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+Choice Under Ris

4

In choice under ignorance, the following all hold:

I. ThCl’C arc diﬂ:Cl'CIlt outcomes fOl’ diﬂjCI'CHt states

of affairs relevant to the deci

sion,

2. For each combination of action and state of

affairs, YOU, kHOW thC outcome, and

3. You do know how probab.

e each state of affairs is.

Let P=1{ps, p,.... pj}, where

P(w)) = pjrepresents

the probability that state (j OCCUIS.
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+1he Cho

enge of Rationa Choice

How cana ranking Ofth@ oulcones bC USCd XQ, gcncratc

a ranking of the acrs?

In choice unc

CI'I iSl(, thC MOSt COMmMOon answer 1S to

rank the acts based their expcctcd utility:

(ai) ="

Ay x u0ig)].

‘lhe qucstion, of course, 1s Why do it this way.

'The Von Ncumann—Morgenstem theory of

cardinal utility providcs one cxplanation.
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«Background fo

the [heory

A lotteryL is a probability distribution over a finite

sct of rewards denoted by R =1{r, 7,,..., 7. In other

word, a lotteryL is a sequence <p1, Drrees pn>, where

pizo(torj=1,2,...,n)and

>".[pj] = 1. The quantity p;

1S just the chance or proba‘

aility of Winning reward 7.
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+Background to the Theory

Rewards (R)

V' L) 7”] V'n

Lotteries ()

Note: This is 70t equivalent to the standard decision matrix for choice under risk!
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+Background to the Theory

Von Neumann—Morgenstem utility theory
introduces one opcration for the combining tWoO

lotteries into a third lottcry: convex combination.

The convex combination of two lotteries is denoted
by @. Fix quantity x, where o< x < 1. Then the x-

convex combination of L, and L, creates L ;, where:

Ly=xL; ® (1 -x)L,, where the p-values for 5 are
p3j=(xprj)+[(1-x) x o] (forj=1,2,....7).
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LCXample

Suppose one urn has 3o red ballsin it. Z says that if |
puﬂ ared ball out of it, you get QR 100.

Another urn has 10 blue balls init. ., says thatif | pull
a blue ball of it, you get QRo.

So there are two prizes and two lotteries over them:
. = QR 100, and L =<1.00,0.00), and

r, = QRo. L, =<0.00, 1.00).
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LCXample

| can combine these two lotteries by putting both sets
of balls into the same urn, and then make the same
deals where a red ball wins QR 100 and a blue ball wins

QR o. In this case, we have a new lottery:

L;=(075)L; @ (0.25)L, =<075,025).
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LCXample

Rewards (R)

QR 100 QRO

L, 1.00 0.00

0.00 [.00

Lotteries ({ )
T

L, 0.75 0.25
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2 Backg

QU

cO

Y

You may think of lotterng, the result of a convex

combination of lotteries 2, and Z,. as involving 2|

Comoound ChaIlCC WthC ﬁfSt a Ccoln <blaS€dX 1n
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Lottery [, is run.

| avor oflandmg hC&dS) 1S ﬂlpp@d Ifthat colin lands

ﬁeads thCI] lOttCI”YLI 1S run, bllt lflt lands tallS thCH



1 he Axioms

Von Ncumann—Morgcnstcm utility theory then
places three axioms that judgments (>) over lotteries

ought to satisfy:
Axiom 1: Qrdcring.
Axiom 2.: Indepcndcnce.

Axiom 3: Archimedean or Continuity Condition.
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LAXIOm

Ordering: > isa preferencc relacion over lotteries.

This rcquircs that judgmcnts over the lotteries ought

to be complctc and transitive.
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LJAxiom 7

Independence: Given that x > o, the following holds:

L,> L, itandonlyifxl, ® (1-x)L5>xL, @ (1 -x)L;.

[nformally, this says that taking the convex
combination @ with a common lotteryL3 docs

not affect preference concerningLI and Z,.
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LJAxiom 7

—

[he motivation behind indcpcndence is that the only

difference between the convex combinations (from

the judgmcnt after the “if and only it part) is/;and
L,, whereas L; is the same with the same weightx

given toit. Asa result, the jué_gment ConcemingL I

and /., should reaﬂy decide the issue.

The idea is chat you can safely ignore spots where
there are no differences between two lotterics, and

instead focus on where thcy differ
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LCXample

Consider the following two lotteries:

Rewards (R)
QR 100 QR 50 QRO
~| A4 0.45 0.25 0.35
9
S
= |B| o060 0.25 0.15§
)
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LCXample

Indepcndcnce says you can Csscntially ignore where

the two lotteries are the same:

Rewards (R)
QR 100 QRO
~| A 0.45 0.35
9
S
= |B| o060 0.15§
)
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LCXample

This can be seen by taking apart.4 and B by removing
their common reward. Put that common reward into
its own lottcry (L;). The remainder of A then
becomes /. while the remainder of Bbecomes L,.
See the next slide for the table. Notice that A is the
0.75-convex combination of L, and Z;, whereas Bis

the 0.75-convex combination of 2, and ;.
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u:XOmD e

Rewards ( R>
QR100  QR50 T

A| o045 0.25 o
% B| o060 0.25 01
% A 060000 .................. 040 .........
E L, o080 000 e

L;| 0.0 | 66 .
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LCXample

Since A= (0.75)L; ® (0.25)L;,and
B=(075)L, ® (0.25)L;,independence
says that a judgment between 4 and B

should

[, and

I CdUCC O ajudgmcnt CONCCr ning

L,.
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LJAxiom 7

Put slightly differentj_y, given cach convex

combination, ezther the first part happcns,
CausingLI or /., to occur, o7 the second part

happens, causing L ; to occur no matter what.

Now if the first part happens, then the judgmcnt over
[.and /L, says which is better. Bur if the second part

happens, L3 OCCUrs noO matter what, so the result is
indifference. Conscquently, a Strict preference over L,
and 2, should settle che issue.
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LAXiom: 3

The Archimedean or Continuity Condition:
[tL, > L, > L;, then there exists some x and y, where

0<X,)<I, such that the following holds:
XLy @ (1-x)L;>L, >y, @ (1-y)L;.

This is a technical condition to allow the use of real

numbers to providc magnitudcs for cardinal utilities.
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LAXiom: 3

There are two important implications of this axiom:

1. There is no lotteryLI 50 good that Combining cven
a tiny chance of getting it with a worse lottery Z; that
will cause this combination to be better than Z, (a

lottery worse than 2, but better than Z.;).

2. There is no lottczryL3 so bad that combining cven a
tiny chance of gctting it with a better lottcryL . that
will cause this combination to be worse than Z, (a

lotcery better than 7.5 but worse than Z.,).

Von Neumann-Morgenstern Utility Theory—Rational Choice—David Emmanuel Gray

23



LCXample

Rewards (R)

QR 3,000 QR30  Death

L, 1.00 0.00 0.00

0.00 [.00 0.00

Lotteries ({ )
-

L;| 0.00 0.00 1.00
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LCXample

Obviously 2, > L, > L;. As aresult, the Archimedean

or Continuity condition says that there must be some

x (probably really close to 1) such that you judge
x[y @ (1-x)Ly> L,

In Otth WOFdS, YOU ShOUld strictly PI’CfCI’ d smaﬂ I'iSl(

of death in octting QR 3,000 over QR 30 for sure.
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1 ne Theorem

The Von Neumann-Morgenstern Theorem: > satisfies axioms
I, 2, and 3 over lotteries if and only if there exists some cardinal
utility function # on rewards such that following holds:

L, > L, ifand only if v(r;) > v(r,),
where o(L) =", [pj x u(r})).

Furthermore: utility function # is an interval scale. That is, # is
unique under positive afhine transformations: any utility function

u'—where o' (x) = [ x u(x)] + [ for any o > 0 and any B—
generates the same judgments over lotteries as utility function #.
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«Implications of the Theorerr

There are two important implications of the theorem:

1. ]t providcs a representation theorem for choice
under risk (since choice under risk essentialiy

involves choice between different lotteries), and

2. It provides amethod for Constructing an interval

utility function over outcomes.
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é,Represe“'o"'o*’ neorem

Lemma (for Choice Under Risk): > satisfies axioms 1, 2,
and 3 over acts” ifand only if there exists some cardinal utility

function 7 on outcomes SUCh that l:OllOWlIlg hOldSZ

a1 > a, ifand onlyif o(a,) > v(a,),

where v(4;) = anﬂ = u0ij) ).

Furchermore: utility function # is an interval scale. That 1S, 2 1S

unique under positive affine transformations: any utility

function #' —where #'(x) = [0 x #(x)] + f forany o > o and any f

—gencrates the same judgments Over acts as utility function #.
*For axioms 2 and 3 to apply, ® must be redefined over acts. I leave the details as an exercise.
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+onstructing Interval Utilities

U

This can also be used to create an interval utility
function # over outcomes. Begin this by idcntifying

thC bCSt and WOIrSt POSSiblC outcomes:

0" = D‘JC bCSt pOSSibJC outcome, and

0. = the worst possi‘alc outcome.
Then assign utility values for each of these:

u(0*) = 1.00,and

(0,) = 0.00.
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L onstructing In:

[&

VA

Qe

1ES

U

NOW Sct Up IO'E'ECI’iCS {:OI’ cach OICthCSC outcome:

L= get o for sure, and

L, =gcto, for sure.

Now for each outcome o;, [ ask, what point arc you

indifferent between the foﬂowing:

I.0; fOI‘ Surc, or

2.xL" ®(1-x)L,.

Finally, assign #(0;) = x.
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O

e

.. XM

Now it may be possible to construct an interval-valued
utility function for the outcomes of Pascal’s wager. Recall

that thC fOHOWiIlngdngHtS hOld fOI’ thCSC outcomes:

Heaven > Benefics of Atheism > Burdens of Belief > Hell.

u(Heaven) =

u(Benefits of Atheism) =

U

Hell) =

‘Von Neumann-Morgenstern ‘Utz’lz’zj/ Theory—Ration

(
(

#(Burdens of Belief ) =
(
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LNext Class. ..

We will discuss what it means to maximize CXPCCth
utility along with more arguments addressing Why 1t 18

rational to do so in choice under risk.
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