CRITICAL THINKING

lecture #20

‘The Square of Opposition

Protessor David Emmanuel Gray

© logic Chopper



Four Standard Forms of Categorical Statements

A:All Sis P E:No Sis F
(Shade in all of S not shared with P) (Shade in all of S shared with P)
I: Some Sis O: Some Sisnot P

(Dotx in S shared with P) (Dotx in S not shared with P)



Four Standard Forms of Categorical Statements (Generalized

Universal Positive Universal Negative
A:All Xis Y E: No Xis ¥/
Shade in all of X not shared wich Y Shade in all of X' shared wich Y
Particular Positive Particular Negative
I: Some Xis V. O: Some Xisnot Y,
Dotxin X shared with Y Dotxin X not shared with Y

Note: A Complcment like non-S or non-P can substitute Xor Y,



nterences with Categorical Statements: Instructions

Given thata Catcgorical statement IS true or false, draw a Venn diagram rcprescnting that
statement, being sure to label its subject term (5) and predicate term (P). (Be sure to put the

subject term (5) on the left and the predicate term (P) on the right)

Now givcn that Venn diagram, what can you infer about other catcgorical statements? 1hatis,
are these other statements true, false, or unknown? Use a Venn diagram o justify cach of your
AnNsSwers (bcing sure to kecp cach statements subj ect term on the left and prcdicatc term on the

right). You may assume that neither S nor P is cmpty.



nterences with Categorical Statements: lllustration #]

Assume that the following catcgorical statement 1S 7ue:
All students are hard workers.

Draw the Venn diagram representing this statement, being sure to label its subject term (S) and

predicate term (P).



nterences with Categorical Statements: lllustration #]

All students are hard workers.

S P

Students Hard VWorkers
A Statement: All S'is P

True

Drawing this Venn diagram will help us make interferences conceming the truch of ocher

categorical statements involving students (5) and hard workers (P).



nterences with Categorical Statements: lllustration #]

All students are hard workers.

Now aiven the truth of this statement (and its associated Venn diagram), what can you infer

about the following catcgorical scatement?
Some students are not hard workers.

That s, is this second statement true, false, or is its truth/ falsity unknown? Use a Venn diagram

to J ustify your answer.

(Again, this is an Cxamplc of making an inference from one Catcgorical statement to a second

one that involves the same subject (S = students) and predicate (P = hard workers) terms.)



nterences with Categorical Statements: lllustration #]

All students are hard workers. Some students are not hard workers.
> P S p
Students Hard VWorkers Students Hard VWorkers
A Statement: All Sis P O Statement: Some S is not P
Thje ——mmm@m@8@8@¥ M ??

When making a categorical inference, 1t 1S easiest to just compare the associated Venn diagrams

{:OI” thC Catc:gor ical statcments.



nterences with Categorical Statements: lllustration #]

The A statement (All Sis P) claims there is #ohing in the area of S outside of P (the A diagram
shades that zone). Meanwhile, the O statement (Some Sis not P) says there is something in thac
very same area (the O diagram has a doex there). This means that both statements cannot be

true at the same time!

So given that "All students are hard workers™ (A) is #7ue, the claim that"Some students are not

hard workers™ (O) cannor also be true. So that second claim (the O statement) must be ﬁz/s&



nterences with Categorical Statements: lllustration #]

All students are hard workers. Some students are not hard workers.
> P S p
Students Hard VWorkers Students Hard VWorkers
A Statement: All Sis P O Statement: Some S is not P

True



nterences with Categorical Statements: lllustration #]

All students are hard workers. Some students are not hard workers.

S

Students Hard VWorkers Students Hard VWorkers
A Statement: All S'is P O Statement: Some S is not P

True

p S p

The truth of cthe statement on the left implics that there is nothing in the area of students outside

ofhard WOI'I{CI'S...



nterences with Categorical Statements: lllustration #]

All students are hard workers. Some students are not hard workers.
S P
Students Hard VWorkers Students Hard VWorkers
A Statement: All Sis P O Statement: Some S is not P
True

The truth of cthe statement opthe left implics that there is nothing in the area of students outside

of hard workers, which the Venn diagram on the right Clc:arly denies.



nterences with Categorical Statements: lllustration #]

All students are hard workers. Some students are not hard workers.
> P S p
Students Hard VWorkers Students Hard Workers
A Statement: All Sis P O Statement: Some S is not P

hje —m@ FCIISE!

So the truth of the statement on the left shows that the statement on the right 1S ]%/56.



nterences with Categorical Statements: [lllustration #2

Assume that che following Catcgorical statement 1s ﬁz/jez
All students are hard workers.

Since this is falsc, draw the Venn diagram rcprcscnting what is actually true, bcing sure to label

the subject term (S) and predicate term (P).



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

S P S P

Students Hard VWorkers Students Hard VWorkers
A Statement: All S'is P

False —MM8M True?

Given that the scatement on the left is false, what is true relationship between students and hard

workers? We can diagram the cruth on the right.



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

S

Students

p S p

Hard VWorkers Students Hard VWorkers

A Statement: AllNSUs P

The statement on the left Sy’ chere is noz‘bzﬁg in the area of students outside of hard workers...



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

S P S P

Students Hard VWorkers Students Hard VWorkers
A Statement: All S'is P

False

The statement on the left says chere is noz‘bzﬁg in the area of students outside of hard workers. So it

that statement is actually false...



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

S P

Students Hard VWorkers
A Statement: All S'is P

False

ID

Students Hard VWorkers

The statement on the left says chere is noz‘bzﬁg in the afea of students outside of hard workers. So it

that statement is actually false, there must be 507%€be%£ in that same area.



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

S P S

Students Hard VWorkers Students
A Statement: All S'is P

False —MM8M True!

Now we know the truth, and we can make catcgorical inferences based on this.

ID

Hard VWorkers
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Aside: Diagramming False Categorical Statements

In gcncral, it you arc told thata Catcgorical statement is false, you should do the following:

. Create the Venn diagram of the statement as it 1S, being sure to Clc:arly label the subjcct

(S) and predicate (P) terms, and then

2. Cf catc a SCCOHd VCIH] diagr 41711, thr C any Sh&d@d 4Icas nNow hélVC d dOt—X instcad and any

areas with a dotx are now shaded.

This second Venn diagram will now show the true relationship between the subjcct (S) and

prcdicatc (P) terms. It will be easier to make inferences using this second diagram.



nterences with Categorical Statements: [lllustration #2

All students are hard workers.

Now aiven the truth of this second Venn diagram (that shows what is actually true when the

above statement is false), what can you infer about the following Categorical statement?
Some students are not hard workers.

That s, is this second statement true, false, or is its truth/ falsity unknown? Use a Venn diagram

to J ustify your answer.
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.
> P S p
Students Hard VWorkers Students Hard Workers
A Statement: All Sis P O Statement: Some S is not P
False - ??

This is what we are bcing asked to determine...
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.
S P
Students Hard VWorkers
True
S P S P
Students Hard Workers Students Hard Workers

A Statement: All Sis P
False

O Statement: Some S is not P

But fortunatcly, we already made that Venn diagram showing us what is actually true when the

scatement on the left is false...
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.
S P
Students Hard VWorkers
True
S P S P
Students Hard Workers Students Hard Workers

A Statement: All Sis P
False

Statement: Some S is not P

7?7

So we can use that new Venn diagram (in the middle above) to determine the truch value of the

statement on the right...
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.

p
Hard VWorkers

True
S P

Students Hard VWorkers

S P

Students Hard VWorkers

A Statement: All Sis P
False

O Statement: Some S is not P

The middle Venn diagram Sy’ there is somcthing in the area of students outside of hard

Workcrs...
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. @ Some students are not hard workers.
S p
Students Hard Workers
True ‘
o P S P

Students Hard VWorkers Students Hard VWorkers

A Statement: All Sis P O Statement: Some S is not P
False

The middle Venn diagram Sy’ thereAs somcthing in the area of students outside of hard

WOI'I(CI’ S, Wlth Wthh thC statcment on thC le C agr CCS.



2/

nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.
S P
Students Hard VWorkers
True
S P S P
Students Hard Workers Students Hard Workers

A Statement: All Sis P
False

Statement: Some S is not P

Truel

The middle Venn diagram Sy’ there is somcthing in the area of students outside of hard

WOI'I(CI’ S, Wlth Wthh thC statcment on thC le C agr CCS. SO that statcment must also bC truc!
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nterences with Categorical Statements: [lllustration #2

All students are hard workers. Some students are not hard workers.
S P
Students Hard VWorkers
True
S P S P
Students Hard Workers Students Hard Workers

A Statement: All Sis P
False

Statement: Some S is not P

True

Indecd, the middle Venn diagram 1S exactly the same as the one on the right! So these two must

ObViOUSly havc thC samec Cr Uth VaIU.C.
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Cxercise #|

Assume that the following catcgorical statement 1S 77ue:
No students are hard workers.

Given the truth of this statement, what can you infer about the following catcgorical statement?
Some students are hard workers.

That s, is this second statement true, falsc:, or unknown?



cxercise #1: Venn Diagrams

No students are hard workers.

S P

Students Hard VWorkers

Some students are hard workers.

S P

Students Hard VWorkers

30



Fxercise #1: Inference Determined

No students are hard workers. Some students are hard workers.

> P S p

Students Hard VWorkers Students Hard VWorkers

The statement on the right IS ]%/56.

The truth of the original statement (on the lett) implies that there is nothing in the area ot
overlap between students and hard workers, which the other statement (on the right) clearly

dCIliCS. SO thC statcment on thC I lght cannot bC truc.
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Exercise #7/

Assume that the following Catcgorical statement 1S ﬁz/jez
No students are hard workers.

Given the truth of this statement, what can you infer about the following catcgorical statement?
Some students are hard workers.

That s, is this second statement true, falsc:, or unknown?



Cxercise #2: Venn Diagrams

No students are hard workers. Some students are hard workers.

S P
Students Hard VWorkers

S P S P

Students Hard VWorkers Students Hard VWorkers



34

Fxercise #2: Inference Determined

No students are hard workers. Some students are hard workers.
S P
Students Hard Workers
o P S P
Students Hard Workers Students Hard Workers

The statement on the right is true.

The falschood of the statement on the left implies that there is something in the area of overlap between students and
hard workers, as seen in the middle Venn diagram. Indeed this middle diagram is the same as that for the truth of the

statement on the right. So the statement on the right must be true.



Categorical Statements: Confradictories

TWO statcments arc contr adictor 1es lfthCY bOth cannot bC truc at thC same time &lﬂﬂ] thCy bOth

cannot be false at the same time.

For instance, the statements "All scudents are hard workers (A: All Sis P) and “Some students
are not hard workers (Q: Some Sis not P) are contradictories. Both cannot be true and both

cannot be false. So if you know one is true, the other must be falsc:, and vice versa.

33
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Contradictories: A & ©

[n general, A and O statements involving the same subject (5) and predicate (P) terms are always

contradictories.

> P S p

A Statement: All S'is P O Statement: Some S is not P



Contradictories: E & |

Similarly, E and I statements involving the same subject (S) and predicate (P) terms are also

always contradictories.

> P S p

E Statement: No Sis P | Statement: Some S is P

3/
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Fxercise #3

Assume that the following catcgorical statement 1S 77ue:
All students are hard workers.

Given the truth of this statement, what can you infer about the following catcgorical statement?
No students are hard workers.

That s, is this second statement true, falsc:, or unknown?



Cxercise #3: Venn Diagrams

All students are hard workers.

S P

Students Hard VWorkers

No students are hard workers.

S P

Students Hard VWorkers

39
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Fxercise #3: Inference Determined

All students are hard workers. No students are hard workers.
> P S p
Students Hard Workers Students Hard Workers

The statement on the right is ﬁz/se.

The truth of the statement on the left implies that there is nothing in the area of students outside of hard Workers, and
since there must be at least one stcudent somewhere, that scudent must be in the area of overlap between students
and hard workers. However, the Venn diagram for the statement on the right elearly denies this last point. So the

statement on the right cannot be true.



Categorical Statements: Contraries

TWO statements are contraries lfthCy bOth cannot bC truc, though bOth may bC false.

For instance, the statements "All students are hard workers™ (A: All Sis P) and "No students are
hard workers™ (E: No Sis P) are contraries. Both cannot be true: it one is true, the other must be
false. However, both statements could, in fact, be false: there might be some students who are

hard workers and some other students who are not. (See the next slides tor more explanation.)



Contraries: A & E

[n general, A and E statements involving the same subject (5) and predicate (P) terms cannot

both be true”

> P S p
A Statement: All S'is P E Statement: No Sis P

“Note: This only works when the subj cCt term 1s not Cmpty! Unless told othc:rwise, pz/zmyS

assume the subjcct (S) term is not cmpty.

47



Contraries: A & E

Both A and E statements cannot be true because that would mean the subj ect (S) term is

empty.’

S P

"Once more: Unless told otherwise, always assume the subject (S) term is not empty.

43



Contraries: A & E

However, both A and E statements could be false. There is nothing problcmatic about that.

S P

Theretore, A and E statements involving the same subject (S) and predicate (P) terms are

contraries.

44



Categorical Statements: Subcontraries

TWO statcments arc Slle()IltI’ aries lfthCy bOth cannot bC false, th()llgh thCy bOth may bC truc.

For instance, the statements “Some students are hard workers™ (I: Some Sis P) and “Some
students are not hard workers (O: Some Sis not P) are subcontraries. Both cannot be false: if
one is false, the other must be true. However, both statements could be true: as already noted,
there might be some students who are hard workers and some other students who are not. (See

the next slides for more explanation.)

45



Subcontraries: 1 & O

[n general, Iand O statements involving the same subject (S) and predicate (P) terms cannot

both be false.”

> P S p

| Statement: Some Sis P O Statement: Some S is not P

“Note: This also only works when the subjcct (S) term is not cmpty!

46



Subcontraries: 1 & O

Both Iand O statements cannot be false because that would mean the subjCCt (S) term is

empty.’

S P

“Once yet again: Unless told otherwise, a/ways assume the subject (S) term is not empty.

47



Subcontraries: 1 & O

HOWCVCI”, bOth | and O statcments COUld bC truc. ﬂl@f € 1S HOthng pr oblcmatic about that.

S P

Theretore, I'and O statements involving the same subject (S) and predicate (P) terms are

subcontraries.

48



Categorical Statements: Subalternation

According to subalternation, any truc universal catcgorical statement may be transtformed into
atrue pﬂrfz'cu/ﬂr one. Going the other dircction, subalternation Sy’ that any false particular

catcgorical statcment may be transformed into a false universal one.

So, for instance, if the statement "All students are hard workers” (A: All Sis P) is true, then

“Some students are hard workers™ (I: Some Sis P) is trivially true as well

49



Subalternation: From Truth of A to Truth of |

II] gcncr 8.1, any truc A statcment may bC Cr ansfor med into a true I statement about thC SAITIC

subject (S) and predicate (P) terms.”

—

S P S P

A Statement: All S'is P | Statement: Some Sis P

"Note: This also only works when the subject (S) term is not cmpty!

50



Subalternation: From Truth of A to Truth of | (Explanation)

ThC idea 1S thélt thCl’ C arc no S)S OUtSidC Of R bllt thOSC S)S h&VC o bC somewher e!” SO WC I(HOW

that there is at least one S (call it x) inside of P

—

> P S p

A Statement: All S'is P | Statement: Some Sis P

“Note: This also only works when the subjcct (S) term is not cmpty!



Subalternation: From Truth of E to Truth of O

Similarly, any truc E statement may be transformed into a true O statement about the same

subject (S) and predicate (P) terms.”

—

S P S P

E Statement: No Sis P O Statement: Some S is not P

"Note: This also only works when the subject (S) term is not cmpty!

52
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Subalternation: From Truth of E to Truth of © (Explanation)

ThC idea 1S thélt thCl’ C arc no S)S insidc Of R bllt thOSC S)S hélVC o bC somewher e!” SO WC l{HOW that

there is at least one S (call it x) outside of P

—

> P S p

E Statement: No Sis P O Statement: Some S is not P

“Note: This also only works when the subjcct (S) term is not cmpty!



The Square of Opposition

All S is IDA +——— Confraries =——— E No Sis P

———— uoljpule|iogng

+— Subalternation
O
2

Some S'is P I +——— Subcontraries =———> O Some S is not P

54



The Square of Opposition & Making Inferences

Fix the subjcct (S) and predicatc (P) terms. The square of OpposItions reveals these inferences:

~[tAiscrue:  Eisfalse: Lis crue: O is false.

It Aisfalse:  Oistrue; E and I are unknown.

—[tEistrue:  Adis false: Lis talse: O is true.

~ItEisfalse: Tistrue: A and O are unknown.

—Iftlistrue:  Eisfalse: A and O are unknown.
—Itlistalse:  Adistalse: Eis crue: O is true.

~[fOistrue: Adisfalse: E and I are unknown.
~ [t Oistalse: Aiscrue: Eis talse: is crue.

55
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The Square of Opposition & Making Inferences

The square of opposition contains a lot of useful information Conccming what you can infer
from a singlc: Categorical statement, but Venn diagrams providc: more intuitrve Ways to ﬁgure out

these inferences.

(So feel free to memorize the square, but only to check the work you have done with diagrams.)



Next Class. . .

We will look at some further inferences that can be made from a singlc catcgorical statement.

5/



