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Maximal Flow Problem

Background of the problem:
Consider a network of pipelines that transports crude oil from wells to 
refineries.Intermediate booster and pumping stations are installed at appropriate 
distances to move the crude in the network. Each pipeline has a finite maximum 
capacity. How can we determine the maximum capacity of the network between 
wells and the refineries?
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Maximal Flow Problem

The Maximum Flow problem is stated as follows:
In a capacitated network, we wish to send as much flow as 
possible between two special nodes, a source node s and a sink 
node t, without exceeding the capacity of any arc 

LP formulation of the Maximum flow problem:

Maximize υ
Subject to: υ for i= s
∑ x i j     - ∑ x j i      = 0 for all i ∈ N - {S and t}

{j:(i,j) ∈ A} { j: (j,i) ∈ A} - υ for i= t

0 =< x i j <= u i j for each  (i,j) ∈ A
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Maximal Flow Problem

� Maximal Flow Algorithm: (aka Labeling algorithm):
– Node label:

( Pf , ± i) = Pf = Potential ± flow at node i
i= node

– Arc Label:

( f , CAP)  = f = Actual flow through arc.
CAP=Capacity through arc

The idea of the Maximal flow algorithm is to find a 
breakthrough  path with net positive flow that links the 
source and the sink nodes.
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Maximal Flow Problem

� Step 1:

Label source with (∞, -)
� Step 2:

Find a path P, from the source to the sink having the following characteristics:

or

Stop with optimal if such path does not exist.

Forward arc 
must have 

f<CAP

Backward 
arc must 
have f>0.

sinkSourceSource
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Maximal Flow Problem

� Step 3:
Let (i,j) be an edge in P, then label j as follows:

a) If (i,j) is forward in P , then label j as,

MIN  CAP-f of arc (i,j) , Pf at i , + i

b) If (i,j) is backward in P , then label j as,

MIN  f of edge (i,j)  ,     Pf at i   , - i
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Maximal Flow Problem

� Step 4:
Let f* be the Pf of the sink. Update edge (i,j) as follows:

a) If label on  j is [  , + i] then label (i,j) becomes:
[f + f* , CAP]

b) If label on  j is  [  , - i] then label (i,j) becomes:
[f - f* , CAP]

Go to Step 2.



Maximal Flow Problem
� Example: Find the maximal flow from node 1 to node 7.

� Step 1:
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Maximal Flow Problem
� Iteration 1:
� Step 2: Choose Path P 1 2 5 7
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Maximal Flow Problem
� Step 3:

f * = 4; add +4 to each of the arc labels in the path.
� Step 4:
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Maximal Flow Problem
� Iteration 2: Step 2: Choose Path P 

f * = 4; add +4 to each of the arc labels in the path.
� Iteration 3: Step 2: Choose Path P 

f * = 2; add +2 to each of the arc labels in the path.
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Maximal Flow Problem
� Iteration 4: Step 2: Choose Path P

f * = 1; add +1 to each of the arc labels in the path.
Now, it is observed that there cannot be any breakthrough 

paths, since both the arcs leading to the sink are saturated, to
their full capacity.Hence the iteration ends here, and finally we 
have:
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Maximal Flow Problem

� Residual graph:

The maximal flow from node 1 to node 7 = 4+4+2+1= 11.
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Maximal Flow Problem
� Example with an backward arc: Find the maximal flow from 

node 1 to node 8.

� Iteration 1:
� Step 2: Choose Path P 1 2 4 6 7 8
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Maximal Flow Problem

*

f * = 1; add +1 to each of the arc labels in the path.

� Iteration 2:
� Step 2: Choose Path P

(1,+6)

1

2

4

7

6 8

(0,3) (0,10)

(0,9)
(0,2)

(0,1)(∞, -)

(3,+1)

(3,+2)

(1,+4) (1,+7)

(1,3) (1,10)

(1,1)
(1, 2)

(1,9)

1 2 4 5 8



Maximal Flow Problem
*

f * = 1; add +1 to each of the arc labels in the path.
� Iteration 3:
� Step 2: Choose Path P

f * = 1; add +1 to each of the arc labels in the path.
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Maximal Flow Problem
� Iteration 4:
� Step 2: Choose Path P

f * = 5; add +1 to each of the arc labels in the path.
� Iteration 5:
� Step 2: Choose Path P 
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Maximal Flow Problem
f * = 2; add +2 to each of the arc labels in the path.(Except for 
arc , since it is a backward arc, mark arc label as (f - f *) i.e. (2-
2) = 0.

Now, it is observed that there cannot be any breakthrough paths,
hence the iteration ends here, and finally we have:

� Residual graph

� The maximal flow from node 1 to node 8 = 1+1+1+5+2= 10.
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Maximal Flow Problem
Recall the discussion on Cuts :

s-t Cut: is defined w.r.t. two distinguished nodes s and t and is a cut [S, Š] 
satisfying the property that s ∈ S and t ∈ Š.

� In other words, a cut is a set of arcs which when deleted from the 
network, disconnects the source completely from the sink.

� Capacity of a cut: is defined as the sum of the capacities of the forward 
arcs in the cut.

� Minimum cut : We refer to an s-t cut whose capacity is minimum among 
all s-t cuts as a minimum cut.

☛ Max-Flow Min-Cut Theorem:
The maximum value of the flow from a source node s 
to a sink node t in a capacitated network equals the 
minimum capacity among all the s-t cuts.
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Maximal Flow Problem

The proof of the Max-Flow Min-Cut Theorem shows that when the labeling 
algorithm terminates,it has also discovered a minimum cut.

In the previous examples we can identify the minimum cuts. Arcs 
constituting 
the min cut
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Maximal Flow Problem

*
Arcs constituting the Min. cut
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Maximal Flow Problem

� Maximal flow in networks with lower bounds:
In some networks, the lower bounds may be strictly positive  and we 
may be interested in finding the maximum and minimum flow in the
network.

LP formulation of the Maximum flow problem with lower bounds:

Maximize υ

Subject to: υ for i= s
∑ x i j     - ∑ x j i      = 0 for all i ∈ N - {S and t}

{j:(i,j) ∈ A} { j: (j,i) ∈ A} - υ for i= t

l i j =< x i j <= u i j for each  (i,j) ∈ A
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Maximal Flow Problem

The maximum flow problem with zero lower bounds always has 
a feasible solution ( since zero flow is feasible), the problem with 
non-negative lower bound could be infeasible.
Any Maximum flow algorithm for networks with non-negative lower 
bounds has two objectives:

# To determine whether the problem is feasible.
# If so, to establish a maximum flow.
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Max-Flow Problem
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Max Flow Problem - Numerical Example
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Max Flow Problem - Numerical Example
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Max Flow Problem - Numerical Example
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Max Flow Problem - Numerical Example



Application of Max-Flow Model  to Assignment Problems

Dining Model
•n families go out to a dinner together to a restaurant. Assume that the number of members in the 
families is given by a(1), a(2), a(3), …a(n) members respectively.  
•At the restaurant there are m tables, and that the seating capacity at the tables are given by c(1), c(2), 
c(3), …c(m) respectively. 
•To increase their social interaction, they would like to sit at tables so that no more than k members of 
the same family are seated at the same table. Hence, if k = 1, there is atmost one member form the 
same family at a table. 
•Objective: Is it possible to obtain a seating arrangement that satisfies this requirement ? If so,  
describe it.  

In practical applications, 
Families are employees with different backgrounds
Tables are projects. 
And the objective is to assign people to projects such that each team is as “heterogeneous” as possible 
with regards to the backgrounds of its family members. 

This problem can be formulated as a Max Flow Problem  
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Application of Max-Flow Model  to Assignment Problems
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Application of Max-Flow Model  to Assignment Problems
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Application of Max-Flow Model  to Assignment Problems
•In the graph, the nodes are as follows: 

1. The source node S and the destinations/sink node D
2. n  Family nodes F(1), F(2), …F(n) where each node F(i)  represents family i.
4. M Table nodes T(1). T(2), T(3), …, T(m), where each node T(j) represents table j.

•In the graph, the arcs are as follows: 
1. The family arcs go from source node S to each of the family nodes F(i).  The capacity of a 
family arc is assumed to be equal to the number of members in that family.  Hence, the capacity of 
arc (S, F(1)) is a(1). 
2. The table arcs go from  each table node T(j) to the destination node D. The capacity of a table 
arc is assumed to be equal to the seating capacity of that table. Hence, the capacity of  the table arc 
(T(1), D) is c(1).  
3.  The seating arcs that go form each family node F(i) to each table node T(j).   The capacity of 
each of these arcs is set at k, which is the maximum number of members form each family  that are 
permitted to be at the same table.  

•As one can see,  a flow of x units on the seating arc (F(i), T(j)) indicates that x members form family i 
should be seated at table j. 

•Now solve the Max.-Flow problem form S to D.   If the max flow is equal to (a(1) + a(2) + a(3) + …+ 
a(n)), then we are satisfied that all family members can be seated with the above constraint.  

•Else, relax the parameters (increase value of k or increase the number of tables, or increase capacity of 
the tables etc.) and solve the problem again.


