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Reinforcement Learning

@ An agent learns to interact with environment in the best way

> Agent observes state, and takes an action based on a policy
» Environment changes the state

> Agent receives a reward

» Agent finds a policy to maximize reward

environment

» )

agent

o

rewards
—
a : observations - N
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Markov Decision Process (MDP)

"| Agent
state reward action
St Tt at
§ Tl .
« | Environment |«
VSt+1

@ Markov decision process (MDP): (S, A, r,P)
» S and A: state and action spaces
» r:Sx AxS = R: reward function
» P(s’|s, a): transition kernel; prob of s — s’ given action a

@ Agent's policy m(als): prob of selecting action a in state s

MDP trajectory {s;, at, rt, St+1} 72 defined by

)

7(-|st P(-|sp,a 7(:|s
) (|0)a0 d 0)(51,ro) (-s1 Eeec

@ Randomness: actions, state transitions
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Application: Autonomous Driving

@ Collects driving data

@ Al agent trained to optimize driving control
@ Specification of MDP
» State: driving environment (distance to nearby cars, weather, etc)
» Action: turn left/right, accelerate, brake
» Reward: stay safe, drive smoothly
» Policy: vehicle control in a state

at 4\\ i
Driving Environment

Vehicle control

« Efficient
« Comfortable
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Application: Wireless Communication

@ Downlink Scheduling [1]

@ Learn optimal scheduling to minimize average queuing delay
@ Specification of MDP

State: buffer status and channel state

» Action: assign resource block, determine number of transmitted bits
» Reward: buffer cost

» Policy: determine action in a given state

[T
[D: Buffer
(I

\4

UE; nDn R
UE; KEU -a:z

UEBGQ:) -

"
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Application: Agricultural Farming

@ Collect data on crop & soil health

@ Learn good farming policy to maximize yield
@ Specification of MDP

» State: crop & soil health

» Action: apply amount of water & fertilizer

» Reward: expected yield, crop & soil health

» Farming policy: guide farming action in a state

Take farming actions Evaluate reward ¢ (ay, S¢+1), depend on soil

Measure soil & cro .
P a; ~ (- |sy) & crop health and resource consumption

parameters s;
P rarming policy &
= (- Isp)

0-033 033-066 066-1
sty Pl
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Formulation of RL

o MDP trajectory {st, at, rt, St+1 ¢ wWith re := r(st, at, Se+1)

@ Quality of s, a: discount factor v € (0,1)

(State value): Vi (s) = E[Y ;27" re|so = s,7]
(State-action value):  Qx(s,a) =E[ Y 22q7 relso =s,a0 = a, 7]

@ Expected long-term accumulated reward start with s, a

RL Goal: find the best policy 7*

(Criterion 1): = Vi«(s) > Vix(s), Vm,Vs
(Criterion 11): max J(m) = Ese[Vr(s)]

Tutorial will not cover all the RL formulations )

@ Finite-time horizon, Average reward, Regret analysis
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Formulation of Policy Evaluation

@ Recall Markov Decision Process: {s;, at, rt, Sty1}+

(- P(:|so,a 7(+|s:
s (] )30 (‘so 0)(51,f0) (|1)31“'

@ State value function:
Vi(s) =E[ Y27 relso = s, 7]
» Expected accumulated reward, start with s follow 7.

Policy Evaluation Problem:
Given a fixed policy 7, how to evaluate its state value function V,? J

@ Foundation for policy optimization
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Summary of Policy Evaluation Approaches

@ Known transition kernel P(-|s, a)
» Solving Bellman equation

@ Unknown transition kernel P(:|s, a) (Model-free)
» On-policy TD learning
» Off-policy TD learning

Our focus is model-free approaches. J
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Known P: Bellman Equation

Transition kernel P(:|s, a) is known )

@ By definition of V(s):

Va(s) =Eln+vn +7°r+ - |so = s,7]
= Elro|so = s, 7] + 1E[rn +yr2 + -+ |so = 5, 7]

@ Note that
E[ln +yr+--|so = s,7]
= Esl E[rl +yr+ - |50 =5,5 = S/,Tl']]
=B, [Va(s)]
Va(s) = X, P(]s, @) (als) (r(s. 2, ') +7Va(s))) J
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Va(s) = o P(s'ls, 2)(als) (5. 2,5") +7Va(s) ]

@ Define Bellman operator

(Bellman operator):

T, Via(s) = 5,0 P(s']s. a)m(als) (r(s, a,s) + vvﬂ(s’))

Bellman Equation for Value Function
Vi(s) = TxVx(s) J

@ Linear programming: Directly solve the linear equation
» High computation complexity

@ Value iteration: fixed point update
Vt+1(5) = Tﬂ— Vt(S)

» T, is contraction = V; — V.
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Model-Free: On-Policy TD Learning

Model-Free J

@ Transition kernel P(+|s, a) is unknown

On-Policy Data
o Collect Markovian data {s;, a¢, rt, St+1}+ following target policy 7 J
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On-Policy TD(0) Algorithm
@ Recall Bellman equation
Vi(s) = E[r(s,a,s") +vVi(s')]

@ Idea: update Vi (s) using r(s,a,s’) +vVx(s)
@ Formally: collect {s¢, a¢, rt, St+1}+ and do

V(st) = repi+yViseta) (*)

Target (one-step bootstrap)

@ TD learning is a damped version of (*): 0 <n < 1,

V(se) < (1 =m)V(st) + n(res1 +7V(se41)), (TD)

TD(0) Algorithm [2]

V(st) < V(st) +n( resr +7V(str1) — V(st))

TV
temporal difference
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TD()\) Algorithm
TD(0) Algorithm J

V(st) < V(st) + n(revs +7V(str1) — V(st))

@ In TD(0), target ri+1 + vV/(st+1) is one-step bootstrap
@ Extension: n-step bootstrap

Gt(n) = rep1 +Yrer2 + o " s + "V (Setn)
o Define A-return: G := (1 —\)> 0%, A”_th(").
TD(A) Algorithm [3]
V(st) = V(st) + (G = V(st)) J

@ Reduce the variance of TD target
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Value Function Approximation

o Curse of dimensionality: state space is often large or infinite
@ Solution: approximate V. using parameterized model Vj

» Linear model: Vp(s) := ¢J 0, where ¢, is feature vector of s
» Neural model: Vjy(s) := NNy(s), where NNy is neural network

TD(0) learning with function approximation
@ Initialize model 6.
@ Observe sample {s¢, a, rt, Se+1}, define target Gy = re + v Vo, (Se+1)
o Define loss £,(0) := 3(Vo(s:) — G¢)?, compute g¢(0;) = —Mége) lo—o,

@ TD update:

Or1 = 0 + nge(0:),
where g¢(0:) = (re + vVo,(st+1) — Vo, (st))V Vo, (5¢t)
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Analysis of TD(0) with Linear Approximation

TD(0) with linear approximation Vj(s) := ¢/ 6
Ory1 = ProjR(Ht + ngt(ﬂt)),
where g(0:) = (re + ¥4, 0: — 6L0:)0s,

o Challenge: g:(0:) is gradient of time-varying function /;

e Challenge: Samples {s;, a;, rt, st+1}+ are Markovian and correlated

Non-exhaustive summary of existing work:
@ Asymptotic convergence: [4, 5, 6, 7]
@ Non-asymptotic (finite-time) convergence

> |.1.D. samples: [8]
» Markovian samples: [9], [10] (will be presented)
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Finite-Time Convergence of TD(0)

Key Assumption: Geometric Mixing
State stationary distribution p. There exist & > 0, p € (0, 1) such that

supdry (P(se|so = s), 1) < kp', VteNg
seS

@ Hold for irreducible and aperiodic Markov chains

o Given sy and large t, s; is almost like being sampled from p
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@ Feature matrix ® = [(ﬁl; gZ);;] full column rank, Vy = ®0

@ Solution point 6* satisfies [4]

Vo« =N Tr Ve, where £ = {dx|x € Rd}

Theorem: finite-time convergence [10]

Set learning rate n < (’)(ﬁ) After T iterations,

|2 |2 Tmix(1)
E[llr —6°IF) < O(exp(-enT)ldo — I + 070,

where Trix(n) := min{t | kp* < n} is the mixing time of Markov chain.

@ A faster mixing implies smaller convergence error
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Outline of Proof
o Recall TD(0): 041 = Projg(6: + nge(6:))

> g:(-) depends on sample O; = {s;, ar, 1, St41}
Define g(6) = E[g:(0)], where E over O; ~ P(Oy)
Using the update rule yields

E[|0e+1 — 0°117] <E[10: — 0*]1°] = 2n(1 — 1)E[]| V, — Vo-I3]

+nkE th(et) —2(0:),0: — 9*2] + (9(n2)
Bias C(Gt,Ot)

can show E[||Vy, — Vi-|13] > o|6: — 6|
The key is to bound the bias term ((6;, O;)
» If all O; are i.i.d from p, then P(O;|6;) = P(O;) = p and

Elg:(0:)0:] = &(6:) = E[((0r, O:)] =0

» However, now samples are correlated. P(O;|6;) # P(O;)
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Bounding the Bias

o |dea: P(O¢|f:—;) is close to p due to geometric mixing

t—1

C(0e, Or) = C(Br—+, 0t) + Y ((bis1, Or) — ((6i, Or)

i=t—T

< ((0t—7, O) + G2777'

@ 77 can be controlled by using small learning rate 7

@ E[¢(0¢—+, O¢)] is small due to geometric mixing

E[C('gt—ra Ot)] < 2||C||oo SI:P dTV(P(5t|5t—T = 5), ,U)

< 4G2%kpT
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Putting Things Together

E[10e41 — 0%[1°] < E[||6: — 6%]]] — 2n(1 — YE[|| Vo, — Vo-|?]
+ nE[C(0¢, Or)] + n?G?

o E[||Vo, — Vo] = oll6: — 07|17
(] C(@t, Ot) S C(et_r, Ot) + G277T
® E[¢(0:—r, Or)] < 4G%rp”
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Connection to Linear SA

Linear stochastic approximation (SA)
Oe+1 = 0: + 1(A(Or)0: + b(Or)) J

@ {O:}: forms a Markov chain
@ A(O¢), b(O;) are matrix and vector

@ TD(0) with linear approximation can be rewritten using

O = (5t75t+1)T
A(Or) = —¢s, (b5, —104,.,)
b(Ot) = r@s,

@ Convergence established using Lyapunov-type analysis [11]
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TD Learning for Off-Policy Evaluation

@ Previous TD(0) uses on-policy data

On-Policy Data J

Collect Markovian data {s;, at, rt, st+1}+ following target policy 7

@ Limitation: requires executing the target policy

@ Limitation: in practice may not have sufficient on-policy data

Off-policy data

Collect Markovian data {s;, at, ¢, st+1}+ following behavior policy 7. The
goal is to evaluate V,; of the target policy .
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Divergence of Off-Policy TD(0)

Key message: TD(0) with linear approximation may diverge in the
off-policy setting [12]

J

Sweeps
@ Zero reward, function approximation

V(s)=20(s)+6y, s=1,..,6
V(7) = 6(7) + 26

@ Under certain initialization, parameter diverges
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Gradient TD for Off-Policy Evaluation

@ Recall Vj(s) = ¢J 0. Optimal 6* satisfies
Ve* = |_|£-|_7T Vg*
@ Data sampled by behavior policy 7, stationary distribution gy,

Mean-square projected Bellman error (MSPBE) [13]
(MSPBE): J(0) := Es~,, [Va(s) — MzT"Vy(s)]” }

@ Error Vjy(s) — MsT™Vjy(s) based on target policy

@ [Es.,,: stationary state distribution induced by behavior policy
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Idea of Importance Sampling

@ Denote TD error §:(0) = re +vol 6 — gb;EG

St+1
@ MSPBE can be rewritten as

J(G) = Eub,fr [5t(9)¢5t]TEub[¢st¢l]_1Eub,W[5t(9)¢5t]

Importance Sampling Lemma

m(atlst)
By rl0(0)05] = By [ 0 P 560(60)6.]
where p; = % is the importance sampling ratio. Then, we have

—%W(e) = E[pe(ds. — 795.1)04 | E[05:05]  Elpede(6)@s]

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 29/99



GTD2 Algorithm

—%VJ(H) = E[pe(s, — 105:12)04] E[65.62]  Elpede(9)6s]
w(0)

@ w*(#) can be viewed as solution to the LMS
(LMS): w*(0) = argminE[gb;Zu - ptét(ﬁ)]z
u
GTD2 algorithm [13]

9t+1 = Ht + atpt(¢5t _ 7¢St+l)¢;|;wt
wei1 = we + Be(pe0e(0¢)bs, — b g wt)

@ Two timescale updates

@ w update is one-step SGD applied to LMS
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TDC Algorithm

—%VJ(@) = E[Pt(¢st - 7¢st+1)¢l] E[¢St¢;] —1E[pt5t(6)¢5f]
w*(6)
= E[Pt5t(‘9)¢st] —-1E [Pt¢s:+1¢;|;]w*(9)

TDC algorithm [13]

Or1 =0: + Oétpt(5t(9t)¢st - ’Y¢St+1¢;|;wt)
wir1 = wt + Be(pede(0:)ds, — ¢5t¢;|;wt)

@ 0 update is different from GTD2
@ w update is the same as GTD2
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Analysis of TDC with Linear Approximation

TDC with linear approximation

Or+1 = TR, (9t + arpe(6:(0r) ps, — ’Y¢st+1¢sTtwf))
wer1 = MR, (W + Be(pr0e(0:)ds, — Ps,Pawt))

@ Challenge: Correlated Markovian samples

@ Challenge: Correlated two timescale updates

Non-exhaustive of existing work:
@ Asymptotic convergence: [13, 14, 15]
@ Non-asymptotic (finite-time) convergence
> L.I.D. samples: [8]
» Markovian samples: [16], [17] (will be presented)
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Finite-Time Convergence of TDC

Key Assumptions:

o (Geometric mixing): There exist k > 0, p € (0,1) such that
supdry (P(st|so = s), ) < kp', VteNg
seS

@ (Non-singularity): The following matrices are non-singular
A= IE:.ub[ps,a(’)/d)sgb;E _ ¢s¢;—)]7 C:= _Eub [¢S¢I]
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Finite-Time Convergence of TDC

Theorem: finite-time convergence [17]

. 1 1 . .
Set learning rates a < B (2ATC—1A)|"B < @Ol After T iterations,

max

IE[||9T - 9*||2] < 0((1 —ca)t + aloga™t + [ Blog 81+ %)

@ Need small «, 8 and %

@ Small %: w; takes faster update than 6;, because it needs to
approximate the double expectation in 6 update
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Outline of Proof: Step 1

Rewrite TDC Update

@ Recall that w; is used to approximate

we = W (0) = E[ds0s] Elpede(8)ds]

-~

—C-1(b+Ad)

o Define tracking error z; = wy — w*(0) = wy + C~1(b + Af)
@ TDC can be rewritten as: O; = (s¢, at, rt, St+1)
Orr1 = Nr(0: + a(fi(0s; Or) + g1(zr; Or)))
ze11 = z¢ + B(f(0r; Or) + g2(2t; Or)) — w*(0e) + w*(Or41)
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Outline of Proof: Step 2

Develop bound of E[||z]|?]

Zry1 = I_|R(Zt + B(£2(0; Or) + g2(zt; Or)) — w™(0¢) + w*(9t+1))

@ Use z; update to develop a preliminary bound of E[||z|?]

» Linear converging term, variance, bias, slow drift term
» The proof uses constant bound of ||z||

@ Further use preliminary bound to develop refined bound
» The proof uses preliminary bound of ||z]|
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Outline of Proof: Step 3

Develop bound of E[||6; — 6%||?]

Oi11 = I_IR(Ht + a(f(0¢; O) + gi(zr; Ot)))

@ Use 6, update and the refined bound of E[||z|?]

< (1= @)E[||0; — 0[%] + 2aE[¢q (6e, O:)] +
+ 20E[||z[* + 1|6 — 6*||?]
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Extension: Mini-batch TDC [18]

Mini-batch TDC with linear approximation

(t+1)M—-1
Orr1 = 0: + % Z pi(éi(et)d)s,' - '7¢5i+1¢;;wt)
(t_’:)fl\":” 1
Wi41 = W I M I% t)¢s, (ps,-(ls;l;wt)

@ No need to use bounded projection
@ Allow large constant learning rates

@ Reduce variance of two timescale stochastic updates
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Outline

© Value-based Method for Optimal Control
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Optimal Value/State-Action Value Function

@ Recall definition of value and state-action value functions:

S0 = 5,7[']

S0 :s,aO:a,w]

oo

Vi(s)=E [Z vEr(se, at, Se41)

t=0

oo

Qr(s,a) =E [Z 'ytr(st, ar, St+1)

t=0

@ Goal: to find an optimal policy that maximizes the value function
from any initial state sy

@ Optimal value function:

V*(s) =sup Vi(s), Vs € S

@ Optimal state-action value function:

Q*(s,a) = sup Qx(s,a), ¥(s,a) € S x A
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Bellman Operator and Contraction

Optimal policy 7*: take action arg max@*(s, a) at state s € S
acA

o V*(s) = maxaeq Q*(s,a),Vs € S
The Bellman operator T is defined as

(TV)(5) = max B p(js,q) [r(s: 2,8) + V()]
o T is contraction: for any V; and V,
[TVI = TV2lloe <7[[Vi — V2l

@ V* is the fixed point of T: V* =TV*
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Value lteration

@ Assume known reward r and transition kernel P

Value lteration
o Initialize V/(s) arbitrarily for any s € S

@ Repeat until convergence

V(s) « max > P(s'|s,a)(r(s,a,s") +vV(s')), forallse S
s es

@ Repeatedly update V/(s) using Bellman operator, i.e, V <~ TV
@ Convergence can be proved using contraction of T
> TV = Voo = [TV = TV |oo < 5[]V = V||
T TV = Voo <AV = V¥loo = 0, a5 t = 0
N——

t times

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 42 /99



Policy Iteration

@ Assume known reward r and transition kernel P

Policy Iteration
@ Initialize 7 arbitrarily
@ Repeat until convergence

Evaluate Q,
7'(s) < argmaxQ,(s,a) for all s € S
acA

Ry
v

@ Policy improvement theorem: Let 7 and 7’ be any pair of
deterministic policies such that for all s € S, Q. (s, 7'(s)) > Vi(s),
then 7’ is no worse than m: Vy/(s) > Vi(s),Vs € S

@ Policy from policy iteration has higher or same value than before

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 43 /99



SARSA: On-Policy TD Control

@ Finite S and A, unknown reward r and transition kernel P

SARSA

Parameter: step size a € (0,1], small e >0
Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize sop and ag, t =0

Repeat until convergence

Observe state s;11, receive reward r(s;, ar, Se+1)
Take action a;11 using target policy derived from Q (e.g., e-greedy)
Q(st,ar) < Q(st, ar) + a(r(st, ar, Sev1) + YQ(St41, arr1) — Q(st, ar))

target

tt+1

@ SARSA converges to Q* if

» All state-action pairs are visited infinitely often
» The policy converges to the greedy policy (e.g., e-greedy with e = 1/t)
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SARSA with Linear Function Approximation

@ Large S and A, unknown r and P

SARSA
Initialization: g, s, ¢;, for i =1,2,..., N

Choose ag according to g,
Fort=0,1,2,...
Observe s;11 and r(st, at, Ser1)
Choose a;; according to m,

Ors1 4 0t + ege(0:)
Policy improvement: 7., < [(¢"0r11)

°
o g, < (9" 6p) (e.g., e-greedy, softmax w.r.t. ¢'6p)
°
°

gt(0:) = VoQu(st, ar) At = ¢(st, ar)A¢: “gradient”
A; denotes the temporal difference error at time t:
A¢ = r(se, ar, se41) + 70" (Ser1,ae01)0 — ¢ (st ar)0e,
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SARSA Sample Path

state: Stq St —  St41 St+2 St+3
\
T g, Ty
B l / t l / Hll /”Bﬁz '
action: -1 a; Ay Qpyz ey
L : ] \ I T i . J
0; Brs1 Btv2 Bt+a

@ As 0, is updated, mp, changes with time
@ On-policy algorithm, time-varying policy
@ Non-i.i.d. data
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Finite-Sample Analysis [20]

@ The limit point 6* of the projected SARSA [19]: Ag-0* + by« = 0,
where Ag« = Eg-[¢(s,a)(v¢ " (s',a") — ¢ (s, a)] and
box = Eg= [¢(57 a)r(sv a, Sl)]

@ The limiting point 0* is the one such that Eg-[g(0*)] = 0, where
S~ g, @~ To=(:]S)

Theorem
Finite-sample bound on convergence of SARSA with diminishing step-size:

E|lo7 - 673 < O (2&T)

Finite-sample bound on convergence of SARSA with constant step-size:
El07 — 6|3 < O (e=<T) + O(e)

@ With diminishing step-size, SARSA converges exactly to optimal 6*

@ With constant step-size, SARSA converges exponentially fast to a
small neighborhood of 8*
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Challenges in Technical Analysis

@ Non-i.i.d. samples
» Strong coupling between sample path {s;, a;}+>0 and {6:}+>0
» Samples are used to compute gradient g;, and 6,1, which introduce
bias in g;
> 0, is further used (as in policy mg,) to generate subsequent actions
@ Convergence can be established using O.D.E approach [19]

@ For finite-time bound, stochastic bias in g needs to be explicitly
characterized
@ Dynamically changing learning policy
» Analysis in [10] relies on the fact that the learning policy is fixed so
that the Markov process reaches its stationary distribution quickly
» Episodic SARSA in [21], with each episode, the learning policy is fixed,
and the Markov process reaches its stationary distribution within each
episode
» No such nice properties for SARSA!
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Proof Sketch

@ Step 1. Error decomposition
@ Step 2. Gradient descent type analysis
@ Step 3. Stochastic bias analysis

@ Step 4. Putting the first three steps together and recursively apply
step 1 completes the proof

Key idea:
Design an auxiliary uniformly ergodic Markov chain to approximate original
Markov chain induced by SARSA
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Step 1. Error Decomposition

@ Some notations
> g(0) = Eg[g:(0)]: noiseless gradient at 6
> A(0) = (0 — 0%, g:(0) — g(0)): bias caused by using non-i.i.d. samples
to estimate gradient

@ Decompose error recursively:
E[|[0e+1 — 67]3]
< E[||0e — 0°[13] + 20 E[(0; — 6%, 8(6:) — 8(67))] + o7 E[[|ge (6 ) I3]

Gradient descent type analysis

+2a;: E[A:(6:)]

Stochastic bias
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Step 2. Gradient Descent Type Analysis

® E[]|0: — 0[I3] + 20 E[(0; — 0", 8(0:) — (0"))] + aFE[|g(0:) 3]

terml ~O(a?)

@ True gradient g(6;) is used, term 1 can be bounded:

E[(0: — 0%, 8(0:) — £(0°))] < (0: — )T (Age + CAI)(0; — 07)
< —wE[)|0; — 67|3]

where —ws is the largest eigenvalue of Ag« + CAI

@ Ay is negative definite for all 8
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Step 2. Some Assumptions

@ Assumption (smooth policy): 7y is Lipschitz with respect to 6:
V(s,a) € S x A |mg,(als) — mg,(als)| < C[[61 — b2]|2

@ Assumption (non-singularity): C is small enough so that Ag« + CAl is
negative definite

@ Assumption (geometric mixing): for fixed 6, the Markov chain
induced by 7y and P is uniformly ergodic with invariant measure pyg,
and there are constants x > 0 and p € (0, 1) such that

supdry (P(se|so =), p9) < kp', VE>0
seS
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Step 3. Stochastic Bias Analysis

E[A¢(0:)]: Bias caused by using a single sample path with non-i.i.d.
data and dynamically changing learning policy 7,

Define O: = (st, at, St+1, t+1)

Recall stochastic bias: A¢(6:) = (0: — 0*, g+(0:) — g(0:)) and

gt(9t) = ¢(5t, at) (f(St, at, 5t+1) + 7¢T(5t+1, 3t+1)9t - ¢T(5t, at)et)
Complicated dependency between O; and 6,

Rewrite A¢(0:) as A¢(0:, Or)
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Step 3. Stochastic Bias Analysis

@ First, we show that A.(0) is Lipschitz in 0

@ Second, 6; changes slowly with t

@ Then for any 7 > 0,

At(0¢, Or) < At(0r—r, Or) + (6 + AC) G2 ZF;LT a; (part a)

@ Intend to decouple the dependency between 6; and O; by considering
0:_ and O;

@ If the Markov chain induced by SARSA is uniformly ergodic, then
given any 0;_., O; would reach its stationary distribution quickly for
large T

@ However, this argument is not necessarily true since the policy 7y,
changes with time
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Step 3. Stochastic Bias Analysis

@ Key idea: design an auxiliary Markov chain that is uniformly ergodic
to assist proof
@ Auxiliary Markov chain design:
> Before time t — 7 + 1, everything is the same as SARSA
» After that, fix learning policy as 7y, _ to generate all subsequent
actions _
» Denote new observations as O; = (3¢, &;, Sr41, 8r+1)
@ Since my, _ is kept fixed, for large 7, Oy reaches stationary distribution
induced by 7, _ by geometric mixing assumption for large 7

o Thus, E[A:(0;—+, 0;)] < 4G2kp™ ! (part b)
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Step 3. Stochastic Bias Analysis

@ Bound different between SARSA Markov chain and auxiliary Markov
chain
@ 0; changes slowly due to small stepsize

@ Due to Lipschitz property of my, the two Markov chains should not
deviate from each other too much

o We can show E[A(0¢_r, Or)] — E[A(0; -, Or)] < SAET g
(part c)

@ Combining parts a, b and c yields an upper bound on E[A:(0:)]
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Step 4.

@ Putting the first three steps together
@ Recursively applying Step 1 completes the proof
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Q-Learning: Off-Policy TD Control

@ Finite S and A, unknown r and P
Q-Learning
Parameter: step size a € (0, 1]
Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize s, behavior policy mp, t =0

Repeat until convergence

Take action a; following fixed mp, observe next state s;;1, receive reward
r(se, at, st11)

Q(st; ar) = Q(st, ar) + a(r(se, ar, se+1) + 7y Maxyea Q(se+1,a") — Q(st, ar))
t+—t+1

@ Q-learning converges to Q* if
> All state-action pairs are visited infinitely often

@ Q-learning sample complexity studies, e.g., [22], [23] and [24]
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Gradient TD Method for Optimal Control

@ Q-learning with function approximation suffers from divergence issue

o Greedy-Gradient Q-learning (Greedy-GQ) with linear function
approximation [25]

@ Consider mean squared projected Bellman error (MSPBE):

J(0) 2 INTQy — Qoll?

v

w: stationary distribution induced by behavior policy 7
1Q(, )”/J £ fsES,aEA dﬂs,aQ(sa a)

M: projection operator MQ = argmingeo ||Q — Q||

> Q:{Qg:d)Té’:HERN}

v

v

Goal: ming J(6) J
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Two Time-Scale Update Rule

Define Vi (0) = maxyea 0" ¢sr
TD error: 05,5 (0) = r(s,a,s") + 7\75/(0) — 9T¢s7a
Let ¢s(A) = V Vi (0). Then gradient of MSPBE is

vJ(o 2
2() = —E,[0s,2,5(0)bs,a] + VEM[QﬁS’(G)d}Ia]w*(e)’

where w*(0) = Eu[¢s7a¢la]_1Eu[6573751(9)@73].

o Double-sampling issue for estimating E,,[$¢ () Ia]w*(ﬁ): it involves
product of two expectations

Weight doubling trick [13]:

Slow time-scale: 0¢y1 = 0 + a(dey1(0) e — Y(w] D¢)des1(0%)),
Fast time-scale: wiy1 = wr + B(0e41(0:) — ¢th)¢t,
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Finite-Sample Analysis [26, 27]

Challenges:

@ Non-convex objective J(6) with two time-scale update rule
@ Non-smooth due to max in Vi (#) = maxyc4 ,97¢5,7a,
» Approximate max with a smooth approximation, e.g., softmax
@ Biased gradient estimate due to two time-scale update and Markovian
noise

Theorem

Finite-sample bound on convergence of Greedy-GQ with linear function

approximation: E[||VJ(Ow)|?] = O (%)

@ Gradient norm converges to 0 implies convergence to stationary points
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Finite-Sample Analysis [26, 27]

@ w*(#): limit of fast time-scale if 0, is fixed to be

o Define tracking error: z; = wy — w*(0¢): how fast the fast time-scale
tracks its limit

@ Denote estimate of %W) by
Gey1(0,w) = 6e41(0)pr — Y(w T 1) e y1(0)
@ Slow time-scale can be written as 011 = 0; + aGr11(0, w¢)
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Stochastic Bias in Gradient Estimate

@ Bias in the gradient estimate can be decomposed as follows:

VvJ(6
E |:Gt+1(0ta Wt) + 2()]
. vJ(0 .
— B | Gera(B0,6"(00)) + 52| + ElGena(Ber) ~ Groalf(0)
o Bias (b): due?gtracking error

-~
Bias (a): due to Markovian noise

@ For bias (a), under the i.i.d. setting, it is zero. Under the Markovian
setting, it can be bounded similarly to proof of TDC.

@ For bias (b), [|Ge11(0¢, we) — Gera (0, w™(6:))|| < Ll we — w™(6:) |,
—_———

Zt
for some Lipschitz constant L > 0. Thus, a tight bound on the
tracking error ||z¢|| is needed.
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Tracking Error Bound

@ Zz; can be recursively written as
zey1 = 2+ B((Oe1(0e) — ¢ w*(01))pr — ¢l 22 +w* (01) — w* (01 11)
@ Then the recursion of |z:||? naturally involves a term
(z¢,w*(0¢) — w*(0r+1)), to bound which, the Taylor expansion of
w*(0) at 0; is used:

w*(0ir1) — w*(61)
= Vw*(é?,-)T(H,-H - 9,) + O(a2)
=aVuw (0" Gii1(0i,wi)  +0(a?)
————
should also converge to 0

@ Basic idea: bound tracking error z; in terms of VJ(6;), which shall
also converges to zero, instead of a constant bound
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Variance Reduced Greedy-GQ [29]
@ Greedy-GQ update: denote Oy = (s¢, a¢, rt, St+1)
Orr1 =0 — aGOt(etawt)v W41 = We — ﬁHOt(et,Wt)

@ Variance reduction [28]: reference parameters 0,

M
~ 1 ~ -
(Reference updates) G := o Z Go,(0,w), H:=— Z Ho.(6,w)
i=1 '

(Variance-reduced Greedy-GQ):
9t+1 = 9t — Oz(Got(Qt?wt) — Got(§7a) + 5)
wiy1 = wr — B(Ho, (0r, wi) — Ho,(0,@) + H)

e Periodically update 6,%, G, H
@ Improved sample complexity
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Outline

@ Policy Gradient Algorithms
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Formulation of RL

@ State value function:
Ve(s) = E[D 2o v r(se, at, sev1)|s0 = s, 7]
@ State-action value function:
Qx(s,a) = ED-Z 0 r(se, ar, se+1)[s0 = 5,30 = a, 7]

where a; ~ 7(+|s;) for all t > 0.
@ Average value function:

J(m) = (L= NERCZ0 v r(se: ar, st11)] = Ese[Va(s)]
where &(+) denotes initial distribution.
RL Goal: find the best policy 7*

(Criterion I): Vi«(s) > Vi(s), Vm,Vs
(Criterion II): mﬁxJ(ﬂ) 1= Esue[Vr(s)]
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Parameterization of Policy

o Central idea:
» Parameterize the policy as {m,,,w € W}

> J(m) = J(mw) = J(w)

Goal of Policy-Based RL: maxy,ew J(my) := J(w) ]

@ Example parameterizations of policy
» Direct parameterization: m,,(als) = ws a, where w € A(A)IS] ie.,
Ws,>0,and 35w, =1forall (s,a)

» Tabular softmax parameterization:

exp(ws 2)
seaep(Wsz)

Tw(als) = 5
» Linear softmax parameterization:

Tw(als) o< exp(¢(s, a)TW)

» Gaussian policy: my(als) = N(¢(s)" w,c?)
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) J

@ Policy gradient VJ(w) [30]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Visitation distribution: vx(s,a) = (1 — 7)Y oo V'P(s: = s, a; = a)
» Define score function 9,,(s, a) ==V, logm,(als)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)

Vuwd(w) =E,,, [Qr, (s, 3)dw(s, a)] = Eu,, [Ar, (s, a)w(s, a)]

Policy gradient algorithm [30, 31]

@ update the parameter w via gradient ascent

Wii1 = Wt ar athJ(Wt)

where a;: > 0 is the stepsize.
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TRPO/PPO Algorithm

Trusted Region Policy Optimization (TRPO) [32]

@ Update the parameter w under KL constraint
wey1 = argmax[J(w:) + (w — Wt)TVwJ(Wt)]
subject to IE,,(S)[KL(WWtHWw)] <c

where ¢ > 0 is a hyperparameter.

Proximal Policy Optimization (PPO) [33]

@ Update the parameter w via KL-regularized gradient ascent

w1 = argmax[J(we) + (W — we) T Vi J(we) — o, (o) [KL(mw,||7w)]]

where ¢ > 0 is a hyperparameter.
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Natural Policy Gradient (NPG) Algorithm
@ Second-order Taylor approximation to KL distance
1
KL(7w, ||7mw) za(w —w)TF(w)(w — wy)

» Fisher information matrix F(w) =E,,_ [V, log 7y, V. logm],
o Kl-regularized update: at time t

argmax [J(we) + (w = we) TV S(e) — 0By, (o [KL(mw ] [T )]
~ argmax [J(we) + (w — we) Vi (we) — 5 (w — we) TF(we) (w — )]
= w; + aF (W) TV, J(we)

where F(w;)" denotes the pseudo-inverse of F(w;).

Natural Policy Gradient (NPG) [34]
@ Update parameter w via KL approximator based regularizer
Wer1 = we + aF (we) TV, J(we)
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Convergence with Exact Policy Gradient

@ Policy gradient
» Direct and tabular softmax policy: global sublinear convergence [35]
» Direct policy: global linear convergence via regularized MDP [36]
» Direct policy: global linear convergence via line search [37]
e TRPO/PPO
» Direct policy: global sublinear convergence via adaptivity [38]
» Direct policy: global linear convergence via regularized MDP [36]
» Direct policy: global convergence via line search [37]

o NPG

» Tabular softmax policy: global sublinear convergence [35]
» Tabular softmax policy: global linear convergence via regularized MDP
[39]
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Policy Gradient Algorithms under Unknown MDP

VI(w) =E,., [Qn, (s, 3)¢w(s.a)] =K., [Ar, (s, 2)¢w(s, )]

o Let P(-|st, ar) = YP(-|st, ar) + (1 — 7)&() [40]
> &(+): initial distribution
» Samples drawn from P(:|s;, a;) converge to visitation distribution v,

Model-free Policy Gradient

@ Sample s; ~ 15(-|st,1, ar—1),ar ~ Tw,(-|st)

@ Unbiased estimation of A, (st,at)
Sample a length-K' trajectory starting at (s¢, a;), K ~ Geom(1 — )
Estimate Q(st, a;) by adding rewards over the sample path
Sample a length-K' trajectory starting at (s¢), K ~ Geom(1 — )
EAstimate V(st)Aby adding rAewards over the sample path
Ar, (5t;at) = Q(st, at) — V(st)

@ Estimate policy gradient g; = /A\WWt (st,a:) Vi, log(mw, (at|st))

o Update wiy1 = wr + a8t

v
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Analysis of Model-free PG Algorithms

@ Parameterization: general nonlinear policy {m,, : w € W}

@ Sampling is over a single trajectory path

Assumption 1 (Smoothness of policy)

For any (w,w') and (s, a), there exist positive Ly, Cy, and C; such that:
° [[Yu(s,a) = Ywi(s; )
° [[Yw(s,a)lls < Gy
o drv(mw(|s), mw(']s)) < Crllw — w'll,

|2 <Ly |w — WI“z

Assumption 2 (Geometric Mixing)

For any policy m,, and transition kernel P(-|s, a) or P(:s, a), let jir, be
stationary distribution. There exist & > 0, p € (0,1) such that

sup dTV(]P’(st|so = s),,u,rw) < kp', Vt>0
seS

v
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Convergence of Model-free PG Algorithms
Theorem ([41])

Suppose Assumptions 1 and 2 hold. Under a diminishing stepsize oy =

fort =1,..., T, the output of model-free PG satisfies
: 2 log T log> T
min [V Sl < 0 (S5T) +0 (5T).

Furthermore, under constant stepsize c;;y = :

minE [V, Jw) ] < O (3r) + Olalog? ).

S

@ Under constant stepsize, PG converges to a neighborhood of a
stationary point at a rate of O (4).
» « controls a tradeoff between convergence rate and accuracy
» Decreasing o improves accuracy, but slows down convergence

> Let a; = % PG converges with a rate of O (%)
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Actor-Critic Algorithms [42]

Actor-Critic Algorithm
o Critic
Estimates Vj(s) by linear function approximation ¢(s) "6
Takes T, length-M minibatch TD learning updates and outputs 6,
@ Actor
Approximates A (s, a) by temporal difference error dy(s, a, s’)

Ar,(5,3) = 0(5,3,5) = r(s, 3,5') +76(s) 0 — 3(s)T0

Estimate policy gradient v;(0;) by averaging g, (st, at, St+1)%¥w, (St, at)
over a length-B sample trajectory
Updates w1 = wy + apvi(6;)

@ Parameterization: general nonlinear policy {m,, : w € W}

@ Sampling is over a single trajectory path
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Convergence Rate of Actor-Critic Algorithm

Theorem ([43])

Suppose Assum. 1 and 2 hold, and T is chosen uniformly from {1,--- | T}.

(})+0(3) + 1~ 00w B)™ +0 () + 0(¢5s)

approx/*
With total sample complexity O(e~2log(1/¢))

E[Hv J || ]< €+O(<cnﬁc )

approx/*

@ Actor has sublinear convergence, and critic has linear convergence

@ Actor’'s bias and variance O (%); Critic’'s bias and variance O (%)

e Critic’s approximation error: (Sitie —

maxwew By, [|Vr, (s) = Vo, (5)1%]
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Convergence Rate of Actor-Critic Algorithm

Theorem ([43])

Suppose Assum. 1 and 2 hold, and T is chosen uniformly from {1,---, T}

(3)+0(3) +(1- 00w, )T +0 (§) + 05

approx/*

E[||VuJ(ws)]|5] <

With total sample complexity O(e=2log(1/¢))

E[HV J ” ]< €+O(Ccntic

approx/*

@ Actor's mini-batch yields faster convergence rate of O(1/T) rather

than O(1/V'T)

@ This further yields better overall sample complexity

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 77/99




Proof of Convergence

o Let v¢(0) denote estimator of g(6, w) = E,,, [Ag(s, a)w(s, a)]
@ Decompose error terms

(%a _ Ljaz)E[HVWJ(wt)u% |7
< E[J(weg)[Fe] — J(we) + 3(%04 N LJ&2)]E[ Ive(®) = Vt(a:’t)Hi

+ [[ve(62,) — (05wl + (|80, w) = Vi d(wo)|[5 | 7.

@ Error due to TD learning

E[||ve(8:) — ve(65,)|5 | 7]
< 4E[]|6; — 05, ]3| F < (1 — O(Aa, 8) < + O(8/M)
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Proof of Convergence (Cont.)

@ Gradient estimation error under Markovian minibatch sampling

B [Jlu(ti,) - 2w 217 <0 (5.
@ Critic's approximation error
2 .
g (83, we) = Vi d(w)[; < O (¢Gpares)
@ Combine error bounds and take summarization over iteration path

<O(L)+(1-00Ma.B)Tc+0 ("ﬁ/’>
+ 0O (%) +O( ;,;i;ir%x)'

E[||VwJ(w
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Natural Policy Gradient under Unknown MDP
@ Natural policy gradient (NPG) [34, 44],
Wep1 = we + o F(we) TV (W)

o Consider mingcpa Lw(0) = E,,_[Ar, (s,a) — ¢(s,a) " 6]
» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

@ NPG update [35]: wiy1 = we + aibs

Model-free NPG [35]

@ At step t, solve least square problem via K iterations

Obtain unbiased estimator Aﬁwt(sk, ax) (same as PG)
Update 011 = 0 — ﬁV@LWt(ek)

o Update wii11 = wy + ok

@ NPG with general nonlinear policy converges globally as O( ) [35]

@ Can achieve O (T) by self-variance reduction of gradient norm [43]

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 80/99



Natural Actor-Critic Algorithm

Jw) =E,,, [Qr,(s,a)0w(s,a)] =E,,, [Ar, (s, a) (s, a)]
Wii1 = We + oth(Wt)TVJ(Wt)

Natural Actor-Critic Algorithm

@ Critic (same as critic in actor-critic algorithm)
Estimates Vj(s) by linear function approximation ¢(s) "6
Takes T, length-M minibatch TD learning updates and outputs 6,

@ Actor
Computes policy gradient estimator v¢(6;) as in actor-critic algorithm
Computes Fisher information estimator F;(w;) by averaging over a
length-B sample trajectory
Updates w; 1 = w; + ot Fe(w:)Tvi(6:)

@ Parameterization: general nonlinear policy {m,, : w € W}

@ Sampling is over a single trajectory path
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Convergence Rate of Natural Actor-Critic Algorithm
Theorem ([43])

Let Assum. 1 and 2 hold and T is chosen uniformly from {1

)~ E[J(my)] <O (3) + 0 (Z5) + (1 - O(a, BN+ 0 (A7)

+O( /¢ ) + O (3) + (1 - O(a, B) e + O (§) + OC5atie,) + O(/Ceggim

’T}'

With total sample complexity O(e=3log(1/€)), we achieve

J(7*) —E[J(WWf)} <e+O <1/ jgf,%x> + O (\/ﬁ) +O( critic )

approx) *

@ Actor has sublinear convergence, and critic has linear convergence
o Critic's approx. error: ¢5pts, = maxwew By, [|Vr, () = Vo:_(s)[]
@ Actor's approx. error:

actor __

approx — maXyew mlnpeRdQ

Eyﬁw [1/JW(S, a)TP - Aﬂ-W(S, a)]z
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Convergence Rate of Natural Actor-Critic Algorithm
Theorem ([43])

Let Assum. 1 and 2 hold and T is chosen uniformly from {1

Hr) —E[J(m,)] O (3) + 0 () + (1 - 00, 8) ™2+ 0 (F5)
+O(\/%) +0(3)+1-00a.B)+0 (%) +O(

With total sample complexity O(e=3log(1/€)), we achieve

()~ E[J(m,)] < e+0 (y/agen) + 0 (y/csztie,) + O (csatc,)

approx) *

9 T}'

critic

/(~actor
approx + O( approx

@ Diminishing variance in actor's update yields a faster convergence
rate of O(1/T) than O(1/VT)

@ Performance difference lemma [35] of NAC yields global convergence

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah)

Recent Advances in RL Theory ISIT 2021 Tutorial 82/99



Proof of Convergence (Part I)

@ Define u,, = F(w:) 1V, J(w:) and u:(0) = Fe(w:)"1ve(0), where Fi(wy)
is assumed to be nonsingular.
@ Bound the norm of policy gradient

E[[[Vud(we)][3 | 7]
< O (B (we 1) Fd] = J(we)) + O (E[l|ue(8) — F(we) T d(we) 31721
@ Bound estimation error of natural policy gradient
E[||ue(6e) — F(we) Vi J(we)| [ | 7]
< O (Elvi(0:) - va(wt)||2 171) + 0 (EIIF(we) — Fe(wo)ll3 1 72])

< (1= 00w AT+ 0 (f;) + O (F) + Oz
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Proof of Convergence (Part | Cont.)

» Policy gradient estimation error due to TD learning (same as AC)

E[[|ve(0:) — Vi d(we)3 | F:]
< (1= 00w BT +0 (§) +0 () + O¢es,

» Fisher information estimation error
- 2 1
E[[[F(we) — Fe(we)|5 | Fe] £ O B
@ Overall convergence of gradient norm

1Y ENVLI(wo)l5]
<0 (M) +(1-00uB)+0 (%) +0 () +O(¢5se,)
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Proof of Convergence (Part Il)
o Define D(w) = KL(7*(|s)|[mw(-|s)) = E.,. [Iog %}
@ Bound function value gap (global convergence)
D(w:) — D(wt11)
> ok, . [Awwt(sv 3)} —a Hut(ﬁt) - F(Wt)_lva(Wt)Hz

L
+ ARy [Yu(s,2) F(w) V0 d(w) — An,, (5,2)] = 2o (6]

@ Performance difference lemma (central for global convergence) [35]

By [Ar, (s;8)] = (1 =)[J(7") — J(7w,)]

@ Natural policy gradient estimation error

]E[||Ut(9t) - F(Wt)flva(Wt)Hg] < \/]E[||“t(9t) - F(Wt)_lvw-/(Wt)”;]
which is bounded in Part .
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Proof of Convergence (Part Il Cont.)

@ Actor's approximation error

Ev,.. [V (5,2) T F(w) 1V d(we) = Ar,, (5,3)] = = 25 ||

/(~actor
v approx
Ty || oo Pp!

@ Second moment of policy gradient

E[||ue(6¢)][3]
< O(E[||ue(6e) — F(we) 1V d(we)|[2]) + OBV (we)3])

where both terms are bounded in Part |I.

@ Substitute all bounds into the first step of Part Il, rearrange terms,
and take summation over t =0to T — 1.
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Extension |: Policy Gradient Algorithm with Adam

PG-AMSGrad [41]

@ Sample s; ~ IS(-|st,1, ar—1),ar ~ Tw,(-|st)
@ Estimate Q-function CA)ﬂWt(st, a¢) as in PG

@ Estimate policy gradient g; = Qrwr (st,a:)Vu, log(mw, (at|st))
o my = (1—p1)me—1+ P18t momentum

o vi = (1— B2)0e_1 + Bog? stepsize adaptation

® Uy = max(Vr_1, vt), V, = diag(Ve1, .. Ved)

@ Update policy parameter wy 1 = wy — it \A/t_%mt

o Convergence rate of PG-AMSGrad [41]

@ In practice, PG with Adam converges much faster

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 87/99



Extension Il: Off-Policy Policy Gradient Algorithms

o Off-policy policy gradient
» On-policy sampling with target policy is not possible
» Off-policy sampling under behavior policy: (s;, aj,s/) ~ D
» Estimate V,, J(w) with off-policy samples

Actor-critic with distribution correction (AC-DC)

g(w) = p(s,a)Qnr, (s, 2) Vi log(u (s, a))

where p and @WW are approximation of p = v, /D and Q,,, respectively.

@ Bias error of AC-DC suffers substantially from estimation errors
Ag = Eplg(w)] = VuJ(mw) = O(E[e,(s, a) + eq(s, a)])

whereep:p—ﬁandsQ:Q—Q

@ Doubly robust off-policy PG estimation [45] reduces bias error
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Safe Reinforcement Learning

@ Practical RL applications involve various safety/resource constraints
> Left: Power constraint on battery powered devices

» Right: Safety constraints on autonomous robotics and vehicles
» Bottom: Delay constraint in communication system

1ms
LATENCY
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Constrained Markov Decision Process (CMDP)

@ Same dynamics as general MDP
@ Agent receives reward R and cost C

@ Value function w.r.t. reward R:

Vi(p) =E [Z(t)io Y R(st, at75t+1)|50 ~ ,0}

@ Value function w.r.t. cost C:

Vi(p) =E [Zfio Y C(st, ar, 5t+1)‘50 ~ ,0}

Goal of CMDP

max Vg(p) subjectto V{F(p) <c
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Two Popular Approaches for CMDP

@ Primal-Dual Approach: e.g. CPO [46], PDO [47]
» Define Lagrangian: let A > 0 be Lagrangian multiplier

L(m,A) = =Vg(p) + MVE(p) — o).
» Solve a minimax problem over augmented Lagrangian function

max min L(m, A)
AERy 7
» Zero duality gap [48, 49]; Convergence rate [49, 50]
@ Primal Approach: CRPO [51]

> If constraint is violated, take one step NPG update to reduce V™ (p)
» If constraint is satisfied, take one step NPG update to enlarge Vr™(p)
» Convergence rate [51]
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Imitation Learning

@ Imitation Learning
» Reward function is unknown
» Some expert demonstrations are available
» Goal: find a learner’'s policy that produces behaviors as close as
possible to expert demonstrations
@ Two major approaches
» Behavioral cloning [52]
* Directly provides a mapping from state to action based on supervised
learning to match expert demonstrations
» Inverse Reinforcement Learning [53, 54]
* First recovers unknown reward function based on expert’s trajectories,
and then find an optimal policy using such a reward function
* Generative adversarial imitation learning (GAIL) framework [55]
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Generative Adversarial Imitation Learning (GAIL)

o Parameterize reward function as r,(s, a) where a € A C RY

@ mg: expert policy; demonstration samples under mg are available
@ 7 : learner’s policy to be optimized

e J(mEg, ry): average value function under expert policy

@ J(mp,ry): average value function under learner's policy

@ («a): regularizer of reward parameter

GAIL Framework [55]
min max F(mp, ) := (g, ro) — J(mr, ra) — (@)
T aEN
o Maximization: find reward function that best distinguishes between
expert's and learner’s policies

@ Minimization: find learner’s policy that matches expert's policy as
close as possible

v

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 94 /99



Multi-Agent Reinforcement Learning (MARL)

@ Many RL applications involve multiple agents
» Left: stock market with numerous investors
» Middle: multi-drone control
» Bottom: multi-agent power network
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Formulation of MARL

@ State value function (of joint policy 7):
M
Va(s) = B[ X207 11 Smea i lso = 5.7]
@ Average value function:

J(m) = (1= YE[ X507 oy ™) = Ee[Va(s)]

MARL Problem:

5,70

@ MARL algorithms are similar to single-agent RL algorithms

@ Agents need synchronize information (local state observations,
actions, rewards, etc)

@ Tradeoff between communication & computation complexities
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Open Problems in Reinforcement Learning

@ Multi-task reinforcement learning

» Tasks can share similar but different transition kernels

» Meta-learning can be applied to achieve sampling efficiency

» Open issues in theory: characterization of sample complexity
improvement due to meta-learning

o Off-policy/Offline reinforcement learning

» No access to online interaction with environment, but access only to a
given set of data samples

» Dataset has limited coverage over state-action space, and is sampled
under behavior policy, not target policy

» Open issues in design: how to design desirable algorithms to address
overestimation and distribution shift

» Open issues in theory: what is the minimum requirement to achieve
polynomial sample complexity efficiency
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Open Problems (Cont.)

@ Partially observable MDP

>
>
>
>

>

No access to full state information

Optimal policy is not stationary

Markovian structure does not hold anymore

Open issues in design: how to design efficient model-free and
model-based methods

Open issues in theory: how to characterize sample complexity

@ Multi-agent RL

>

>

>

Agents need to jointly achieve a design goal

Decentralized algorithms under partial observations of environments
Challenges in design: delayed communication; communication depends
on network topology

Open issues in theory: tradeoff among communications, computations,
privacy
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YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory



References

[1I] N. Sharma, S. Zhang, S. R. S. Venkata, F. Malandra,
N. Mastronarde, and J. Chakareski, “Deep reinforcement learning for
delay-sensitive Ite downlink scheduling,” in IEEE Annual International
Symposium on Personal, Indoor and Mobile Radio Communications,
pp. 1-6, IEEE, 2020.

[2] R.S. Sutton, “Learning to predict by the methods of temporal
differences,” Machine learning, vol. 3, no. 1, pp. 9-44, 1988.

[3] R.S. Sutton and A. G. Barto, Reinforcement learning: An

introduction.
2018.

[4] J. N. Tsitsiklis and B. Van Roy, “An analysis of temporal-difference
learning with function approximation,” IEEE transactions on
automatic control, vol. 42, no. 5, pp. 674-690, 1997.

[5] V.S. Borkar, Stochastic approximation: a dynamical systems
viewpoint, vol. 48.
20009.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[6] A. Benveniste, P. Priouret, and M. Métivier, Adaptive Algorithms and
Stochastic Approximations.
Springer-Verlag, 1990.

[7] V. Tadi¢, “On the convergence of temporal-difference learning with
linear function approximation,” Machine learning, vol. 42, no. 3,
pp. 241-267, 2001.

[8] G. Dalal, B. Szorényi, G. Thoppe, and S. Mannor, “Finite sample
analyses for td (0) with function approximation,” in Proc. Association
for the Advancement of Artificial Intelligence (AAAI), vol. 32, 2018.

[9] R. Srikant and L. Ying, “Finite-time error bounds for linear stochastic
approximation andtd learning,” in Proc. Conference on Learning

Theory (COLT), pp. 2803-2830, 20109.

[10] J. Bhandari, D. Russo, and R. Singal, “A finite time analysis of
temporal difference learning with linear function approximation,” in
Proc. Conference on Learning Theory (COLT), vol. 75,
pp. 1691-1692, 2018.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[11] R. Srikant and L. Ying, “Finite-time error bounds for linear stochastic
approximation andtd learning,” in Proc. Conference on Learning
Theory, vol. 99, pp. 2803-2830, 25-28 Jun 20109.

[12] L. Baird, "Residual algorithms: Reinforcement learning with function
approximation,” in Proc. International Conference on Machine
Learning (ICML), pp. 30-37, 1995.

[13] R. S. Sutton, H. R. Maei, D. Precup, S. Bhatnagar, D. Silver,
C. Szepesvari, and E. Wiewiora, “Fast gradient-descent methods for
temporal-difference learning with linear function approximation,” in
Proc. International Conference on Machine Learning (ICML),
pp. 993-1000, 2009.

[14] H. R. Maei, Gradient temporal-difference learning algorithms.
PhD thesis, University of Alberta, 2011.

[15] H. Yu, "On convergence of some gradient-based temporal-differences
algorithms for off-policy learning,” arXiv1712.09652, 2018.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[16] M. Kaledin, E. Moulines, A. Naumov, V. Tadic, and H.-T. Wai,
“Finite time analysis of linear two-timescale stochastic approximation

with markovian noise,” in Proc. Conference on Learning Theory
(COLT), pp. 2144-2203, 2020.

[17] T. Xu, S. Zou, and Y. Liang, “Two time-scale off-policy td learning:
Non-asymptotic analysis over markovian samples,” in Proc. Advances
in Neural Information Processing Systems (NeurlPS),
pp. 10634-10644, 2019.

[18] T. Xu and Y. Liang, “Sample complexity bounds for two timescale
value-based reinforcement learning algorithms,” in Proc. International
Conference on Artificial Intelligence and Statistics, vol. 130,
pp. 811-819, 13-15 Apr 2021.

[19] F. S. Melo, S. P. Meyn, and M. I. Ribeiro, “An analysis of
reinforcement learning with function approximation,” in Proc.
International Conference on Machine Learning (ICML), pp. 664-671,
ACM, 2008.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[20] S. Zou, T. Xu, and Y. Liang, “Finite-sample analysis for sarsa with
linear function approximation,” in Proc. Advances in Neural
Information Processing Systems, pp. 8665-8675, 2019.

[21] T. J. Perkins and D. Precup, “A convergent form of approximate
policy iteration,” in Proc. Advances in Neural Information Processing
Systems (NIPS), pp. 1627-1634, 2003.

[22] G. Li, C. Cai, Y. Chen, Y. Gu, Y. Wei, and Y. Chi, "Is g-learning
minimax optimal? a tight sample complexity analysis,” arXiv preprint
arXiv:2102.06548, 2021.

[23] M. J. Wainwright, “Variance-reduced g-learning is minimax optimal,”
arXiv preprint arXiv:1906.04697, 2019.

[24] G. Li, Y. Wei, Y. Chi, Y. Gu, and Y. Chen, “Sample complexity of
asynchronous g-learning: Sharper analysis and variance reduction,”
arXiv preprint arXiv:2006.03041, 2020.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[25] H. R. Maei, C. Szepesvdri, S. Bhatnagar, and R. S. Sutton, “Toward
off-policy learning control with function approximation,” in Proc.
International Conference on Machine Learning (ICML), 2010.

[26] Y. Wang and S. Zou, “Finite-sample analysis of Greedy-GQ with
linear function approximation under Markovian noise,” in Proc.

International Conference on Uncertainty in Artificial Intelligence
(UAI), vol. 124, pp. 11-20, 2020.

[27] T. Xu and Y. Liang, “Sample complexity bounds for two timescale
value-based reinforcement learning algorithms,” ArXiv:2011.05053,
2020.

[28] R. Johnson and T. Zhang, “Accelerating stochastic gradient descent
using predictive variance reduction,” in Proc. Advances in Neural
Information Processing Systems, vol. 26, 2013.

[29] S. Ma, Z. Chen, Y. Zhou, and S. Zou, “Greedy-GQ with variance
reduction: Finite-time analysis and improved complexity,” in Proc.
International Conference on Learning Representations (ICLR), 2021.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[30] R.S. Sutton, D. A. McAllester, S. P. Singh, and Y. Mansour, “Policy
gradient methods for reinforcement learning with function

approximation,” in Proc. Advances in Neural Information Processing
Systems (NIPS), pp. 1057-1063, 2000.

[31] R. J. Williams, “Simple statistical gradient-following algorithms for
connectionist reinforcement learning,” Machine Learning, vol. 8,
no. 3-4, pp. 229-256, 1992.

[32] J. Schulman, S. Levine, P. Abbeel, M. Jordan, and P. Moritz, “Trust
region policy optimization,” in The 32nd International Conference on
Machine Learning (ICML), pp. 1889-1897, 2015.

[33] J. Schulman, F. Wolski, P. Dhariwal, A. Radford, and O. Klimov,
“Proximal policy optimization algorithms,” arXiv preprint
arXiv:1707.06347, 2017.

[34] S. M. Kakade, “A natural policy gradient,” in Advances in Neural
Information Processing Systems (NeurlPS), pp. 1531-1538, 2002.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[35] A. Agarwal, S. M. Kakade, J. D. Lee, and G. Mahajan, “Optimality
and approximation with policy gradient methods in Markov decision
processes,” arXiv preprint arXiv:1908.00261, 2019.

[36] G. Lan, "Policy mirror descent for reinforcement learning: Linear
convergence, new sampling complexity, and generalized problem
classes,” ArXiv:2102.00135, 2021.

[37] J. Bhandari and D. Russo, “Global optimality guarantees for policy
gradient methods,” arXiv preprint arXiv:1906.01786, 2019.

[38] L. Shani, Y. Efroni, and S. Mannor, “Adaptive trust region policy
optimization: Global convergence and faster rates for regularized
MDPs,” arXiv preprint arXiv:1909.02769, 2019.

[39] S. Cen, C. Cheng, Y. Chen, Y. Wei, and Y. Chi, “Fast global
convergence of natural policy gradient methods with entropy
regularization,” arXiv:2007.06558, 2020.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[40] V. Konda, “Actor-critic algorithms (ph.d. thesis),” Department of
Electrical Engineering and Computer Science, Massachusetts Institute
of Technology, 2002.

[41] H. Xiong, T. Xu, YingbinLiang, and W. Zhang, “Non-asymptotic
convergence of Adam-type reinforcement learning algorithms under

Markovian sampling,” in Proc. AAAI Conference on Artificial
Intelligence (AAAI), 2021.

[42] V. R. Konda and J. N. Tsitsiklis, “Actor-critic algorithms,” in Proc.
Advances in Neural Information Processing Systems (NeurlPS),
pp. 1008-1014, 2000.

[43] T. Xu, Z. Wang, and Y. Liang, “Improving sample complexity bounds
for (natural) actor-critic algorithms,” in Proc. Advances in Neural
Information Processing Systems (NeurlPS), also available as arXiv
preprint arXiv:2004.12956, 2020.

[44] S.-I. Amari, "Natural gradient works efficiently in learning,” Neural
Computation, vol. 10, no. 2, pp. 251-276, 1998.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[45] T. Xu, Z. Yang, Z. Wang, and Y. Liang, “Doubly robust off-policy
actor-critic: Convergence and optimality,” in Proc. International
Conference on Machine Learning (ICML), 2021.

[46] J. Achiam, D. Held, A. Tamar, and P. Abbeel, “Constrained policy
optimization,” in Proc. International Conference on Machine Learning
(ICML), pp. 22-31, 2017.

[47] Y. Chow, M. Ghavamzadeh, L. Janson, and M. Pavone,
"“Risk-constrained reinforcement learning with percentile risk criteria,”
The Journal of Machine Learning Research, vol. 18, no. 1,
pp. 6070-6120, 2017.

[48] E. Altman, Constrained Markov Decision Processes, vol. 7.
CRC Press, 1999.

[49] S. Paternain, L. F. Chamon, M. Calvo-Fullana, and A. Ribeiro,
"“Constrained reinforcement learning has zero duality gap,” in Proc.
Advances in Neural Information Processing Systems (NIPS), 2019.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



[50] D. Ding, K. Zhang, T. Basar, and M. Jovanovic, “Natural policy
gradient primal-dual method for constrained markov decision
processes,” in Proc. Advances in Neural Information Processing
Systems (NeurlPS), vol. 33, 2020.

[61] T. Xu, Y. Liang, and G. Lan, “CRPO: A new approach for safe
reinforcement learning with convergence guarantee,” in Proc.
International Conference on Machine Learning (ICML), 2021.

[52] D. A. Pomerleau, “Efficient training of artificial neural networks for
autonomous navigation.,” Neural Computation, vol. 3, no. 1,
pp. 88-97, 1991.

[53] S. Russell, “Learning agents for uncertain environments,” in Proc.
Eleventh Annual Conference on Computational Learning Theory,
1998.

[54] A. Y. Ng and S. Russell, “Algorithms for inverse reinforcement

learning,” in Proc. International Conference on Machine Learning
(ICML), 2000.

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Recent Advances in RL Theory ISIT 2021 Tutorial 99 /99



2016.

[55] J. Ho and S. Ermon, “Generative adversarial imitation learning,” in

Proc. Advances in Neural Information Processing Systems (NIPS),

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah)

Recent Advances in RL Theory

N



	Introduction to Reinforcement Learning and Applications
	Policy Evaluation and TD Learning
	Value-based Method for Optimal Control
	Policy Gradient Algorithms
	Advanced Topics on RL and Open Directions

