Optimization Meets Reinforcement Learning

Yingbin Liang, The Ohio State University
Shaofeng Zou, University at Buffalo, SUNY
Yi Zhou, University of Utah

ICASSP 2022

May 22, 2022

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 1/124



Outline

© Introduction to Reinforcement Learning and Applications

© Value-based Algorithms
@ Policy Evaluation
@ Optimal Control

© Policy Gradient Algorithms

@ Advanced Topics on RL and Open Directions
@ Constrained Reinforcement Learning
@ Imitation Learning
@ Multi-Agent Reinforcement Learning
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Outline

o Introduction to Reinforcement Learning and Applications
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Reinforcement Learning

@ An agent learns to interact with environment in the best way
Agent observes state, and takes an action based on a policy
Agent receives a reward

Environment changes the state

Agent finds a policy to maximize reward

vV vyVvYy

environment

» )

agent

actions
rewards
—
a : observations - N
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Markov Decision Process (MDP)

"| Agent
state reward action
St Tt at
§ Tl .
« | Environment |«
VSt+1

@ Markov decision process (MDP): (S, A, r,P)
» S and A: state and action spaces
» r:Sx AxS = R: reward function
» P(s’|s, a): transition kernel; prob of s — s’ given action a

@ Agent's policy 7(a|s): prob of selecting action a in state s
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Markov Decision Process (MDP)

"| Agent
state reward action
St Tt at
§ Tl .
« | Environment |«
VSt+1

@ Markov decision process (MDP): (S, A, r,P)
» S and A: state and action spaces
» r:Sx AxS = R: reward function
» P(s’|s, a): transition kernel; prob of s — s’ given action a

@ Agent's policy 7(a|s): prob of selecting action a in state s

MDP trajectory {s;, at, rt, St+1} 72 defined by

)

7(-|st P(-|sp,a 7(:|s
) (|0)a0 d 0)(51’r0) (-s1 Eeec

@ Randomness: actions, state transitions
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Application: Autonomous Driving

@ Collects driving data

@ Al agent trained to optimize driving control
@ Specification of MDP
» State: driving environment (distance to nearby cars, weather, etc)
» Action: turn left/right, accelerate, brake
» Reward: stay safe, drive smoothly
» Policy: vehicle control in a state

at 4\\ i
Driving Environment

Vehicle control

« Efficient
« Comfortable
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Application: Wireless Communication

e Downlink Scheduling [1]

@ Learn optimal scheduling to minimize average queuing delay
@ Specification of MDP

State: buffer status and channel state

» Action: assign resource block, determine number of transmitted bits
» Reward: buffer cost

» Policy: determine action in a given state

[T
[D: Buffer
(I

\4

UE; nDn R
UE; KEU -a:z

UEBGQ:) -

"
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Application: Robotics

@ Robotics: Robot Control (left figure)

» Robot learns the landing environment
» Robot follows a policy to adjust the landing direction

@ Robotics: Arm Manipulation (right figure)

» Robot learns the warehouse environment
» Robot follows a policy to manipulate its arm

right

down

landing pad

- L
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Formulation of RL

o MDP trajectory {s;, at, rt, St+1}+ with re := r(s¢, at, Se41)

e Quality of s, a: discount factor vy € (0,1)

(State value):  Vi(s) = E[Yi257're|so = s,7]
(State-action value):  Qx(s,a) =E[ Y 22q7 relso =s,a0 = a, 7]

@ Expected long-term accumulated reward start with s, a

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 9/124



Formulation of RL

o MDP trajectory {s;, at, rt, St+1}+ with re := r(s¢, at, Se41)

e Quality of s, a: discount factor vy € (0,1)

(State value): Vi (s) = E[Y ;27" re|so = s,7]
(State-action value):  Qx(s,a) =E[ Y 22q7 relso =s,a0 = a, 7]

@ Expected long-term accumulated reward start with s, a

RL Goal: find the best policy 7*

(Criterion 1): = Vi«(s) > Vix(s), Vm,Vs
(Criterion 11): max J(m) = Ese[Vr(s)]

Tutorial will not cover all the RL formulations )

@ Finite-time horizon, Average reward, Regret analysis
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Outline

© Value-based Algorithms
@ Policy Evaluation

@ Optimal Control
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Outline

© Value-based Algorithms
@ Policy Evaluation
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Policy Evaluation

@ Recall Markov Decision Process: {s¢, ar, re, Se+1}e

(- P(:|so,a 7(+|s:
s (] )30 (‘so 0)(51,f0) (|1)31“'

@ State value function:

Vi(s) =E[ Y27 relso = s, 7]

» Expected accumulated reward, start with s follow 7.
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Policy Evaluation

@ Recall Markov Decision Process: {s¢, ar, re, Se+1}e

(- P(:|so,a 7(+|s:
s (] )30 (‘so 0)(51,f0) (|1)31“'

@ State value function:
Vi(s) =E[ Y27 relso = s, 7]
» Expected accumulated reward, start with s follow 7.

Policy Evaluation Problem:
Given a fixed policy 7, how to evaluate its state value function V,?

@ Foundation for policy optimization
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Summary of Policy Evaluation Algorithms

e Known transition kernel P(:|s, a)
» Solving Bellman equation

@ Unknown transition kernel P(:|s, a) (Model-free)
» On-policy TD learning
» Off-policy TD learning
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Summary of Policy Evaluation Algorithms

e Known transition kernel P(:|s, a)
» Solving Bellman equation

@ Unknown transition kernel P(:|s, a) (Model-free)
» On-policy TD learning
» Off-policy TD learning

Our focus is model-free approaches. J
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Known P: Bellman Equation

Transition kernel P(:|s, a) is known ]

e By definition of V(s):

Va(s) =Eln+vn +7°r+ - |so = s,7]
= Elrn|so = s, 7] +vE[rn +yr2 + -+ |50 = 5, 7]
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Known P: Bellman Equation

Transition kernel P(:|s, a) is known

e By definition of V(s):
Va(s) =Eln+vn + 7+ |so = s,7]
=E[r|so = s, 7] +VE[rn +vn+ - |so = s, 7]
@ Note that
E[ln +yr+ - |so = s,7]
= Esl E[rl +yr+ - |50 =5,5 = S/,Tl']]
= Eg [V (s1)]

Va(s) = X, P(]s, @) (als) (r(s. 2, ') +7Va(s)))

)
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Va(s) = o P(s'ls, 2)(als) (5. 2,5") +7Va(s) |

@ Define Bellman operator
(Bellman operator):
TaVa(s) = X0 P(s'ls, a)n(als) (r(s, a,5') + 7 Va(s))

Bellman Equation for Value Function
Vi(s) = TxVx(s) J
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Va(s) = 3, o P('ls. a)(als) (r(s. 2, ') + 7Va(s")) ]

@ Define Bellman operator

(Bellman operator):

T, Via(s) = 5,0 P(s']s. a)m(als) (r(s, a,s) + vvﬂ(s’))

Bellman Equation for Value Function
Vi(s) = TxVx(s) J

@ Linear programming: Directly solve the linear equation
» High computation complexity

@ Value iteration: fixed point update

Vit1(s) = Ta Vi(s)

» T, is contraction = V; — V.
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Model-Free: On-Policy TD Learning

Model-Free

@ Transition kernel P(+|s, a) is unknown J
On-Policy Data

o Collect Markovian data {s;, a¢, rt, St+1}+ following target policy 7 J
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On-Policy TD(0) Algorithm

@ Recall Bellman equation

Vi(s) = E[r(s,a,s") +vVi(s')]

o Idea: update Vi(s) using r(s,a,s’) +vVz(s)
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On-Policy TD(0) Algorithm
@ Recall Bellman equation
Vi(s) = E[r(s,a,s") +vVi(s')]

o Idea: update Vi(s) using r(s,a,s’) +vVz(s)
e Formally: collect {s;, a¢, rt, st4+1}+ and do

V(st) = repn+yViseta) (*)

Target (one-step bootstrap)

@ TD learning is a damped version of (*): 0 <n < 1,

V(se) < (L =m)V(st) + n(res1 + 7V (se41)), (TD)

TD(0) Algorithm [2]

V(st) < V(st) +n( resr +7V(str1) — V(st))

TV
temporal difference
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TD()\) Algorithm
TD(0) Algorithm

V(st) < V(st) + n(revs +7V(str1) — V(st))

e In TD(0), target rry1 + vV/(st+1) is one-step bootstrap
@ Extension: n-step bootstrap

Gt(n) = rep1 +Yrer2 + o " s + "V (Setn)
o Define A-return: G := (1 — ) Y02, A”_th(").
TD(A) Algorithm [3]
V(se) + V(st) +n(G) = V(st))

@ Reduce the variance of TD target
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Value Function Approximation

o Curse of dimensionality: state space is often large or infinite
@ Solution: approximate V using parameterized model Vj

» Linear model: Vj(s) := ¢J 0, where ¢ is feature vector of s
» Neural model: Vjy(s) := NNy(s), where NNy is neural network
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Value Function Approximation

o Curse of dimensionality: state space is often large or infinite
@ Solution: approximate V using parameterized model Vj

» Linear model: Vp(s) := ¢J 0, where ¢, is feature vector of s
» Neural model: Vjy(s) := NNy(s), where NNy is neural network

TD(0) learning with function approximation
@ Initialize model 6.
@ Observe sample {s¢, a, rt, Se+1}, define target Gy = re + v Vo, (Se+1)
o Define loss £,(0) := 3(Vo(s:) — G¢)?, compute g¢(0;) = —8%9) lo—o,

@ TD update:

Or1 = 0 + nge(0:),
where g¢(0:) = (re + vVo,(st+1) — Vo, (st))V Vo, (5¢t)
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Analysis of TD(0) with Linear Approximation

TD(0) with linear approximation Vj(s) := ¢/ 6
Ory1 = ProjR(Ht + ngt(ﬂt)),
where g(0:) = (re + ¥4, 0: — 6L0:)0s,

e Challenge: g:(6:) is gradient of time-varying function /;

e Challenge: Samples {s;, a;, rt, st+1}+ are Markovian and correlated

Non-exhaustive summary of existing work:
e Asymptotic convergence: [4,5,6,7]
e Non-asymptotic (finite-time) convergence

> I.1.D. samples: [8]
» Markovian samples: [9], [10] (will be presented)
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Finite-Time Convergence of TD(0)

Key Assumption: Geometric Mixing
State stationary distribution p. There exist & > 0, p € (0, 1) such that

supdry (P(se|so = s), 1) < kp', VteNg
seS
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Finite-Time Convergence of TD(0)

Key Assumption: Geometric Mixing
State stationary distribution p. There exist & > 0, p € (0, 1) such that

supdry (P(se|so = s), 1) < kp', VteNg
seS

@ Hold for irreducible and aperiodic Markov chains

@ Given sy and large t, s; is almost like being sampled from p
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o Feature matrix ® = [(b;';; ;;] full column rank, Vy = ®60

@ Solution point 6* satisfies [4]

Voo =N TxVg-, where £ = {dx|x € RY}
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@ Feature matrix ¢ = [(ﬁl; gZ);;] full column rank, Vy = ®0

@ Solution point 6* satisfies [4]

Vo« =N Tr Ve, where £ = {dx|x € Rd}

Theorem: finite-time convergence [10]

Set learning rate n < (’)(ﬁ) After T iterations,

|2 |2 Tmix(1)
E[llr —6°IF) < O(exp(-enT)ldo — I + 070,

where Trix(n) := min{t | kp* < n} is the mixing time of Markov chain.

@ A faster mixing implies smaller convergence error
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TD Learning for Off-Policy Evaluation

@ Previous TD(0) uses on-policy data

On-Policy Data J

Collect Markovian data {s;, at, rt, st+1}+ following target policy 7

@ Limitation: requires executing the target policy

@ Limitation: in practice may not have sufficient on-policy data
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TD Learning for Off-Policy Evaluation

@ Previous TD(0) uses on-policy data

On-Policy Data
Collect Markovian data {s;, at, rt, st+1}+ following target policy 7 J

@ Limitation: requires executing the target policy

@ Limitation: in practice may not have sufficient on-policy data

Off-policy data

Collect Markovian data {s;, at, ¢, st+1}+ following behavior policy 7. The
goal is to evaluate V,; of the target policy .
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Divergence of Off-Policy TD(0)

Key message: TD(0) with linear approximation may diverge in the

off-policy setting [11]

J
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@ Zero reward, function approximation

V(s)=20(s)+6y, s=1,..,6
V(7) = 6(7) + 26

@ Under certain initialization, parameter diverges
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Gradient TD for Off-Policy Evaluation

o Recall Vj(s) = ¢/ 6. Optimal 6* satisfies
Vg* = |_|‘c-|_7T Vg*

@ Data sampled by behavior policy 7, stationary distribution
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Gradient TD for Off-Policy Evaluation

o Recall Vy(s) = ¢ 6. Optimal 6* satisfies
Ve* = |_|£-|_7T Vg*
@ Data sampled by behavior policy 7, stationary distribution

Mean-square projected Bellman error (MSPBE) [12]
(MSPBE): J(0) := Es~,, [Va(s) — MzT"Vy(s)]” }

@ Error Viy(s) — MzT™Vjy(s) based on target policy

e [Es.,,: stationary state distribution induced by behavior policy
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Idea of Importance Sampling

e Denote TD error 6:(6) = re + y¢ 6 — ¢J.0

St+1
@ MSPBE can be rewritten as

J(G) = Eub,fr [5t(9)¢5t]TEub[¢st¢l]_1Eub,W[5t(9)¢5t]

Importance Sampling Lemma

m(atlst)
By rl0(0)05] = By [ 0 P 560(60)6.]
where p; = % is the importance sampling ratio. Then, we have

—%W(e) = E[pe(ds. — 795.1)04 | E[05:05]  Elpede(6)@s]
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GTD2 Algorithm

_%VJ(G) = E[Pt(¢st - ’Y¢st+1)¢l] E[¢St¢;] —IE[Ptét(‘g)(z)St]
w*(0)

@ w*(0) can be viewed as solution to the LMS

(LMS): w*(#) = argmin E[¢, u — ptét(ﬁ)]z
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GTD2 Algorithm

—%VJ(H) = E[pe(s, — 105:12)04] E[65.62]  Elpede(9)6s]
w(0)

@ w*(0) can be viewed as solution to the LMS
(LMS): w*(0) = argminE[gb;Zu - ptét(ﬁ)]z
u
GTD2 algorithm [12]

9t+1 = Ht + atpt(¢5t _ 7¢St+l)¢;|;wt
wei1 = we + Be(pe0e(0¢)bs, — b g wt)

@ Two timescale updates

@ w update is one-step SGD applied to LMS
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TDC Algorithm

—%VJ(@) = E[Pt(¢st - 7¢st+1)¢l] E[¢St¢;] —1E[pt5t(6)¢5f]
w*(6)
= E[Pt5t(‘9)¢st] —-1E [Pt¢s:+1¢;|;]w*(9)

TDC algorithm [12]

Or1 =0: + Oétpt(5t(9t)¢st - ’Y¢St+1¢;|;wt)
wir1 = wt + Be(pede(0:)ds, — ¢5t¢;|;wt)

@ 0 update is different from GTD2
@ w update is the same as GTD?2
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Convergence of TDC with Linear Approximation

TDC with linear approximation

Or+1 = TR, (9t + arpe(6:(0r) ps, — ’Y¢st+1¢sTtwf))
wer1 = MR, (W + Be(pr0e(0:)ds, — Ps,Pawt))

o Challenge: Correlated Markovian samples

@ Challenge: Correlated two timescale updates

Non-exhaustive of existing work:
e Asymptotic convergence: [12,13, 14]
e Non-asymptotic (finite-time) convergence

> L.1.D. samples: [8]
» Markovian samples: [15], [16] (will be presented)
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Finite-Time Convergence of TDC

Key Assumptions:

@ (Geometric mixing): There exist k > 0, p € (0,1) such that

supdry (P(st|so = s), 1) < kp', VteNg
seS

@ (Non-singularity): The following matrices are non-singular

A= E,ub[Ps,a(’Y(ﬁs(bl; - ¢5¢;|—)]7 C:= _Eub[¢5 I]

Theorem: finite-time convergence [16]

. 1 1 . .
Set learning rates a < |)\max(2ATC_1A)|”8 < @O After T iterations,

E[ll6r - 0*”2] < O((l —ca)t +aloga™t + W)

@ Need small %: w; takes faster update than #;, because it needs to
approximate the double expectation in 6 update
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Extension: Mini-batch TDC [17]

Mini-batch TDC with linear approximation

(t+1)M—-1
Orr1 = 0: + % Z pi(éi(et)d)s,' - '7¢5i+1¢;;wt)
(t_’:)fl\":” 1
Wi41 = W I M I% t)¢s, (ps,-(ls;l;wt)

@ No need to use bounded projection
@ Allow large constant learning rates

@ Reduce variance of two timescale stochastic updates
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Outline

© Value-based Algorithms

@ Optimal Control
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Optimal Value Functions

@ Recall definition of value and state-action value functions:

S0 = 5,7[']

S0 :s,aO:a,w]

oo

Vi(s)=E [Z vEr(se, at, Se41)

t=0

oo

Qr(s,a) =E [Z ’ytr(st, ar, St+1)

t=0

@ Goal: to find an optimal policy that maximizes the value function
from any initial state sy

@ Optimal value function:

V*(s) =sup Vi(s), Vs € S

@ Optimal state-action value function:

Q*(s,a) = sup Qx(s,a), ¥(s,a) € S x A
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Bellman Operator and Contraction

Optimal policy 7*: take action arg max@*(s, a) at state s € S
acA

V*(s) = maxzeq Q*(s,a),Vs € S
The Bellman operator T is defined as

(TV)(5) = max B p(js,q) [r(s: 2,8) + V()]
@ T is contraction: for any V; and V,

[TVI = TWalloo <7[[V1 = V2|

@ V™ is the fixed point of T: V* =TV*
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Value lteration

@ Assume known reward r and transition kernel P

Value lteration
o Initialize V/(s) arbitrarily for any s € S

@ Repeat until convergence

V(s) « max > P(s'|s,a)(r(s,a,s") +vV(s')), forallse S
s es

@ Repeatedly update V/(s) using Bellman operator, i.e, V «+ TV
@ Convergence can be proved using contraction of T
> TV = Voo = [TV = TV |oo < 5[]V = V||
T TV = Voo <AV = V¥loo = 0, a5 t = 0
N——

t times
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Policy Iteration

@ Assume known reward r and transition kernel P

Policy Iteration
@ Initialize 7 arbitrarily
@ Repeat until convergence

Evaluate Q,
7'(s) < argmaxQ,(s,a) for all s € S
acA

Ry
v

o Policy improvement theorem: Let 7 and 7’ be any pair of
deterministic policies such that for all s € S, Q. (s, 7'(s)) > Vi(s),
then 7’ is no worse than m: Vy/(s) > Vi(s),Vs € S

@ Policy from policy iteration has higher or same value than before
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SARSA: On-Policy TD Control

@ Finite S and A, unknown reward r and transition kernel P

SARSA

Parameter: step size o € (0,1]

Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize sp and ag, t =0

Repeat until convergence

Observe state sq;1, receive reward r(st, at, Se+1)
Take action a¢y1 using target policy derived from Q (e.g., e-greedy)
Q(st; ac) + Q(st, ar) + ar(se, ac, se1) + YQ(Se+1, ar+1) —Q(st, ar))

target, one-step bootstrap

t+—t+1

@ SARSA converges to Q* if

> All state-action pairs are visited infinitely often
» The policy converges to the greedy policy (e.g., e-greedy with ¢ = 1/t)
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SARSA with Linear Function Approximation
@ Large S and A, unknown r and P

SARSA
o Initialization: 6g, sg, ¢;, for i =1,2,.... N
o g, < [(¢"6) (e.g., e-greedy, softmax w.r.t. ¢'6p)
@ Choose ap according to g,
@ Fort=20,1,2,...
Observe s;11 and r(s;, a, St+1), choose a1 according to y,

Ors1 4 0r + ege(0:)
Policy improvement: 7, < [(¢"0r41)

= ¢(st, ar)A¢: gradient of
= %(r(stv at, 5t+1) + 7¢T(5t+17 at—|—1)0t _¢T0)2

target, one-step bootstrap

@ A; denotes the temporal difference error at time t:
A; = target — ¢ (s¢, ar)0s,

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 38/124



SARSA Sample Path

state: Sy St —  St41 St+2 St+3
T g, Ty ‘
9;—1 / t l / Hll /.TEBH_Z '
action: -1 a; Ay Qpyz ey
L J I J J
¥ l Y ¥ : T
0, Bt+1 Otz Br43
@ As 0, is updated, mg, changes with time
@ On-policy algorithm, time-varying policy
@ Non-i.i.d. data
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Finite-Sample Analysis [19]

@ The limit point 6* of the projected SARSA [18]: Ag-0* + by~ =0,
where Ag« = Eg-[¢(s,a)(v¢ " (s',a") — ¢ (s, a)] and
box = Eg= [¢(57 a)r(sv a, Sl)]

@ The limiting point 6* is the one such that Ey«[g(0*)] = 0, where
S~ g, @~ To=(:]S)

Theorem
Finite-sample bound on convergence of SARSA with diminishing step-size:

E|lo7 - 673 < O (2&T)

Finite-sample bound on convergence of SARSA with constant step-size:
El07 — 6|3 < O (e=<T) + O(e)

@ With diminishing step-size, SARSA converges exactly to optimal 6*

@ With constant step-size, SARSA converges exponentially fast to a
small neighborhood of 8*

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 40/124




Q-Learning: Off-Policy TD Control
@ Finite S and A, unknown r and P
Q-Learning
Parameter: step size a € (0, 1]
Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize sy, behavior policy 7, t =0
Fort=0,1,2, ...

Take action a; following fixed 7p, observe next state s;;1, receive reward
f(St, at, 5t+1)
Q(st, at) < Q(st, ar) + a(r(se, ar, ser1) + v njeaji Q(se41, a/) —Q(st, ar))

a

target, one-step bootstrap

@ Q-learning converges to Q* if all state-action pairs are visited
infinitely often

@ Q-learning sample complexity studies, e.g., [20], [21] and [22]
@ Deep Q-learning: use neural network to approximate Q-function [23]
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Gradient TD Method for Optimal Control

@ Q-learning with function approximation may suffer from divergence
issue

@ Solution: Greedy-Gradient Q-learning (Greedy-GQ) with linear
function approximation [24]

e Consider mean squared projected Bellman error (MSPBE):

J(O) 2 INTQs — Q2

w: stationary distribution induced by behavior policy 7
1QC, Ml 2 [oes.0e ds,2Q(s, a)

M: projection operator MQ = arg mingeg ||Q — Q”u

> Q:{QGZQbTGZHERN}

vy

v

Goal: ming J(6) J

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 42 /124



Two Time-Scale Update Rule

Define Vi (0) = maxyea 0" ¢sr
TD error: 05,5 (0) = r(s,a,s") + 7\75/(0) — 9T¢s7a
Let ¢s(A) = V Vi (0). Then gradient of MSPBE is

vJ(o 2
2() = —E,[0s,2,5(0)bs,a] + VEM[QﬁS’(G)d}Ia]w*(e)’

where w*(0) = Eu[¢s7a¢la]_1Eu[6573751(9)@73].

o Double-sampling issue for estimating E,,[¢¢ () Ia]w*(ﬁ): it involves
product of two expectations
Weight doubling trick [12]:

Slow time-scale: 0¢y1 = 0 + a(dey1(0) e — Y(w] D¢)des1(0%)),
Fast time-scale: wiy1 = wr + B(0e41(0:) — ¢th)¢t,
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Finite-Sample Analysis [25, 26]

Challenges:

e Non-convex objective J(6) with two time-scale update rule
@ Non-smooth due to max in V() = maxyca GTgbs/’a/
» Approximate max with a smooth approximation, e.g., softmax
o Biased gradient estimate due to two time-scale update and Markovian
noise

Theorem [25]

Finite-sample bound on convergence of Greedy-GQ with linear function

approximation: E[||VJ(8y)|]?] = O <%)

@ Gradient norm converges to 0 implies convergence to stationary points
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Variance Reduced Greedy-GQ [28]
o Greedy-GQ update: denote Oy = (s¢, a¢, rt, St+1)
Orr1 =0 — aGOt(etawt); W41 = We — ﬁHOt(et,Wt)

@ Variance reduction [27]: reference parameters 0,

M
~ 1 ~ -
(Reference updates) G := o Z Go,(0,w), H:=— Z Ho.(6,w)
i=1 '

(Variance-reduced Greedy-GQ):
9t+1 = 9t — Oz(Got(Qt?wt) — Got(§7a) + 5)
wiy1 = wr — B(Ho, (0r, wi) — Ho,(0,@) + H)

o Periodically update 6,&, G, H

@ Improved sample complexity
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Outline

0 Policy Gradient Algorithms
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Formulation of RL

@ State value function:
Ve(s) = E[D 2o v r(se, at, sev1)|s0 = s, 7]
@ State-action value function:
Qx(s,a) = ED-Z 0 r(se, ar, se+1)[s0 = 5,30 = a, 7]

where a; ~ 7(+|s;) for all t > 0.
@ Average value function:

J(m) = (1= MER o v r(se; ae, sev1)] = Esne[Vie(s)]
where &(+) denotes initial distribution.
RL Goal: find the best policy 7*

(Criterion I): Vi«(s) > Vi(s), Vm,Vs
(Criterion II): mﬁxJ(ﬂ) 1= Esue[Vr(s)]
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Parameterization of Policy

o Central idea:
» Parameterize the policy as {m,,,w € W}

> J(m) = J(mw) = J(w)

Goal of Policy-Based RL: maxy,ew J(my) := J(w) ]
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Parameterization of Policy

o Central idea:
» Parameterize the policy as {m,,,w € W}

> J(m) = J(mw) = J(w)

Goal of Policy-Based RL: maxy,ew J(my) := J(w) ]

@ Example parameterizations of policy
» Direct parameterization: m,,(als) = ws a, where w € A(A)IS] ie.,
Ws,>0,and 35w, =1forall (s,a)

» Tabular softmax parameterization:

exp(ws 2)
seaep(Wsz)

Tw(als) = 5
» Linear softmax parameterization:

Tw(als) o< exp(¢(s, a)TW)

» Gaussian policy: 7, (als) = N(¢(s)"w, ?)
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) J

e Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) )

e Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)

Vud(w) =B, [Qn, (s, 3)tw(s,a)] = Eu. [Ar. (s, 3w (s, a)] J
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) J

e Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)

Vuwd(w) =E,,, [Qr, (s, 3)dw(s, a)] = Eu,, [Ar, (s, a)w(s, a)]

Policy gradient algorithm [29, 30]

@ update the parameter w via gradient ascent

Wii1 = Wt ar athJ(Wt)

where a;: > 0 is the stepsize.

S *
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TRPO/PPO Algorithm

Trusted Region Policy Optimization (TRPO) [31]

@ Update the parameter w under KL constraint
wey1 = argmax[J(we) + (w — wy) TV J(w1)]

subject to ]E,,(S)[KL(thHWw)] <c

where ¢ > 0 is a hyperparameter.
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TRPO/PPO Algorithm

Trusted Region Policy Optimization (TRPO) [31]

@ Update the parameter w under KL constraint
wey1 = argmax[J(w:) + (w — Wt)TVwJ(Wt)]
subject to IE,,(S)[KL(WWtHWw)] <c

where ¢ > 0 is a hyperparameter.

Proximal Policy Optimization (PPO) [32]

@ Update the parameter w via KL-regularized gradient ascent

w1 = argmax[J(we) + (W — we) T Vi J(we) — o, (o) [KL(mw,||7w)]]

where a > 0 is a hyperparameter.
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Natural Policy Gradient (NPG) Algorithm

@ Second-order Taylor approximation to KL distance

KL(, |7) z%(w —w)TF(w)(w — w)

» Fisher information matrix F(w) = E,, [V logmw, V., logm] ]
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Natural Policy Gradient (NPG) Algorithm
@ Second-order Taylor approximation to KL distance
1
KL(7w, ||7mw) %E(W —w)TF(w)(w — wy)

» Fisher information matrix F(w) = E,, [V logmw, V., logm] ]
o Kl-regularized update: at time t

argvrvnax [J(we) + (W — we) TV I(we) — B, (o) [KL(70, || 7w)]]
~ arngPax [J(we) + (w — we) TV J(wy) — %(W —we) T F(we)(w — we)]
= w; + OzF(Wt)TVWJ(Wt)

where F(w;)" denotes the pseudo-inverse of F(w;).
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Natural Policy Gradient (NPG) Algorithm
@ Second-order Taylor approximation to KL distance
1
KL(7w, ||7mw) za(w —w)TF(w)(w — wy)

» Fisher information matrix F(w) =E,,_ [V, log 7y, V. logm],
o Kl-regularized update: at time t

argmax [J(we) + (w — we) TV S(we) = 0By, (o [KL(mw| |7 )]
~ argmax [J(we) + (w — we) Vi (we) = 5 (w — we) TF(we) (w — )]
= w; + aF (W) TV, J(we)

where F(w;)" denotes the pseudo-inverse of F(w;).

Natural Policy Gradient (NPG) [33]
@ Update parameter w via KL approximator based regularizer
Wer1 = we + aF (we) TV, J(we)
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Convergence with Exact Policy Gradient

o Policy gradient
» Direct and tabular softmax policy: global sublinear convergence [34]
» Direct policy: global linear convergence via regularized MDP [35]
» Direct policy: global linear convergence via line search [36]
e TRPO/PPO
» Direct policy: global sublinear convergence via adaptivity [37]
» Direct policy: global linear convergence via regularized MDP [35]
» Direct policy: global convergence via line search [36]

o NPG

» Tabular softmax policy: global sublinear convergence [34]
» Tabular softmax policy: global linear convergence via regularized
MDP [38]
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Policy Gradient Algorithms under Unknown MDP

VJ(w) =E,,, [Qr, (s, 3)Yu(s,a)] =Eu,, [Ar,(s,a)Yu(s, a)]

o Let P([st, ac) = 7P(-|s, ar) + (1 —7)&(") [39]
> &(+): initial distribution
» Samples drawn from P(:|s;, a;) converge to visitation distribution v,
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Policy Gradient Algorithms under Unknown MDP

VI(w) =E,., [Qn, (s, 3)¢w(s.a)] =K., [Ar, (s, 2)¢w(s, )]

o Let P(-|st, ar) = 1P(:[se, ar) + (1 —7)E() [39]
> &(+): initial distribution
» Samples drawn from P(:|s;, a;) converge to visitation distribution v,

Model-free Policy Gradient

@ Sample s; ~ 15(-|st,1, ar—1),ar ~ Tw,(-|st)

@ Unbiased estimation of A, (st,at)
Sample a length-K' trajectory starting at (s¢, a;), K ~ Geom(1 — )
Estimate Q(st, a;) by adding rewards over the sample path
Sample a length-K' trajectory starting at (s¢), K ~ Geom(1 — )
EAstimate V(st)Aby adding rAewards over the sample path
Ar, (5t;at) = Q(st, at) — V(st)

o Estimate policy gradient g; = /A\WWt (st,a:) Vi, log(mw, (at|st))

o Update wiy1 = wr + a8t

v
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Convergence of Model-free PG Algorithms

Theorem ( [40])

Consider a general nonlinear policy {m,, : w € W}. Under a constant
stepsize oy = «, the output of model-free PG satisfies

: 2 1 21
minE [[[Va J(we)]*] < O () + Olalog? 1),

@ PG converges to a neighborhood of a stationary point at a rate of
1
o ().
> « controls a tradeoff between convergence rate and accuracy
» Decreasing o improves accuracy, but slows down convergence

2
> Let oy = # PG converges with a rate of O loj?T
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Actor-Critic Algorithms [41]

Actor-Critic Algorithm
o Critic
Estimates Vj(s) by linear function approximation ¢(s) "6
Takes T, length-M minibatch TD learning updates and outputs 6,
@ Actor
Approximates A, (s, a) by temporal difference error dg(s, a, s")

Ar,(s,a) = Go(s,a,s") = r(s,a.8") +16(s') 70 — ¢(s) "0

Estimate policy gradient v:(0;) by averaging g, (st, at, St+1)¥w, (St, at)
over a length-B sample trajectory
Updates Wiyl = Wt + O[tVt(at)
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Convergence Rate of Actor-Critic Algorithm

Theorem ( [42])

Consider a general nonlinear policy {m,, : w € W}, and T is chosen
uniformly from {1,--- , T}.

E[|[Vud(ws)l[}] < O () + O (3) + (1 - 00 B)™ + O (£) + O(C5ati,).

@ Actor has sublinear convergence, and critic has linear convergence
@ Actor’s bias and variance O (%); Critic's bias and variance O (%)

o Critic's approximation error: (5iS, = maxwew By, [| Vi, () — Vo _(s)[]

@ Actor's mini-batch yields faster convergence rate of O(1/T) rather

than O(1/v/T)

@ This further yields better overall sample complexity
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Proof of Convergence

o Let v+(0) denote estimator of g(0, w) = E,, [A¢(s, a)Yw(s, a)]
e Decompose error terms

(%a _ Ljaz)E[HVWJ(wt)u% |7
< E[J(weg)[Fe] — J(we) + 3(%04 N LJ&2)]E[ Ive(®) = Vt(a:’t)Hi

+ [[ve(62,) — (05wl + (|80, w) = Vi d(wo)|[5 | 7.

@ Error due to TD learning

E[||ve(8:) — ve(65,)|5 | 7]
< 4E[]|6; — 05, ]3| F < (1 — O(Aa, 8) < + O(8/M)
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Proof of Convergence (Cont.)

@ Gradient estimation error under Markovian minibatch sampling

B [Jlu(ti,) - 2w 217 <0 (5.
@ Critic's approximation error

05 w) = Vo] < O (5555

@ Combine error bounds and take summarization over iteration path

(L) + (1 -0, B)e+0 (%)
+ 0 (5) + O(Csey)-

E[||VwJ(w
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Natural Policy Gradient under Unknown MDP
o Natural policy gradient (NPG) [33,43],
Wep1 = We + OltF(Wt)TVJ(Wt)

o Consider mingcps Lw(0) = E,, [Ar,(s,a) — ¢(s,a)"0]?

» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

e NPG update [34]: wii1 = we + a0
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Natural Policy Gradient under Unknown MDP
o Natural policy gradient (NPG) [33,43],
Wep1 = we + o F(we) TV (W)

o Consider mingcga Lw(0) = E,,_[Ar, (s, a) — ¢(s,a) 6]
» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

e NPG update [34]: wii1 = we + a0

Model-free NPG [34]

@ At step t, solve least square problem via K iterations

Obtain unbiased estimator Aﬁm(sk, ax) (same as PG)
Update 011 = 0 — ﬁV@LWt(ek)

o Update wii11 = wy + ok

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 59 /124



Natural Policy Gradient under Unknown MDP
o Natural policy gradient (NPG) [33,43],
Wep1 = we + o F(we) TV (W)

o Consider mingcga Lw(0) = E,,_[Ar, (s, a) — ¢(s,a) 6]
» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

e NPG update [34]: wit1 = we +

Model-free NPG [34]

@ At step t, solve least square problem via K iterations

Obtain unbiased estimator Aﬁwt(sk, ax) (same as PG)
Update 011 = 0 — ﬁV@LWt(ek)

o Update wii11 = wy + ok

@ NPG with general nonlinear policy converges globally as O( ) [34]

@ Can achieve O (T) by self-variance reduction of gradient norm [42]
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Natural Actor-Critic Algorithm

J(w) =E,, [Qn,(5,3)Yw(s,a)] = Eu, [Ar, (s, a)Pw(s, a)]
Wei1 = We + atF(Wt)TVJ(Wt)

Natural Actor-Critic Algorithm

o Critic (same as critic in actor-critic algorithm)
Estimates Vj(s) by linear function approximation ¢(s) 6
Takes T, length-M minibatch TD learning updates and outputs 6;

@ Actor
Computes policy gradient estimator v,(0;) as in actor-critic algorithm
Computes Fisher information estimator F;(w;) by averaging over a
length-B sample trajectory
Updates w; 1 = w; + s Fe(w:)Tvi(6;)
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Convergence Rate of Natural Actor-Critic Algorithm
Theorem ( [42])

Consider a general nonlinear policy {m,, : w € W}, and T is chosen
uniformly from {1,--- , T}.

() = E[J(my)] <O (3) + 0 (Z5) + (1= O0a, BN+ 0 (As)
+O(y /¢ ) + O (3) + (1= 00BN + O (§) + O(C5ts,) +O(\/%

@ Actor has sublinear convergence, and critic has linear convergence
HR . iti 2
o Critic’s approx. error: (e, = maxwew By, [|Vr, (s) — Vo (s)[°]
@ Actor's approx. error:
actor _ T 2
approx = MaXwew min eRd2 Vrw [ww(sv a) p— A71'w(57 a)]
@ Diminishing variance in actor's update yields a faster convergence

rate of O(1/T) than O(1/V/T)

e Performance difference lemma [34] of NAC yields global convergence
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Extension |: Policy Gradient Algorithm with Adam

PG-AMSGrad [40]

o Sample s; ~ P(-|st—1,3-1), ar ~ 7w, (-|st)

@ Estimate Q-function CA)ﬂWt(st, a¢) as in PG

@ Estimate policy gradient g; = Qrwr (st,a:)Vu, log(mw, (at|st))
o my = (1—p1)me—1+ P18t momentum

o vi = (1— B2)0e_1 + Bog? stepsize adaptation

® Uy = max(Vr_1, vt), V, = diag(Ve1, .. Ved)

al
Update policy parameter w11 = wy — oV, 2my

e Convergence rate of PG-AMSGrad [40]

@ In practice, PG with Adam converges much faster
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Extension Il: Off-Policy Policy Gradient Algorithms

@ Off-policy policy gradient
» On-policy sampling with target policy is not possible
» Off-policy sampling under behavior policy: (s;, aj,s/) ~ D
» Estimate V,, J(w) with off-policy samples

Actor-critic with distribution correction (AC-DC)

g(w) = p(s,a)Qnr, (s, 2) Vi log(u (s, a))

where p and @WW are approximation of p = v, /D and Q,,, respectively.

@ Bias error of AC-DC suffers substantially from estimation errors
Ag = Eplg(w)] = VuJ(mw) = O(E[e,(s, a) + eq(s, a)])

whereep:p—ﬁandsQ:Q—Q

@ Doubly robust off-policy PG estimation [44] reduces bias error
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Outline

@ Advanced Topics on RL and Open Directions
@ Constrained Reinforcement Learning
@ Imitation Learning
@ Multi-Agent Reinforcement Learning
@ Robust Reinforcement Learning
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Outline

@ Advanced Topics on RL and Open Directions
@ Constrained Reinforcement Learning
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Topic 1: Constrained Reinforcement Learning

@ Practical RL applications involve various safety/resource constraints
> Left: Power constraint on battery powered devices

» Right: Safety constraints on autonomous robotics and vehicles
» Bottom: Delay constraint in communication system

1ms

- @-> g,

LATENCY
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Constrained Markov Decision Process (CMDP)

@ Same dynamics as general MDP
@ Agent receives reward R and cost C

@ Value function w.r.t. reward R:

Jr(m) = (1—-~v)E [Z(t)io YER(st, at, St41)]

@ Value function w.r.t. cost C:

Je(m) = (1 = NE[ZEZ0 7" Clst, 3, 5e41))]

Goal of CMDP

max Jgr(w) subjectto Jc(m) <c (P)
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Primal-Dual Approach: e.g. CPO [47], PDO [48]

Let A > 0 be Lagrangian multiplier. Define Lagrangian:

L(m,\) = —Jr(7) + AJc(r) — ©).

@ Dual function: d(X) := ming L(m, A)
@ Dual problem:
D* = Qﬁé d(A) = )?;ua{)i min L(m, ) (D)

Duality gap: A = D* — P*, where P* is the negative solution of (P)
» Zero duality gap [45, 46]
» (P) can be equivalently solved by solving (D)
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 71 based on L(7, A\;) and 7;. Example methods:
Dual descent [46]: 7¢+1 = arg ming £(7, A\¢) using some RL oracle
Natural policy gradient [49]: mey1 = e — NF, ()T - Ve £(7e, At)
Compute the dual ascent step A\xr1 = (Ak + 7(Jc(Tet1) — €))+-
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 71 based on L(7, A\;) and 7;. Example methods:

Dual descent [46]: 7¢+1 = arg ming £(7, A\¢) using some RL oracle
Natural policy gradient [49]: mey1 = e — NF, ()T - Ve £(7e, At)

Compute the dual ascent step A\xr1 = (Ak + 7(Jc(Tet1) — €))+-

@ Performance metric:
» Let 7* denote the optimal solution to primal problem P
» Optimality gap: Jr(7*) — Jr(7).
» Constraint violation: (Jc(7) — ¢)4.
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 71 based on L(7, A\;) and 7;. Example methods:

Dual descent [46]: 7¢+1 = arg ming £(7, A\¢) using some RL oracle
Natural policy gradient [49]: mey1 = e — NF, ()T - Ve £(7e, At)

Compute the dual ascent step Agy1 = (A + n(Jc(mer1) — €)) 4

@ Performance metric:
» Let 7* denote the optimal solution to primal problem P
» Optimality gap: Jr(7*) — Jr(7).
» Constraint violation: (Jc(7) — ¢)4.

@ Convergence Rate:
» Duality gap decays at a rate of O(1/1/T) [46]
» Optimality gap decays O(1/1/T) and constraint violation decays
O(1/T4) [49]
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Accelerated and Regularized Constrained Policy
Optimizer (AR-CPO) [50]

o Central idea: solve the minimax problem over the (7, it)-regularized
Lagrangian via an accelerated dual descent

, _ _ TN
[nax min Lrp(m,A) = L(m,A) = 7H(7) = S[All2
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Accelerated and Regularized Constrained Policy
Optimizer (AR-CPO) [50]

o Central idea: solve the minimax problem over the (7, it)-regularized
Lagrangian via an accelerated dual descent

, _ _ TN
[nax min Lrp(m,A) = L(m,A) = 7H(7) = S[All2

» Entropy-regularized policy optimizer
* 7H(m): smooth dual function d- ,(X) := mingen L7 . (7, A)
* Examples: RegPO-NPG [33,38], RegPO-SoftQ [50]
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Accelerated and Regularized Constrained Policy
Optimizer (AR-CPO) [50]

o Central idea: solve the minimax problem over the (7, it)-regularized
Lagrangian via an accelerated dual descent

, _ _ TN
[nax min Lrp(m,A) = L(m,A) = 7H(7) = S[All2

» Entropy-regularized policy optimizer
* 7H(m): smooth dual function d- ,(X) := mingen L7 . (7, A)
* Examples: RegPO-NPG [33,38], RegPO-SoftQ [50]

» {5 regularization on A
* L||A||3: dual function d-,,.()\) becomes strongly concave
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Accelerated and Regularized Constrained Policy
Optimizer (AR-CPO) [50]

@ Central idea: solve the minimax problem over the (7, u1)-regularized
Lagrangian via an accelerated dual descent

- . 1t
[nax min Lrp(m,A) = L(m,\) — TH(7) — EIP\HE

» Entropy-regularized policy optimizer
* 7H(m): smooth dual function d- ,(X) := mingen L7 . (7, A)
* Examples: RegPO-NPG [33,38], RegPO-SoftQ [50]
» {5 regularization on A
* L||A||3: dual function d-,,.()\) becomes strongly concave
» Nesterov's accelerated gradient descent dual optimizer for updating A
* Improve the dependence on the condition number
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Accelerated and Regularized Constrained Policy
Optimizer (AR-CPO) [50]

@ Central idea: solve the minimax problem over the (7, u1)-regularized
Lagrangian via an accelerated dual descent

- . 1t
[nax min Lrp(m,A) = L(m,\) — TH(7) — EIP\HE

» Entropy-regularized policy optimizer
* 7H(m): smooth dual function d- ,(X) := mingen L7 . (7, A)
* Examples: RegPO-NPG [33,38], RegPO-SoftQ [50]
» {5 regularization on A
* L||A||3: dual function d-,,.()\) becomes strongly concave
» Nesterov's accelerated gradient descent dual optimizer for updating A
* Improve the dependence on the condition number

e Optimality gap and constraint violation decay O(1/T) [50]
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Drawback of Primal-Dual Approach

@ Solve a minimax problem over an augmented Lagrangian function

/\ng% min —Jr(m) + A(Jc(m) — ¢)
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Drawback of Primal-Dual Approach
@ Solve a minimax problem over an augmented Lagrangian function

,\rE?R)'(;’ min —Jr(m) + A(Jc(7) — ¢)

@ Alternating between policy 7 and dual variable A updates
» If the constraint is violated, Jc(7m) — ¢ > 0, A becomes larger
(positive), and policy update will reduce constraint function
> If the constraint is satisfied, Jc(7) — ¢ < 0, A decreases gradually to
zero so that constraint eventually does not play a role in policy update
» However, A can only iteratively increase or decrease, which yields
delayed response to enforcing or releasing constraints
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Drawback of Primal-Dual Approach
@ Solve a minimax problem over an augmented Lagrangian function

/\né% min —Jr(m) + A(Jc(7) — ¢)

@ Alternating between policy 7 and dual variable A updates
» If the constraint is violated, Jc(7m) — ¢ > 0, A becomes larger
(positive), and policy update will reduce constraint function
> If the constraint is satisfied, Jc(7) — ¢ < 0, A decreases gradually to
zero so that constraint eventually does not play a role in policy update
» However, A can only iteratively increase or decrease, which yields
delayed response to enforcing or releasing constraints

What is more desirable?
@ Respond faster if a constraint is satisfied or violated

@ Do not introduce a dual variable for easier implementation
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A Primal Approach: CRPO [51]

Constraint-Rectified Policy Optimization (CRPO)
@ Fort=0,1,.... T -1
Constraint violation: If Jc(m¢) > ¢ + §: mp41 < take one step natural
policy gradient update towards minimize Jc(7¢)

Objective improvement: Else ;11 < take one step natural policy
gradient update towards maximize Jg(7)
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A Primal Approach: CRPO [51]

Constraint-Rectified Policy Optimization (CRPO)
@ Fort=0,1,.... T -1
Constraint violation: If Jc(m¢) > ¢ + §: mp41 < take one step natural
policy gradient update towards minimize Jc(7¢)

Objective improvement: Else 711 < take one step natural policy
gradient update towards maximize Jg(7)

@ CRPO responds to constraint satisfaction/violation immediately

» Primal-dual relies on iteration of dual variables, incurring large delay
@ CRPO can be implemented as easy as unconstrained optimization

» Primal-dual requires to update dual variables, which is more complex

@ CRPO does not suffer from hyperparameter tuning of learning rates
and projection threshold of dual variables

» Primal-dual approach can be very sensitive to these hyperparamters
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Neural Network Function Approximation

@ Use neural network to parameterize both value functions and policy
o Define a feature vector ¢(s,a) € R? with d > 2 for each (s, a)
> |[Y(s,a)|l, < 1forall (s,a) e S x A

e A two-layer neural network f((s, a); W, b) with input (s, a) and
width m

f((s,a); W, b) = \FZb - ReLU(W., (s, a))

> b=1[by, - bm]T ER™ and W =W, , W]]|T € R™

e Initialize [Wo], ~ Unif{Dy }, where D,, = {W : d; < ||[[W]/||, < do}
and b, ~ Unif[—1, 1] independently
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Policy Evaluation
@ TD learning: at time t, sample s;1 ~ P(:|s, a)

TeQe(se, ac) = r(se, ae, sev1) + 7 Qe(se41, @)
Qi1 = Q: + Olt(ﬁQt - Q)
e Neural TD learning: neural network parametrization % ¢ R™

IR = 6 + BIR(s, 2,5) + AF(s', ) 6F) — F((s, 2 8] VoF (s, 2): 0F)
0—0R| . where B~ {0 R™: |g - 05|, < %}

R _ .
9k+1 = argmingcg ‘

o Let éﬁ = % Z/}f;ol 0,’3 be the average output

QF(s,a) = f((s,a),0R) is an estimator of value function Q,’?Ttwt (s,a)

Similarly, QS (s, a) = f((s,a),0%) is an estimator of constraint value
function fotwt(s,a)
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High-Probability Guarantee for Neural TD

@ Consider TD iteration with neural network approximation
> Let stepsize 8 = min{1/VK, (1 —v)/12}
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High-Probability Guarantee for Neural TD

@ Consider TD iteration with neural network approximation

> Let stepsize 3 = min{1/VK, (1 —v)/12}

Theorem 1 (High-probability convergence of neural TD)

Under mild regularity conditions and bounded variance, with probability at
least 1 — 0, neural TD learning satisfies

|@its, ) - mtwsa)H <e(¢_ Iog<1>>+€)< = |og<§)>.

where i = R, C.
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High-Probability Guarantee for Neural TD

@ Consider TD iteration with neural network approximation

> Let stepsize 3 = min{1/VK, (1 —v)/12}

Theorem 1 (High-probability convergence of neural TD)

Under mild regularity conditions and bounded variance, with probability at
least 1 — 0, neural TD learning satisfies

|@its, ) - mtwsa)H <e(¢_ Iog<1>>+€)< = |og<;<>>.

where i = R, C.

o For K = ©(y/m) iterations, ||Q} — QT’thWtHM,r = O(1/m"/8)
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Constraint Estimation

@ Sample a batch of state-action pairs (s}, a;) € B; from distribution
SOLIAQD

e Estimation error of constraint |Jc(6f) — Jc(mw, )| is small if policy
evaluation th is accurate and concentration of sampling occurs
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Constraint Estimation

@ Sample a batch of state-action pairs (s}, a;) € B; from distribution
SOLIAQD

e Estimation error of constraint |Jc(6f) — Jc(mw, )| is small if policy
evaluation QF is accurate and concentration of sampling occurs

Assumption 1 (Concentration of sampling process)

For any parameterized policy wyy, there exists a constant C¢ > 0 such that
for all k > 0, B, |exp(1Q(s, 2) ~ Ee,,,, Qils, )2/ CA)| < 1.
iy
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NPG in CRPO

o Natural policy gradient

Al = aregrréin E”"Ttwt [(Qi(s,a) — Yw,(s, a)TH)z]
€

» 7 controls amplitude of w;; T w; serves as parameter of policy
» Np: collects all feasible w; over the algorithm path
» 1n: constraint violation level

Algorithm 1 Policy Update for CRPO

1: Tpy1 =T+«

2. if ‘j_C,Bf <c+n then

3:  Add w; into set NV

4 Tey1- Wepl =T we + QAR
5. else

6:  Teglc Wepl = Te - Wy — ozAtC
7. end if
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Convergence Guarantee of CRPO

@ Consider CRPO with neural network approximation
» Neural TD learning with Ki, = ©(y/m) at each iteration
» Tolerance n = ©(m/V/T + m~1/8)
» NPG update learning rate o = ©(1/v/T)
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Convergence Guarantee of CRPO

@ Consider CRPO with neural network approximation

» Neural TD learning with Ki, = ©(y/m) at each iteration
» Tolerance n = O(m/V/T + m~1/8)
» NPG update learning rate o = ©(1/V/T)

Theorem 2 (Convergence Guarantee of CRPO)
With probability at least 1 — §, CRPO output satisfies

() -Eln(ren ) < © (=) + 0 (g ogt (1Y),

and foralli=1,---,p,

B (rwon)] — € < © (%) ‘e (# jog' (TT\/E» .

where expectation is on randomness of selecting W+ from Nj.
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Experiment: CartPole

o CartPole setup
» A pole is attached by an un-actuated
joint to a cart
» The cart moves along a frictionless
track over [—2.4,2.4]
» The pole starts upright mm
» Goal: prevent pole from falling over by
increasing and reducing cart's velocity.
@ MDP environment

pivot point

» State space: cart position and velocity, pole angle and angular velocity
» Action space: push cart to the left, push cart to the right
» Reward: agent receives a reward +1 for every step taken
» Constraints: agent is penalized with cost +1
* Entering [—2.4,-2.2], [-1.3,—1.1], [-0.1,0.1], [1.1,1.3], [2.2,2.4]
* The angle of pole is larger than 6 degree
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Experiment: Acrobot

@ Acrobot setup

» System includes two joints and two
links, where second joint is actuated.

> Initially, the links are hanging
downwards

» Goal: swing the end of the lower link
up to a given height.

@ MDP environment

» State: two rotational joint angles and the joint angular velocities
» Action: applying +1,0, —1 torque on the second joint

» Reward: agent receives a reward +1 when the second link is at a
height of 0.5

Constraints: agent is penalized with cost +1

v

* Apply a torque +1 when the first link swings anticlockwisely
* Apply a torque +1 when the second link swings anticlockwisely with
respect to the first link
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Comparison of CRPO and Primal-Dual: CartPole

Return Constraint Values
200 200 -
=——CRPO constraint |
1 60 1 60 —PDO constraint |
—TRPO constraint |
120 120 t|=~CRPO constraint Il
—==--PDO constraint Il
80 —CRPO 80 H=--TRPO constraint Il | s AN
40 —PDO 40 bereeense
0 : ‘ _ZTRPO () B s
0 200 400 600 800 1000 0 200 400 600 800 1000
# of Episodes # of Episodes

@ Convergence
» CRPO achieves much higher reward
@ Constraint violation

» CRPO tracks constraint thresholds almost exactly, which sufficiently
explores boundary of feasible set to optimize reward

» Primal-Dudal tends to over- or under-enforce the constraints, which
results in lower return reward and unstable constraint violation
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Comparison of CRPO and Primal-Dual: Acrobot

Return Constraint Values

200 200 :
== CRPOQO constraint |

. —PDO constraint |
160 160 W ,q‘.—TRF?O co?]tstraij[ntl
120 120 e
80 80 —--TRPQO constraint Il

40 40 o
0 0 -
0 200 400 600 800 1000 0 200 400 600 800 1000
# of Episodes # of Episodes

o Convergence
» CRPO achieves much higher reward
@ Constraint violation
» CRPO drop below thresholds (and thus satisfy the constraints) much
faster than that of PDO
» CRPO tracks constraint thresholds almost exactly, which sufficiently
explores boundary of feasible set to optimize reward
» Primal-Dudal under-enforce constraints, and yields lower reward
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Sensitivity to Tuning Parameters

@ Primal-dual is very sensitive to stepsize of dual variable's update
> |If stepsize is too small, dual variable updates slowly to enforce
constraints
> If stepsize is too large, algorithm becomes unstable

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning ICASSP 2022 83/124



Sensitivity to Tuning Parameters

@ Primal-dual is very sensitive to stepsize of dual variable's update
> |If stepsize is too small, dual variable updates slowly to enforce

constraints

> If stepsize is too large, algorithm becomes unstable

@ CRPO is robust with respect to tolerance parameter 7

200

— =10

—n=0.5
0 200 400 600 800 1000 0 200 400 600 800 1000
# of Episodes # of Episodes

200

160

1201

80

a0f S

0

0 200 400 600 800 1000

# of Episodes

CRPO in Acrobot with n taking different values
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Outline

@ Advanced Topics on RL and Open Directions

@ Imitation Learning
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Topic 2: Imitation Learning

@ Practical RL applications often encounter:
» Reward function is unknown
» Some expert demonstrations are available
» Goal: find a learner's policy that produces behaviors as close as
possible to expert demonstrations

@ RL Goal: Learn a desired policy by imitation

'"d

Chalodhorn et al., 2007
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Two Major Approaches on Imitation Learning
@ Behavioral Cloning [52]
> Directly learns a mapping from state to action based on supervised
learning to match expert demonstrations

Expert Demonstrations E Supervised Learning T
D= {(se. a2y,

E ———) ———)
with a; ~ mg(se) |

Ernélllll %‘e(“(st) —a)
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Two Major Approaches on Imitation Learning
@ Behavioral Cloning [52]
> Directly learns a mapping from state to action based on supervised
learning to match expert demonstrations

Expert Demonstrations i Supervised Learning T
D = {(se, ac)}I:D:IP

with a; ~ mg(se)

frnElH %f("(st) —a)

@ Inverse Reinforcement Learning [53, 54]
» First recovers unknown reward function based on expert’s trajectories,
and then find an optimal policy using such a reward function
» Generative adversarial imitation learning (GAIL) framework [55]

Learned Reward: r

. i
Expert Demonstrations | Reward Learning Policy Optimization
D=(Gvadken T ) - ) max J(mr)
with a; ~ mg(se) : TER mell

Learned Policy:
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Generative Adversarial Imitation Learning (GAIL)

o Parameterize reward function as r,(s, a) where « € A C RY

o mg: expert policy; demonstration samples under wg are available
e m,: learner's policy optimized by w € W

e J(mg, ry): average value function under expert policy

@ J(mw, ry): average value function under learner’s policy

e (a): regularizer of reward parameter

GAIL Framework [55]
Vrvnellr)v rc?ea/>\< F(w,a) = J(mg, ra) — J(7w, ra) — ¥(a)

o Maximization: find reward function that best distinguishes between
expert's and learner’s policies

@ Minimization: find learner’s policy that matches expert's policy as
close as possible

v
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Global Optimum of GAIL

GAIL Framework [55]

i F = a) — ws la) —
min max (w,a) = J(me, ra) — (7w, ra) — P(@)

@ Define marginal-maximum function g(w) := max,epa F(w, ).
@ Let global optimum of GAIL as w* = argmin ¢y, g(w).
e w is e-optimal if g(w) — g(w*) < € holds, where ¢ € (0,1).
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Global Optimum of GAIL

GAIL Framework [55]

i F = a) — ws la) —
min max (w,a) = J(me, ra) — (7w, ra) — P(@)

@ Define marginal-maximum function g(w) := max,epa F(w, ).
@ Let global optimum of GAIL as w* = argmin ¢y, g(w).
e w is e-optimal if g(w) — g(w*) < € holds, where ¢ € (0,1).

e-optimum of GAIL implies [56]

— 7 < .
rgea;\([J(wE, ra) — J(mw, ra)] < 212/)\(1#(04) e

@ Properly chosen () can guarantee 7y to be sufficiently close to
expert policy.
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GAIL Policy Gradient Algorithm

@ Reward update:

Query expert sample (s£, af) ~ P and learner’s sample
(s%,a%) ~ P
Estimate stochastic gradient with respect to reward parameter

VoF(w,a) = [Vara(sF,a") = Vara(s¥,a¥)] — Vato(a)

Update a1 = Proj (ak + ﬁ@aF(W,ak))
@ Policy update (e.g., by NPG)

Estimate natural gradient 6; via solving

T T 2
“I.I ESaNI/ /‘ s,a ;\/l/ |Og Twld|S 6
IR ( 5 ) Tw (0% ( ) ( ( | ))

Updated Wiyl = W — 77(9,;
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Convergence Guarantee of NPG-GAIL

Theorem ( [57])

F(w, ) is u-strongly concave on «.. Under other standard assumptions
and properly-chosen stepsize, NPG-GAIL converges as

1YL Ele(w)] - g(w) <0 () +0(e¥) +0(3)

+0 (7o) + 0 (¢stn) + O (V) + 0 ()

° :;g;gx is actor approximation error in NPG; K is number of updates

of a; B is mini-batch size of v update; T, is number of updates in
value function evaluation in NPG; M is mini-batch size of w update;
A is regularization coefficient in NPG

o NPG-GAIL converges to an (e 4 O((35500«))-accurate globally optimal

value with an overall sample complexity of O (6%)
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Outline

@ Advanced Topics on RL and Open Directions

@ Multi-Agent Reinforcement Learning
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Topic 3: Multi-Agent Reinforcement Learning

@ RL applications naturally involve multiple agents
> Left: stock market with numerous investors
» Middle: multi-drone control
» Bottom: multi-agent power network
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Multi-Agent MDP

Distributed agents i = 1,2, ..., N,
Global shared state s;
Independent policies/actions: w(als) = H, (m(al]s);

Local rewards: ri(s, a).

Multi-agent MDP trajectory defined by

{”i('|_st))>}?':1 N P( |50 a0)

{ 40 si=1 (1a{fo}, 1)—

Cooperative v.s. Competitive MARL
@ Cooperative MARL: Agents cooperate to achieve the same goal;

@ Competitive MARL: Agents compete to achieve conflict goals.
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Cooperative MARL

Define global state value function (under joint policy )

Va(s) = E[Z?io Vtﬁ :\77/’:1 ’t(m)‘SO = 5’”]

@ Agents cooperate to maximize average reward

max J() = Ee[Va(s)]

All the agents share the same goal

Need decentralized synchronization (actions, rewards, etc)

Study communication & computation complexities
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Cooperative MARL: Off-Policy Evaluation

@ Given joint policy 7, cooperate to evaluate V.

Decentralized mini-batch TDC [58]
@ Agent i =1,..., N performs

(t+1)n—1
;:+1 = Z Viir (9’ ‘|‘ - Z pm((sm(et)d)sm - 7¢sm+1¢;twt)
i"eN; m=tn
(t+1)n 1
Wi =Y Viwl + Z (PmOm(0t) bsm — PsmPant)
i'EN; m=tn

@ Mini-batch sampling reduces variance and communication frequency

@ Local consensus on 6 and w
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Cooperative MARL: Off-Policy Evaluation

@ Need to estimate global importance sampling ratio p := H,N:1 o'
» Rewrite as p = exp <N .- ZINZI In p’)
» Synchronize %Zf\/ﬂ In p via local averaging
Sample and communication complexities [58]
1 N :
Choose a = O(W) B=0(1), n= (9(4) and run the algorithm for

T = (’)(\/Nln e_l) iterations. Then, for all agents /, the output achieves

E(|l67 - 6*]*) <e.

The overall sample complexity is nT = O(Ne~!Ine~1), and the overall
communication complexity is T = O(vNlne1).
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Cooperative MARL: Policy Optimization

Decentralized mini-batch actor-critic [59]
@ Actor: Agenti=1,...,N do

w,’;+1 = w,’; + aV id(wt),

where the partial policy gradient satisfies

V@ [Fe+ 1 V(sia) = V(s |wilalls) (1)

Critic: Agents estimate V/(s) via standard decentralized TD

Yi(al|s;): local score function computed by agent i

Challenge 1: need Fi—average reward over all agents. Sensitive!

Challenge 2: How to achieve low communication & computation
complexities at the same time?
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@ Solve Challenge 1: local averaging over noisy rewards
» Corrupt local rewards

F=r(1+N(0,0?)
» Estimate 7 via local averaging
Fo="7, Fey1 =Y jen Wir Te, t=0,..., T' = 1.
@ Solve Challenge 2: Use mini-batch sampling

(t+1)n—1 ' .
Vod@) == 3 [P+ 1V (Snar) = Vism) |0 (27 Ism)

m=tn
» Suppress reward noise with sufficiently large batch size n
» Reduces communication frequency

Sample and communication complexity [59]

Choose a = O(1),n = O(e~1) and run the algorithm for T = O(e 1)
iterations, the output satisfies E(||VJ(wT)|?) < €. The overall sample

complexity is O(e 2 Ine~1), and the overall communication complexity is
O(e tine ).
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Competitive MARL

@ Define individual state value function for agents i = 1,..., N

Vi mi(s) = E[ Y207 ri]s0 = s, 7]
@ Agents compete to maximize their own reward

max Viini(s), Vs, Vi=1,.,N

Nash equilibrium (NE)
@ Joint policy 7 is a NE if for any other policy 7, the following holds.

Vi mi(s) 2 Vai i), Vs, Vi=1,.,N

™
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Competitive MARL

(NE): Vv im.\i(s) > Vﬁim.\i(S), VS,Vi =1,.. N

™

@ In general hard to develop efficient algorithms for finding NE
» Finding NE is PPAD-complete [60]

@ However, possible for the following special game

Two-player zero-sum game

@ Only two players N = 2. Moreover, their rewards sum up to zero, i.e.,
rt 4+ r2 =0 for all t.

e Existence of NE is first proved by Shapely in 1953 [61]

@ Can be reformulated as linear programming
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Two-Player Zero-Sum Game

o Define r; ;= r} = —r? and the following value function

0o
V7r1,7r2(5) = ]E[Z'Ytrt|50 = 577Ti|

t=0
@ Two-player zero-sum game reduces to
Two-player zero-sum game

minmax V1 2(s), Vs
w2 ol ’

@ Perfect duality holds, i.e.,

min max V1 2(s) = maxmin V1 2(s), Vs
w2 ol ’ w72 ’
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Classic Value lteration for Zero-Sum Game

min max Vi1 q2(s), Vs
s ™

@ Classic value iteration

Qu(s,a',a%) = r(s, at, a®) + YE[Vi(s')],

Vit1(s) = min malxwl(s)TQk(s)ﬂz(s)

In one-player case, Vi11(s) = arg max, Qk(s, a)
Requires transition kernel to compute E[Vj(s')]

Can be shown to converge to the optimal value function

Challenge: Need to solve matrix game efficiently
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Predictive Update via Entropy Regularization

@ Smooth the matrix game via entropy regularization

Qu(s,a*,a%) = r(s, at, a%) + yE[Vi(s')],
Viri(s) = rr:rlzn max 7 (s) " Qu(s)m?(s) + TH(7(s)) — TH(7>(s))

@ Improves bilinear geometry to strongly convex-strongly concave

e Predictive Update algorithm [38]

nQi,t(s7 al))

ﬁkHl(al‘s) (o8 7T11<,t(31’5)1_m- exp (

0. w?m(a:\s) ol (|) exp ?oi,t(s, )
1} es1(at]s) ok o(aY )T exp (1@ 14 (s, @)
72 e41(81s) o 12 o(22]s)1 T exp (— 1@y ¢41(s, 27))

@ Decentralized, symmetric, private
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Convergence and Complexity

Iteration Complexity [38]

Set n = O(x 1+T(|n Aiy) and 7= O((Iln_|:zl)|€) and run the algorithm

for T = (’)((—1;) iterations. Then, the output achieves e-NE, i.e.,

max V), x2(s) — mVin Vi, (s) <e

@ Our recent work proposes a sample-based stochastic version [62]

@ Developed Monte Carlo estimators with Markovian samples to
estimate E[Vi(s')], Qk,(s, ), Qk.«(s, a)

@ Achieve sample complexity O(%) improves the SOTA
S|10-5
05 s) [63]
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Outline

@ Advanced Topics on RL and Open Directions

@ Robust Reinforcement Learning
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Topic 4: Robust Reinforcement Learning

@ Motivations:
> Possible model deviation between training and test environments, e.g.,
training is on simulator, model is from empirical estimate
» Adversarial attacks to MDPs
» These could lead to severe performance degradation
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» Adversarial attacks to MDPs
» These could lead to severe performance degradation
@ Robust Markov decision process: (S, A, r,P), where P €P, and P is
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Topic 4: Robust Reinforcement Learning

@ Motivations:
> Possible model deviation between training and test environments, e.g.,
training is on simulator, model is from empirical estimate
» Adversarial attacks to MDPs
» These could lead to severe performance degradation
@ Robust Markov decision process: (S, A, r,P), where P €P, and P is
an uncertainty set of transition kernels
» Reward function r could also be uncertain
o Examples of uncertainty set: let pZ denote centroid transition kernel,
e.g., empirical estimate and simulator
> Relative entropy: P2 = {p: D(p||p2) < ¢}
» Total variation: P2 = {p: TV(p||p2) < e}
» P= ®s€$,a€A P:
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Robust Reinforcement Learning
@ P;: transition kernel at time t, and P, € P
@ Dynamic model: P; for different t are allowed to be different
e Static model: Py = Py,, for any t1,t >0

Equivalence

Solutions to dynamic model and static model are equivalent under
rectangular uncertainty set [64]
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Robust Reinforcement Learning

@ P;: transition kernel at time t, and P, € P
@ Dynamic model: P; for different t are allowed to be different

o Static model: Py, = Py,, for any t1,t0 > 0

Equivalence

Solutions to dynamic model and static model are equivalent under
rectangular uncertainty set [64]

@ Robust value function:
V7(s) = infp.ep >0 Ep,,e>0 [D¢2 v re[So = s, 7]
@ Robust action value function:
QR™(s,a) = infp.ep,r>0 Ep, 10 [ ieo 7 re|S0 = s, Ao = a, 7]
» A pessimistic approach that optimizes the worst-case performance

@ Goal: Learn policy robust to model uncertainty

V*(s) = max V™(s),¥s € S
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Model-Based Approach

@ Assume that uncertainty set P is known

@ Robust Bellman operator:

-T_V(S) = max r(57 a) + Y0P, a(\7)7
acA ’

where O"ps’a(\'}) is the support function: 0'735,3(\7) = SUP,ep, p'V

Theorem (Contraction [65, 64]) J

T is a contraction in £+, norm, and its unique fixed point is V*

e V/* can be solved by robust value/policy iteration
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Adversarial Training Approach

@ Approach 1:

» Reformulate robust RL as a game between agent and nature, where
nature chooses transition kernel P, € P,t >0
max;infp.ep e>0Ep, 30 [Yreo V' el So = 5, 7]

» Alternatively optimize agent's policy towards maximizing reward and
nature's policy towards minimizing reward

@ Approach 2:

» Adversarially perturb the state observation
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Adversarial Training Approach

Approach 1:

» Reformulate robust RL as a game between agent and nature, where
nature chooses transition kernel P, € P,t >0
maXWinfptepJZ()EphtZO [Z?io 'ytrt|50 =S, 71']

» Alternatively optimize agent's policy towards maximizing reward and
nature's policy towards minimizing reward

Approach 2:

» Adversarially perturb the state observation

Empirical success, but lack of theoretical convergence and robustness
guarantee

@ References: [66,67,68,69,70,71,72,73,74,75,76,77,78,79]
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Model-free Approach

@ Uncertainty set is centered at an unknown MDP from which samples
can be taken

@ Goal: design principled online robust RL algorithm
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Additive Uncertainty Set [80, 81]

@ Uncertainty set: P2 = {pZ + x|x € UZ}
» pZ is simulator transition kernel, from which samples are taken
» U?Z is the confidence region
e.g., ellipsoid
U = fx:xTAX < 1,30 x =0, -p2(i) < x; < 1 - pi(i)}
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Additive Uncertainty Set [80, 81]

o Uncertainty set: P2 = {p? + x|x € UZ}
» pZ is simulator transition kernel, from which samples are taken
> UZ is the confidence region
e.g., ellipsoid
U ={x:xTAIX < 1,3, x=0,—p2(i) < x; < 1—p(i)}

@ Robust TD, Q-learning, SARSA [80]
@ Robust least squares policy evaluation and robust least squares policy
iteration [81]

e Basic idea:

> a stochastic implementation of robust Bellman operator

» when calculate support function op, ,(V), relax U to UZ

Z/A{Sa ={x:xTAix < 1, ,xi =0}

> issue: p? + x,x € Z/A{j may not be a probability distribution anymore

e Converge if discount factor ~y is much less than 1 (to offset error

caused by relaxation)
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e-Contamination Uncertainty Set

@ c-contamination uncertainty set:
PZ={(1-¢)p+eq|lge A(S)}, forsome 0 <e<1

where A(S) is the probability simplex on &

@ Interpretation: with probability 1 — ¢, state transition is perturbed to
any arbitrary distribution g € A(S)

@ Algorithm and results can be similarly obtained for case with A(S)
replaced by a set that depends on s, a
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e-Contamination Uncertainty Set

@ c-contamination uncertainty set:
PZ={(1-¢)p+eq|lge A(S)}, forsome 0 <e<1

where A(S) is the probability simplex on &

@ Interpretation: with probability 1 — ¢, state transition is perturbed to
any arbitrary distribution g € A(S)

@ Algorithm and results can be similarly obtained for case with A(S)
replaced by a set that depends on s, a

o c-Contamination model (Huber in [82]) has been widely used to
model distributional uncertainty in the literature

@ c-contamination can be related to total-variation/KL divergence
defined uncertainty set via Pinsker's inequality
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Robust Q-learning [83]

Initialization: T, Qo(s, a) for all (s, a), behavior policy mp, sg, step size a;
Fort=0,1,2,..,T — 1

Choose a; according to 7p(-|st)

Observe s;y1 and r¢

Update C:?t+1:
Vi(s) « max Q:(s,a),Vs e S

Qer1(se, ae) < (1 — o) Qe(se, ae) + ave(re + (1 — €) Ve(seq1) + ¢ rsng'g Ve(s))

TV
target, one-step bootstrap

Output: OT
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Convergence and Sample Complexity [83]

Theorem (Asymptotic Convergence)

If step sizes o satisfy that > o oy = 00 and Y 30, a? < oo, then
Q: — Q* as t — co almost surely.

Theorem (Finite-Time Error Bound )

For any €, when T = O 4 uma:ﬂx—w))’

Q|| <e

1
Pomin(1—)°€?

@ tmix = min {t s maxses drv(pr, P(st = +|so = 5)) < %} measures the
mixing time under behavior policy 7,

® [lmin = MiN(s 2)esx A M, (S, @): how many samples are needed to visit
every state-action pair sufficiently often

@ Robust Q-learning converges to Q*

@ Same sample and computational complexity (within a constant
factor) as vanilla Q-learning algorithm
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Experiments on Robust Q-Learning

@ Train Q-learning and robust Q-learning under a perturbed MDP
@ Test on real unperturbed environment

@ Robust Q-learning achieves higher reward than vanilla Q-learning

°

°

°

°

°

o1 —— robust Q-learning
—— non-robust Q-learning

—— Robust Q-learning
—— Non-robust Q-learning

accumulated discounted reward
°
accumulated discounted reward

0 5000 10000 15000 20000 25000 0 25 s 75 100 125 150 175 200
number of samples number of samples
(a) FrozenLake (b) Cartpole
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Robust TDC with Linear Function Approximation

o Large state/action space

@ Policy evaluation: for any policy 7, evaluate its performance under
worst-case transition kernel:

(o ¢]
V7(s) = pt£7220EPt€P7f20 LZ_; 'Vtrtlso = S’W]

o Linear function approximation: find Vj(s) = 6T ¢(s) for a family of
base functions ¢(s) € RV, such that V, ~ V™

@ Why no robust TD with function approximation? It may divergence
since it is essentially " off-transition-kernel” (similar to off-policy)
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Robust TDC with Linear Function Approximation

@ Robust Bellman operator (for policy evaluation):
-Nr7r V(S) = EANW(-|S)[r(S) A) + ’YO-’PSA(V)]

o V7 is the fixed point of T,
@ Minimize the mean squared projected robust Bellman error
(MSPRBE)

min MSPRBE(0) = HHir Vy — Ve‘ ’

Jos

@ ming¢cs V(s') is non-differentiable and brings difficulties in algorithm
design and analysis

@ Use a smoothed robust Bellman operator to approximate robust
Bellman operator
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Robust TDC with Linear Function Approximation

—pV(s)
@ Use LogSumExp to approximate min: LSE(V) = —M

@ Smoothed Robust Bellman operator: T,V/(s) =
Epr(ls) [1(5:A) +7(1 = R) Lyes PAy V(') + 7R - LSE(V))

Theorem (Contraction [83])

A

T is a contraction and has a unique fixed point (denoted by V™).
Moreover, V™ — V™ as p — oo.

@ Goal: minimize smoothed mean squared projected robust Bellman
error (SMSPRBE):

i = mj T-Vy -V,
min J(0) min HH h— Vo

2
M
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Robust TDC with Linear Function Approximation

Input: T,a, 8, p, ¢; for i =1,..., N, projection radius K
Initialization: 6y,wy, sp
Choose W ~ Uniform(0,1,..., T — 1)
For t =0,1,2,.., W — 1
Take action according to 7(+|s;) and observe s;11 and c¢;

¢t < qbst

—p0 71 s
8e(0¢) + re + (1 = R)V,(se1) — yR™EE==E ) v (s,)
Ht—‘,—l <

i (004 (50096 21 = Ry + R S (2255 ) ol )

W41 < HK(Wt + 5(5:?( t) - Qﬂ—wt)ﬁbt)
Output: 6y
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Results on Robust TDC

Theorem 3 (Robust TDC [83])

Define step-sizes: 3 = O (%) a=0(4), where  <a<1 and
0< b<a. Then

B[V 0w} = O (7 +alog(1/a) + 5 + B1og(1/9)) .

If a=b=0.5, then

E[IVJ(0w)|] = O ('j;) |
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Experiments on Robust TDC

Train TDC and robust TDC under a perturbed MDP
Test on real unperturbed environment
Robust TDC converges to stationary points faster than TDC

TDC may even diverge

o
—— Robust TDC —— Robust TDC
70
60 —— Non-robust TDC —— Non-robust TDC
0
50
50
= =
5 S
B B>
= =30
20
20
10 10
0 o
3 500 1000 1500 2000 2500 3000 o 500 1000 1500 2000 2500
number of samples number of samples
(a) (b)
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Open Problems in Reinforcement Learning

@ Multi-task reinforcement learning

» Tasks can share similar but different transition kernels

» Meta-learning can be applied to achieve sampling efficiency

» Open issues in theory: characterization of sample complexity
improvement due to meta-learning

e Off-policy/Offline reinforcement learning

» No access to online interaction with environment, but access only to a
given set of data samples

» Dataset has limited coverage over state-action space, and is sampled
under behavior policy, not target policy

» Open issues in design: how to design desirable algorithms to address
overestimation and distribution shift

» Open issues in theory: what is the minimum requirement to achieve
polynomial sample complexity efficiency
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Open Problems (Cont.)

o Partially observable MDP

>
>
>
>

>

No access to full state information

Optimal policy is not stationary

Markovian structure does not hold anymore

Open issues in design: how to design efficient model-free and
model-based methods

Open issues in theory: how to characterize sample complexity

@ Multi-agent RL

>

>

>

Multiple agents interact collaboratively or competitively

Decentralized algorithms under partial observations of environments
Challenges in design: delayed communication; communication depends
on network topology; curse of dimensionality

Open issues in theory: tradeoff among communications, computations,
privacy; equilibrium; sample complexity
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Questions?
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