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How likely do you think it is that your QR 20,000,000

Bugatti will be stolen chis year?

Subjective Probability—Rational Choice—David Emmanuel Gray



 Obiective Probabili

Objectivists would say this probability is a fact
about the external world, though the exact way
tbey would determine its value depends on their

particular interpretation of probability:
1. The classical interpretation,
2. The frequency interpretation, or
3. The propensity interpretation.

We saw all of these last time.
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~Subiective Probabili

Bayesians would say this probability is not about the
external world. Your statement of the probability is
just the degree to which you believe that your car

might be stolen. The bigher the number, the stronger
your belief.

So iong as these numbers obey the Kolmogorov
axX10Mms, your beliefs are rational. The Dutch book

theorem <tWO CiaSSCS from HOW) SCCkS O formaiiy

demonstrate chis.
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~Subiective Probabili

The key innovation of Bayesianism 1S tO use your
objectively observable behavior Concerning risky

prospects to model your probability distribution.

So your degree of beliet eoneerning whether your
car will be stolen this year can be ascertained by
determining how much youare Wiiling to pay to

Insure it against theft.

Subjective ‘Probability—Rational Choice—David Emmanuel Gray



«Buying Car Insurance

Car s stolen Car is not stolen
Buy insurance for QRx Gain (value of car) | |
Gain (nothing)
(Bet on the car Lose (value of car, ,
| | Lose (insurance cost)
being stolen) insurance cost)

Do not l?uy insurance -~ . (nothing)
(Bet against the car

. Lose (value of car)
being stolen)

Gain (nothing)
Lose (nothing)
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«Buying Car Insurance

Caris stolen Car is not stolen
Buy insurance for QR
(Bet on the car -QRx -QRx
being stolen)
Do not buy insurance
(Bet against the car —QR 20,000,000 QRO

being stolen)
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Now the fair price of insurance (QR x) is the price at which you
are indifferent between buying insurance and not buying it:

Buy insurance for QR x ~ do not buy insurance.

However, the price of insurance (QR x) is favorable when you

prefer buying insurance to not buying it:
Buy insurance for QR x> do not buy insurance.

Finally, the price of insurance (QR x) is unfavorable when you

prefer not buying Insurance to buying 1t:

Do not buy insurance > buy insurance for QR x.
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«Buying Car Insurance

[n order to determine your value for P(Car = Stolen),
that is, the dcgrec to which you believe that your car
will be stolen this year, a Baycsian asks you to consider

what you believe to be a ﬁzz’r pricc: for the insurance.
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Suppose you say QR 1,000,000 s a fair price. So:
Buy insurance for QR 1,000,000 ~ do not buy.

Assuming you maximize expectcd monetary value:

~ QR 1,000,000 = P(Car = Stolen) x (- QR 20,000,000) +
(1 - P(Car = Stolen)) x (o).

Solving tor P(Car = Stolen), P(Car = Stolen) = 0.05.

You must therefore believe that there is a % chance

that your car will be stolen this year.
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Bavesian Calibrafi

Of course, this assumption rests on the fact chat che

utility for moncy 1S lincar; whereas we have seen that

the decreasing marginal utility for moncy may hold.

Conscquentiy, Baycsians incorporatt: elements of von

Neumann—Morgenstem utiiity theory in order to

determine the udilicies as well as che probabiiities. The

standard version of Bayesianism, devised by [ .eonard

Savage, involves six axioms (see Box 7.1 in the text).
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Bavesian Calibrafi

E E

Betxonk gain (1 ucile) lose (x utiles)

lose (x utiles)

Abstain o utiles o utiles
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Bavesian Calibrafi

Betxonk [ —X _ X

Abstain 0 0

Subjective ‘Probability—Rational Choice—David Emmanuel Gray 13



Bavesian Calibrafi

The bet on E is fair when the value of x is such that:

Betx on E ~ abstain.

HOWCVCI', thC th on E 1S favorable WhCH thC ValllC Of

xis such that:

Betxon E > abstain.

Finally, the bet on E is unfavorable when the value of

xis such that:

Abstain > betxon E.
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Bavesian Calibrafi

[n order to determine your value for P(E), that s,
the dcgrec to which you believe that event E will
OCCuUr, a Baycsian asks you to consider what value

of x (in utiles) makes abet on E fasr.
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Bavesian Calibrafi

Suppose you say x = 0.3 makes the bet on E fair. So:
Beto.3 on E ~ abstain.

Assuming you maximize expected utility:
0=P(E)x(1-03)+ (1 -P(E)) x (- 03).

Solving for P(E), P(E) = 0.3. You must therefore

believe that there is a 30% chance that E will occur.

We can do this for any event E, and P(E) = x.
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Bavesiani  Confl

A concern might linger about what it means for two
Bayesians to disagree over the probability ofa oIven
event (ic,, thcy give different values for x in order to
make abeton E fair). [s at least one of these peoplc

wrong? Or are they both right?

Bayesians claim the question is irrelevant. They believe

that “probawbility does not exist, and so it makes no

sense to talk about right and wrong probabij_ities. All

that mactters 1s CObKVﬁﬂC@ (SCC thC DUtCh bOOl{ thCOme).
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+Bayesian Updating

Even so, if the two Conﬂicting Bayesians use
Baycs’ theorem to updatc their beliefs (ie., their

probabilities), then these two individuals may,

OVer time, converge on to the same pro‘aabihty

distribution as thczy process more evidence.
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+Bayesian Updating

For instance, supposc you and | disagree over the
probability that a coin biased in favor of heads, by

Coming up heads twice as likely as tails.

[ believe there is a modest chance that the coin is
biased in this way, so Ppaid(Coin = Biased) = 0.30.
Meanwhile, you are pretey sure that the coin is 70t
biased, so you say that Pyou(Coin = Biased) = 0.05.
So we have different prior probabilities concerning

whether or not the coin is biased in this way.
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+Bayesian Updating

We do agree, however, on the following

four conditional probabilities:

P(Lands = Heads | Coin = Biased) = %,
_ands = Tails | Coin = Biased) = %,
Lands = Heads | Coin = Biased) = %, and

Lands = Tails | Coin = Biased) = .
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That is, we agrec on what should liappen zf the coin is biased,
and on what should happen zf the coin is not biased. We just

do not agrec on the prior probal)ilities of those two big “its”
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+Bayesian Updating

)

|

The natural way to modify our beliefs is to test the

coin. So supposc we ﬂip the coin thirty times, and it

comes up heads seven times and tails chree times.

Since the coin ﬂips arc independent, we agree that

P(Lands =7H3T | Coin = Biased)
P(Lands =7H3T | Coin = Biased)

(4 x (4)’,and
(5 x (4
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+Bayesian Updating

NOW WC Can usc B&YCS) thCOI’ ¢m to update our PV 107

probabilitics INto poﬁm’or probabilitics:

Ppaid(Coin = Biased | Lands =7H3T)

0.30 X [(%)7 X <1/3>3}
) ~ 0488, and
f030x [(3) x (4]} +{(1 - 0.30) x [(4) x ()]} 0.460,dN

Pyou(Coin = Biased | Lands =7H3T)
0.05 x [ (%) x (%)']

- 7 3 7 3 zOIOS
10.05 x [ (%) x ()" |5 + (1 —0.05) < [(12) < ()]}
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+Bayesian Updating

[t we keep ﬂipping the coin for many, many times,

1t 1S likely that we will converge onto a sing]e posterior
probability concernirig whether the coin is biased.
Ultimatcly, our rcspcctivc original prior beliefs are

“washed out’, In chis way, two disagrecing Bayesians

can come to an agrecd—upon, Sh&de Sct ObethS.
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Next Class. ..

We will look at some problcms with Bayesianism.
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