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Final Exam: Structure

Part1: All symbolic, nothing requiring translation from English (75 minutes, 40% of the final exam grade).

Testing for logieal equivalenee,
Advanced natural deduction (with 17 rules of inference), and

Assessing traditional Categorical syllogisms.
15-Minute Break.
Part2: All arguments, all in English requiring translation (9o minutes, 60% of the final exam grade).

Diagramming arguments,
Assessing arguments with truch tables, and

Assessing traditional eategorieal syllogisms and other types of eategorieal arguments.



Final Exam: Structure (There is New Materiall)

Part1: All symbolic, nothing requiring translation from Eng]ish (75 minutes, 40% of the final exam grade).

Testing for l()gical equivalence,
Advanced natural deduction (with 17 rules of inference), and

Assessing traditional Categorieal syllogisms.
15-Minute Break.
Part2: All arguments, all in English requiring translation (9o minutes, 60% of the final exam grade).

Diagramming arguments,
Assessing arguments with truch tables, and

Assessing traditional Categorieal syllogisms and other types of eategorical arguments.



New Compound Statement: Material Equivalence

Biconditional statement: A compound statement Claiming that its statements have the exacr

same truth value.
logic is fun it and only if logic is easy.

logic being fun is a necessary and sufficient condition for logic
peing easy.

logic being fun is necessary and sufficient for logic being easy.

Such a statement is false if o7¢ of I1s Statements is ]%/56 while the other statement is true. We call the

statements contained within a biconditional statcement the components.



Material Equivalence: Translation

So a biconditional statement has che form of "...if and only if...”, asserting that the statements

connected together have the exacr same truth value. It is symbolized using <> (called “double-

headed arrow”).

So the biconditional statement p <> gasserts that pand g have the same truth value: they are

both truc or thc:y are both false. In this Cxample, pand gare the components.

Note: Asyou may recall, the use of the lower-case, italic letters p and g means that azy two

gcnc:ric scatements can be connected togcthc:r as components within a biconditional statement.



Material Equivalence: Example

Consider the following biconditional statement:
logic is fun it and only if it is easy.
Both antecedent and consequent are simplc: positivc statements, which are symbolized:

F logic is fun.

—: logic is easy.

The entire biconditional statement is then symbolized asF <= L.

Note: Recall chat we using those Uppcr-case, upright letters F and E to represent the spcciﬁc,

simple positivc: statements involved.



Material Equivalence: Truth Table

The biconditional statement p <> g asserts that pand g have the same truch value. So it is false
Just when the COmMpoNents have dﬁfrem‘ cruth values (that is, one component is truc and the

other is false). Otherwise it is always crue. Here is its truth table:

P q P9
| | |
- |



New Concept: logical Equivalence

Two statements pand gare logically equivalent Just when the statement of their associated

biconditional (that s, p <> g) is a tautology.

This means that it is &zéfo/m‘eé/ z'mpow’é/e for p and g to have different truch values. In other words,
thcy ﬂ/wﬂyf have the same truth value, no matter what. Thus, p and g have the same logical

meaning and so thc:y may be substituted for one another while rcmaining logically consistent.

The claim that pand gare logically cquivalent is denoted symbolically s p=q.



New Skill: Testing for logical Equivalence

Dctcrmining if a pair of statements pand g are logically Cquivalc:nt is done with a truth table

according to the followings steps:
1. Construct the associated biconditional for the two statements (that is, p <= g),
2. Construct a truch for that biconditional statement,
3. Use that truch table to see if that biconditional statement is a tautology, and

4. It the biconditional statement 75 a tautology, then the two statements are logically
Cquivalent (thatis, p=q). Ifitis nota tautology, then those two statements are 720t

logically equivalent.



Testing tor logical Equivalence: Example |

Are pand ~~plogically equivalent?



Testing tor logical Equivalence: Example |

Step 1: Construct the associated biconditional for the two statements.

The statements are pand ~~p, so the associated biconditional is p <> ~~p.



Testing tor logical Equivalence: Example |

Step 2. Construct a truth for chat biconditional stacement.

P ~p  ~p PP
T F T T
: T F T



Testing tor logical Equivalence: Example |

Step 3: Use that cruch table to see if that biconditional stacement s a tautology.

p~p  ~p PP
T F T T
: T F T

This biconditional 7s a tautology.



Testing tor logical Equivalence: Example |

Step 4: Determine logical Cquivalcncc.

P ~P ~~P pP<==~P
T

— T : T

pand ~~pare logically equivalent. This is because the biconditional of both statements /s a
tautology (it is true in both lines of the truch table). That means that both statements pz/zmyS have

the same truth Valuc, no matter what. Thus. both statements have cthe same logical mcaning, and

5O P = ~~[0.



New Rules tor Natural Deduction: Double Negation

Double Negation Introduction (D.N.I)

Double Negation Elimination (D.N.E.)

l. ~~p
. D



Advanced Natural Deduction: Example 2

The following is a valid argument. Use natural deduction to construct this argument’s formal

proof of Validity.
. ~N —= ~M.
2. M.
. N
3. ~~M 2: D.NLI.




Testing for logical Equivalence: Example 2

Are p — gand g — plogically equivalent?



Testing for logical Equivalence: Example 2

Step 1: Construct the associated biconditional for the two statements.

The statements are p — gand g — p, so the associated biconditional is ([p — ) <> (g = p)



Testing for logical Equivalence: Example 2

Step 2. Construct a truth for chat biconditional stacement.

p g p—=qg qg—p (p—=g=<lg—=p

[ | | |
| - - | -
S| | - -
- - | | |



Testing for logical Equivalence: Example 2

Step 3: Use that cruch table to see if that biconditional stacement s a tautology.

p g p—qg qg—p (p=g=<lg—=p

[ | | 1
| - - | F
S| | - F
- - | | 1

This biconditional 70z a tautglogy.
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Testing for logical Equivalence: Example 2

Step 4: Determine logical Cquivalcncc.
p g9 p—=g9g g—p [p=g<lg=p
| | | | 1

| - - | F

- | | - F

- - | | 1

D —q and q — pare not logically equivalent. This is because the biconditional of both statements is 70z a tautology

(it is false in lines 2 and 3 of the truth table). That means that it is possible for the two statements to have dgfenﬂm truth

VEIIU.CS. SO thCSC statements dO 1ot have thC SAIMC logic:al meaning.



Common logically Equivalent Expressions (Feel Free to Verity Theml)

De Morgan’s Theorems: ~(p & g) = ~p v ~Q

~pv g =~p&~q
Commutation: (,O Vv q) = (q Vv ,O)

p&q =lg&pl
Association: pvigvil=llpvag v

Distribution: :,O & (q il

pvigdi

Double Negation: D = ~~D

- -

p&lg&nl=[lp&q &1

(p&qlvip&i]

lpvq &lpvi]

Transposition:
Material Implication:

Material Equivalence:

Exportation:

Tautology:

o= ql=l~g = ~p
o= qgl=l~pvdg

o< gl =llp—q&lg—pl
o< gl =llp&qvi~p&~ql

(p& gl —=r=[p—Ilg—1]

p=(pvp
p=(p&p
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More New Rules for Natural Deduction

Disjunctive Commutation (D.C.)

I. p&a
“ gé&p.

Biconditional Introduction (B.1)

. lp=qgd&lg—=npl
- P4
Material Implication 1 (M.L1)

l. p—aq
- TPV G

Conjunctive Commutation (C.C.)

I. pva
- gVvep

Biconditional Elimination (B.E.)

I. pe=aqg
. (p—= g &lg— pl

Material Implication 2 (M.1.2)

l. ~pva
- P4
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The Seventeen Rules of Inference

1. Modus Ponens (M.P))

L. p—q.
2. D
S q.

5. Constructive Dilemma (C.D.)

L =& —y).
2. pVrT

qVes.

9. Addition (Add.)

L D
- PV

12. Conjunctive Commutation (C.C.)

1. p&q.
Lo q&p.

r7. Material Implication 2 (M.1.2)

L  ~pVg
- PTY

2. Modus Tollens (M T.)

L. p—q.
2. ~q.
Sooo ~p

6. Absorption (Abs.)

I. p%q.
p—=(p&q)

10. Double Negation Introduction (D.N.L)

~~p.
14. Biconditional Introduction (B.1.)

L P9 &lg—p)
R g

3. Hypothetical Syllogism (H.S.)

L. p—q.
2. gq—r.
p—r

7. Simplification (Simp.)

. p&yg.
soop

1. Double Negation Elimination (D.N.E.)

I. ~~P.
S P

15. Biconditional Elimination (B.E.)

L. p<>gq.
L g &g—p)

4. Disjunctive Syllogism (D.S.)

L pVyg
2.~

8. Conjunction (Conj.)

I. p.
2. q.
L P&y

12. Disjunctive Commutation (D.C.)

L pVyg
- qVPp

16. Material Implication 1 (M.1.1)

L. p—4q.
. ~pVY




Advanced Natural Deduction: Example 3

The following is a valid argument. Use natural deduction to construct this argument’s formal

proof of Validity.

.Y
K=,

2. Y v ~X |- Add.
3. ~XVvY. 2: DC.
4. X =Y 3: M.1.2.




Advanced Natural Deduction: Example 4

The following is a valid argument. Use natural deduction to construct this argument’s formal

proof of Validity.

. ~Av(B—=C.
2. A—=1B

3. B—=(C—=B)
4. A

. C <= B.

5. B.

6. C —B.

/. ~~A.

8. B—C.

Q. [C—=B&B —= (]
10. C <= B.

B.
C — B.

A— B —C)

B — C.
C—=B&B—=C)
C < B

N

™ o T A
O =
=

O O N7 LN

20



Categorical Arguments

SO far, thC Oﬂly catcgor ical ar gumcnts that YOU havc asscsscd havc bCCH Cr aditional catcgor ical

syllogism. (Two premiscs involving three Categories.)

Now you should be able to use your Venn diagramming skills o assess catcgorical Arguments
involving one prcmisct or even three premises. You may also see arguments involving only tWO
Categorices. (I will not have you assess arguments involving more than three CALCgOrIcs because

Venn diagrams at that point get unwieldy!)

While these arguments may seem complcx: do not panic. Just follow your training and you will

be surprised at how straightforward these actually become with only a lictle practice.

2/



Categorical Arguments: Example 4

All non-philosophers are students, and so no non-students are

non-philosophers.

Major term (P): Philosophers.
Minor term (S): Students.

1. Al nonPis S

No non-S is non-P Premise:

The argument is zalid. The conclusion claims that the area
outside of both students and philosophers 1S Completely
cmpty, and the premise confirms this. So assuming the
truth of the premise means that the conclusion is true as

well, making this argument valid. Conclusion: S

W



Categorical Arguments: Example 5

Some non-students are philosophers because there is a non-

musician who is a philosopher. v,

Major term (P): Philosophers.
Minor term (5): Students.
Other term (M): Musicians.

1. Some nonMis P Premise: S
' Some non-Sis P

The argument is /nvalid. The conclusion claims that there is a
philosopher who is not a student. The premise, however, fails to
confirm this: according to it, there is a philosopher that is not a
musician, but that premise does not say whether that philosopher is
a student or not. (This is because the dot-x is on the students’ line,
leaving it unclear whether it is a student or not.) So assuming the
truth of the premise is not enough to show that the conclusion must
be true, making this argument invalid.

Conclusion: S



Categorical Arguments: Example &

Some students are philosophers for three reasons. First, all non-musicians are

philosophers. Second, no philosopher is a musician. Third, some students are
nof musicians.

M
Major term (P): Philosophers.
Minor term (S): Students.
Other term (M): Musicians.
. Al nonMis P
2 No Pis M. Premises: S i
3. Some S is not M.
. Some Sis P

The argument is valid. The conclusion claims that there is a student
who is also a philosopher, and the premises confirm this. So

assuming the truth of the premises means that the conclusion is true
as well, making this argument valid.

Conclusion: S



Next Class. . .

We will have the final exam.

Kecp practicing! You can do this!



