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© Value-based Method for Optimal Control

@ Policy Gradient Algorithms
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Outline

0 Introduction to Reinforcement Learning and Applications
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Reinforcement Learning

@ An agent learns to interact with environment in the best way
Agent observes state, and takes an action based on a policy
Agent receives a reward

Environment changes the state

Agent finds a policy to maximize reward

vV vyVvYy

environment

» )

agent

actions
rewards
—
a : observations - N
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Markov Decision Process (MDP)

"| Agent
state reward action
St Tt at
§ Tl .
« | Environment |«
VSt+1

@ Markov decision process (MDP): (S, A, r,P)
» S and A: state and action spaces
» r:Sx AxS = R: reward function
» P(s’|s, a): transition kernel; prob of s — s’ given action a

@ Agent's policy m(als): prob of selecting action a in state s
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Markov Decision Process (MDP)

"| Agent
state reward action
St Tt at
§ Tl .
« | Environment |«
VSt+1

@ Markov decision process (MDP): (S, A, r,P)
» S and A: state and action spaces
» r:Sx AxS = R: reward function
» P(s’|s, a): transition kernel; prob of s — s’ given action a

@ Agent's policy m(als): prob of selecting action a in state s

MDP trajectory {s;, at, rt, St+1} 72 defined by

)

7(-|st P(-|sp,a 7(:|s
) (|0)a0 d 0)(51’r0) (-s1 Eeec

@ Randomness: actions, state transitions
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Application: Autonomous Driving

@ Collects driving data

@ Al agent trained to optimize driving control
@ Specification of MDP
» State: driving environment (distance to nearby cars, weather, etc)
» Action: turn left/right, accelerate, brake
» Reward: stay safe, drive smoothly
» Policy: vehicle control in a state

at 4\\ i
Driving Environment

Vehicle control

« Efficient
« Comfortable
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Application: Wireless Communication

@ Downlink Scheduling [1]

@ Learn optimal scheduling to minimize average queuing delay
@ Specification of MDP

State: buffer status and channel state

» Action: assign resource block, determine number of transmitted bits
» Reward: buffer cost

» Policy: determine action in a given state

[T
[D: Buffer
(I
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Application: Robotics

@ Robotics: LunarLander Control (left figure)

» Robot learns the landing environment
» Robot follows a policy to adjust the landing direction

@ Robotics: Arm Manipulation (right figure)

» Robot learns the warehouse environment
» Robot follows a policy to manipulate its arm

right

down

landing pad

- L
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Formulation of RL

o MDP trajectory {st, at, rt, St+1 ¢ wWith re := r(st, at, Se+1)

@ Quality of s, a: discount factor v € (0,1)

(State value):  Vi(s) = E[Yi257're|so = s,7]
(State-action value):  Qx(s,a) =E[ Y 22q7 relso =s,a0 = a, 7]

@ Expected long-term accumulated reward start with s, a
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Formulation of RL

o MDP trajectory {st, at, rt, St+1 ¢ wWith re := r(st, at, Se+1)

@ Quality of s, a: discount factor v € (0,1)

(State value): Vi (s) = E[Y ;27" re|so = s,7]
(State-action value):  Qx(s,a) =E[ Y 22q7 relso =s,a0 = a, 7]

@ Expected long-term accumulated reward start with s, a

RL Goal: find the best policy 7*

(Criterion 1): = Vi«(s) > Vix(s), Vm,Vs
(Criterion 11): max J(m) = Ese[Vr(s)]

Tutorial will not cover all the RL formulations )

@ Finite-time horizon, Average reward, Regret analysis
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Outline

© Policy Evaluation and TD Learning
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Formulation of Policy Evaluation

@ Recall Markov Decision Process: {s;, at, rt, Sty1}+

(- P(:|so,a 7(+|s:
s (] )30 (‘so 0)(51,f0) (|1)31“'

@ State value function:

Vi(s) =E[ Y27 relso = s, 7]

» Expected accumulated reward, start with s follow 7.
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Formulation of Policy Evaluation

@ Recall Markov Decision Process: {s;, at, rt, Sty1}+

(- P(:|so,a 7(+|s:
s (] )30 (‘so 0)(51,f0) (|1)31“'

@ State value function:
Vi(s) =E[ Y27 relso = s, 7]
» Expected accumulated reward, start with s follow 7.

Policy Evaluation Problem:
Given a fixed policy 7, how to evaluate its state value function V,?

@ Foundation for policy optimization
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Summary of Policy Evaluation Approaches

@ Known transition kernel P(-|s, a)
» Solving Bellman equation

@ Unknown transition kernel P(:|s, a) (Model-free)
» On-policy TD learning
» Off-policy TD learning
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Summary of Policy Evaluation Approaches

@ Known transition kernel P(-|s, a)
» Solving Bellman equation

@ Unknown transition kernel P(:|s, a) (Model-free)
» On-policy TD learning
» Off-policy TD learning

Our focus is model-free approaches. )
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Known P: Bellman Equation

Transition kernel P(:|s, a) is known ]

@ By definition of V(s):

Va(s) =Eln+vn +7°r+ - |so = s,7]
= Elrn|so = s, 7] +vE[rn +yr2 + -+ |50 = 5, 7]
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Known P: Bellman Equation

Transition kernel P(:|s, a) is known )

@ By definition of V(s):

Va(s) =Elro+vn +9°r+ - |so = s,
= Elro|so = s, 7] + 1E[rn +yr2 + -+ |so = 5, 7]

@ Note that
E[ln +yr+ - |so = s,7]
= Esl E[rl +yr+ - |50 =5,5 = S/,Tl']]
= Eg [Vr(s1)]
Va(s) = X, P(]s, @) (als) (r(s. 2, ') +7Va(s))) J
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Va(s) = o P(s'ls, 2)(als) (5. 2,5") +7Va(s) |

@ Define Bellman operator
(Bellman operator):
TaVa(s) = X0 P(s'ls, a)n(als) (r(s, a,5') + 7 Va(s))

Bellman Equation for Value Function
Vi(s) = TxVx(s) J
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Va(s) = 3, o P('ls. a)(als) (r(s. 2, ') + 7Va(s")) ]

@ Define Bellman operator

(Bellman operator):

T, Via(s) = 5,0 P(s']s. a)m(als) (r(s, a,s) + vvﬂ(s’))

Bellman Equation for Value Function
Vi(s) = TxVx(s) J

@ Linear programming: Directly solve the linear equation
» High computation complexity

@ Value iteration: fixed point update

Vit1(s) = Ta Vi(s)

» T, is contraction = V; — V.
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Model-Free: On-Policy TD Learning

Model-Free

@ Transition kernel P(+|s, a) is unknown J
On-Policy Data

o Collect Markovian data {s;, a¢, rt, St+1}+ following target policy 7 J
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On-Policy TD(0) Algorithm

@ Recall Bellman equation

Vi(s) = E[r(s,a,s") +vVi(s')]

@ Idea: update Vi (s) using r(s,a,s’) +vVx(s)
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On-Policy TD(0) Algorithm
@ Recall Bellman equation
Vi(s) = E[r(s,a,s") +vVi(s')]

@ Idea: update Vi (s) using r(s,a,s’) +vVx(s)
@ Formally: collect {s¢, a¢, rt, St+1}+ and do

V(st) = repn+yViseta) (*)

Target (one-step bootstrap)

@ TD learning is a damped version of (*): 0 <n < 1,

V(se) < (L =m)V(st) + n(res1 + 7V (se41)), (TD)

TD(0) Algorithm [2]

V(st) < V(st) +n( resr +7V(str1) — V(st))

TV
temporal difference
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TD()\) Algorithm
TD(0) Algorithm

V(st) < V(st) + n(revs +7V(str1) — V(st))

@ In TD(0), target ri+1 + vV/(st+1) is one-step bootstrap
@ Extension: n-step bootstrap

Gt(n) = rep1 +Yrer2 + o " s + "V (Setn)
o Define A-return: G := (1 —\)> 0%, A”_th(").
TD(A) Algorithm [3]
V(st) < V(st) + (G — V(st))

@ Reduce the variance of TD target
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Value Function Approximation

@ Curse of dimensionality: state space is often large or infinite
@ Solution: approximate V. using parameterized model Vj

» Linear model: Vj(s) := ¢J 0, where ¢ is feature vector of s
» Neural model: Vjy(s) := NNy(s), where NNy is neural network
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Value Function Approximation

o Curse of dimensionality: state space is often large or infinite
@ Solution: approximate V. using parameterized model Vj

» Linear model: Vp(s) := ¢J 0, where ¢, is feature vector of s
» Neural model: Vjy(s) := NNy(s), where NNy is neural network

TD(0) learning with function approximation
@ Initialize model 6.
@ Observe sample {s¢, a, rt, Se+1}, define target Gy = re + v Vo, (Se+1)
o Define loss £,(0) := 3(Vo(s:) — G¢)?, compute g¢(0;) = —8%9) lo—o,

@ TD update:

Or1 = 0 + nge(0:),
where g¢(0:) = (re + vVo,(st+1) — Vo, (st))V Vo, (5¢t)

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning IEEE BigData 2021 18 /81




Analysis of TD(0) with Linear Approximation

TD(0) with linear approximation Vj(s) := ¢/ 6
Ory1 = ProjR(Ht + ngt(ﬂt)),
where g(0:) = (re + ¥4, 0: — 6L0:)0s,

o Challenge: g:(0:) is gradient of time-varying function /;

e Challenge: Samples {s;, a;, rt, st+1}+ are Markovian and correlated

Non-exhaustive summary of existing work:
@ Asymptotic convergence: [4,5,6,7]
@ Non-asymptotic (finite-time) convergence

> I.1.D. samples: [8]
» Markovian samples: [9], [10] (will be presented)
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Finite-Time Convergence of TD(0)

Key Assumption: Geometric Mixing
State stationary distribution p. There exist & > 0, p € (0, 1) such that

supdry (P(se|so = s), 1) < kp', VteNg
seS

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning IEEE BigData 2021 20/81



Finite-Time Convergence of TD(0)

Key Assumption: Geometric Mixing
State stationary distribution p. There exist & > 0, p € (0, 1) such that

supdry (P(se|so = s), 1) < kp', VteNg
seS

@ Hold for irreducible and aperiodic Markov chains

o Given sy and large t, s; is almost like being sampled from p
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@ Feature matrix ® = [(b;';; ;;] full column rank, Vy = ®60

@ Solution point #* satisfies [4]

Voo =N TxVg-, where £ = {dx|x € RY}

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning IEEE BigData 2021 21/81



@ Feature matrix ® = [(ﬁg; gZ);;] full column rank, Vy = ®0

@ Solution point 6* satisfies [4]

Vo« =N Tr Ve, where £ = {dx|x € Rd}

Theorem: finite-time convergence [10]

Set learning rate n < O(ﬁ) After T iterations,

|2 |2 Tmix(1)
E[llr —6°IF) < O(exp(-enT)ldo — I + 070,

where Trix(n) := min{t | kp* < n} is the mixing time of Markov chain.

@ A faster mixing implies smaller convergence error
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TD Learning for Off-Policy Evaluation

@ Previous TD(0) uses on-policy data

On-Policy Data J

Collect Markovian data {s;, at, rt, st+1}+ following target policy 7

@ Limitation: requires executing the target policy

@ Limitation: in practice may not have sufficient on-policy data
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TD Learning for Off-Policy Evaluation

@ Previous TD(0) uses on-policy data

On-Policy Data
Collect Markovian data {s;, at, rt, st+1}+ following target policy 7 J

@ Limitation: requires executing the target policy

@ Limitation: in practice may not have sufficient on-policy data

Off-policy data

Collect Markovian data {s;, at, ¢, st+1}+ following behavior policy 7. The
goal is to evaluate V,; of the target policy .
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Divergence of Off-Policy TD(0)

Key message: TD(0) with linear approximation may diverge in the
off-policy setting [11]

J

Sweeps
@ Zero reward, function approximation

V(s)=20(s)+6y, s=1,..,6
V(7) = 6(7) + 26

@ Under certain initialization, parameter diverges
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Gradient TD for Off-Policy Evaluation

@ Recall Vjy(s) = ¢/ 6. Optimal 6* satisfies
Vg* = |_|£-|_7T Vg*

@ Data sampled by behavior policy 7, stationary distribution gy,
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Gradient TD for Off-Policy Evaluation

@ Recall Vj(s) = ¢J 0. Optimal 6* satisfies
Ve* = |_|£-|_7T Vg*
@ Data sampled by behavior policy 7, stationary distribution gy,

Mean-square projected Bellman error (MSPBE) [12]
(MSPBE): J(0) := Es~,, [Va(s) — MzT"Vy(s)]” }

@ Error Vjy(s) — MsT™Vjy(s) based on target policy

@ [Es.,,: stationary state distribution induced by behavior policy
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Idea of Importance Sampling

@ Denote TD error §:(0) = re +vol 6 — gb;EG

St+1
@ MSPBE can be rewritten as

J(G) = Eub,fr [6t(9)¢5t]—|—]Ellb[¢St¢l]_1Eﬂb7W[5t(9)¢st]

Importance Sampling Lemma

m(atlst)
By rl0(0)05] = By [ 0 P 560(60)6.]
where p; = % is the importance sampling ratio. Then, we have

—%W(e) = E[pe(ds. — 795.1)04 | E[05:05]  Elpede(6)@s]
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GTD2 Algorithm

_%VJ(G) = E[Pt(¢st - ’Y¢st+1)¢l] E[¢St¢;] —IE[Ptét(‘g)(z)St]
w*(0)

@ w*(#) can be viewed as solution to the LMS

(LMS): w*(#) = argmin E[¢, u — ptét(ﬁ)]z
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GTD2 Algorithm

—%VJ(H) = E[pe(s, — 105:12)04] E[65.62]  Elpede(9)6s]
w(0)

@ w*(#) can be viewed as solution to the LMS
(LMS): w*(0) = argminE[gb;Zu - ptét(ﬁ)]z
u
GTD2 algorithm [12]

9t+1 = Ht + atpt(¢5t _ 7¢St+l)¢;|;wt
wei1 = we + Be(pe0e(0¢)bs, — b g wt)

@ Two timescale updates

@ w update is one-step SGD applied to LMS
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TDC Algorithm

—%VJ(@) = E[Pt(¢st - '7¢st+1)¢;|;] E[¢St¢;] —1E[pt5t(6)¢5f]
w*(6)
= E[Pt5t(‘9)¢st] —-1E [Pt¢s:+1¢;|;]w*(9)

TDC algorithm [12]

Or1 =0: + Oétpt(5t(9t)¢st - ’Y¢St+1¢;|;wt)
wir1 = wt + Be(pede(0:)ds, — ¢5t¢;|;wt)

@ 0 update is different from GTD2
@ w update is the same as GTD2
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Convergence of TDC with Linear Approximation

TDC with linear approximation

Or+1 = TR, (9t + arpe(6:(0r) ps, — ’Y¢st+1¢sTtwf))
wer1 = MR, (W + Be(pr0e(0:)ds, — Ps,Pawt))

@ Challenge: Correlated Markovian samples

@ Challenge: Correlated two timescale updates

Non-exhaustive of existing work:

@ Asymptotic convergence: [12,13,14]
@ Non-asymptotic (finite-time) convergence
> L.1.D. samples: [8]
» Markovian samples: [15], [16] (will be presented)
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Finite-Time Convergence of TDC

Key Assumptions:

o (Geometric mixing): There exist k > 0, p € (0,1) such that
supdry (P(st|so = s), ) < kp', VteNg
seS

@ (Non-singularity): The following matrices are non-singular
A= IE:.Ub[pS,a(’)/d)sz;E _ stqb;—)]’ C:= _Eub [¢S¢I]
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Finite-Time Convergence of TDC

Theorem: finite-time convergence [16]

. 1 1 . .
Set learning rates a < B (2ATC—1A)|"B < @Ol After T iterations,

max

IE[||9T - G*HZ] < 0((1 —ca)t + aloga™t + [ Blog 81+ %)

@ Need small «, 8 and %

@ Small %: w; takes faster update than 6;, because it needs to
approximate the double expectation in 6 update
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Extension: Mini-batch TDC [17]

Mini-batch TDC with linear approximation

(t+1)M—-1
Orr1 = 0: + % Z pi(éi(et)d)s,' - '7¢5i+1¢;;wt)
(t_’:)fl\":” 1
Wi41 = W I M I% t)¢s, (ps,-(ls;l;wt)

@ No need to use bounded projection
@ Allow large constant learning rates

@ Reduce variance of two timescale stochastic updates
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Outline

© Value-based Method for Optimal Control
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Optimal Value/State-Action Value Function

@ Recall definition of value and state-action value functions:

S0 = 5,7[']

S0 :s,aO:a,w]

oo

Vi(s)=E [Z vEr(se, at, Se41)

t=0

oo

Qr(s,a) =E [Z 'ytr(st, ar, St+1)

t=0

@ Goal: to find an optimal policy that maximizes the value function
from any initial state sy

@ Optimal value function:

V*(s) =sup Vi(s), Vs € S

@ Optimal state-action value function:

Q*(s,a) = sup Qx(s,a), ¥(s,a) € S x A
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Bellman Operator and Contraction

Optimal policy 7*: take action arg max@*(s, a) at state s € S
acA

o V*(s) = maxaeq Q*(s,a),Vs € S
The Bellman operator T is defined as

(TV)(5) = max B p(js,q) [r(s: 2,8) + V()]
o T is contraction: for any V; and V,

[TVI = TWalloo <7[[V1 = V2|

@ V* is the fixed point of T: V* =TV*
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Value lteration

@ Assume known reward r and transition kernel P

Value lteration
o Initialize V/(s) arbitrarily for any s € S

@ Repeat until convergence

V(s) « max > P(s'|s,a)(r(s,a,s") +vV(s')), forallse S
s es

@ Repeatedly update V/(s) using Bellman operator, i.e, V <~ TV
@ Convergence can be proved using contraction of T
> TV = Voo = [TV = TV |oo < 5[]V = V||
T TV = Voo <AV = V¥loo = 0, a5 t = 0
N——

t times
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Policy Iteration

@ Assume known reward r and transition kernel P

Policy Iteration
@ Initialize 7 arbitrarily
@ Repeat until convergence

Evaluate Q,
7'(s) < argmaxQ,(s,a) for all s € S
acA

Ry
v

@ Policy improvement theorem: Let 7 and 7’ be any pair of
deterministic policies such that for all s € S, Q. (s, 7'(s)) > Vi(s),
then 7’ is no worse than m: Vy/(s) > Vi(s),Vs € S

@ Policy from policy iteration has higher or same value than before
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SARSA: On-Policy TD Control

@ Finite S and A, unknown reward r and transition kernel P

SARSA

Parameter: step size o € (0,1]

Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize sp and ag, t =0

Repeat until convergence

Observe state sq;1, receive reward r(st, at, Se+1)
Take action a¢y1 using target policy derived from Q (e.g., e-greedy)
Q(st; ac) + Q(st, ar) + ar(se, ac, se1) + YQ(Se+1, ar+1) —Q(st, ar))

target, one-step bootstrap

t+—t+1

@ SARSA converges to Q* if

> All state-action pairs are visited infinitely often
» The policy converges to the greedy policy (e.g., e-greedy with ¢ = 1/t)
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SARSA with Linear Function Approximation
@ Large S and A, unknown r and P

SARSA
o Initialization: 6g, sg, ¢;, for i =1,2,.... N
o g, < [(¢"6) (e.g., e-greedy, softmax w.r.t. ¢'6p)
@ Choose ap according to g,
@ Fort=20,1,2,...
Observe s;11 and r(s;, a, St+1), choose a1 according to y,

Ors1 4 0r + ege(0:)
Policy improvement: 7, < [(¢"0r41)

= ¢(st, ar)A¢: gradient of
= %(r(stv at, 5t+1) + 7¢T(5t+17 at—|—1)0t _¢T0)2

target, one-step bootstrap
@ A; denotes the temporal difference error at time t:
A; = target — ¢ (s¢, ar)0s,
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SARSA Sample Path

state: Sy St —  St41 St+2 St+3
\
T g, Ty
B l / ¢ l / Hll /”Bﬁz '
action: -1 a; Ay Qpyz ey
L : ] \ I T i . J
0; Brs1 Btv2 Bt+a

@ As 0, is updated, mp, changes with time
@ On-policy algorithm, time-varying policy
@ Non-i.i.d. data
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Finite-Sample Analysis [19]

@ The limit point 6* of the projected SARSA [18]: Ag-0* + by~ =0,
where Ag« = Eg-[¢(s,a)(v¢ " (s',a") — ¢ (s, a)] and
box = Eg= [¢(57 a)r(sv a, Sl)]

@ The limiting point 0* is the one such that Eg-[g(0*)] = 0, where
S~ g, @~ To=(:]S)

Theorem
Finite-sample bound on convergence of SARSA with diminishing step-size:

E|lo7 - 673 < O (2&T)

Finite-sample bound on convergence of SARSA with constant step-size:
El07 — 6|3 < O (e=<T) + O(e)

@ With diminishing step-size, SARSA converges exactly to optimal 6*

@ With constant step-size, SARSA converges exponentially fast to a
small neighborhood of 8*
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Q-Learning: Off-Policy TD Control
o Finite S and A, unknown r and P
Q-Learning
Parameter: step size a € (0, 1]
Initialize Q(s, a) for all s € S and a € A arbitrarily
Initialize sy, behavior policy 7, t =0
Fort=0,1,2, ...

Take action a; following fixed 7p, observe next state s;;1, receive reward
f(St, at, 5t+1)
Q(st, at) < Q(st, ar) + a(r(se, ar, ser1) + v njeaji Q(se41, a/) —Q(st, ar))

a

target, one-step bootstrap

@ Q-learning converges to Q* if all state-action pairs are visited
infinitely often

@ Q-learning sample complexity studies, e.g., [20], [21] and [22]
@ Deep Q-learning: use neural network to approximate Q-function [23]
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Gradient TD Method for Optimal Control

@ Q-learning with function approximation may suffer from divergence
issue

@ Solution: Greedy-Gradient Q-learning (Greedy-GQ) with linear
function approximation [24]

@ Consider mean squared projected Bellman error (MSPBE):

J(O) 2 INTQs — Q2

w: stationary distribution induced by behavior policy 7
1QC, Ml 2 [oes.0e ds,2Q(s, a)

M: projection operator MQ = arg mingeg ||Q — Q”u

> Q:{QGZQbTGZHERN}

vy

v

Goal: ming J(6) J
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Two Time-Scale Update Rule

Define Vi (0) = maxyea 0" ¢sr
TD error: 05,5 (0) = r(s,a,s") + 7\75/(0) — 9T¢s7a
Let ¢s(A) = V Vi (0). Then gradient of MSPBE is

vJ(o 2
2() = —E,[0s,2,5(0)bs,a] + VEM[QﬁS’(G)(l)za]w*(e)’

where w*(0) = Eu[¢s7a¢la]_1EM[5573751(9)@73].

o Double-sampling issue for estimating E,,[$¢ () Ia]w*(ﬁ): it involves
product of two expectations

Weight doubling trick [12]:

Slow time-scale: 0¢y1 = 0 + a(dey1(0) e — Y(w] D¢)des1(0%)),
Fast time-scale: wiy1 = wr + B(0e41(0:) — ¢th)¢t,
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Finite-Sample Analysis [25, 26]

Challenges:

@ Non-convex objective J(6) with two time-scale update rule
@ Non-smooth due to max in Vi(#) = maxyca GTgbs/’a/
» Approximate max with a smooth approximation, e.g., softmax
@ Biased gradient estimate due to two time-scale update and Markovian
noise

Theorem [25]

Finite-sample bound on convergence of Greedy-GQ with linear function

approximation: E[||VJ(8y)|]?] = O <%)

@ Gradient norm converges to 0 implies convergence to stationary points
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Variance Reduced Greedy-GQ [28]
@ Greedy-GQ update: denote Oy = (s¢, a¢, rt, St+1)
Orr1 =0 — aGOt(etawt); W41 = We — ﬁHOt(et,Wt)

@ Variance reduction [27]: reference parameters 0,

M
~ 1 ~ -
(Reference updates) G := o Z Go,(0,w), H:=— Z Ho.(6,w)
i=1 '

(Variance-reduced Greedy-GQ):
9t+1 = 9t — Oz(Got(Qt?wt) — Got(§7a) + 5)
wiy1 = wr — B(Ho, (0r, wi) — Ho,(0,@) + H)

e Periodically update 6,%, G, H

@ Improved sample complexity
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Outline

@ Policy Gradient Algorithms
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Formulation of RL

@ State value function:
Ve(s) = E[D 2o v r(se, at, sev1)|s0 = s, 7]
@ State-action value function:
Qx(s,a) = ED-Z 0 r(se, ar, se+1)[s0 = 5,30 = a, 7]

where a; ~ 7(+|s;) for all t > 0.
@ Average value function:

J(m) = (1= MER o v r(se; ae, sev1)] = Esne[Vie(s)]
where &(+) denotes initial distribution.
RL Goal: find the best policy 7*

(Criterion I): Vi«(s) > Vi(s), Vm,Vs
(Criterion II): mﬁxJ(ﬂ) 1= Esue[Vr(s)]
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Parameterization of Policy
o Central idea:

» Parameterize the policy as {m,,,w € W}
> J(m) = J(mw) = J(w)

Goal of Policy-Based RL: maxy,ew J(my) := J(w)
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Parameterization of Policy

o Central idea:
» Parameterize the policy as {m,,,w € W}

> J(m) = J(mw) = J(w)

Goal of Policy-Based RL: maxy,ew J(my) := J(w) ]

@ Example parameterizations of policy
» Direct parameterization: m,,(als) = ws a, where w € A(A)IS] ie.,
Ws,>0,and 35w, =1forall (s,a)

» Tabular softmax parameterization:

exp(ws 2)
seaep(Wsz)

Tw(als) = 5
» Linear softmax parameterization:

Tw(als) o< exp(¢(s, a)TW)

» Gaussian policy: 7, (als) = N(¢(s)"w, ?)
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) J

@ Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) )

@ Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)

Vo d(W) = Eu. [@r (5, 3)t0w (s, )] = v, [Ar, (5, 2)t0u (s, a)] J
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Policy Gradient Algorithm
Goal of Policy-Based RL: max,, ey J(my) := J(w) J

@ Policy gradient VJ(w) [29]
Vuwd(w) =Ey,, [Qx, (s, 3)Vw log mu(als)]

» Define score function v,,(s, a) =V, log m,(als)
» Visitation distribution: v(s,a) = (1 — 7)Y peo V' P(st = s, ar = a)
» Define advantage function: A;(s,a) = Qx(s,a) — Vi(s)

Vuwd(w) =E,,, [Qr, (s, 3)dw(s, a)] = Eu,, [Ar, (s, a)w(s, a)]

Policy gradient algorithm [29, 30]

@ update the parameter w via gradient ascent

Wii1 = Wt ar athJ(Wt)

where a;: > 0 is the stepsize.

S *
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TRPO/PPO Algorithm

Trusted Region Policy Optimization (TRPO) [31]

@ Update the parameter w under KL constraint
wey1 = argmax[J(we) + (w — wy) TV J(w1)]

subject to ]E,,(S)[KL(thHWw)] <c

where ¢ > 0 is a hyperparameter.
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TRPO/PPO Algorithm

Trusted Region Policy Optimization (TRPO) [31]

@ Update the parameter w under KL constraint
wey1 = argmax[J(w:) + (w — Wt)TVwJ(Wt)]
subject to IE,,(S)[KL(WWtHWw)] <c

where ¢ > 0 is a hyperparameter.

Proximal Policy Optimization (PPO) [32]

@ Update the parameter w via KL-regularized gradient ascent

w1 = argmax[J(we) + (W — we) T Vi J(we) — o, (o) [KL(mw,||7w)]]

where a > 0 is a hyperparameter.
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Natural Policy Gradient (NPG) Algorithm

@ Second-order Taylor approximation to KL distance

KL(, |7) z%(w —w)TF(w)(w — w)

» Fisher information matrix F(w) = E,, [V logmw, V., logm] ]
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Natural Policy Gradient (NPG) Algorithm
@ Second-order Taylor approximation to KL distance
1
KL(7w, ||7mw) %E(W —w)TF(w)(w — wy)

» Fisher information matrix F(w) = E,, [V logmw, V., logm] ]
o Kl-regularized update: at time t

argvrvnax [J(we) + (W — we) TV I(we) — B, (o) [KL(70, || 7w)]]
~ arngPax [J(we) + (w — we) TV J(wy) — %(W —we) T F(we)(w — we)]
= w; + OzF(Wt)TVWJ(Wt)

where F(w;)" denotes the pseudo-inverse of F(w;).
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Natural Policy Gradient (NPG) Algorithm
@ Second-order Taylor approximation to KL distance
1
KL(7w, ||7mw) za(w —w)TF(w)(w — wy)

» Fisher information matrix F(w) =E,,_ [V, log 7y, V. logm],
o Kl-regularized update: at time t

argmax [J(we) + (w — we) TV S(we) = 0By, (o [KL(mw| |7 )]
~ argmax [J(we) + (w — we) Vi (we) = 5 (w — we) TF(we) (w — )]
= w; + aF (W) TV, J(we)

where F(w;)" denotes the pseudo-inverse of F(w;).

Natural Policy Gradient (NPG) [33]
@ Update parameter w via KL approximator based regularizer
Wer1 = we + aF (we) TV, J(we)
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Convergence with Exact Policy Gradient

@ Policy gradient
» Direct and tabular softmax policy: global sublinear convergence [34]
» Direct policy: global linear convergence via regularized MDP [35]
» Direct policy: global linear convergence via line search [36]
e TRPO/PPO
» Direct policy: global sublinear convergence via adaptivity [37]
» Direct policy: global linear convergence via regularized MDP [35]
» Direct policy: global convergence via line search [36]

o NPG

» Tabular softmax policy: global sublinear convergence [34]
» Tabular softmax policy: global linear convergence via regularized
MDP [38]
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Policy Gradient Algorithms under Unknown MDP

VJ(w) =E,,, [Qr, (s, 3)Yu(s,a)] =Eu,, [Ar,(s,a)Yu(s, a)]

o Let P(|st, ar) = 7P(|st, ar) + (1 —7)&(") [39]
> &(+): initial distribution
» Samples drawn from P(:|s;, a;) converge to visitation distribution v,
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Policy Gradient Algorithms under Unknown MDP

VI(w) =E,., [Qn, (s, 3)¢w(s.a)] =K., [Ar, (s, 2)¢w(s, )]

o Let P(-|st,ar) = YP(-|st, ar) + (1 — 7)&() [39]
> &(+): initial distribution
» Samples drawn from P(:|s;, a;) converge to visitation distribution v,

Model-free Policy Gradient

@ Sample s; ~ 15(-|st,1, ar—1),ar ~ Tw,(-|st)

@ Unbiased estimation of A, (st,at)
Sample a length-K' trajectory starting at (s¢, a;), K ~ Geom(1 — )
Estimate Q(st, a;) by adding rewards over the sample path
Sample a length-K' trajectory starting at (s¢), K ~ Geom(1 — )
EAstimate V(st)Aby adding rAewards over the sample path
Ar, (5t;at) = Q(st, at) — V(st)

o Estimate policy gradient g; = /A\WWt (st,a:) Vi, log(mw, (at|st))

o Update wiy1 = wr + a8t

v
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Convergence of Model-free PG Algorithms

Theorem ( [40])

Consider a general nonlinear policy {m,, : w € W}. Under a constant
stepsize oy = «, the output of model-free PG satisfies

: 2 1 21
minE [[[Va J(we)]*] < O () + Olalog? 1),

@ PG converges to a neighborhood of a stationary point at a rate of
1
o ().
> « controls a tradeoff between convergence rate and accuracy
» Decreasing o improves accuracy, but slows down convergence

2
> Let oy = # PG converges with a rate of O loj?T
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Actor-Critic Algorithms [41]

Actor-Critic Algorithm
o Critic
Estimates Vj(s) by linear function approximation ¢(s) "6
Takes T, length-M minibatch TD learning updates and outputs 6,
@ Actor
Approximates A, (s, a) by temporal difference error dg(s, a, s")

Ar,(s,a) = Go(s,a,s") = r(s,a.8") +16(s') 70 — ¢(s) "0

Estimate policy gradient v:(0;) by averaging g, (st, at, St+1)¥w, (St, at)
over a length-B sample trajectory
Updates Wiyl = Wt + O[tVt(at)
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Convergence Rate of Actor-Critic Algorithm

Theorem ( [42])

Consider a general nonlinear policy {m,, : w € W}, and T is chosen
uniformly from {1,--- , T}.

E[|[Vud(ws)l[}] < O () + O (3) + (1 - 00 B)™ + O (£) + O(C5ati,).

@ Actor has sublinear convergence, and critic has linear convergence
@ Actor’s bias and variance O (%); Critic's bias and variance O (%)

e Critic's approximation error: (535, = maxwew Ey, [|Vr, (5) = Vo (s)[]

@ Actor’s mini-batch yields faster convergence rate of O(1/T) rather

than O(1/v/T)

@ This further yields better overall sample complexity

YL, SZ, YZ (OSU, SUNY-Buffalo, Utah) Optimization Meets Reinforcement Learning IEEE BigData 2021 56 /81



Natural Policy Gradient under Unknown MDP
@ Natural policy gradient (NPG) [33,43],
Wep1 = We + OltF(Wt)TVJ(Wt)

o Consider mingcga Lu(0) = E,._[Ar,(s,3) — (s, a)" 0]

» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

@ NPG update [34]: wiy1 = we + ab;
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Natural Policy Gradient under Unknown MDP
@ Natural policy gradient (NPG) [33,43],
Wep1 = we + o F(we) TV (W)

o Consider mingcpa Lw(0) = E,,_[Ar, (s,a) — ¢(s,a) " 6]
» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

@ NPG update [34]: wiy1 = we + ab;

Model-free NPG [34]

@ At step t, solve least square problem via K iterations

Obtain unbiased estimator Aﬁm(sk, ax) (same as PG)
Update 011 = 0 — ﬁV@LWt(ek)

o Update wii11 = wy + ok
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Natural Policy Gradient under Unknown MDP
@ Natural policy gradient (NPG) [33,43],
Wep1 = we + o F(we) TV (W)

o Consider mingcpa Lw(0) = E,,_[Ar, (s,a) — ¢(s,a) " 6]
» Minimum norm solution satisfies 6,, = F(w)!VJ(w)

o NPG update [34]: wiy1 = we + a0s

Model-free NPG [34]

@ At step t, solve least square problem via K iterations

Obtain unbiased estimator Aﬁwt(sk, ax) (same as PG)
Update 011 = 0 — ﬁV@LWt(ek)

o Update wii11 = wy + ok

@ NPG with general nonlinear policy converges globally as O( ) [34]

@ Can achieve O (T) by self-variance reduction of gradient norm [42]
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Natural Actor-Critic Algorithm

J(w) =E,, [Qn,(5,3)Yw(s,a)] = Eu, [Ar, (s, a)Pw(s, a)]
Wei1 = We + atF(Wt)TVJ(Wt)

Natural Actor-Critic Algorithm

o Critic (same as critic in actor-critic algorithm)
Estimates Vj(s) by linear function approximation ¢(s) 6
Takes T, length-M minibatch TD learning updates and outputs 6;

@ Actor
Computes policy gradient estimator v,(0;) as in actor-critic algorithm
Computes Fisher information estimator F;(w;) by averaging over a
length-B sample trajectory
Updates w; 1 = w; + s Fe(w:)Tvi(6;)
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Convergence Rate of Natural Actor-Critic Algorithm
Theorem ( [42])

Consider a general nonlinear policy {m,, : w € W}, and T is chosen
uniformly from {1,--- , T}.

() = E[J(my)] <O (3) + 0 (Z5) + (1= O0a, BN+ 0 (As)
+O(y /¢ ) + O (3) + (1= 00BN + O (§) + O(C5ts,) +O(\/%

@ Actor has sublinear convergence, and critic has linear convergence
HR . iti 2
o Critic's approx. error: (5155, = maxwew By, [|Va, (s) — Vo (s)[°]
@ Actor's approx. error:
actor _ T 2
approx = MaXwew min eRd2 Vrw [ww(sv a) p— A71'w(57 a)]
@ Diminishing variance in actor's update yields a faster convergence

rate of O(1/T) than O(1/V/T)

@ Performance difference lemma [34] of NAC yields global convergence
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© Advanced Topics on RL and Open Directions
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Topic 1: Safe Reinforcement Learning

@ Practical RL applications involve various safety/resource constraints
> Left: Power constraint on battery powered devices

» Right: Safety constraints on autonomous robotics and vehicles
» Bottom: Delay constraint in communication system

1ms

@B
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Constrained Markov Decision Process (CMDP)

@ Same dynamics as general MDP
@ Agent receives reward R and cost C

@ Value function w.r.t. reward R:

Vi(p) =E [Z(t)io Y R(st, at75t+1)|50 ~ ,0}

@ Value function w.r.t. cost C:

Vi(p) =E [Zfio Y C(st, ar, 5t+1)‘50 ~ ,0}

Goal of CMDP

max Vg(p) subjectto V{F(p) <c (P)
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Primal-Dual Approach: e.g. CPO [46], PDO [47]

Let A > 0 be Lagrangian multiplier. Define Lagrangian:
L(m, X) = VR(p) + M(VE(p) — ).

@ Dual function: dy := max, L(m, \)
> d) provides an upper bound on value of (P) for any A > 0

Dual problem:

)\neqﬁ{n+ dy = /\nglan+ m?xﬁ(ﬁ, A) (D)

Duality gap: A = D* — P*
» Zero duality gap [44,45]
» (P) can be equivalently solved by solving (D)
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 741 based on L(7, A\;) and 7;. Example methods:

Dual descent [45]: 7¢11 = arg max. £(m, A¢) using some RL oracle
Natural policy gradient [48]: mer1 = e + nFp(me)T - Vi L(7e, Ae)

Compute the dual ascent step A¢y1 = (Ax — (V™1 (p) — ¢))+.
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 741 based on L(7, A\;) and 7;. Example methods:

Dual descent [45]: 7¢11 = arg max. £(m, A¢) using some RL oracle
Natural policy gradient [48]: mer1 = e + nFp(me)T - Vi L(7e, Ae)

Compute the dual ascent step A¢y1 = (Ax — (V™1 (p) — ¢))+.

@ Performance metric:

» Let m* denote the optimal solution to primal problem P
» Optimality gap: VZ (p) — V5 (p).
» Constraint violation: (VZ(p) — ¢)+.
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Primal-Dual Approach

Primal-Dual Algorithm
@ Fort=0,1,.... T
Compute 741 based on L(7, A\;) and 7;. Example methods:

Dual descent [45]: 7¢11 = arg max. £(m, A¢) using some RL oracle
Natural policy gradient [48]: mry1 = 7t + nFp(me)T - Ve £(7e, Ae)

Compute the dual ascent step A¢y1 = (Ax — (V™1 (p) — ¢))+.

@ Performance metric:
» Let m* denote the optimal solution to primal problem P
» Optimality gap: VZ (p) — V5 (p).
» Constraint violation: (VZ(p) — ¢)+.
@ Convergence Rate:
» Duality gap decays at a rate of O(1/+/T) [45]
» Optimality gap decays O(1/1/T) and constraint violation decays
O(1/T4) [48]
@ Accelerated primal-dual algorithm: optimality gap and constraint
violation decay O(1/T) [49]
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A Primal Approach: CRPO [50]

@ No dual variable is needed, and easier to implement

Constraint-Rectified Policy Optimization (CRPO)
@ Fort=0,1,.... 7T -1
Constraint satisfaction: If V™ (p) < ¢ — §: w41 < take one step
natural policy gradient update towards minimize V[*(p)

Objective improvement: Else 7;,1 < take one step natural policy
gradient update towards maximize V*(p)
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A Primal Approach: CRPO [50]

@ No dual variable is needed, and easier to implement

Constraint-Rectified Policy Optimization (CRPO)
@ Fort=0,1,.... 7T -1
Constraint satisfaction: If V™ (p) < ¢ — §: w41 < take one step
natural policy gradient update towards minimize V[*(p)

Objective improvement: Else 7;,1 < take one step natural policy
gradient update towards maximize V*(p)

@ Optimize policy alternatively between objective improvement and
constraint satisfaction

e Optimality gap and constraint violation decay O(1/+/T)
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Topic 2: Imitation Learning

@ Practical RL applications often encounter:
» Reward function is unknown
» Some expert demonstrations are available
» Goal: find a learner's policy that produces behaviors as close as
possible to expert demonstrations

@ RL Goal: Learn a desired policy by imitation

'"d

Chalodhorn et al., 2007
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Two Major Approaches on Imitation Learning

@ Behavioral Cloning [51]

» Directly learns a mapping from state to action based on supervised
learning to match expert demonstrations

Expert Demonstrations

D = (G ali2y
with a; ~ mg(se)

Supervised Learning T
E ———) ——)

l;rl'lelr‘ll %3("(5}) —ar)
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Two Major Approaches on Imitation Learning

@ Behavioral Cloning [51]

» Directly learns a mapping from state to action based on supervised
learning to match expert demonstrations

Expert Demonstrations :
D = {(st, ac))IgD:IP
with a; ~ mg(se)

Supervised Learning T

;]r-léllxll %‘e("(st) —a)

@ Inverse Reinforcement Learning [52, 53]

» First recovers unknown reward function based on expert’s trajectories,

and then find an optimal policy using such a reward function
» Generative adversarial imitation learning (GAIL) framework [54]

Learned Reward: r

[thpe IO Reward Learning Policy Optimization |
D = {(s0 a)}i2h, T g Z i
T max Iy i

with ay ~ mg(s;) s U V=¥ mer i

Learned Policy: ™
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Generative Adversarial Imitation Learning (GAIL)

o Parameterize reward function as r,(s, a) where a € A C RY

@ mg: expert policy; demonstration samples under mg are available
@ 7 : learner’s policy to be optimized

e J(mEg, ry): average value function under expert policy

@ J(mp,ry): average value function under learner's policy

@ («a): regularizer of reward parameter

GAIL Framework [54]
min max F(mp, ) := (g, ro) — J(mr, ra) — (@)
T aEN
o Maximization: find reward function that best distinguishes between
expert's and learner’s policies

@ Minimization: find learner’s policy that matches expert's policy as
close as possible

v
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GAIL Policy Gradient Algorithm

@ Reward update:
Query expert sample (st af) ~ P7e and learner's sample
(s, 8") ~ P
Estimate stochastic gradient with respect to reward parameter

[Vara(sE, af) — Vara(s”, a")] = Vaty(a)

Update aky1 = Proj (ak + ﬂ@aF(W,ak))

@ Policy update:
Use any policy gradient algorithm to update policy parameter w for
reward r,(s, a)

o Convergence rate with global optimality under various
conditions [55, 56, 57]

e Convergence rate to stationary point [58]
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Topic 3: Multi-Agent Reinforcement Learning
(MARL)

@ Many RL applications involve multiple agents
> Left: stock market with numerous investors
» Middle: multi-drone control
» Bottom: multi-agent power network
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Formulation of MARL

@ State value function (of joint policy ):

Va(s) = E[Z?io Vtﬁ :\n/lzl "t(m)|50 = 5’”]

@ Average value function:
J(m) = (1= NE[ S0 7' iy Snea 771 = el V()

MARL Problem:

e )

@ Agents need synchronize info (local states, actions, rewards, etc)

@ Tradeoff between communication & computation complexities
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Decentralized Policy Optimization for MARL

@ Policy gradient with regard to agent m's parameter w(™:

Vaim H @) [Re +V(stya) = V(s [ 6{P(&se). (1)

v

V(s): learned via standard decentralized TD learning

) (5{m) g,y locally computed by the agent m
Challenge 1: need R;—average reward over all agents. Sensitive!
Challenge 2: How to achieve good communication & computation

complexities at the same time?

v

v

v
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Solution proposed by [59]:

@ Corrupt local rewards using Gaussian with very large variance

R(m) — R(’")(l +/\/’(0’g2))

@ Estimate R via standard local averaging among all agents

Ro = R(™),
FZ"'l:Zm’ENm Wm’m/ F@, EZO,].,...,T/—]..

@ Further use mini-batch updates to reduce the estimation error

(t+1)N-1
Vamdwe) =5 > [RityV(sha) = V(s)|wi™ (2l™]s)
i=tN
» Can suppress noise with sufficiently large batch size N

» Substantially reduces communication frequency and rounds
» Helps achieve great sample/computation complexity
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Topic 4: Robust Reinforcement Learning

Motivations:
» Possible model deviation between training and test environments, e.g.,
training is on simulator
» Adversarial attacks to MDPs
» These could lead to severe performance degradation
Robust Markov decision process (MDP): (S, A, r, P), where P €P,
and P is an uncertainty set of transition kernels
@ Robust value function: V7(s) = infpep Ep [>252 7| So = s, 7]
» Worst-case performance

@ Goal: Learn policy robust to model uncertainty

max V7 (s),Vs € S

™
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Robust Reinforcement Learning

e Model-Based Approach [60,61]

» Assume knowledge of uncertainty set

» Robust value function satisfies robust Bellman equation, which is a
contraction

» Robust value/policy iteration

o Adversarial Training [62,63,64,65,66,67,68,69,70,71,72,73,74,75]

» Reformulate robust RL as a game between agent and nature, where
nature chooses transition kernel P

» Alternatively optimize agent’s policy towards maximizing cumulative
reward and nature's policy towards minimizing cumulative reward

» Empirical success, but lack of theoretical robustness guarantee

@ Model-free Approach [76,77,78]
» Uncertainty set is centered at an unknown MDP from which samples
can be taken
» Online algorithms that can be updated efficiently
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e-Contamination Model

@ e-contamination uncertainty set:
P ={(1—-¢)p?+eq}, forsome0<e<1

With probability 1 — ¢, state transition is perturbed using any
arbitrary distribution g over the state space S

@ c-contamination can be related to total-variation/KL divergence
defined uncertainty set via Pinsker's inequality
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Robust Q-learning [78]

Initialization: T, @o(s, a) for all (s, a), behavior policy 7p, so, step size a;
Fort=0,1,2,... 7T -1

Choose a; according to 7p(-|st)
Observe s;11 and r;

Update Q:11:
Vi(s) < max Q:(s,a),¥s € S
acA

Qe1(ses ar) (1 — ) Qelse, ae) + cve(re + (1 — &) Ve(seq1) + € f_pe'g Ve(s))

Output: QT
Performance guarantee:
@ Robust Q-learning converges to robust solution of max, V™

@ Same sample and computational complexity (within a constant
factor) as vanilla Q-learning algorithm [78]

@ Extension to function approximation also discussed in [78]
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Experiments on Robust Q-Learning

@ Train Q-learning and robust Q-learning under a perturbed MDP
@ Test on real unperturbed environment

@ Robust Q-learning achieves higher reward than vanilla Q-learning

°

°

°

°

°

o1 —— robust Q-learning
—— non-robust Q-learning

—— Robust Q-learning
—— Non-robust Q-learning

accumulated discounted reward
°
accumulated discounted reward

0 5000 10000 15000 20000 25000 0 25 s 75 100 125 150 175 200
number of samples number of samples
(a) FrozenLake (b) Cartpole
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Open Problems in Reinforcement Learning

@ Multi-task reinforcement learning

» Tasks can share similar but different transition kernels

» Meta-learning can be applied to achieve sampling efficiency

» Open issues in theory: characterization of sample complexity
improvement due to meta-learning

o Off-policy/Offline reinforcement learning

» No access to online interaction with environment, but access only to a
given set of data samples

» Dataset has limited coverage over state-action space, and is sampled
under behavior policy, not target policy

» Open issues in design: how to design desirable algorithms to address
overestimation and distribution shift

» Open issues in theory: what is the minimum requirement to achieve
polynomial sample complexity efficiency
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Open Problems (Cont.)

@ Partially observable MDP

>
>
>
>

>

No access to full state information

Optimal policy is not stationary

Markovian structure does not hold anymore

Open issues in design: how to design efficient model-free and
model-based methods

Open issues in theory: how to characterize sample complexity

@ Multi-agent RL

>

>

>

Agents need to jointly achieve a design goal

Decentralized algorithms under partial observations of environments
Challenges in design: delayed communication; communication depends
on network topology

Open issues in theory: tradeoff among communications, computations,
privacy
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Questions?
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