autooscillations should
be distinguished from the 40-min oscillations generated
by this model (20). Other biochemical pathways may be
involved. For example, there may be interactions be-
tween the vasoconstrictor effects of H, receptors and the
vasodilator effects of H; receptors (23) by histamine,
which appears to be released during hypoxia (24).
Regardiess of the limitations of this study, the model
that we have developed does provide a useful basis for
further experimentation. A detailed understanding of the
dynamic response of the pulmonary vasculature to
changes of alveolar gas tensions will be required to elu-
cidate the physicochemical basis of this phenomenon.

APPENDIX
A. Measurement of Time Constant

To measure the time constant () for the rate of change of alveolar
gas tensions, we anesthetized 2 mongrel dogs (20.2 and 28.4 kg) with 25
mg pentobarbital per kg body wt and set up the preparation as described
by Benumof et al. (3). In brief a cannula was inserted into the left lower
lobe bronchus in an open-chest preparation. The left lower lobe was
ventilated independently of the rest of the lungs with a dual Harvard
pump on 5 cmH;0 positive end-expiratory pressure. The left lower lobe
was ventilated with approximately 10% He in O, and the rest of the
lungs with pure O,. Ventilation of the left lower lobe and the rest of the
lung were adjusted so that arterial Pco, was 40 Torr and the respective
airway pressure swings were equalized. Dead space was added to the
bronchial cannula so that PETco,, measured by a Perkin-Elmer mass
spectrometer, in the bronchial cannula was equal to the PETco, in the
rest of the lungs. The left lower lobe was equilibrated with the He gas
mixture as judged by the lack of difference between inspired and
expired He fraction measured with the mass spectrometer. Then the
lobar inspirate was changed to pure O; by changing the lobar inspired
gas supply to the Harvard pump. The changes of inspired and end-tidal
(alveolar) He gas fraction were measured breath by breath (Fiu. and
FAue., respectively). Because of delays caused by the tubing and the
ventilator the change of Fiy. as measured in the bronchial cannula is
not instantaneous but a complex function of time. The ventilatory
frequency was measured to obtain the total time for each breath (¢g).

Since He is a relatively insoluble gas, elimination of He from body
stores is negligible. Therefore only He elimination from the alveolar
gas of the left lower lobe needed to be considered. The He washout for
each breath was described by the equation

d(Fiue)/dt = [Fine,,,, — Fine, 1/ts

d(FAHe)/dt = [FIHew - FAHem)]/TA

where subscript n is the breath number. A computer program with a
Runge-Kutta-Gill integration procedure predicted Fag, for each breath
with a given value of 74, the initial value of Fagne, and the measured
values of Fu, for 9-12 breaths. The calculated values of FAg.,,, are then
compared with the measured values of FAn.,, ; 74 is adjusted to obtain
the best estimate by least-squares approximation. The correlation
coefficients between measured and predicted values of Fag., were
always greater than 0.997. The three estimates of 74 were made: values
were 0.45 and 0.54 min in the 20.2-kg dog and 0.35 min in the 28.4-kg
dog.
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B. Differential Equations for Nonlinear Model

The differential equations given in this section are those used in the
variation of the basic model shown in Fig. 3F. At any moment in time
it is necessary to calculate the steady-state changes of Q due to hypoxic
pulmonary vasoconstriction [QO:)], hypocapnic vasodilation
[Qc0: )], and hypocapnic vasoconstriction (QC02 «)) for the prevailing
level of PAo, and Paco, at that moment. Therefore

Q0: ) = D1-[PaAo, ,, — Pao, ] + ¢ (1)
where D, and ¢ depend on which of the three linear relations are
applicable for the value of Pao, ,,, and [PAo,,, — Pao, ] is the change
of Pao, from initial conditions (0) at any moment in time (¢).

Q02 ) = D»-[PAco,,, — PAco, ,] + A (2)
where D: is the gain of the hypocapnic vasodilator response,
[PAco, ,, — PAco, ] is the change of Paco, from initial conditions, and

A is the change of Qco. due to potentiation of Qcos by QEOZ

QEOz ) = D3+[PAco, ,, — PAco, ,,] + B 3

where D; is the gain of the hypocapnic vasoconstrictor response and B

is the change of Qéox due to attenuation of QEOz by Qco,. The steady-
state values of A and B are defined as

A = Kl‘QEOZU) 4)
B = Kz-QCOw) (5)

where K is the gain of the effect of the hypocapnic vasoconstrictor
response on hypocapnic vasodilation and K is the gain of the effect of
the hypocapnic vasodilator response on hypocapnic vasoconstriction.
At any moment in time the value of Q [Q(y] is the sum of the

instantaneous values of Q0z, QC0., and Q::oz and the initial value of Q
[Qo]. Therefore

Qo = Q0) + Qoz ¢ + QCoz (s + QEOZ ® (6)

To calculate the values of Q) at each time interval, the following
simultaneous differential equations were integrated numerically.

dPIoz/dt = [Plo2 - Plow,]/‘n
dPico,/dt = [Pico, ,, — Pico, ,J/m
dPao,/dt = {[P1o, ,, Va1/VAq) — [PaAo,,,]/0.863 — 10

(7)
(8)
9

«(Qy/VA)-[Clpvo, ., — CV0o,1}/7a

dPaco,/dt = {[P1co, ,,» VAI/VAw — PAco,]/0.863 — 10  (10)

+(Qw/Va)-[Clpvco,,, — CVco,]}/7a
dQo,/dt = [Q0z ) — Q02 (v]/7s (11)
dQcoz/dt = [QCOos ) + Ay — QCO2 (1]/74 (12)
dQC0z/dt = [QC02 ) + By — QC02 0]/ (13)
dA/de = [Ki-QCoz 1 — Aw)/76 (14)
dB/dt = [K2-Qc0z 1y — Bw)/™ (15)

where PIo, and PIco, are inspired O; and CO; gas tensions, Clpvo, and
Clpvco, are lobar pulmonary venous O; and CO; blood gas contents,
respectively, and C¥o, and C¥co, are mixed venous O; and CO. blood
gas contents, respectively. The time constants (7) for each equation are
parameters assigned values as described in the main text. Va1, C¥o,,
and C¥co, are constants, but Va () does vary slightly from Vat, depend-
ing on the total gas flux between the alveoli and lobar pulmonary
capillary blood.

C. Linear Model to Determine Dynamic Characteristics

This system will be used to describe the derivation of the differential
equations that are used to determine the dynamic response of Q to
changes of Pao, and Paco, when the lobar inspirate is changed from O

to N.. Because matrix algebra is used to solve these differential equa-
tions, the notation described in the preceding section will be changed
to a form consistent with control theory usage. Changes of Pao,,

Paco,, and Pio, will be denoted by x,, x2, and u, respectively. Qos, QCOz,

QCOz, A, and B will be denoted by xs, x4, x5, X6, and xs, respectively.
Rates of change of x, will be denoted by %.. The differential Egs. 11-15
are already in a linear form. By substituting for QO; ), QCO2 ), and
QEOz ) from Egs. 1-3into Egs. 11-13 and by using the revised notation,
these differential equations become

X3 = (Dyx1 ~ x3)/73 (16)
X4 = (Daxa + x6 — x4)/74 (17)
X5 = (Dsxa + X7 ~ x5)/715 (18)
%6 = (Kix5 — x6)/76 (19)
X7 = (Kaxy — x7) /77 (20)

To linearize the first-order differential Egs. 9 and 10, the O; and CO;
dissociation curves are considered to be linear with Ostwald’s partition
coefficients Ao, and Aco, (3.9 and 4.1, respectlvely) Differences between
Varand Va are 1gnored and blood gas tensions in the arterialized blood
are set equal to the alveolar gas tensions. Under steady-state conditions
Eq. 9 becomes

O = {(Plo, — PA.,} — Ao, (PAo, — P¥0,)-[Qo/VAl} /7a  (21)
Under perturbed conditions at any instant
Q=Qu + x5+ x4+ x5
Therefore under perturbed conditions
x1 = {[P1o, + u — (PAo, + x1)] — Ao, (Pao, + x1 — P¥o,)] @2

[Qo + %3 + x4 + %51/Va}/7a

By subtracting Eq. 21 from 22 and ignoring any nonlinear terms,
justified on the basis of being second order or higher, we obtain the
following expression

X = —{[)\02~Q(o)]/(VA-TA) + 1}x1 +

X (23)
{Ao,*[PYo, — Pao, ,J/(ta-VA)} - (x5 + x4 + x5) + u/7a
A similar expression can be obtained for CO;
Xy = -{[Acoz‘Q(OJ]/(VA'TA) + 1} .22+
(29

{Aco, [P¥co, — PAco, , 1/ (Ta- VA)} - (x3 + x4 + xs5)

Now we have seven linear first-order differential equations that can be
rewritten in the general form, where a;; are coefficients of x; where i
andjarel,2,...,7

,//

X=X+ Qigxe + ...+ airx7 + biu
or in matrix notation
x=Ax+Bu

where x is the vector of x;, B is the vector of 4,, and u is the scalar input
(independent variable). By transforming from the time domain into the
Laplace domain the preceding equation in terms of the Laplace oper-
ator, s, for zero initial conditions becomes

sX(8)=AX(s)+Bul(s)
By rearrangement we have
[sI- AlX (s)

where I is the identity matrix. Therefore

=B u (s)

X (s) = adjoint [(s I — A)/det (s I — A)]-B u (s)

We are only concerned at this point with the transient response rather

“than the total (transient plus steady-state) response. The time response

characteristics of the natural modes of the system are obtained from
the characteristic equation obtained by setting the denominator of X
(s) equal to zero.

det (sI—A)=0
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The determinant (det) is obtained by standard techniques (19) in
algebraic form. This seventh-order polynomial expression is written in
the form

O=Cos+ Cis' + Cos®+ ...+ Cs8”

Because some of these coefficients C. contain over 50 terms, they are
not presented here, but they are available on request.' With these
coefficients it is possible to obtain the roots of this expression used to

! Coefficients C, available on request from B. J. B. Grant, Pulmonary
Div., University Hospital, Box 055, 1405 E. Ann St., Ann Arbor, MI
48109.
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