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Introduction to Profinite Groups

by Luis Ribes

Abstract

This is the content of three lectures at the Winter School on Galois
Theory in Luxembourg, February 2012. They cover basic properties of
profinite groups, emphasizing the connection with Galois Theory, and in-
cluding free profinite groups, free product, module theory and cohomology.
The material is reasonably self-contained with either complete proofs or full
references.
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Preface

These notes follow very closely the content of my three lectures at the Winter
School on Galois Theory in Luxembourg, 15 - 24 February 2012. The invitation
from the organizers of the meeting, Sara Arias-de-Reyna, Lior Bary-Soroker and
Gabor Wiese, came with the challenge of covering the vast subject of Profinite
Groups in a few hours and for an audience with different levels of knowledge of the
subject. My intent was to present an overview of profinite groups, with emphasis
on the main concepts and properties, and connections with Galois Theory. The
notes touch on many topics covered with different level of detail. In some cases full
proofs are included, and for the rest precise statements are given with sketched
proofs sometimes and references for complete proofs for all the results. There are
several sources where one can find detailed proofs and expand on the material
covered in these lectures, and we list some of them in the References.
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1 Lecture 1

1.1 Infinite Galois extensions

Let K be a field and N a Galois extension of K (i.e. algebraic, normal and
separable). Let

G = GN/K = {σ ∈ Aut(N)
∣∣ σ|K = idK}

be the Galois group of this extension. Denote by {N : K} and {G : 1} the lattices
of intermediate fields L, K ⊆ L ⊆ N , and subgroups H ⊆ G, respectively. Then
there are maps

{N : K} Φ−→←−
Ψ
{G : 1}

defined by

Φ(L) = {σ ∈ GN/K

∣∣ σ|L = idL} = GN/L (K ⊆ L ⊆ N)

Ψ(H) = {x ∈ N
∣∣ Hx = x} (H ≤ G),

which reverse inclusion, i.e., they are anti-homomorphisms of lattices.
The main theorem of Galois theory for finite extensions can be stated then as

follows.

Theorem 1.1. Let N/K be a finite Galois extension. Then

(a) [N : K] = #GN/K;

(b) The maps Φ and Ψ are inverse to each other, i.e, they are anti-isomorphisms
of lattices.

(c) If L ∈ {N : K} and Φ(L) = GN/L, then L is normal over K iff GN/L is a
normal subgroup of G, in which case GL|K ∼= GN/K/GN/L.

Let us assume now that the Galois extension N/K is not necessarily finite.
The one still has the following

Proposition 1.2. Ψ◦Φ = id{N :K}. In particular Φ is injective and Ψ is surjective.

Proof. If K ⊆ L ⊆ N one certainly has

Ψ(Φ(L)) = Ψ(GN/L) = {x ∈ N
∣∣ GN/Lx = x} ⊃ L.

On the other hand, if x ∈ N and GN/Lx = x, then x is the only conjugate of x,
i.e. x ∈ L.

However in the general case Φ and Ψ are not anti-isomorphisms; in other words
in the infinite case it could happen that different subgroups of GN/K have the same
fixed field, as the following example shows.
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Example 1.3. Let p be a prime and let K = Fp be the field with p elements. Let
` 6= 2 be a prime number, and consider the sequence

K = K0 ⊂ K0 ⊂ · · · ,

where Ki is the unique extension of K of degree [Ki : K] = `i. Let

N =
∞⋃
i=1

Ki;

then
Ki = {x ∈ N | xp`

i

− x = 0}.

Let G = GN/K . Consider the Frobenius K-automorphism

ϕ : N → N

defined by ϕ(x) = xp. Set
H = {ϕn | n ∈ Z}.

We shall prove that (a) H and G have the same fixed field, i.e., Ψ(G) = Ψ(H),
and (b) H 6= G, establishing that Ψ is not injective.

For (a): It suffices to show that Ψ(H) = K. Let x ∈ N with Hx = x; then
ϕ(x) = x; so xp = x; hence x ∈ K.

For (b): We construct a K-automorphism σ of N , which is not in H, in the
following way. For each i = 1, 2 . . . , let ki = 1 + ` + · · · + `i−1, and consider the
K-automorphisms ϕki of N . Since

ϕ
ki+1

|Ki = ϕki|Ki ,

we can define a K-automorphism

σ : N → N

by setting
σ(x) = ϕki(x), when x ∈ Ki.

Now, if σ ∈ H, say σ = ϕn we would have for each i = 1, 2 . . .

σ|Ki = ϕn|Ki = ϕki|Ki ,

and hence
n ≡ ki (mod `i)

for each i, since GKi/K is the cyclic group generated by ϕ|Ki . Multiplying this by
(` − 1) we would obtain (` − 1)n ≡ −1 (mod `i), for each i, which is impossible
if ` 6= 2.
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Remark 1.4. The key idea in the above example is the following: what happens
is that the Galois group GN = GN/Fp is isomorphic to the additive group Z` of
the `-adic integers. The Frobenius automorphism ϕ corresponds to 1 ∈ Z`, so
that the group H is carried onto Z ⊆ Z`. The elements of G which are not in
H correspond to the `-adic integers which are not in Z (for instance, in our case
σ = 1 + `+ `2 + `3 + · · · ).

1.2 The Krull topology

Although the above example shows that Theorem 1.1 does not hold for infinite
Galois extension, it suggest a way of modifying the theorem so that it will in fact
be valid even in those cases. The map σ of the example is in a sense approximated
by the maps ϕki , since it coincides with ϕki on the subextension Ki which becomes
larger and larger with increasing i, and N =

⋃∞
i=1Ki. This leads to the idea of

defining a topology in G so that in fact σ = limϕki . Then σ would be in the closure
of H and one could hope that G is the closure of H, suggesting a correspondence
of the intermediate fields of N/K and the closed subgroups of G. In fact this is
the case as we will see.

Definition 1.5. Let N/K be a Galois extension and G = GN/K . The set

S = {GN/L | L/K finite, normal extension, L ∈ {N : K}}

determines a basis of open neighbourhoods of 1 ∈ G. The topology defined by S
is called the ‘Krull topology’ of G.

Remark. 1. If N/K is a finite Galois extension, the the Krull topology of
GN/K is the discrete topology.

2. Let τ, σ ∈ GN/K . Then τ ∈ σGN/L ⇐⇒ σ−1τ ∈ GN/L ⇐⇒ σ|L = τ|L, i.e.,
two elements of GN/K “are near” if they coincide on a large field L.

Proposition 1.6. Let N/K be a Galois extension and let G = GN/K. Then G
endowed with the Krull topology is a (i) Hausdorff, (ii) compact, and (iii) totally-
disconnected topological group.

Proof.
For (i): Let Fn denote the set of all finite, normal subextension L/K of N/K.

We have ⋂
U∈S

U =
⋂

L/K∈Fn

GN/L = 1,

since
N =

⋃
L/K∈Fn

L.
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Then, σ, τ ∈ G, σ 6= τ ⇒ σ−1τ 6= 1 ⇒ ∃U0 ∈ S such that σ−1τ /∈ U0 ⇒ τ /∈
σU0 ⇒ τU0 ∩ σU0 = ∅.

For (ii): Consider the homomorphism

h : G→
∏

L/K∈Fn

GL/K = P,

defined by

h(σ) =
∏

L/K∈Fn

σ|L.

(Notice that P is compact since every GL/K is a discrete finite group.)
We shall show that h is an injective continuous mapping, that h(G) is closed in

P and that h is an open map into h(G). This will prove that G is homeomorphic
to the compact space h(G).

Let σ ∈ G with h(σ) = 1; then σ|L = 1, since N =
⋃
L/K∈Fn L. Thus h is

injective.
To see that h is continuous consider the composition

G
h−→ P

gL/K−→ GL/K

where gL/K is the canonical projection. It suffices to show that each gL/Kh is
continuous; but this is clear since

(gL/Kh)−1({1}) = GN/L ∈ S.

To prove that h(G) is closed consider the sets ML1/L2 = {pσL ∈ P | (σL1)|L2 =
σL2} defined for each pair L1/K,L2/K ∈ Fn with N ⊇ L1 ⊇ L2 ⊇ K. Notice
that ML1/L2 is closed in P since it is a finite union of closed subsets, namely, if
GL2/K = {f1, f2, . . . , fr} and Si is the set of extensions of fi to L1, then

ML1/L2 =
r⋃
i=1

( ∏
L 6=L1,L2
L/K∈Fn

GL/K × Si × {fi}
)
.

On the other hand
h(G) ⊆

⋂
L1⊇L2

ML1/L2 ;

and if ∏
L/K∈Fn

σL ∈
⋂

L1⊇L2

ML1/L2

we can define a K-automorphism σ : N → N by σ(x) = σL(x) if x ∈ L; so that
h(σ) =

∏
L/K∈Fn σL. I.e.,

h(G) =
⋂

L1⊇L2

ML1/L2 ,
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and hence h(G) is closed.
Finally h, as a map into h(G), is open; indeed, if L/K ∈ Fn,

h(GN/L) = h(G) ∩
( ∏

L′ 6=L
L′/K∈Fn

GL′/K × {1}
)

which is open in h(G).

For (iii): It is enough to prove that the connected component H of 1 is {1}.
For each U ∈ S let UH = U ∩H; then UH is nonempty and it is open in H.

Let
VH =

⋃
x∈H
a/∈UH

xUH ;

then VH is open in H, UH ∩ VH = ∅ and H = UH ∩ VH . Hence VH = ∅; i.e.,
U ∩H = H for each U ∈ S. Therefore

H ⊆
⋂
U∈S

U = {1},

so H = {1}.

Proposition 1.7. Let N/K be a Galois extension. The open subgroups of G =
GN/K are just the groups GN/L, where L/K is a finite subextension of N/K. The
closed subgroups are precisely the intersections of open subgroups.

Proof. Let L/K be a finite subextension ofN/K. Choose a finite normal extension
L̃ of K such that N ⊇ L̃ ⊇ L ⊇ K. Then

GN/L̃ ≤ GN/L ≤ G;

so
GN/L =

⋃
σ∈GN/L

σGN/L̃;

i.e., GN/L is the union of open sets and thus open. Conversely, let H be an open

subgroup of G; then there exists a finite normal extension L̃ with

GN/L̃ ≤ H ≤ G.

Consider the epimorphism
G→ GL̃/K

defined by restriction. Its kernel is GN/L̃. The image of H under this map must

be of the form GL̃/L, for some field L with L̃ ⊇ L ⊇ K, since GL̃/K is the Galois
group of a finite Galois extension. Thus

H = {σ ∈ G | σ|L = idL} = GN/L.
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Since open subgroups are closed, so is their intersection. Conversely, suppose H
is a closed subgroup of G; clearly

H ⊆
⋂
U∈S

HU.

On the other hand, let σ ∈
⋂
U∈S HU ; then for every U ∈ S, one has σU ∩H 6= ∅;

so every neighborhood of σ meets H; hence σ ∈ H. Thus H is the intersection of
the open subgroups HU of H, (U ∈ S).

We are now in a position to generalize Theorem 1.1 to infinite Galois exten-
sions.

Theorem 1.8 (Krull). Let N/K be a (finite or infinite) Galois extension and let
G = GN/K. Let {N : K} be the lattice of intermediate fields N ⊇ L ⊇ K, and let
{G : 1} be the lattice of closed subgroups of G. If L ∈ {N : K} define

Φ(L) = {σ ∈ G | σ|L = idL} = GN/L.

Then Φ is a lattice anti-isomorphism of {N : K} to {G : 1}. Moreover L ∈ {N :
K} is a normal extension of K iff Φ(L) is a normal subgroup of G; and if this is
the case, GL/K

∼= G/Φ(L).

Proof. Since Φ(L) = GN/L is compact (Prop. 1.6), it is closed in G; so Φ is in fact
a map into {G : 1}. Define

Ψ: {G : 1} → {N : K}

by
Ψ(H) = {x ∈ N | Hx = x}.

Clearly Proposition 1.2 is still valid and we have Ψ ◦ Φ = id{N :K}. Now we prove
that Φ ◦Ψ = id{G:1}. If L/K is finite,

Φ(Ψ(GN/L)) = Φ(Ψ(Φ(L))) = Φ(L) = GN/L.

If H ∈ {G : 1}, then, by Proposition 1.7,

H =
⋂

GN/L,

the intersection running through the collection of extensions N/L with L/K finite.
Then

Φ(Ψ(H)) = Φ(Ψ(
⋂

GN/L)) = (ΦΨ)(
⋂

Φ(L)))

= (ΦΨΦ)(
⋃

L) = Φ(
⋃

L) =
⋂

Φ(L) =
⋂

GN/L = H.
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Assume that L is a normal extension of K, and let H = Φ(L). Then σL =
L, for all σ ∈ G; but since σL = Ψ(σHσ−1), this is equivalent to saying that
σHσ−1 = H, for all σ, i.e., that H is normal in G. Conversely, suppose that H is
an invariant subgroup of G, and let Ψ(H) = L. So σL = L, for all σ ∈ G, i.e., L is
the fixed field of the group of restrictions of the σ ∈ G to L. Thus L/K is Galois
and hence normal. Finally, since every K-automorphism of L can be extended to
a K-automorphism of N , the homomorphism

G→ GL/K ,

given by restriction, is onto. The kernel of this homomorphism is Φ(L); thus
GL/K

∼= G/Φ(L).

1.3 Profinite Groups

Let I = (I,�) denote a directed partially ordered set or directed poset , that is, I
is a set with a binary relation � satisfying the following conditions:

(a) i � i, for i ∈ I;

(b) i � j and j � k imply i � k, for i, j, k ∈ I;

(c) i � j and j � i imply i = j, for i, j ∈ I; and

(d) if i, j ∈ I, there exists some k ∈ I such that i, j � k.

An inverse or projective system of topological spaces (respectively, topological
groups) over I, consists of a collection {Xi | i ∈ I} of topological spaces (respec-
tively, topological groups) indexed by I, and a collection of continuous mappings
(respectively, continuous group homomorphisms) ϕij : Xi −→ Xj, defined when-
ever i � j, such that the diagrams of the form

Xi
ϕik //

ϕij   A
AA

AA
AA

A Xk

Xj

ϕjk

>>||||||||

commute whenever they are defined, i.e., whenever i, j, k ∈ I and i � j � k. In
addition we assume that ϕii is the identity mapping idXi on Xi. We denote such
a system by {Xi, ϕij, I}. The inverse limit or projective limit

X = lim←−
i∈I

Xi
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of the inverse system {Xi, ϕij, I} is the subspace (respectively, subgroup) X of
the direct product ∏

i∈I

Xi

of topological spaces (respectively, topological groups) consisting of those tuples
(xi) that satisfy the condition ϕij(xi) = xj, if i � j. We assume that X has the
topology induced by the product topology of

∏
i∈I Xi. For each i ∈ I, let

ϕi : X −→ Xi

denote the restriction of the canonical projection
∏

i∈I Xi −→ Xi. Then one easily
checks that each ϕi is continuous (respectively, a continuous homomorphism),
and ϕijϕi = ϕj (j ≺ i). The space (respectively, topological group) X together
with the maps (respectively, homomorphisms) ϕi satisfy the following universal
property that in fact characterizes (as one easily checks) the inverse limit:

Proposition 1.9 (Universal property of inverse limits). Suppose Y is another
topological space (respectively, group) and ψi : Y → Xi (i ∈ I) are continuous
maps (respectively, continuous homomorphisms) such that ϕijψi = ψj (j ≺ i).
Then there exists a unique continuous map (respectively, continuous homomor-
phism) ψ : Y → X such that for each i ∈ I the following diagram

Y

ψi   A
AA

AA
AA
ψ // X

ϕi
��
Xi

commutes.

Let C denote a nonempty collection of (isomorphism classes of) finite groups
closed under taking subgroups, homomorphic images and finite direct products
(sometimes we refer to C as a variety of finite groups or a pseudovariety of finite
groups). If in addition one assumes that, whenever A,B ∈ C and 1 → A →
G → B → 1 is an exact sequence of groups, then G ∈ C, we say that C is an
extension-closed variety of finite groups . For example

(i) the collection of all finite groups;

(ii) the collection of all finite p-groups (for a fixed prime p);

(iii) the collection of all finite nilpotent groups.

Note that (i) and (ii) are extension-closed varieties of finite groups, but (iii) is
a variety of finite groups which is not extension-closed.
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Let C be a variety of finite groups; and let {Gi, ϕij, I} be an inverse system of
groups in C over a directed poset I; then we say that

G = lim←−
i∈I

Gi

is a pro-C group. If C is an in (i), (ii) or (iii) above, we say that then G is,
respectively, a profinite group, pro-p group or a pronilpotent group.

Example 1.10 (Examples of Profinite Groups).

(a) The Galois group GN/K of a Galois extension N/K of fields (see Proposi-
tion 1.6 above and Theorem 1.12 below).

(b) Let G be a group. Consider the collection

N = {N / G | G/N ∈ C}.

Make N into a directed poset by defining M � N , if M ≥ N (M,N ∈ N ).
If M,N ∈ N and N � M , let ϕNM : G/N −→ G/M be the natural
epimorphism. Then

{G/N,ϕNM}
is an inverse system of groups in C, and we say that the pro-C group

GĈ = lim←−
N∈N

G/N

is the pro-C completion of G. In particular we use the terms profinite com-
pletion, the pro-p completion, the pronilpotent completion, etc., in the cases
where C consists of all finite groups, all finite p-groups, all finite nilpotent
groups, etc., respectively.

The profinite and pro-p completions of a group of G appear quite frequently,
and they will be usually denoted instead by Ĝ, and Gp̂ respectively.

(c) As a special case of (b), consider the group of integers Z. Its profinite
completion is

Ẑ = lim←−
n∈N

Z/nZ.

Following a long tradition in Number Theory, we shall denote the pro-p
completion of Z by Zp rather than Zp̂. So,

Zp = lim←−
n∈N

Z/pnZ.

Observe that both Ẑ and Zp are not only abelian groups, but also they
inherit from the finite rings Z/nZ and Z/pnZ respectively, natural structures
of rings. The group (ring) Zp is called the group (ring) of p-adic integers .
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Lemma 1.11. Let
G = lim←−

i∈I

Gi,

where {Gi, ϕij, I} is an inverse system of finite groups Gi, and let

ϕi : G −→ Gi (i ∈ I)

be the projection homomorphisms. Then

{Si | Si = Ker(ϕi)}
is a fundamental system of open neighborhoods of the identity element 1 in G.

Proof. Consider the family of neighborhoods of 1 in
∏

i∈I Gi of the form( ∏
i 6=i1,...,it

Gi

)
× {1}i1 × · · · × {1}it ,

for any finite collection of indexes i1, . . . , it ∈ I, where {1}i denotes the subset
of Gi consisting of the identity element. Since each Gi is discrete, this family is
a fundamental system of neighborhoods of the identity element of

∏
i∈I Gi. Let

i0 ∈ I be such that i0 � i1, . . . , it. Then

G ∩
[(∏

i 6=i0

Gi

)
× {1}i0

]
= G ∩

[( ∏
i 6=i1,...,it

Gi

)
× {1}i1 × · · · × {1}it

]
.

Therefore the family of neighborhoods of 1 in G, of the form

G ∩
[(∏

i 6=i0

Gi

)
× {1}i0

]
is a fundamental system of open neighborhoods of 1. Finally, observe that

G ∩
[(∏

i 6=i0

Gi

)
× {1}i0

]
= Ker(ϕi0) = Si0 .

Theorem 1.12 (Topological characterizations of pro-C groups). The following
conditions on a topological group G are equivalent.

(a) G is a pro-C group.

(b) G is compact, Hausdorff, totally disconnected, and for each open normal
subgroup U of G, G/U ∈ C.

(c) The identity element 1 of G admits a fundamental system U of open neigh-
borhoods U such that each U is a normal subgroup of G with G/U ∈ C,
and

G = lim←−
U∈U

G/U.

For a formal proof of this theorem, see [5], Theorem 2.1.3. For properties of
compact totally disconnected topological spaces, see Chapter 1 of [5].
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1.4 Basic Properties of Profinite Groups

Notation. If G is topological group, we write H ≤o G (respectively, H ≤c G) to
indicate that H is an open (respectively, closed) subgroup of G

Lemma 1.13. (a) Let G be a pro-C group. An open subgroup of G is also
closed. If H is a closed subgroup of G, then H is the intersection of all the
open subgroups U containing H.

(b) Let G be a pro-C group. If H be a closed subgroup of G, then H is a pro-C
group. If K is a closed normal subgroup of G, then G/K is a pro-C group.

(c) The direct product
∏

i∈I Gi of any collection {Gj | i ∈ J} of pro-C groups
with the product topology is a pro-C group.

The proof of this lemma is an easy exercise using the characterizations in
Theorem 1.12. For a formal proof of this theorem, see [5], Propositions 2.1.4 and
2.2.1.

Let ϕ : X −→ Y be an epimorphism of sets. We say that a map σ : Y −→ X
is a section of ϕ if ϕσ = idY . Plainly every epimorphism ϕ of sets admits a
section. However, if X and Y are topological spaces and ϕ is continuous, it is
not necessarily true that ϕ admits a continuous section. For example, the natural
epimorphism R −→ R/Z from the group of real numbers to the circle group does
not admit a continuous section. Nevertheless, every epimorphism of profinite
groups admits a continuous section, as the following proposition shows.

Proposition 1.14. Let K ≤ H be closed subgroups of a profinite group G . Then
there exists a continuous section

σ : G/H −→ G/K,

of the natural projection π : G/K −→ G/H, such that σ(1H) = 1K.

Proof. We consider two cases.

• Case 1. Assume that K has finite index in H. Then K is open in H, and
therefore there exists an open normal subgroup U of G with U ∩ H ≤ K.
Let x1 = 1, x2, . . . , xn be representatives of the distinct cosets of UH in G.
Then G/H is the disjoint union of the spaces xiUH/H, i = 1, 2, . . . , n. We
will prove that the maps

πi : xiUK/K → xiUH/H

i = 1, 2, . . . , n, defined as restrictions of π, are homeomorphisms. Then
it will follow that σ =

⋃n
i=1 π

−1
i will be the desired section. It is plain

that πi is a continuous surjection. On the other hand if πi(xiu1) = πi(xiu2),
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(u1, u2 ∈ U), then xiu1u
−1
2 x−1

i ∈ H. But since U is normal, xiu1u
−1
2 x−1

i ∈ U ,
and hence xiu1u

−1
2 x−1

i ∈ H∩U ≤ K. Thus xiu1 and xiu2 represent the same
element in xiUK, i.e., π is injective. Since xiUK is compact, π must be a
homeomorphism.

• Case 2. General case. Let T be the set of pairs (T, t) where T is a closed
subgroup of H with K ≤ T ≤ H, and t : G/H → G/T is a continuous
section. Define a partial order in T by (T, t) ≥ (T ′, t′) ⇐⇒ T ≤ T ′ and
the diagram

G/H t //

t′ ##G
GG

GG
GG

GG
G/T

p

��
G/T ′

commutes, where p is the canonical projection. Then T is inductively or-
dered. For assume {(Tα, tα) | α ∈ A} is a totally ordered subset of T , and
let T =

⋂
α∈A Tα. The surjections G/T → G/Tα induce a surjective (since

G/T is compact) continuous map

ϕ : G/T → lim←−
α

G/Tα,

which is also injective, for

x, y ∈ G, ϕx = ϕy ⇒ xTα = yTα, ∀α ∈ A⇒

x−1y ∈ Tα, ∀α ∈ A⇒ x−1y ∈
⋂
α

Tα = T.

Therefore ϕ is a homeomorphism, since G/T is compact. The sections tα
define a continuous map

t : G/H → G/T

which is easily seen to be a section. Moreover, we obviously have (T, t) ≥
(Tα, tα), ∀α ∈ A. Hence T is inductive. By Zorn’s lemma there is a maximal
element in T , say (T̄ , t̄). Then

K ≤ T̄ ≤ H ≤ G.

We will show that T̄ is contained in every open subgroup U containing K.
This will imply T̄ = K. Consider an open subgroup H ≤ U ≤ K. Let
S = T̄ ∩ U ; Then S ≤ T̄ and [T̄ : S] < ∞. Hence by Case 1, there is a
section

t′ : G/T̄ → G/S,

and clearly (S, t′◦ t̄) ∈ T with (S, t′◦ t̄) ≥ (T̄ , t̄). So S = T̄ , and thus T̄ ≤ U .
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1.5 Profinite groups as Galois groups

Together with Theorem 1.8, the following result provides a new characterization
of profinite groups.

Theorem 1.15 (Leptin). Let G be a profinite group. Then there exists a Galois
extension of fields K/L such that G = GK/L.

Proof. Let F be any field. Denote by T the disjoint union of all the sets G/U ,
where U runs through the collection of all open normal subgroups of G. Think
of the elements of T as indeterminates, and consider the field K = F (T ) of all
rational functions on the indeterminates in T with coefficients in F . The group G
operates on T in a natural manner: if γ ∈ G and γ′U ∈ G/U , then γ(γ′U) = γγ′U .
This in turn induces an action of G on K as a group of F -automorphisms of K.
Put L = KG, the subfield of K consisting of the elements of K fixed by all the
automorphisms γ ∈ G. We shall show that K/L is a Galois extension with Galois
group G.

If k ∈ K, consider the subgroup

Gk = {γ ∈ G | γ(k) = k}

of G. If the indeterminates that appear in the rational expression of k are {ti ∈
G/Ui | i = 1, . . . , n}, then

Gk ⊇
n⋂
i=1

Ui.

Therefore Gk is an open subgroup of G, and hence of finite index. From this
we deduce that the orbit of k under the action of G is finite. Say that {k =
k1, k2, . . . , kr} is the orbit of k. Consider the polynomial

f(X) =
r∏
i=1

(X − ki).

Since G transforms this polynomial into itself, its coefficients are in L, that is,
f(X) ∈ L[X]. Hence k is algebraic over L. Moreover, since the roots of f(X) are
all different, k is separable over L. Finally, the extension L(k1, k2, . . . , kr)/L is
normal. Hence K is a union of normal extensions over L; thus K/L is a normal
extension. Therefore K/L is a Galois extension. Let H be the Galois group of
K/L; then G is a subgroup of H. To show that G = H, observe first that the
inclusion mapping G ↪→ H is continuous, for assume that U /o H and let KU be
the subfield of the elements fixed by U ; then KU/L is a finite Galois extension by
Theorem 1.8; say, KU = L(k′1, . . . , k

′
s) for some k′1, . . . , k

′
s ∈ K. Then

G ∩ U ⊇
s⋂
i=1

Gk′i
.



196 Luis Ribes

Therefore G ∩ U is open in G. This shows that G is a closed subgroup of H.
Finally, since G and H fix the same elements of K, it follows from Theorem 1.8
that G = H.

1.6 Supernatural numbers and Sylow subgroups

For a finite group, its ‘order’ is the cardinality of its underlying set; for finite
groups the notion of cardinality provides fundamental information for the group
as it is well known. However the cardinality of a profinite group G does not carry
with it much information about the group. One can show that a nonfinite profinite
group is necessarily uncountable (cf. [[5], Proposition 2.3.1]). Instead, there is a
notion of ‘order’ #G of a profinite group G that we are explaining here which is
useful: it provides information about the finite (continuous) quotients of G.

A supernatural number is a formal product

n =
∏
p

pn(p),

where p runs through the the set of all prime numbers, and where n(p) is a non-
negative integer or ∞. By convention, we say that n < ∞, ∞ +∞ = ∞ + n =
n+∞ =∞ for all n ∈ N. If

m =
∏
p

pm(p)

is another supernatural number, and m(p) ≤ n(p) for each p, then we say that m
divides n, and we write m | n. If

{ni =
∏
p

pn(p,i) | i ∈ I}

is a collection of supernatural numbers, then we define their product, greatest
common divisor and least common multiple in the following natural way

•
∏
I

ni =
∏
p

pn(p), where n(p) =
∑
i

n(p, i);

• gcd{ni}i∈I =
∏
p

pn(p), where n(p) = min
i
{n(p, i)};

• lcm{ni}i∈I =
∏
p

pn(p), where n(p) = max
i
{n(p, i)}.

(Here
∑
i

n(p, i), min
i
{n(p, i)} and max

i
{n(p, i)} have an obvious meaning; note

that the results of these operations can be either non-negative integers or ∞.)
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Let G be a profinite group and H a closed subgroup of G. Let U denote the
set of all open normal subgroups of G. We define the index of H in G, to be the
supernatural number

[G : H] = lcm{[G/U : HU/U ] | U ∈ U}.

The order #G of G is the supernatural number #G = [G : 1], namely,

#G = lcm{|G/U | | U ∈ U}.

Proposition 1.16. Let G be a profinite group.

(a) If H ≤c G, then [G : H] is a natural number if and only if H is an open
subgroup of G;

(b) If H ≤c G, then

[G : H] = lcm{[G : U ] | H ≤ U ≤o G};

(c) If H ≤c G and U ′ is a fundamental system of neighborhoods of 1 in G
consisting of open normal subgroups, then

[G : H] = lcm{[G/U : HU/U ] | U ∈ U ′};

(d) Let K ≤c H ≤c G. Then

[G : K] = [G : H][H : K];

(e) Let {Hi | i ∈ I} be a family of closed subgroups of G filtered from below (i.e.,
whenever H and K are in the family, there exists some subgroup L in the
family with L ≤ H ∩K). Assume that H =

⋂
i∈I Hi . Then

[G : H] = lcm{[G : Hi] | i ∈ I};

(f) Let {Gi, ϕij} be a surjective inverse system of profinite groups over a directed
poset I. Let G = lim←− i∈IGi. Then

#G = lcm{#Gi | i ∈ I};

(g) For any collection {Gi | i ∈ I} of profinite groups,

#(
∏
i∈I

Gi) =
∏
i∈I

#Gi;
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(h) Let {Gi, ϕij} be a surjective inverse system of profinite groups over a directed
poset I. Let G = lim←− i∈IGi. Then

#G = lcm{#Gi | i ∈ I}.

One can find a formal proof of these properties in [[5], Proposition 2.3.2].

If p is a prime number there is then a natural notion of p-Sylow subgroup P of
a profinite group G: P is a pro-p group such that p does not divide [G : P ]. Using
the above notion of order for profinite groups, we can prove results analogous to
the classical Sylow theorems for finite groups. To do this one uses as a basic tool
the following property of compact Hausdorff spaces.

Proposition 1.17. Let {Xi, ϕij} be an inverse system of compact Hausdorff non-
empty topological spaces Xi over the directed set I. Then

lim←−
i∈I

Xi

is nonempty. In particular, the inverse limit of an inverse system of nonempty
finite sets is nonempty.

Proof. For each j ∈ I, define a subset Yj of
∏
Xi to consist of those (xi) with

the property ϕjk(xj) = xk whenever k � j. Using the axiom of choice, one easily
checks that each Yj is a nonempty closed subset of

∏
Xi. Observe that if j � j′,

then Yj ⊇ Yj′ ; it follows that the collection of subsets {Yj | j ∈ I} has the finite
intersection property (i.e., any intersection of finitely many Yj is nonempty), since
the poset I is directed. Then, one deduces from the compactness of

∏
Xi that⋂

Yj is nonempty. Since

lim←−
i∈I

Xi =
⋂
j∈I

Yj,

the result follows.

Theorem 1.18. Let p be a fixed prime number and let G be a profinite group.
Then

(a) G contains a p-Sylow subgroup;

(b) Any pro-p subgroup of G is contained in a p-Sylow subgroup;

(c) Any two p-Sylow subgroups of G are conjugate.

Proof. Express G as
G = lim←−

i∈I

Gi,

where {Gi, ϕij, I} is a surjective inverse system of finite groups (i.e., we assume
that the all maps ϕij of the inverse system are surjective).



Introduction to Profinite Groups 199

(a) Let Hi be the set of all p-Sylow subgroups of Gi. Then Hi 6= ∅. Since
ϕij : Gi → Gj is an epimorphism, ϕij(Hi) ⊂ Hj, whenever i � j. There-
fore, {Hi, ϕij, I} is an inverse system of nonempty finite sets. Consequently,
according to Proposition 1.17,

lim←−
i∈I

H 6= ∅ .

Let (Hi) ∈ lim←− Hi. Then Hi is a p-Sylow subgroup of Gi for each i ∈ I,

and {Hi, ϕij, I} is an inverse system of finite groups. One easily checks that
H = lim←− Hi is a p-Sylow subgroup of G, as desired.

(b) Let H be a pro-p subgroup of G. Then, ϕi(H) is a pro-p subgroup of Gi

(i ∈ I). Then there is some p-Sylow subgroup of Gi that contains ϕi(H); so
the set

Si = {S | ϕi(H) ≤ S ≤ Gi , S is a p−Sylow subgroup of Gi}

is nonempty. Furthermore, ϕij(Si) ⊆ Sj. Then {Si, ϕij, I} is an inverse
system of nonempty finite sets. Let (Si) ∈ lim←− Si; then {Si, ϕij} is an

inverse system of groups. Finally,

H = lim←− ϕi(H) ≤ lim←− Si,

and S = lim←− Si is a p-Sylow subgroup of G.

(c) Let H and K be p-Sylow subgroups of G. Then ϕi(H) and ϕi(K) are p-
Sylow subgroups of Gi (i ∈ I), and so they are conjugate in Gi. Let

Qi = {qi ∈ Gi | q−1
i ϕi(H)qi = ϕi(K)}.

Clearly ϕij(Qi) ⊆ Qj (i � j). Therefore, {Qi, ϕij} is an inverse system of
nonempty finite sets. Using again Proposition 1.6.2, let q ∈ lim←− Qi. Then

q−1Hq = K, since ϕi(q
−1Hq) = ϕi(K), for each i ∈ I.
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2 Lecture 2

2.1 Generators of a profinite group

Let G be a profinite group and let X be a subset of G. We say that X generates G
(as a profinite group) if the abstract subgroup 〈X〉 of G generated by X is dense
in G. In that case, we call X a set of generators of G, and we write G = 〈X〉.

We say that a subset X of a profinite group G converges to 1 if every open
subgroup U of G contains all but a finite number of the elements in X. If X
generates G and converges to 1, then we say that X is a set of generators of G
converging to 1.

A profinite group is finitely generated if it contains a finite subset X that
generates G.

A profinite group G is called procyclic if it contains an element x such that
G = 〈x〉. Observe that a profinite group G is procyclic if and only if it is the
inverse limit of finite cyclic groups.

Example. Ẑ and Zp are procyclic groups. If p and q are different prime numbers,
then Zp × Zq is procyclic. On the other hand, Zp × Zp can be generated by two
elements, and it is not procyclic.

Remark. If X is a set of generators converging to 1 of a profinite group G, then
the topology on X −{1} induced from G is the discrete topology. If X is infinite,
X̄ = X∪{1}. If 1 /∈ X and X is infinite, then X̄ is the one-point compactification
of X.

Proposition 2.1. Every profinite group G admits a set of generators converging
to 1.

Proof. Consider the set P of all pairs (N,XN), where N /c G and XN ⊆ G − N
such that

(i) for every open subgroup U of G containing N , XN − U is a finite set; and

(ii) G = 〈XN , N〉.

Note that these two conditions imply that X̃N = {xN | x ∈ XN} is a set of
generators of G/N converging to 1. Clearly P 6= ∅. Define a partial ordering on
P by (N,XN) � (M,XM) if N ≥ M , XN ⊆ XM and XM − XN ⊆ N . We first
check that the hypotheses of Zorn’s Lemma are met. Let {(Ni, Xi) | i ∈ I} be a
linearly ordered subset of P ; put K =

⋂
i∈I Ni and XK =

⋃
i∈I Xi. We claim that

(K,XK) ∈ P . Clearly XK ⊆ G − K. Observe that for each i ∈ I, the natural
epimorphism ϕi : G/K −→ G/Ni sends X̃K onto X̃i. Then X̃K generates

G/K = lim←−
i∈I

G/Ni.
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Hence condition (ii) holds. Finally, we check condition (i). Let K ≤ U /o G; then
there is some i0 ∈ I such that U ≥ Ni0 . So, XK−U = Xi0−U . Therefore, XK−U
is finite. This proves the claim. One easily verifies that (K,XK) is an upper bound
for the chain {(Ni, Xi) | i ∈ I}; hence (P ,�) is an inductive poset. By Zorn’s
Lemma, there exists a maximal pair (M,X) in P . To finish the proof, it suffices to
show that M = 1. Assuming otherwise, let U /oG be such that U ∩M is a proper
subgroup ofM . Choose a finite subset T ofM−(U∩M) such thatM = 〈T, U∩M〉.
Clearly, (U ∩M,X ∪ T ) ∈ P . Furthermore, (M,X) ≺ (U ∩M,X ∪ T ). This
contradicts the maximality of (M,X). Thus M = 1.

Notation Let G be a profinite group. Then d(G) denotes the smallest cardinality
of a set of generators of G converging to 1. w0(G) is the smallest cardinality of a
fundamental system of neighbourhoods of 1.

Let X be a profinite space (=inverse limit of finite discrete spaces). Denote by
ρ(X) the the cardinal of the set of all clopen subsets of X.

Proposition 2.2. Let G be an infinite profinite group.

(a) If X is an infinite closed set of generators of G, then w0(G) = ρ(X).

(b) If X is an infinite set of generators of G converging to 1, then |X| = w0(G).

(c) If d(G) is infinite, w0(G) = d(G).

Proof. See Section 2.6 in [5].

Proposition 2.3 (Hopfian property). Let G be a finitely generated profinite group
and let

ϕ : G −→ G

be a continuous epimorphism. Then ϕ is an isomorphism.

Proof. We claim that ϕ is an injection. To see this, it is enough to show that
Ker(ϕ) is contained in every open normal subgroup of G. For each natural number
n denote by Un the set of all open normal subgroups of G of index n. Then Un is
finite. Define

Φ : Un −→ Un
to be the function given by Φ(U) = ϕ−1(U). Clearly Φ is injective. Since Un is
finite, Φ is bijective. Let U be an open normal subgroup of G; then U has finite
index in G. Therefore U = ϕ−1(V ) for some open normal subgroup V , and thus
U ≥ Ker(ϕ), as desired. Hence ϕ is an injection. Thus ϕ is a bijection. Since
G is compact, it follows that ϕ is a homeomorphism, and so an isomorphism of
profinite groups.
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Proposition 2.4 (Gaschütz, Roquette). Let G and H be finitely generated profi-
nite groups and let n be a natural number with d(G) ≤ n. Let

ϕ : G −→ H

be a continuous epimorphism and assume that H = 〈h1, . . . , hn〉. Then there exist
g1, . . . , gn ∈ G such that G = 〈g1, . . . , gn〉 and ϕ(gi) = hi (i = 1, . . . , n).

Proof. • Case 1. G is finite. For h = (h1, . . . , hn) ∈ H × · · · × H with

〈h1, . . . , hn〉 = H, let tG(h) denote the number of n-tuples

g = (g1, . . . , gn) ∈ G× · · · ×G

such that 〈g1, . . . , gn〉 = G and ϕ(gi) = hi for all i. Let g = (g1, . . . , gn) ∈
G × · · · × G be a tuple such that ϕ(gi) = hi for all i; then any tuple
g′ = (g′1, . . . , g

′
n) with ϕ(g′i) = hi (i = 1, . . . , n) must be in

g1Ker(ϕ)× · · · × gnKer(ϕ).

Hence
tG(h) = |Ker(ϕ)|n −

∑
tL(h),

where the sum is taken over the collection of proper subgroups L of G for
which ϕ(L) = H.

We have to show that tG(h) ≥ 1. This is certainly the case for certain types
of tuples h, for example, take h = ϕ(g), where g = (g1, . . . , gn) and g1, . . . , gn
is a set of generators of G. Therefore the result follows if we prove the
following assertion: tG(h) is independent of h. Observe that this assertion
holds if G does not contain any proper subgroup L with ϕ(L) = H, since in
this case tG(h) is precisely the total number of n-tuples g ∈ G×· · ·×G such
that ϕ(g) = h, namely |Ker(ϕ)|n. We prove the assertion by induction on
|G|. Assume that it holds for all epimorphisms L −→ H such that |L| < |G|.
Then the above formula shows that tG(h) is independent of h.

• Case 2. G is infinite. Let U be the collection of all open normal subgroups

of G. For each U ∈ U consider the natural epimorphism ϕU : G/U −→
H/ϕ(U) induced by ϕ. Then

ϕ = lim←−
U∈U

ϕU .

For h ∈ H, denote by hU its natural image in H/ϕ(U). Plainly H/ϕ(U) =
〈hU1 , . . . , hUn 〉. Let XU be the set of all n-tuples (y1, . . . , yn) ∈ G/U×· · ·×G/U
such that 〈y1, . . . , yn〉 = G/U and ϕ(yi) = hUi (i = 1, . . . , n). By Case 1,



204 Luis Ribes

XU 6= ∅. Clearly the collection {XU | U ∈ U} is an inverse system of sets in
a natural way. It follows then from Proposition 1.17 that there exists some

(g1, . . . , gn) ∈ lim←−
U∈U

XU ⊆ G× · · · ×G.

Then it is immediate that ϕ(gi) = hi (i = 1, . . . , n) and G = 〈g1, . . . , gn〉.

The following results are characterizations of the value w0(G); they provide
useful tools to prove results by transfinite induction. For proofs of these results
can be found in [5], Theorem 2.6.4 and Corollary 2.6.6.

Theorem 2.5. Assume that G is a pro-C group. Let µ be an ordinal number, and
let |µ| denote its cardinal. Then w0(G) ≤ |µ| if and only if there exists a chain of
closed normal subgroups Gλ of G, indexed by the ordinals λ ≤ µ

(2.1) G = G0 ≥ G1 ≥ · · · ≥ Gλ ≥ · · · ≥ Gµ = 1

such that

(a) Gλ/Gλ+1 is a group in C;

(b) if λ is a limit ordinal, then Gλ =
⋂
ν<λGν.

Moreover, if G is infinite, µ and the chain (2.1) can be chosen in such a way that

(c) w0(G/Gλ) < w0(G) for λ < µ.

Corollary 2.6. Let G be a profinite group and let X be a system of generators
converging to 1. Then |X| ≤ ℵ0 if and only if G admits a countable descending
chain of open normal subgroups

G = G0 ≥ G1 ≥ · · · ≥ Gi ≥ · · ·

such that
⋂∞
i=0Gi = 1, that is, if and only if the identity element 1 of G admits

a fundamental system of neighborhoods consisting of a countable chain of open
subgroups.

2.2 Free pro-C groups

Definition 2.7. Let Y be a set andG a pro-C group. We say that a map ρ : A→ G
is convergent to 1 if every open normal subgroup of G contains a.e. (almost every,
i.e. all but a finite number) ρ(y), y ∈ Y .
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Definition 2.8. A pro-C group F together with a map ι : Y → F convergent to 1
is called a free pro-C group on the set Y if it satisfies following universal property:
if ϕ : Y → G is any map convergent to 1 of Y into a pro-C group G, then there
exists a unique continuous homomorphism ϕ̄ : F → G such that the diagram

F
ϕ̄ // G

Y

ι

OO

ϕ

??~~~~~~~

commutes.

Proposition 2.9. For every set Y there exists a unique free pro-C group on the
set Y . It is denoted FC(Y ).

Sketch. If ι : A → F and ι′ : A → F ′ are free pro-C groups on Y , let ψ : F → F ′

and ψ′ : F ′ → F be the unique continuous homomorphisms such that ψι = ι′ and
ψ′ι′ = ι. Then we must have ψ′ ◦ ψ = idF and ψ ◦ ψ′ = idF ′ . Thus F and F ′ are
isomorphic, and hence FC(Y ) is unique.

We shall construct FC(Y ) in the following manner. Let ι0 : Y → Φ be the ab-
stract free group with basis Y and denote byN the system of all normal subgroups
N of F such that

(1) Φ/N ∈ C, and

(2) N contains a.e. ι0(y) (y ∈ Y ).

Set
FC(Y ) = lim←−

N∈N

Φ/N.

The compatible family Φ→ Φ/N of homomorphisms defines a homomorphism
i : Φ→ FC(Y ). Its image is dense in FC(Y ). Take ι = i◦ι0. Clearly ι is convergent
to 1. Now we claim that FC(Y ) is free pro-C on Y : indeed, suppose G is a pro-C
group and let ϕ : Y → G be convergent to 1. Let ϕ0 : Φ → G be the unique
homomorphism such that ϕ0 ◦ ι0 = ϕ.

Y
ι0 //

ϕ
��>

>>
>>

>>
> Φ

i //

ϕ0

��

FC(Y )

ϕ̄
||xxxxxxxx

G

One checks that ϕ̄ is continuous. It is unique because the image of i is dense.

Lemma 2.10. (a) Let F = FC(X) be a free pro-C group on a set X converging
to 1. If F is also free pro-C on a set Y converging to 1, then the bases X
and Y have the same cardinality.
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(b) Let F be a free pro-C group on a finite set X = {x1, . . . , xn}. Then, any set
of generators {y1, . . . , yn} of F with n elements is a basis of F .

Proof.

(a) Say X and Y are two bases of F . If both X and Y are infinite, the result
follows from Proposition 2.2. Say that X = {x1, . . . , xn} is finite and assume
that |Y | > n . We show that this is not possible. Indeed, choose a subset
X ′ = {x′1, . . . , x′n} of Y , and define a map µ : Y −→ F by µ(x′i) = xi
(i = 1, . . . , n) and µ(y) = 1 if y ∈ Y −X ′. Since µ converges to 1, it extends
to a continuous epimorphism µ̄ : F −→ F ; then, by Proposition 2.3, µ̄ is an
isomorphism, a contradiction.

(b) Consider the continuous epimorphism ψ : F −→ F determined by ψ(xi) = yi
(i = 1, . . . , n). Then ψ is an isomorphism by Proposition 2.3.

If F = FC(X) is a free pro-C group on the set X converging to 1, define the
rank of F to be the cardinality of X. It is denoted by rank(F ).

Given a cardinal number m, we denote by FC(m) or F (m) a free pro-C group
(on a set converging to 1) of rank m.

The next result is clear.

Proposition 2.11. Let Φ be an abstract free group on a finite basis X. Then the
pro-C completion ΦĈ of Φ is a free pro-C group on X. In particular, rank(Φ) =
rank(ΦĈ).

Example.

(a) The free profinite group of rank 1 is Ẑ. Observe that Ẑ is the free prosolvable
(or proabelian, pronilpotent, etc.) group of rank 1, as well.

(b) If p is a prime number, then Zp is the free pro-p group of rank 1.

The following result justifies the apparently artificial definition of free pro-C
group that we have given above: why do we assume that Y converges to 1? [see
also the comments at the end of Section 2.5].

Proposition 2.12. Every pro-C group G is a quotient of a free pro-C group.

This is a consequence of Proposition 2.1.
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2.3 The embedding problem

Motivation Denote by F̄ an algebraic separable closure of a given field F . The
Galois group GF̄ /F of the extension F̄ /F is called the absolute Galois group of F.
Let K/F be a Galois extension of fields and let α : H ′ −→ H be a continuous
epimorphism of profinite groups. Assume that H = GK/F , the Galois group of
K/F . Then there is an epimorphism

ϕ : GF̄ /F −→ H = GK/F

defined by restricting the automorphisms in GF̄ /F to K. One question that
arises often in Galois theory is the following: does there exist a subfield K ′ of
F̄ containing K in such a way that H ′ = GK′/F and the natural epimorphism
GK′/F −→ GK/F is precisely α? This is called an embedding problem. A slightly
different way of posing this question is the following: given the diagram

GF̄ /F

ϕ
����

H ′
α // // H = GK/F

is there a continuous epimorphism ϕ1 : GF̄ /F → H ′ making the diagram commu-
tative?

This question will be considered by some of my colleagues in this conference.
For us it serves as a motivation for the following definitions.

Definition 2.13. Let G be a pro-C group.

(a) An embedding problem for G is a diagram of pro-C groups

(2.2)

G

ϕ
����

1 // K // A
α // B // 1

with exact row, where ϕ is a continuous epimorphism of profinite groups.

(b) We say that the embedding problem (2.2) is ‘solvable’ or that it ‘has a
solution’ if there exists a continuous epimorphism

ϕ̄ : G −→ A

such that αϕ̄ = ϕ. The above embedding problem is said to be ‘weakly
solvable’ or to have a ‘weak solution’ if there is a continuous homomorphism

ϕ̄ : G −→ A

such that αϕ̄ = ϕ.
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(c) The kernel of the embedding problem (2.2) is the group K = Ker(α). We
say that the embedding problem (2.2) has ‘finite minimal normal kernel’ if
K is a finite minimal normal subgroup of A.

(d) An infinite pro-C group G is said to have the ‘strong lifting property’ if
every embedding problem (2.2) with w0(B) < w0(G) and w0(A) ≤ w0(G) is
solvable.

Lemma 2.14. Let G be a pro-C group. The following conditions are equivalent.

(a) G has the strong lifting property;

(b) G has the strong lifting property over embedding problems (2.1) with finite
minimal normal kernel.

Proof. The implication (a) ⇒ (b) is obvious.

(b) ⇒ (a): Suppose G has the strong lifting property over embedding problems
(2.1) with finite minimal normal kernel and let (2.1) be an embedding problem
with w0(B) < w0(G) and w0(A) ≤ w0(G). It follows from Theorem 2.5 that there
exist an ordinal number µ and a chain of closed subgroups of K (see diagram
(2.1))

K = K0 > K1 > · · · > K` > · · · > Kµ = 1

such that

(i) each K` is a normal subgroup of A with K`/K`+1 finite; moreover, K`+1 is
maximal in K` with respect to these properties;

(ii) if ` is a limit ordinal, then K` =
⋂
ν<`Kν ; and

(iii) if w0(A) = w0(G) (therefore K is an infinite group and w0(A/K) < w0(A)),
then w0(A/Kλ) < w0(A) whenever λ < µ.

We must prove that there exists an epimorphism ϕ̄ : G −→ A such that αϕ̄ = ϕ.
To do this we show in fact that for each ` ≤ µ there exists an epimorphism

ϕ` : G −→ A/K`

such that if `1 ≤ ` the diagram

G
ϕ`

||yyyyyyyy
ϕ`1

""F
FF

FF
FF

FF

A/K`
// A/K`1

commutes, where the horizontal mapping is the natural epimorphism. Then we
can take ϕ̄ = ϕµ. To show the existence of ϕ`, we proceed by induction (transfinite,
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if K is infinite) on `. Note that A/K0 = B; so, put ϕ0 = ϕ. Let ` ≤ µ and assume
that ϕν has been defined for all ν < ` so that the above conditions are satisfied.
If ` is a limit ordinal, observe that since K` =

⋂
ν<`Kν , then

A/K` = lim←−
ν<`

A/Kν ;

in this case, define ϕ` = lim←−
ν<`

ϕν .

If, on the other hand, ` = σ+1, we define ϕ` to be a solution to the embedding
problem with finite minimal normal kernel

G

ϕσ
����

ϕ`

zz
1 // Kσ/K`

// A/K`
// A/Kσ

// 1

To see that such a solution exists, we have to verify that w0(A/Kσ) < w0(G) and
w0(A/K`) ≤ w0(G). If w0(A) < w0(G), these inequalities are clear. On the other
hand, if w0(A) = w0(G), we have

w0(A/K`) = w0(A/Kσ) < w0(A) = w0(G),

since Kσ/K` is a finite group and since condition (iii) above holds.
It is clear that in either case ϕ` satisfies the required conditions.

2.4 Characterization of free pro-C groups

Here we present two results that characterize free pro-C groups on a set converging
to 1 in terms of embedding problems.

Theorem 2.15. (Finite rank) Let G be a pro-C group. Assume that d(G) = m is
finite. Then, the following two conditions are equivalent

(a) G is a free pro-C group of rank m;

(b) Every embedding problem of pro-C for G

G

ϕ
����

1 // K // A
α // B // 1

with d(B) ≤ d(G) and d(A) ≤ d(G), has a solution.

Proof. (a) ⇒ (b) This implication follows immediately from Proposition 2.4.

(b)⇒ (a) Consider a free pro-C group F of rank m, and let α : F −→ G be a con-
tinuous epimorphism. By (b) there exists an continuous epimorphism ϕ : G −→ F
such that αϕ = idG. Then ϕ is a monomorphism, and thus an isomorphism.
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Theorem 2.16 (Mel’nikov). Let G be a pro-C group. Assume that d(G) = m is
infinite. Then, the following two conditions are equivalent

(a) G is a free pro-C group on a set converging to 1 of rank m;

(b) G has the strong lifting property.

Proof. (a) ⇒ (b) Let G be a free pro-C group of rank m on the set X converging
to 1. Then |X| = w0(G) (see Proposition 2.2). Consider the embedding problem

G

ϕ
����

1 // K // A
α // B // 1

with w0(B) < w0(G) and w0(A) ≤ w0(G). We must show that there exists a con-
tinuous epimorphism ϕ̄ : G −→ A such that αϕ̄ = ϕ. According to Lemma 2.14
we may assume that K is finite. Put X0 = X ∩Ker(ϕ). Let U be the collection
of all open normal subgroups of B. By our assumptions, |U| < m. Observe that,
since X converges to 1,

|X −Ker(ϕ)| = |X −
⋂
U∈U

ϕ−1(U)| = |
⋃
U∈U

(X − ϕ−1(U))| = |U|.

Therefore, |X0| = m. Let Z be a set of generators of K; since Z is finite, we may
choose a subset Y of X0 such that |Z| = |Y |. By Proposition 1.14 there exists
a continuous section σ : B −→ A of α. Think of K as a subgroup of A. Define
ϕ1 : X −→ A as a map that sends Y to Z bijectively, and such that ϕ1 = σϕ
on X − Y . Since X is a set converging to 1 and ϕ and σ are continuous, the
mapping ϕ1 converges to 1. Therefore, ϕ1 extends to a continuous homomorphism
ϕ̄ : G −→ A with αϕ̄ = ϕ. Finally note that ϕ̄ is onto since ϕ1(X) generates A.

(b) ⇒ (a) This follows immediately from Corollary 3.5.7 in [5].

Combining the theorem above with Lemma 2.14, we get the following charac-
terization of free pro-C groups of infinite countable rank.

Corollary 2.17 (Iwasawa). Let C be a variety of finite groups and let G be a pro-
C group with w0(G) = ℵ0. Then G is a free pro-C group on a countably infinite
set converging to 1 if and only if every embedding problem of pro-C groups of the
form

G

ϕ
����

1 // K // A
α // B // 1

has a solution whenever A is finite.
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2.5 Free pro-C groups on profinite spaces

Let F be the free pro-C on the set Y , as described in Definition 2.8, and let
ι : Y → F be the canonical map. If the class C contains at least one nontrivial
group, it easily follows that ι is injective: indeed, if x 6= y in Y , choose G ∈ C and
ϕ : Y → G to be such that ϕ(x) 6= ϕ(y). Then the corresponding homomorphism
ϕ̄ : F → G with ϕ̄ι = ϕ, forces ι(x) 6= ι(y).

One identifies Y with its image in F , and then the closure Ȳ of Y in F is
just X = Y ∪. {1}, the one-point compactification of the discrete set Y . These
considerations motivate the following apparently more general definition. First
some terminology: A pointed topological space (X, ∗) is a topological space X
with a distingished point ∗ ∈ X. A profinite group G can be thought of as
a pointed space whose distinguished point is the neutral element 1. A map of
pointed spaces is a continuous map that preserves distinguished points.

Definition 2.18. Let (X, ∗) be a pointed profinite space. A pro-C group F =
F (X, ∗) together with a map ι : X → F of pointed spaces is called a free pro-C
group on the pointed space (X, ∗) if it satisfies following universal property: if
ϕ : X → G is any continuous map of pointed spaces into a pro-C group G, then
there exists a unique continuous homomorphism ϕ̄ : F → G such that the diagram

F
ϕ̄ // G

X

ι

OO

ϕ

>>~~~~~~~

commutes.
We say that (X, ∗) is a basis for F .

Note that a profinite space X can be thought naturally as a pointed space by
adding to it an isolated point: X ∪. {∗}. Then we denote the corresponding free
pro-C group F (X ∪. {∗}, ∗) by F (X), which satisfies an obvious universal property
as above, but where the maps are not anymore maps of pointed spaces.

These more general free pro-C groups are often very useful when trying to
describe the subgroup structure of (normal) subgroups of a free pro-C group (see
Chapters 3 and 8 in [5]) . For example, if F = F (x, y) is the free profinite group
of rank 2, then the closed normal subgroup of F generated by x can be easily
described as a free profinite on a space homeomorphic to Ẑ.

However F = F (X, ∗) can always be described as a free pro-C on a set in the
sense of Definition 2.8, although there is no canonical procedure to find a basis
converging to 1 for F . See Proposition 3.5.12 and Theorem 3.5.13 in [5].

2.6 Open subgroups of free pro-C groups

It is well-known that subgroups of abstract free groups are free. In contrast it
is obvious that closed subgroups of a free pro-C group need not be free pro-C
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in general: for example, Ẑ is free profinite, but its p-Sylow subgroup Zp is not.
However one has the following general result.

First we recall the concept of Schreier transversal. Let Φ = Φ(Y ) be an
abstract free group on a basis Y and let ∆ be a subgroup of Φ. Let T be a right
transversal of ∆ in Φ (i.e., a set of representatives of the right cosets of ∆ in Φ).
One says that T is a Schreier transversal if it closed under taking prefixes (and in
particular contains the empty word): if y1, . . . , yn ∈ Y ∪Y −1 and y1 · · · yi · · · yn ∈ T
is a word in reduced form, then y1 · · · yi ∈ T , for all i = 0, . . . , n−1. The existence
of Schreier transversals is a standard exercise in Zorn’s Lemma.

In the next result we assume that the variety of finite groups C is ‘closed under
extensions’, i.e., if 1 → K → G → H → 1 is an exact sequence of groups and
K,H ∈ C, then G ∈ C. For example, C could be the class of all finite groups, or
all finite solvable groups, or, for a fixed prime p, all finite p-groups.

Theorem 2.19. Open subgroups of free pro-C groups are free pro-C. More pre-
cisely, let F be a free pro-C group on a profinite pointed space (X, ∗) and let H be
an open subgroup of F . Let Φ be the free abstract group on Y = X − {∗} and let
T be a Schreier transversal for H ∩ Φ in Φ. Define

B = {tx(tx)−1 | (t, x) ∈ T ×X}.

Then 1 ∈ B, B is a profinite space and H is a free pro-C on the pointed space
(B, 1).

In [5] one can find two different proofs of this theorem. The first one (cf.
Section 3.6) depends on the corresponding result for abstract free groups. The
second one (cf. Appendix D.2) is better and more elementary: it is based on
wreath products and it is done from scratch [in fact this method also gives a proof
for the corresponding result in abstract groups: The Nielsen-Schreier theorem].

2.7 Free products of pro-C groups

Let G be a pro-C group and let {Gα | α ∈ A} be a collection of pro-C groups
indexed by a set A. For each α ∈ A, let ια : Gα −→ G be a continuous homo-
morphism. One says that the family {ια | α ∈ A} is convergent if whenever U
is an open neighborhood of 1 in G, then U contains all but a finite number of
the images ια(Gα). We say that G together with the ια is the free pro-C prod-
uct of the groups Gα if the following universal property is satisfied: whenever
{λα : Gα −→ K | α ∈ A} is a convergent family of continuous homomorphisms
into a pro-C group K, then there exists a unique continuous homomorphism
λ : G −→ K such that

Gα
ια //

λα   B
BB

BB
BB

B G

λ
��
K
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commutes, for all α ∈ A. One easily sees that if such a free product exists, then
the maps ια are injections. We denote such a free pro-C product again by

G =
∐
α∈A

r
Gα.

Free pro-C products exist and are unique. To construct the free pro-C product G
one proceeds as follows: let

Gabs =∗α∈AGα

be the free product of the Gα as abstract groups. Consider the pro-C topology on
Gabs determined by the collection of normal subgroups N of finite index in Gabs

such that Gabs/N ∈ C, N ∩ Gα is open in Gα, for each α ∈ A, and N ≥ Gα, for
all but finitely many α. Put

G = lim←−
N

G/N.

Then G together with the maps ια : Gα −→ G is the free pro-C product
∐r

α∈AGα.
If the set A is finite, the ‘convergence’ property of the homomorphisms ια is

automatic; in that case, instead of
∐r, we use the symbol

∐
.

For such free products, one has the following subgroup theorem

Theorem 2.20. Let H be an open subgroup of the free pro-C product

G =
∐
α∈A

r
Gα.

Then, for each α ∈ A, there exists a set Dα of representatives of the double cosets
H\G/Gα such that the family of inclusions

{uGαu
−1 ∩H ↪→ H | u ∈ Dα, α ∈ A}

converges, and H is the free pro-C product

H =

[
r∐

α∈A,u∈Dα

uGαu
−1 ∩H

]
q F,

where F is a free pro-C group of finite rank.

In [5] one can find two different proofs of this theorem. The first one (cf. [5],
Section 9.1) depends on the corresponding result for abstract free groups. The
second one (cf. [5], Appendix D.3) is better and more elementary: it is based
on wreath products and it is done from scratch [in fact this method also gives a
simple proof for the corresponding result in abstract groups: The Kurosh subgroup
theorem].
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3 Lecture 3

3.1 G-Modules

Let G be a profinite group. A left G-module or simply a G-module is a topological
abelian group M on which G operates continuously. Specifically, a G-module is
a topological abelian group M together with a continuous map G × M → M ,
denoted by (g, a) 7→ ga, satisfying the following conditions

(i) (gh)a = g(ha)
(ii) g(a+ b) = ga+ gb
(iii) 1a = a

for a, b ∈M and g, h ∈ G, where 1 is the identity of G.

If the topology of M is discrete, then M is called a discrete G-module; and if
the topology of M is profinite, we say that M is a profinite G-module. Right
G-modules are defined analogously.

The following lemma is proved easily.

Lemma 3.1. Let G be a profinite group and let M be a discrete abelian group.
Let G×M −→ M be an action of G on M satisfying conditions (i), (ii), (iii) as
above. Then, the following are equivalent:

(a) G×M −→M is continuous;

(b) For each a in M , the stabilizer ,

Ga = {g ∈ G | ga = a}

of a is an open subgroup of G;

(c)

M =
⋃
U

MU ,

where U runs through the set of all open subgroups of G, and where

MU = {a ∈M | ua = a, u ∈ U},

is the subgroup of fixed points of M under the action of U .

Example 3.2 (Examples of Discrete G-modules).

(1) Let G be any profinite group and M any discrete abelian group. Define an
action of G on M by ga = a, for all a ∈M and g ∈ G. Then M is a discrete
G-module. This action is called the trivial action on M , and we refer to M
with this action as a trivial G-module.
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(2) Let N/K be a Galois extension of fields and G = GN/K its Galois group.
For σ ∈ G and x ∈ N , define σx = σ(x). Under this action the following
are examples of discrete G-modules:

(2a) N× (the multiplicative group of N);

(2b) N+ (the additive group of N);

(2c) The roots of unity in N (under multiplication).

Let M and N be G-modules. A G-morphism ϕ : A −→ B is a continuous
G-homomorphism, i.e., an abelian group homomorphism for which

ϕ(ga) = gϕ(a), for all g ∈ G, a ∈M.

The class of G-modules and G-morphisms constitutes an abelian category
which we denote by Mod(G). The profinite G-modules form an abelian sub-
category of Mod(G), denoted PMod(G), while the discrete G-modules form an
abelian subcategory denoted DMod(G). In turn, the discrete torsion G-modules
form a subcategory of DMod(G).

3.2 The complete group algebra

Consider a commutative profinite ring R (for example R = Ẑ) and a profinite
group H. We denote the usual abstract group algebra (or group ring) by [RH].
Recall that it consists of all formal sums

∑
h∈H rhh (rh ∈ R), where rh is zero for

all but a finite number of indices h ∈ H, with natural addition and multiplication.
As an abstract R-module, [RH] is free on the set H.

Assume that H is a finite group. Then [RH] is (as a set) a direct product
[RH] ∼=

∏
H R of |H| copies of R. If we impose on [RH] the product topology,

then [RH] becomes a topological ring, in fact a profinite ring (since this topology is
compact, Hausdorff and totally disconnected). Suppose now that G is a profinite
group. Define the complete group algebra to be the inverse limit

[[RG]] = lim←−
U∈U

[R(G/U)]

of the ordinary group algebras [R(G/U)], where U is the collection of all open
normal subgroups of G.

Notation: DMod([[RG]]) is the category of discrete [[RG]]-modules and contin-
uous module homomorphisms. PMod([[RG]]) is the category of profinite [[RG]]-
modules (and continuous module homomorphisms).
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Duality Between Discrete and Profinite Modules

Put Λ = [[RG]]. Given a Λ-module M (discrete or profinite), consider the
abelian group

M∗ = Hom(M,Q/Z)

of all continuous homomorphism from M to Q/Z (as abelian groups) with the
compact open topology. Then M∗ is profinite if M is discrete torsion, and it is
discrete torsion if M is profinite. Define a right action of Λ on M∗ by (ϕΛ)(m) =
ϕ(Λm). This action is continuous. The contravariant functor Hom(−,Q/Z) estab-
lishes a “duality” between the categories PMod(Λ) and DMod(Λop). In our con-
text duality can be described as follows: every (elementary) statement, definition,
theorem, etc., that one makes in either the category PMod(Λ) or DMod(Λop) in-
volving modules and morphisms (that we represent by arrows), can be translated
into a dual statement, definition, theorem, etc. in the other category by applying
the functor Hom(−,Q/Z), i.e., replacing each module M by Hom(M,Q/Z) and
reversing the arrows; if a statement, theorem, etc., holds in one of these categories,
then the dual statement, theorem, etc. holds true in the other category.

Proposition 3.3. Let G be a profinite group and R a commutative profinite ring.

(a) Every [[RG]]-module is naturally a G-module.

(b) Every profinite abelian group and every discrete torsion abelian group has a

unique Ẑ-module structure.

(c) Profinite G-modules coincide with profinite [[ẐG]]-modules.

(d) If A is both a G-module and an R-module with commuting actions (i.e., if
r ∈ R, g ∈ G and a ∈ A, then r(ga) = g(ra)), then A is in a natural way
an [[RG]]-module.

(e) The category DMod([[ẐG]]) coincides with the subcategory of DMod(G)
consisting of the discrete torsion G-modules.

Proof. The most interesting part is (e): Put Λ = [[RG]]. Let M be discrete and
let m ∈ M . Since there exists a fundamental system of neighborhoods of 0 in Λ
consisting of open ideals of Λ, there is an open ideal T of Λ such that Tm = 0;
therefore, Λm is a submodule with finitely many elements. Thus (e) follows.

3.3 Projective and injective modules

Let A be a category. An object P in A is called projective if for every diagram

P

ϕ

��
B

α // A
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of objects and morphisms in A, where α is an epimorphism, there exists a mor-
phism β : P −→ B making the diagram commutative, i.e., αβ = ϕ. We refer to
β as a lifting (of ϕ). If A is an abelian category, one has equivalently, that P is
projective in A if the functor Hom(P,−) is exact, i.e., whenever

0 −→ C −→ B −→ A −→ 0

is an exact sequence in A, so is the corresponding sequence

0 −→ Hom(P,C) −→ Hom(P,B) −→ Hom(P,A) −→ 0

of abelian groups.
One says that a category A has enough projectives if for every object M in A,

there exists a projective object P of A and an epimorphism P −→M .

Proposition 3.4. Let Λ = [[RG]].

(a) Every free profinite Λ-module is projective in the category PMod(Λ) of all
profinite Λ-modules.

(b) The category PMod(Λ) has enough projectives.

(c) The projective objects in PMod(Λ) are precisely the direct summands of
free profinite Λ-modules.

The dual concept of a projective object in a category A is that of an injective
object. An object Q in A is called injective if whenever

A
α //

ϕ

��

B

Q

is a diagram of objects and morphisms in A, where α is a monomorphism, there
exists a morphism ϕ̄ : B −→ Q making the diagram commutative, i.e., ϕ̄α = ϕ.
We refer to ϕ̄ as an extension of ϕ. IfA is an abelian category, one has equivalently,
that Q is injective in A if the functor Hom(−, Q) is exact, i.e., whenever

0 −→ A −→ B −→ C −→ 0

is an exact sequence in A, so is the corresponding sequence

0 −→ Hom(C,Q) −→ Hom(B,Q) −→ Hom(A,Q) −→ 0

of abelian groups.
One says a category A has enough injectives if for every object M in A, there

exists an injective object Q of A and a monomorphism M −→ Q.
An object M in DMod(Λ) is called cofree if it satifies a universal property

dual to that of free objets, i.e., if its dual M∗ is free in PMod(Λ). Applying
duality, Proposition 3.4 yields
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Proposition 3.5. Let Λ = [[RG]].

(a) Every cofree discrete Λ-module is injective in the category DMod(Λ) of all
discrete Λ-modules.

(b) The category DMod(Λ) has enough injectives.

(c) The injective objects in DMod(Λ) are precisely the direct factors of cofree
discrete Λ-modules.

Let G be a profinite group. Next we show that the category DMod(G) of
discrete G-modules also has enough injectives. As we indicated in Proposition 3.3,
DMod([[ẐG]]) is the subcategory of DMod(G) consisting of those modules that
are torsion.

Proposition 3.6. Let G be a profinite group. Then DMod(G) has enough in-
jectives, i.e., for every A ∈ DMod(G), there exists a monomorphism

A −→MA

in DMod(G) with MA injective.

Proof. Denote by G0 the abstract group underlying G. Let A be a discrete G-
module; then obviously A ∈ Mod(G0), the category of abstract G0-modules. It
is well known that Mod(G0) has enough injectives. Let

0 −→ A
ϕ−→M

be an exact sequence in Mod(G0), with M injective in Mod(G0). Define

MA =
⋃
U

MU ,

where U runs through all open normal subgroups of G. Clearly MA ∈ DMod(G).
Let a ∈ A, and let U be an open normal subgroup of G such that a ∈ AU . Then
ϕ(a) ∈ MU . Hence ϕ(A) ⊆ MA. Finally MA is injective in DMod(G) because
any diagram

0 // B
ψ //

ζ
��

C

ξ

��

MA

��
M

where ψ, ζ are mappings in DMod(G), with ψ a monomorphism, can be com-
pleted to a commutative diagram by a G0-homomorphism ξ : C −→M . However,
since C is a discrete G-module, one has ξ(C) ⊆MA.
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3.4 Complete tensor product

Let Λ = [[RG]]. Let A be a profinite right Λ-module, B a profinite left Λ-module,
and M an R-module. A continuous map

ϕ : A×B −→M

is called middle linear if ϕ(a + a′, b) = ϕ(a, b) + ϕ(a′, b), ϕ(a, b + b′) = ϕ(a, b) +
ϕ(a, b′) and ϕ(aΛ, b) = ϕ(a,Λb) for all a, a′ ∈ A, b, b′ ∈ B, Λ ∈ Λ.

We say that a profinite R-module T together with a middle linear map A ×
B −→ T , denoted (a, b) 7→ a⊗̂b, is a complete tensor product of A and B over Λ
if the following universal property is satisfied: If M is a profinite R-module and

ϕ : A×B −→M a continuous middle linear map, then there exists a unique map
of R-modules ϕ̄ : T −→M such that ϕ̄(a⊗̂b) = ϕ(a, b). It is easy to see that if the

complete tensor product exists, it is unique up to isomorphism. We denote it by
A⊗̂ΛB. Furthermore, it is clear that {a⊗̂b | a ∈ A, b ∈ B} is a set of topological
generators for the R-module A⊗̂ΛB.

Note that it suffices to check the above universal property only for finite R-
modules M , since every R-module is the inverse limit of its finite R-quotient
modules.

Lemma 3.7. With the above notation, the complete tensor product A⊗̂ΛB exists.
In fact, if

A = lim←−
i∈I

Ai and B = lim←−
j∈J

Bj,

where each Ai (respectively, Bi) is a finite right (respectively, left) Λ-module, then

A⊗̂ΛB = lim←−
i∈I,j∈J

(Ai ⊗Λ Bj) ,

where Ai ⊗Λ Bj is the usual tensor product as abstract Λ-modules. In particular,
A⊗̂ΛB is the completion of A ⊗Λ B, where A ⊗Λ B has the topology for which a
fundamental system of neighborhoods of 0 are the kernels of the natural maps

A⊗Λ B −→ Ai ⊗Λ Bj (i ∈ I, j ∈ J).

3.5 Cohomology of profinite groups

Let G be a profinite group and let A ∈ DMod(G). For each natural number n
we consider an R-module

Hn(G,A),

the nth cohomology group of G with coefficients in A. We shall give explicit
definitions of these cohomology groups later in Section 3.6. Here, instead, we
mention some of their fundamental properties (cf. Proposition 6.2.2 in [5]), which
in fact characterize them:
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(a) Hn(G,A) are functors in the variable A;

(b) H0(G,A) = Hom[[RG]](R,A) = {a | a ∈ A, ga = a,∀g ∈ G} = AG (G acts
on R trivially);

(c) Hn(G,Q) = 0 for every discrete injective [[RG]]-module Q and n ≥ 1;

(d) For each short exact sequence 0 −→ A1 −→ A2 −→ A3 −→ 0 in DMod(G),
there exist ‘connecting homomorphisms’

δ : Hn(G,A3) −→ Hn+1(G,A1)

for all n ≥ 0, such that the sequence

0→ H0(G,A1)→ H0(G,A2)→ H0(G,A3)
δ→

H1(G,A1)→ H1(G,A2)→ · · ·

is exact; and

(e) For every commutative diagram

0 // A1
//

α
��

A2
//

β
��

A3
//

γ

��

0

0 // A′1 // A′2 // A′3 // 0

in DMod(G) with exact rows, the following diagram commutes for every
n ≥ 0

Hn(G,A3) δ //

Hn(G,γ)

��

Hn+1(G,A1)

Hn+1(G,α)
��

Hn(G,A′3) δ // Hn+1(G,A′1)
.

The existence of these cohomology groups follows from the existence of ‘enough
injectives’ in DMod(G). The sequence H0(G,−), H1(G,−), H2(G,A), . . . is the
“sequence of right derived functors of the functor A 7→ AG ” (cf. [5], Section 6.1).

3.6 Explicit calculation of cohomology groups

For each n ≥ 0, define Ln as the left free profinite R-module on the free profi-

nite G-space Gn+1 = G× n+1· · · ×G with diagonal action (i.e., x(x1, . . . , xn) =
(xx1, . . . , xxn), for x, x1, . . . , xn ∈ G). Then Ln is a free profinite [[RG]]-module
on the profinite space

{(1, x1, . . . , xn) | xi ∈ G}.



222 Luis Ribes

Define a sequence L(G):

(3.1) · · · −→ Ln
∂n−→ Ln−1 −→ · · · −→ L0

ε−→ R −→ 0,

where

∂n(x0, x1, . . . , xn) =
n∑
i=0

(−1)i(x0, . . . , x̂i, . . . , xn)

(the symbol x̂i indicates that xi is to be omitted ), and ε is the augmentation map

ε(x) = 1.

It is easy to check that ε and each ∂n are [[RG]]-homomorphisms, and that (3.1)
is in fact an exact sequence, a free [[RG]]-resolution of R.

If one applies the functor Hom[[RG]](−, A) = −G to (3.1), excluding the first
term R, one gets the following cochain complex, C(G,A):

(3.2) 0 −→ C0(G,A) −→ · · · −→ Cn(G,A)
∂n+1

−→ Cn+1(G,A) −→ · · · ,

where Cn(G,A) consists of all continuous maps f : Gn+1 −→ A such that

f(xx0, xx1, . . . , xxn) = xf(x0, x1, . . . , xn) for all x, xi ∈ G.

And

(∂n+1f)(x0, x1, . . . , xn+1) =
n+1∑
i=0

(−1)if(x0, . . . , x̂i, . . . xn+1) .

Then one has the following explicit description:

Theorem 3.8. Hn(G,A) is the n-th cohomology group of the cochain complex
(3.2), i.e.,

Hn(G,A) = Ker(∂n+1)/Im(∂n) .

(cf. [5], Theorem 6.2.4).

3.7 Homology of profinite groups

The ‘dual’ of cohomology is homology [we make this precise later]. For a right
profinite [[RG]]-module B (we write this as B ∈ PMod([[RG]]op)), define

BG = B/〈bg − b | b ∈ B, g ∈ G〉.
Then one defines the n-th homology group Hn(G,B) of G with coefficients in B.
These are in fact R-modules. They have the following basic properties.

{Hn(G,−)}n∈N is the sequence of left derived functors of the functor B 7→ BG

from PMod([[RG]]op) to PMod(R). In other words, this sequence is the unique
sequence of covariant functors from PMod([[RG]]op) to PMod(R) such that
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(a) H0(G,B) = BG (as functors on PMod([[RG]]op)),

(b) Hn(G,P ) = 0 for every projective profinite right [[RG]]-module P and n ≥ 1.

(c) For each short exact sequence

0 −→ B1 −→ B2 −→ B3 −→ 0

in PMod([[RG]]op), there exist connecting homomorphisms

δ : Hn+1(G,B3) −→ Hn(G,B1),

for all n ≥ 0, such that the sequence

· · · → H1(G,B2)→ H1(G,B3)
δ→ H0(G,B1)→

H0(G,B2)→ H0(G,B3)→ 0

is exact; and

(d) For every commutative diagram

0 // B1
//

α
��

B2
//

β
��

B3
//

γ

��

0

0 // B′1 // B′2 // B′3 // 0

in PMod([[RG]]op) with exact rows, the diagram

Hn+1(G,B3) δ //

Hn+1(G,γ)

��

Hn(G,B1)

Hn(G,α)

��
Hn+1(G,B′3) δ // Hn(G,B′1)

commutes for every n ≥ 0.

One can calculate explicitly Hn(G,B) (see for example [5], Theorem 6.3.1) as the
n-th homology group of the sequence

· · · −→ B⊗̂[[RG]]Ln+1 −→ B⊗̂[[RG]]Ln
∂n−→ · · · −→ B⊗̂[[RG]]L0 −→ 0 .

Proposition 3.9 (Duality of homology-cohomology). Let G be a profinite group

and let B be a profinite right [[ẐG]]-module. Then

Hn(G,B) and Hn(G,B∗) (n ∈ N)

are Pontryagin dual, where B∗ denotes the Pontryagin dual of B.
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3.8 Homology and cohomology in low dimensions

H0(G,A) = {a ∈ A | xa = a,∀x ∈ G} = AG

is the subgroup of elements of A invariant under the action of G.

H1(G,A) = Der(G,A)/Ider(G,A)

where

Der(G,A) = {d : G −→ A | d(xy) = xd(y) + d(x), for all x, y ∈ G}

(the group of derivations), and Ider(G,A) is the group of inner derivations da :
G→ A defined for each a ∈ A as da(x) = xa− a.

Given a finite G-module A, H2(G,A) is in 1− 1 correspondence with the (equiv-
alence classes of) extensions of A by G, i.e., exact sequences

0 −→ A −→ E
ϕ−→ G −→ 1

where the action of G on A is precisely the natural action determined by this
sequence.

H0(G,B) = BG

H1(G, Ẑ) ∼= G/[G,G],

the abelianized group of G (here the action of G on Ẑ is assumed to be trivial)

If G is a pro-p group and the action of G on Fp is trivial, one has

H1(G,Fp) ∼= G/Gp[G,G].

Note that Gp[G,G] = Φ(G) is the Frattini subgroup of G.

For proofs of the above results see [5], Section 6.8.
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3.9 Induced and coinduced modules

Let G be a profinite group and let H ≤c G. For A ∈ DMod(H) consider the
abelian group

CoindGH(A) =

{f : G −→ A | f continuous, with f(hy) = hf(y) for all h ∈ H, y ∈ G}.
The compact-open topology makes CoindGH(A) into a discrete abelian group. De-
fine an action of G on CoindGH(A) by

(xf)(y) = f(yx) (x, y ∈ G, f ∈ CoindGH(A)).

This action is in fact continuous. So CoindGH(−) transforms modules in DMod(H)
into modules in DMod(G). The G-module CoindGH(A) is called a coinduced mod-
ule. Its most important property is

Theorem 3.10 (Shapiro’s Lemma). Let G be a profinite group, H a closed sub-
group of G and A ∈ DMod(H). Then there exist natural isomorphisms

Hn(G,CoindGH(A)) ∼= Hn(H,A) (n ≥ 0).

Corollary 3.11. Let G be a profinite group and let A be an abelian group. Then
CoindG1 (A) = C(G,A) (the group of all continuous functions from G to A), and
Hn(G,C(G,A)) = 0 for n > 0.

Because of this last property, the coinduced modules of the form C(G,A)
play an important role that allows a ‘shift of dimension’ (using the properties in
Section 3.5).

Dually one has induced modules: Let H ≤ G be profinite groups and let B be
a profinite right [[ẐH]]-module. Define a right G-module structure on the profinite
group

IndGH(B) = B⊗̂
[[

bZH]]
[[ẐG]].

Theorem 3.12. Let G be a profinite group, H a closed subgroup of G and B ∈
PMod([[ẐH]]).

(a) (Shapiro’s Lemma) There exist natural isomorphisms

Hn(G, IndGH(B)) ∼= Hn(H,B), (n ≥ 0).

(b) Let M be a profinite abelian group. Then IndG1 (M) = M⊗̂ bZ[[ẐG]], and

Hn(G,M⊗̂ bZ[[ẐG]]) = 0

for n > 0.

(cf. [5], Section 6.10).
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3.10 Cohomological dimension

Let G be a profinite group and let p be a prime number. If X is an abelian
group, we denote by Xp its p-primary part, i.e., the subgroup of X consisting of
its elements whose order is a power of p. The cohomological p-dimension cdp(G)
of G is the smallest non-negative integer n such that Hk(G,A)p = 0 for all k > n

and A ∈ DMod([[ẐG]]), if such an n exists. Otherwise we say that cdp(G) =∞.
Similarly, the strict cohomological p-dimension scdp(G) of G is the small-

est non-negative number n such that Hk(G,A)p = 0 for all k > n and A ∈
DMod(G).

Define
cd(G) = sup

p
cdp(G),

and
scd(G) = sup

p
scdp(G).

Proposition 3.13. Let G be a profinite group and let p be a prime. Then

cdp(G) ≤ scdp(G) ≤ cdp(G) + 1.

Proof. The first inequality is clear. For the second we may suppose that cdp(G) <
∞. Let n = cdp(G) + 1. Assume A ∈ Mod(G) and let p : A −→ A be the
multiplication by p. Denote the kernel of this map A[p]; in other words,

A[p] = {a ∈ A | pa = 0}.

Consider the short exact sequences

0 −→ A[p] −→ A
p−→ pA −→ 0,

0 −→ pA −→ A −→ A/pA −→ 0.

Then A[p] and A/pA are in DMod([[ẐG]]), in fact they are annihilated by p. So,
if k ≥ n,

Hk(G,A[p]) = Hk(G,A/pA) = 0.

Therefore, from the long exact sequences corresponding to the short exact se-
quences above,

· · · −→ Hk(G,A[p]) −→ Hk(G,A)
ϕ−→ Hk(G, pA) −→ · · ·

· · · −→ Hk−1(G,A/pA) −→ Hk(G, pA)
ψ−→ Hk(G,A) −→ · · · ,

one obtains that the maps ϕ and ψ are injections if k > n. Hence their composition

ψϕ : Hk(G,A) −→ Hk(G,A)
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is again an injection. On the other hand, it is clear that ψϕ is the multiplication
by p. Thus

Hk(G,A)p = 0, if k > n.

Hence the second inequality follows.

Example. LetG = Ẑ. Then it is not hard to see that cdp(G) = 1, while scdp(G) =
2 (see [5], Example 7.1.3).

3.11 Cohomological dimension and subgroups

Let H be a closed subgroup of a profinite group G. Then every G-module A is
automatically an H-module. From the explicit definition of Hn(G,A) in terms of
cochains (see Section 3.6 above) one sees that there are natural homomorphisms
(called ‘restrictions’)

Res = ResGH : Hn(G,A) −→ Hn(H,A) (n ≥ 0).

On the other hand, if H is an open subgroup of a profinite group G, and
A ∈ DMod(G), then there are natural homomorphisms (called ‘corestrictions’)

Cor = CorHG : Hn(H,A) −→ Hn(G,A) (n ≥ 0).

At level 0, corestriction is just the map:

NG/H : AH −→ AG

given by

NG/H(a) =
∑

ta,

where a ∈ AH and t runs through a left transversal of H in G.

The fundamental connection between restriction and corestriction is (see [5],
Theorem 6.7.3)

Theorem 3.14. Let H be an open subgroup of a profinite group G. Then the
composition CorRes is multiplication by the index [G : H] of H in G, i.e.,

CorHGResGH = [G : H] · id,

where id is the identity on Hn(G,−) (n ≥ 0).

From this one obtains (see [5], Theorem 7.3.1 and Corollary 7.3.3)

Theorem 3.15. Let G be a profinite group, H a closed subgroup of G and p a
prime number. Then
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(a)
cdp(H) ≤ cdp(G).

Moreover, equality holds in either of the following cases

(1) p 6 | [G : H],

(2) cdp(G) <∞ and the exponent of p in the supernatural number [G : H]
is finite (this is the case, e.g., if H is open in G).

(b) Let Gp be a p-Sylow group of G. Then

cdp(G) = cdp(Gp) = cd(Gp).

3.12 Projective profinite groups

A pro-C group G is called C-projective if it is a projective object in the category
of pro-C groups, i.e., if every diagram

(3.3)

G

ϕ
����

1 // K // A
α // B // 1

of pro-C groups has a weak solution. We say that G is projective if it is projective
in the category of profinite groups (i.e., C-projective and C is the class of all finite
groups).

The following lemma simplifies the criteria to decide whether G is projective.

Lemma 3.16. Let C and C ′ be varieties of finite groups, and let G be a profinite
group. The following conditions are equivalent.

(a) Every embedding problem (3.3) for G where K is pro-C ′ and A is pro-C has
a weak solution;

(b) Every embedding problem (3.3) for G such that A ∈ C and K ∈ C ′ is an
abelian minimal normal subgroup of A, has a weak solution.

Example. A free pro-C group is C-projective.

Lemma 3.17. Let C be a variety of finite groups and let G be a pro-C group.

(a) If G is C-projective, then it is isomorphic to a closed subgroup of a free pro-C
group.

(b) Assume in addition that the variety C is extension closed. Then G is C-
projective if and only if G is a closed subgroup of a free pro-C group.
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Proof. (a) By Proposition 2.12, there exists a free pro-C group F and a continuous
epimorphism α : F −→ G. Since G is C-projective, there exists a continuous
homomorphism σ : G −→ F such that ασ = idG. Hence σ is an embedding.

(b) Assume that G ≤c F , where F is a free pro-C group. Consider an embed-
ding problem (3.3) as above with A ∈ C. Then Ker(ϕ) is an open normal subgroup
of G. Hence there exists V /o F such that V ∩G ≤ Ker(ϕ). Since GV is open in
F and the variety C is extension closed, it follows that GV is a free pro-C group
(see Theorem 2.19). Therefore we may assume that F = GV . Put U = VKer(ϕ).
Then U /o F and U ∩ G = Ker(ϕ). Define an epimorphism ϕ1 : F −→ B to be
the composite of the natural maps

F −→ F/U = GU/U −→ G/G ∩ U = G/Ker(ϕ) −→ B.

Note that ϕ is the restriction of ϕ1 to G. Since F is C-projective, there exists
a continuous homomorphism ϕ̄1 : F −→ A such that αϕ̄1 = ϕ1. Therefore,
the restriction of ϕ̄1 to G is a weak solution of the embedding problem (3.3), as
needed.

For certain varieties C (the so called ‘saturated’ varieties of finite groups: G
finite and G/Φ(G) ∈ C ⇒ G ∈ C), e.g., extension-closed varieties, the distinction
between ‘projective’ and ‘C-projective’ is non-existent. In fact we have (see [5],
Proposition 7.6.7).

Proposition 3.18. Let C be a saturated variety of finite groups and let G be a
pro-C group. Then the following conditions on G are equivalent:

(a) G is a C-projective group;

(b) G is a projective group;

(c) cd(G) ≤ 1.

Theorem 3.19 (cf. [5], Theorem 7.7.4). Let G be a pro-p group. Then, the
following statements are equivalent

(a) cdp(G) ≤ 1;

(b) H2(G,Fp) = 0;

(c) G is a free pro-p group;

(d) G is a projective group.

Corollary 3.20 (cf. [5], Corollary 7.7.5). Every closed subgroup H of a free pro-p
group G is a free pro-p group.
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