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+Choice Under Risk

In choice under ignorancc, the following all hold:

1. There are different ouccomes for different states

of affairs relevant to the dccision,

2. For each combination of action and state of

affairs, you know the outcome, and

3. You do know how probabjc cach state of affairs is.
Let P=1{p1,ps.... i}, where P(w)) = p; represents

the probability that state (j OCCUTS.
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.« ne Monte Haul Problem

States of Affairs (€2)
Car behind Carbehind Car behind
door #1 door #2 door #3
Pick door #1 Car Goat Goat
3
% | Pickdoor#2|  Goat Car Goat
Q
<
Pick door#3|  Goat Goat Car

Which door should you pick?
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.« ne Monte Haul Problem

Now suppose after you have chosen, the host then
says hell show you a goat behind a door you did not

piCK. NOW thCI”C arc only tWO ClOSCd dOOfS, YOU,I' C_OOF

and the one othcr, and the host says you can switch to
the other door if you want. Are you more likcly to WIn
a car by switching or staying with your current door?

Or s Winning acar cqually likely under either option?
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»oimple Example

Suppose [ have an urn with 20 balls in it:
1oare green (G), 5 are red (R), and 5 are blue (B).

lam going to puli one ball (B1) out of the urn, what
are the foiiowing probabilities?

PB1=G)=
P(B1=R)=
P(B1=B)-=
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< Solution

P(B1=G)=10/20=1/2=050.

(Since 10 of the 20 balls are green.)

P(Br1=R)=5/20=1/4=0.5.
(Since 5 of the 20 balls are red.)

P(Br=B)=5/20=1/4=0.25.
(Since 5 of the 20 balls are blue.)
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»Basic Terminology

The sample space Sis the set of all possible outcomes.
[t is identical with the universal set U/ of outcomes in

a given situation. An event £, on the other hand, is any
subset of 5. The idea is that an event may involve more

than just a singlc outcome but multiple Outcomes.
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»oimple Example

[n the case of the example of the urn with 20 balls
(rogreen (G), 5 red (R), and 5 blue(B)), where one
ball is drawn (B1) ...

What s the sample space ?

What dI'C SOIMC POSSiblC events?
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.« Probability Theory

One natural way of understanding probanility,

is by using a probability measure P, whic

N assigns

numerical ValllCS ranging fronn O O I On ¢ventes

rcprcsenting the likelihood that each event will

occur, where P(£) = 1 means that event £ must

occur while and P(£) = o represents that the event

cannot OCCUlr.
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» 1 ne Kolmogorov Axioms

There are three axioms for a probabihty measure P
Ki: Foranyevent £ 0 < P(£) < 1.
K2: For sample space S, P(§) = 1.

K3: Forany events A and B, it A n B=@,
then P(4 U B)=P(A) + P(B).
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» 1 ne Kolmogorov Axioms

These axioms can also be formulated so chat inscead
of talking about events, they talk about pmpwzﬁom, or

claims about the word:
K1": Forany proposition £,0 < P(£) < 1.
Ka2": It 7'is alogical truth, then P(7) = 1.

K3": For any propositions 4 and B, it 4 and B
cannot both be true, then P(A4 or B) = P(A) + P(B).
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»oimple Example

[n the case of the example of the urn with 20 balls
(1o green (G), 5 red (R), and 5 blue(B)), where one
balls is drawn (B1), what is the probability that the

ball is either red or green?

P(Br=RorB1i=G)=
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< Solution

P(Bi=RorB1=G)=P(B1=R)+P(B1 =G)
(by K3 since Br =Rand B1 = G
cannot both be true)

= 0.25 + 0.50

= 0.75.
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T C Probabil

Theorem 6.1: P(A) + P(A) = 1.

The

sum of the probabilitics of an event and its

Compliment 1S I.

Proof: By definition, 4 n A= @. So K3 says

Cl

hat P(A) + P(A) = P(A U A). Furthermore, by

d

lefinition, AU A =U=5.SoP(A)+P(A)=P(S).

Finally, K1 says that P(S) = 1.

Lemmaé.1: P(A)=1-P(A).
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»oimple Example

[n the case of the example of the urn with 20 balls
(1o green (G), 5 red (R), and 5 blue(B)), where one
balls is drawn (B1), what is the probability that the

ball is not red?

P(Br=R)=
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< Solution

P(Br=R)=1-P(B1=R)
(by Lemma 6.1 since B1 = Rand
B1 =R are compliments)
=1 -0.25

= 0.75.

Formal Probability Theory—Rational Choice—David Emmanuel Gray



 Conditional Probabili

We are often interested in situations where we assume
that one event happens (or one proposition is true)

and determine how that influences the probability of

another cvened.

This is represented by conditional probability, where
P(A | B) stands for the probability that A occurs (or is

true) given that B occurs (or is true).

P(Aand B)
P(B)

Definition: P(A | B) = ,where P(B) = o.
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 Conditional Probabili

In certain cases, the probability of one event is not

iHﬂUCHCCd by thC occurrence Of&ﬂOthCl’ cvenet.

Definition 6.2: .4 and B are independent if and only
it P(A)=P(A ‘ B).

The Gamblers Fallaey denies this important insight

about independence.
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T C Probabil

Theorem 6.2: It A and B are logicaﬂy cquivalent,
then P(A4) = P(B)

Theorem 6.3: P(A or B) = P(A4) + P(B) - P(A and B).

Theorem 6.4: It A is independent of B,
then P(4and B) = P(A) x P(B).
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»Complex Example

Suppose I have the urn with 20 balls in it:
1oare green (G), 5 are red (R), and 5 are blue (B).

[ am going to pull one ball (B1) out of the urn, note its

color, putit back, and then pull one ball (B2).
What is the sample space §?

What are some possible events?
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»Complex Example

[n the case of the example of the urn with 20 balls
(1o green (G), 5 red (R), and 5 blue(B)), where two
balls are drawn (Bt and B2) with replacement,
what is the probability that the second ball is oreen

aiven that the first ball was grcen?

P(B2=G|Bi=G)-
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< Solution

P(B2=G|B1=G)=P(B2=G)
(from Definition 6.2 since B2 = G
and B1 = G are independent)
= 0.50

(fill in the values for P(B1 = G)).
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»Complex Example

[n the case of the example of the urn with 20 balls
(1o green (G), 5 red (R), and 5 blue(B)), where two
balls are drawn (Bt and B2) with replacement,
what is the probability that the first ball is red and

the second ball is grecn?

P(Bi=RandB2=G) =
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< Solution

P(Br=RandB2=G)=P(B1 =R)xP(B2=G)
(by Theorem 6.4 since Br = Rand
B2 = G are independent)
= 0.25 X 0.50

= 0.125.
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»Complex Example

[n the case of the example of the urn with 20 balls
(rogreen (G), 5 red (R), and 5 blue(B)), where two
balls are drawn (Bt and B2) with replacement,

what is the probability that neither ball is blue?

P(B1 =Band B2 B) -
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< Solution

P(B1 =Band B2 =B)=P(B1 = B) x P(B2 = B)

(by Theorem 6.4 since B1 = B and
B2 = B are independent)

-1 -PB1=B)| x|[1-P(B2=DB)]
(by Lemmaé6.1)

= [1-025]x[1-025]

=0.5625.
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»Complex Example

[n the case of the example of the urn with 20 balls
(1o green (G), 5 red (R), and 5 blue(B)), where two
balls are drawn (Bt and B2) with replacement,

what is the probability that one ball is red and one

ball is blue?
P((Bi=RandB2=B)or(Bi=BandB2=R)) =
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< Solution

P((B1 =Rand B2 =B) or (Bt =BandB2=R)) =
P(Br =Rand B2 =B) + P(B1 =B and B2 =R)

(by K3)
_ [P(B1 = R) x P(B2 = B)] + [P(Br =R) x P(B2 = B)]
(by Theorem 6.4)

=025 x0.25] + [0.25 x 0.25 ]
= 0.125.
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Next Class. ..

We will look at the von Neumann—Morgcnstcm

framework for dcaling with options involving risk.
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