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 Choice Under Certai

States of Affairs (€2)
Wi
ay 0y
" 0, Notice that choosing an
— action in this situation is
Sm/ identical with choosing an
g 4 0, outcome. Thqf is, choosing
act ai is equivalent to
choosing outcome o.
ﬂm 0772
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 Choice Under Certai

Recall that the Chaﬂcngc of rational choice is to

oCnerate a ranking of acts given

a ranking of outcomes.

Not too challenging in choice under certainty:

ad; = dj if and only if 0; = 0;.

EVCI] SO, WC Can gO {:UI thCI', by C

,criving an und&:rlying

numerical value function » eval
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«Represenfation Theorems
IH gCnCral, d l‘epl‘esentation thCOrCm states thC

propcrtics that the J udgmcnts in > over the actions

must pOSSCSS n OI‘dCf o bC fCPfCSCHth by d Valuc

function » assigning numeric values to those actions,

such that the following holds:
a; % ajitand only it (4;) > v(a;).

RCPI’ CSCH’E&UOH&I thCOl” CIMS var y by thC context Of

choicc, such as under certainty or under risk.
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» Value Vs, Utility Functions

A value function 7: 4 — R measures the value

associated with each action. So v(4;) is the numerical

represcntation OfthC VaIU,C ofact aj.

A utility function #: O — R measures the value
associated with each outcome. So u(0;) is the numerical

representation of the “utility” or value of outcome v;.

(Recall that R is the set of real numbers.)
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» Value Vs, Utility Functions

Asa result, responding to the challenge of rational
choice involves gcncrating avalue function » over acts

givcn a utﬂity function # over outcomes.
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 Choice Under Certai

Since in choice under ccrtainty, action 4; leads to
outcome o; for sure, the value function may be

regardcd as identical to the utility function:

v(ai) = u(0;).

Therefore, a representational theorem for rational

choice under ccrtainty can
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 Choice Under Certai

Putting this all togethcr, in the case of choice under
certainty, a representation theorem reveals the
conditions that the judgments in > (over aczs) must
possess in order to be represcnted by a utihty function

u (over outcomes), such that the following holds:

a; % ajitand only if #(0;) > u(0)).
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» 1 ne Ordinal Utility Theorem

Ordinal Utility Theorem: > isa prefcrencc relation over
actions if and only if there exists some utility function #

such that following holds:
a; % ajitand only it u(0;) = u(0j).

Furthermore: utility function # is an ordinal scale. That is,
i 1s unique under positive monotone transformations:
any utility function #'—where #/(x) > u'(y) if and only
if #(x) > u(y)—generates the same judgments over acts

as utility function «.
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» 1 ne Ordinal Utility Theorem

Nortice this theorem makes ctwo claims:

rIf you can measure the value of the outcomes
according to an ordinal utility function U, then

your judgements in > will be a preferenee relation.

2 If your judgrnents In > arca preference relation,
then you can construct an ordinal utility function
U measuring the value of the outcomes. The

textbook gives a nice algorithm for doing this.
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Step 1: Take all the outcomes and “index” them by

assigning each outcome a unique number.

Sometimes this may have already been done for you,
for Instance, when the outcomes are givcn aS 01, 04, and

0;. S0 the options arc trivially 0, indexed as follows:

01 = 01,
02 — 02, and
03 — 03
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Step 1: Take all the outcomes and “index” them by

assigning each outcome a unique number.

Other times you may have to do index them yoursclf,
for instance, when the outcomes are x, )z and z. One

Way O indCX thCSC outcomes WOUld bC dS fOHOWSI

X = X7,
}:)/b and

2283.
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Step 1: Take all the outcomes and “index” them by

assigning each outcome a unique number.

OthCl’ tmes YOU, may h&VC o dO bC IMorc CICVCF, fOl’
Instance, WhCIl thC OutCcomes arc 72y, 772,, and ay. OHC

Way O indCX thCSC outcomes WOUld bC dS fOHOWSI

My =My,
77?2 — 7771, and

ﬂI :&13.
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Step 1: Take all the outcomes and “index” them by

assigning each outcome a unique number.

No matter What, just be sure to givc a unique

subscript for indcxing cach outcome!
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Step 2+ For each outcome X, kcep track of the indices

of the outcomes strictly worse than x.
That is, we create the following set for each outcome:
N(O,>,x)=11|y» € Oand x > y,}.

(chp in mind the subscript for ) refers to the index
that you assigned to y in step 1.)
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Step 3: Definea utility function #: O — R as follows:

%<X> = zﬁEN(O, >x)<1/2>”

The rcsulting utﬂity function will preserve t

1C

OFdCf Ofth@ outcomes, SU,Ch thatx ?J/ 1fan0

if #(x) = u(y), as one would expect.
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»Example

Suppose the decision looks like this:

States of Affairs (€2)
W1
a X
A
| ’
<
a; z
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»Example

Supposc [ have the following judgmcnts about the

outcomes (making up a preference relation):
T>X,2>Y, and x > 9, 0L, 1n other words,
z>x>}

We can use the method for constructing an ordinal

utility function as follows.
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»Example

Step 1: Take all the outcomes and “index” them by

assigning each outcome a unique number.
In chis case, we can index them as follows:

X =X,
)/:)/b and

Z:Z3.
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»Example

Step 2: For each outcome x, keep track of the indices of

the outcomes strictly worse than x.

That is, we create the following set for each outcome:
N(O,>,x)=1{n|y»€ Oandx > y,}.

Here, we oct these three sets (one for ecach outcome):

N(O, > x;) =12} (only y, is worse than x;),
N(O, >,5,) =1{} = @ (nothing is worse than y,),and
N(O, >,z;) = 11,2} (both x; and y, are worse than z;).
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»Example

Step 3: Define a utility function #: O — Raas tollows:
1(x) = Zyen(o,» ()"

In chis case:

() = S5 = (6 % 5= =02
U(y2) = Znea(®)” =0,and
1(23) = Zoepna)() = () + (%) =+ li=% =075

Keepin mind that # is only an ordinal scale.
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»Example
Notice that with these utilities are indeed ordinal, just

expressing the ranking of the outcomes. That 1S,

g >x > y,and indeed, we geta utility function with
u(z) > u(x) > uly).

And given that v(4;) = #(0;), we get the following;
v(a3) > v(ay) > v(ay), implying that 2; > 4, > a,.

The problf:m of rational choice under Ccrtainty has been

formaﬂy solved!
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Yes, this feels like a bit of overkill for such a simple
scenario. Even so, once the pattern for solving the

pro’alcm of rational choice under Certainty 1S

undf:rstood, it can be applicd in other situations.
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Next Class. ..

We will discuss how choice under certainty gets
more Complicated when each outcome has “plural”
utility values associated wich it. That 1S, the decision

maker has mu/z‘zple utility functions (uy, #,, u5, etc.)

evajhuating the outcomes instead of just one (2).
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