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MTH 309 1. Systems of linear equations

Systems of linear equations

anxy + apxo + ...+ aqg,x, = by

aAm1X1 + Ap2X2 + ... + OppXp = bm



Question: How many solutions a system of linear equations can have?

Example: Systems of equations in 2 variables.

'
x1+x =1
x1—x3 =1

A 4

A
x1+x =1
X1 +x =2

\ 4

X1+ xo=1 1
2x1+ 2xp = 2

A 4




Example: Systems of equations in 3 variables.

X1+ x4+ x3=1
x1—x2+x3=1

X1=1

xXx1+x+x3=1
X1 —X2+x3 =1
X1 —X2+x3=0

X1+ xo+x3=1
xXx1— x2+x3=1
X1+ 5% 4+ x3 =1




In general:

A system of linear equations can have either
e no solutions
e exactly one solution

e infinitely many solutions

If as system of linear equations which has no solutions is called an incon-
sistent system. Otherwise the system is consistent.




MTH 309 2. Matrices and elementary row operations

Next:

How to solve a system of linear equations

system of equations

—x1+2x0+3x3 =4
1 ’ ’ make augmented

2x1 +6x3=9 a matrix matrix

4X1—X2—3X3=0

Gauss-Jordan

elimination
solutions
4
X1 = ... _—
read off matrix in reduced
X = ... -
2 solutions row echelon form
X3 = ...




Matrices

matrix = rectangular array of numbers

Example.

123
456

SO 0N -
—_—

S~ O 01N

W NN - O

Every system of linear equations can be represented by a matrix.

Example.

—x1+2x+3x3=4
2x1+6x3=9
4X1—X2—3X3=0



Elementary row operations:

1) Interchange of two rows.

Example.

1 2
01
4 3

S O1 W
N — B

2) Multiplication of a row by a non-zero number.

Example.

123
0 1

4
5 1
4 307

3) Addition of a multiple of one row to another row.



Proposition

Elementary row operations do not change solutions of the system of equa-
tions represented by a matrix.

system of augmented
linear equations matrix
—
elementary

different systems

: row operation
same solutions

~

system of augmented
linear equations matrix




MTH 309 3. Gauss-Jordan elimination

Recall:

How to solve a system of linear equations

system of equations

—x1+2x0+3x3=4
1 ’ ’ make augmented

2x1 +6x3=9 a matrix matrix

4X1—X2—3X3=0

Gauss-Jordan

§ elimination B
solutions ) \/
X1 = ... L.
read off matrix in reduced
X = ... -
2 solutions row echelon form
X3 = ...

e Every system of linear equations can be represented by a matrix

e Elementary row operations:

- interchange of two rows
- multiplication of a row by a non-zero number

- addition of a multiple of one row to another row.

e Elementary row operations do not change solutions of systems of linear equa-
tions.



A matrix is in the row echelon form if:

1) the first non-zero entry of each row is a 1 (“a leading one”);
2) the leading one in each row is to the right of the leading one in the
row above it.

A matrix is in the reduced row echelon form if in addition it satisfies:

3) all entries above each leading one are 0.

(1 x x x 0 0 *x x 0]
o 0 0 0 1 0 =« % 0
o 0 0 0 0O 1T % =x O
o 0 0 0 0O O 0 0 1
' 0o 0 0 0 0 0 0 0 0
(* = any number)
Example
104070 124670 104070
015010 015012 001010
000130 000130 013630
000O0O01 0000O00O 000O0O01

10



If a system of linear equations is represented by a matrix in the reduced
row echelon form then it is easy to solve the system.

Example
10 3 0|0
017 00
0 00 110
0 0 0 011

A matrix in the reduced row echelon form represents an inconsistent system
if and only if it contains a row of the form

[0 0 0... 0 1]

i.e. with the leading one in the last column.

11



Example

10 3 0|0
017 00
0 0 0 110
0 00 00

In an augmented matrix in the reduced row echelon form free variables

correspond to columns of the coefficient matrix that do not contain leading
ones.

12



Example

1 0 0 0|5
01 0 06
0O 01 0|7
0 00 18

A matrix in the reduced row echelon form represents a system of equations
with exactly one solution if and only if it has a leading one in every column
except for the last one.

13



Gauss-Jordan elimination process (= row reduction)

matrix
in the reduced row
echelon form

elementary

matrix )
row operations

Interchange rows, if necessary, to bring a non-zero element to the top of
the first non-zero column of the matrix.

@ Multiply the first row so that its first non-zero entry becomes 1.

@ Add multiples of the first row to eliminate non-zero entries below the lead-
ing one.

@ Ignore the first row; apply steps 1-3 to the rest of the matrix.

@ Eliminate non-zero entries above all leading ones.

14



Example.

0O 4 -8 0 4
2 6 -6 =2 4
2 7 -8 0 —1

15



How to solve systems of linear equations: example

4X2 — 8X3 =4
2xq1 + 6x7 — 6X3 —2x4 = —4
2x1+ 7xp — 8x3 = —1

16



MTH 309 4. Pivot positions and pivot columns

reduction

0 4 -8 0| 4 \ 1 0 3 0]—4
2 6 —6 —2 | —4 row > 0 1 -2 0 1
2 7 -8 0 —1 y 0 0 0 1| 1

A pivot position in a matrix is a position that after row reduction contains
a leading one.

A pivot column of a matrix is a column that contains a pivot position.

1) A system of linear equations is inconsistent if and only if the last column
of its augmented matrix is a pivot column.

2) Free variables of the system correspond to non-pivot columns of the
coefficient matrix.

3) The system has only one solution if and only if every column of its
augmented matrix is a pivot column, except for the last column.




A system of linear equations can have either 0, 1, or infinitely many solu-
tions.

Proof.

augmented
matrix

Is
the last column

a pivot column
?

Is
every column
of the coeficient matrix

a pivot column
?

zero YES NO

solutions

exactly one infinitely many
solution solutions

18



MTH 309 5. Applications of systems of linear equations

Recall:

How to solve a system of linear equations

system of equations

—x1+2x2+3x3 =4
1 ’ ’ make augmented

2x1 +6x3=9 a matrix matrix

4X1—X2—3X3=0

Gauss-Jordan

elimination
solutions
4
X1 = ... _—
read off matrix in reduced
X = ... -
2 solutions row echelon form
X3 = ...

Next: Some applications of systems of linear equations:

e Computations of traffic flow.
e Balancing chemical equations.

e Google PageRank.

19



Computations of traffic flow

P

85 cars/h X1

.

Problem. Find the flow rate of cars on each segment of streets.

Note:

e flow into an intersection = flow out of that intersection

e total flow in = total flow out

20



Balancing chemical equations

Burning propane:

X1 C3H8 Xzoz — X3C02 X4H20

Note:

e The numbers x1, x2, x3, X4 are positive integers.

e The number of atoms of each element on the left side is the same as the
number of atoms of that element on the right side.

21



Google PageRank

Early search engines:

search query

search results
in random order

database user
of webpages

Google search engine:

search query l ‘

search results
highly ranked pages first

database user
of webpages
with rankings

22



How to rank webpages?

Very simple ranking:

ranking of a page =

page 1

page 3

number of links

—

pointing to that page

page 2

page 4

Network of web pages.

Problem. This is very easy to manipulate.

23




How to rank webpages?

Google PageRank: Links from highly ranked pages are worth more than links
from lower ranked pages.

If:
e the rank of a page is x
e the page has n links to other —_—
pages page 1 ¢ page 2
then each link from that page is
worth x/n.
—
page 3 page 4

24



MTH 309 6. Vectors and vector equations

Next: From systems of linear equations to vector equations.

X1+ 2x; =4 1 2 4
2x1+7x=9 x| 21+x|71=129
41+ x=0 4 1 0

Why vectors and vector equations are useful:

e They show up in many applications (velocity vectors, force vectors etc.)

e They give a better geometric picture of systems of linear equations.

25



A column vector is a matrix with one column.

Note. Columns of a matrix are column vectors.

R"™ is the set of all column vectors with n entries.

26



Operations on vectors in R”

1) Addition of vectors:
a b1 ai + by

a, b, a,+ b,

2) Multiplication by scalars:

aq caq

27



Geometric interpretation of vectors in R?

Vector coordinates:

Vector addition:

\ 4

28

\ 4



Scalar multiplication:

29

\ 4



Vector equations

X1V1 +Xxov2 + ...+ XpVp = W

Example. Solve the following vector equation:

o[5] el )= 5]

30



How to solve a vector equation

XV1+ ...+ XpVp = W

vector of equation

make
a matrix

[vi vy | w]

augmented matrix

row
reduction

[ reduced matrix ]

read off
solutions

Xp :-n-

solutions

31




Example: Target shooting.

At time t = 0 a target is observed at the position (xp, yo) moving in the direction
of the vector v;. The target is moving at such speed, that it travels the length
of v; in one second. A missile is positioned at the point (0,0). When fired, it
will move vertically with such speed, that it will travel the length of the vector
Vv tn one second. After how many seconds should the missile be fired in order
to intercept the target?

32



MTH 309 7. Linear combinations and span

Recall:

Vector equations are equivalent to systems of linear equations:

210041207 2x1 + 4o = 7
323 31+ 260 = 3

vector system of
equation linear equations

Upshot. A vector equation can have either:
e no solutions
e exactly one solution

e infinitely many solutions

Next:

e When does a vector equation have a solution?

e When does it have exactly one solution?

33



Definition
A vector w € R” is a linear combination of vectors vq, .. vy € R” if there
exists scalars c1, ..., ¢, such that

W= C1V1 + ...+ CpVp

Equivalently: A vector w is a linear combination of vectors vq,...v, is the
vector equation

XIV1 4+ ...+ XpVp = W

has a solution.

Example.
1 3 5
V9 = 2 V) = 1 V3 = 0
1 2 3

34



Example. Let

1 3 5 9
vi= 1| 2 v, = | 1 v3;=10 w=1]3
1 2 3 6

Express w as a linear combination of vq, vz, v3 or show that this is not possible.

35



Example. Let

1 0 1
V9 = 0 V) = 1 W = 1
0 0 3

Express w as a linear combination of v4, v, or show that this is not possible.

36



Geometric picture of the last example

V2

\CL‘M + V3

37



If vq, .. ., Vp are vectors in R" then
the set of all

Span(v, ...,v,) = q linear combinations
C1V1 + ...+ CpVp

Example.

—_—

V9 = V) =

I
o -0

38



A vector w is in Span(vy, ..., V,) if and only if the vector equation

XV1+ ...+ XpVp = W

has a solution.

39



Geometric interpretation of Span

40



Proposition

For arbitrary vectors vy, ..., v, € R" the zero vector 0 € R" is in
Span(vy, ..., Vp).

41



MTH 309 8. Linear independence

A homogenous vector equation is a vector equation of the form

(i.e. with the zero vector as the vector of constants).

Let vi,...,v, € R". The set {v4,...,v,} is linearly independent if the
homogenous equation
XV1+ ...+ xpvp, =0

has only one, trivial solution x; = 0,...,x, = 0. Otherwise the set is
linearly dependent.

42



Let vi,...,v, € R" If the set {v4,...,v,} is linearly independent then the
equation
X1V1 + ...+ XpVp = W

has exactly one solution for any vector w € Span(vy, ..., v,).

If the set is linearly dependent then this equation has infinitely many
solutions for any w € Span(vy, ..., V).

43



Example. Let

1 3 1
V1 = 2 V) = 5 V3 = 3
—2 4 —12

Check is the set {vy,vs, v3} is linearly independent.

Aset {vq,..., Vp} is linearly independent if and only if every column of the
matrix
[vi v2 ... v, ]

is a pivot column.

44



Some properties of linearly (in)dependent sets

1) A set consisting of one vector {v1} is linearly dependent if and only if vi = 0.

2) A set consisting of two vectors {vy,v,} is linearly dependent if and only if
one vector is a scalar multiple of the other.

45



3) If {vq,..., Vp} is a set of p vectors in R"” and p > n then this set is linearly
dependent.

46



Upshot: how to find the number of solutions of a vector equation

vector equation
XV + ..o+ XpVp = W

is the set

{vi, ..., vp}
lin. independent
?

zero
solutions

exactly one infinitely many
solution solutions

47



MTH 309

Recall:

1) Span(v1,...,Vvp)

2) A set of vectors {vq, .

9. Linear independence vs span

the set of all
linear combinations
C1V1 + ...+ CpVp

.., Vp} is linearly independent if the equation

XV + ..o+ xv, =0

has only one, trivial solution xy =0,...,x, =0.

vector equation
XV + oo+ XpVp = W

zero
solutions

is the set

.....

\ 4 Y

exactly one infinitely many
solution solutions

48



Linear independence vs. Span

A_\

{u} linearly independent {u} linearly dependent

{u, v} linearly independent {u, v} linearly dependent

49



If {vq,... ,vp} is a linearly dependent set of vectors in then:
1) for some v; we have v; € Span(vy, ..., Vie 1, Vigds -« -, Vp).

2) for some v; we have

Example.

50



MTH 309

10. Matrix equations

So far:
2x1+4x) +b6x3+3x4 =7
3x1 +2x0 +2x3+9x4 = 3
5x1 + 8x2 +3x3+ 3x4 = 9
system of
linear equations
2 4 6 3 7/
x| 3 +x|2|+x3]12|+x|9|=1]3
5 8 3 3 9
vector equation
Next:
2 46 3 ! 7
32209 X2 =13
5833 ’ 9
X4

matrix equation

51




Let A be an m x n matrix with columns v4,v>,...,v,, and let w be a vector

in R™:
1
C

A= [ Vi Vo v, ] w = 2

Cn

The product Aw is a vector in R™ given by

AW = c1vi + oovo + ...+ ¢y,

Example.
3
123
A—[ 5 6] w = —%

52



Properties of matrix-vector multiplication

1) The product Aw is defined only if

(number of columns of A) = (number of entries of w)

A w
m X n n x1

m x 1
A-w

2) Alv+w) = Av + Aw

3) If ¢ is a scalar then A(cw) = c(Aw).

53



Example. Solve the matrix equation

1 1 -4 X1
1 -2 3 . X2
3 =3 0 X3

54



How to solve a matrix equation

Ax=b

matrix equation

[ A [b]

augmented matrix

row
reduction

[ reduced matrix ]

read off
solutions

X=...

solutions

55




MTH 309 11. The column space and the null space

Recall: A vector equation

XiVi+...+x,v, =Db

has a solution if and only if b € Span(vy, ..., v,).

If A is a matrix with columns vq, ..., v,:

A= [ Vi ... V, ]
then the set Span(vq,...,v,) is called the column space of A and it is
denoted Col(A).

56



Upshot. A matrix equation Ax = b has a solution if and only if b € Col(A).

Question: What conditions on the matrix A guarantee that the equation Ax = b
has a solution for an arbitrary vector b?

Example.
A
1 1 2 3 row 1 0O O
A=|1 2 3 4 reduction 0 1 0 -1
5 6 7 8 0 1 2
4
Example.
A
1 1 2 3 row 1 0 2
A= |1 2 3 4 reduction 0 1 1
2 3 5 7 0O O 0

14

57



A matrix equation Ax = b has a solution for any b if and only if A has a
pivot position in every row.

In such case Col(A) = R"”, where m is the number of rows of A.

58



Recall: A vector equation
XiVi+...+x,v, =Db

has only one solution for each b € Span(vy,...,v,) if and only if the homoge-
nous equation
XV +...+x,v, =0

has only the trivial solution x; =0,...,x, = 0.

If A is a matrix then the set of solution of the homogenous equation
Ax =0

is called the null space of A and it is denoted Nul(A).

Upshot. A matrix equation Ax = b has only one solution for each b € Col(A)
if and only if Nul(A) = {0}.

59



Example. Find the null space of the matrix

1
A=1]2
3

o O1 A~

Proposition

Nul(A) = {0} if and only if the matrix A has a pivot position in every
column.

60



Example. Find the null space of the matrix

3 1 -2 1 5
A=11 0 1 0 1
5 2 -5 5 3

If Ais an m x n matrix then Nul(A) can be always described as a span of
some vectors in R".

61



Upshot: how to find the number of solutions of a matrix equation

matrix equation
Ax =b

zero
solutions

exactly one infinitely many
solution solutions

62



MTH 309 12. Solutions of matrix equations

Recall:

1) We can multiply vectors by matrices.

2) Matrix equation: Ax =b

matrix equation
Ax =b

Y

zero
solutions

Y Y

exactly one infinitely many
solution solutions

Col(A) = (span of column vectors of A)

Nul(A) = (set of solutions of Ax = 0)

63



Recall: Nul(A) can be always described as a span of some vectors.

Example. Find the null space of the matrix

1T 1 0 2
A= -2 -2 1 =5
1T 1 -1 3

64



Example. Solve the matrix equation Ax = b where

1T 1 0 2 1
A= -2 -2 1 -5 b= 0
T 1 -1 3 —1

65



Let vo be some chosen solution of a matrix equation Ax = b. Then any
other solution v of this equation is of the form

V=Vg+n

where n € Nul(A).

vo + Nul(A)

solutions of Ax = b

Nul(A)

solutions of Ax =0

66



MTH 309 . Matrix transformations

Recall: If A is an m x n matrix then

b1 C1

b, Cm

If Ais an m x n matrix then the function

TAZ R" — R™

given by T4(v) = Av is called the matrix transformation associated to A.

67



Example.

Let T4: R3 — R? be the matrix transformation defined by the matrix

123
A—[133]

1) Compute T(v) where v = | —1

2) Find a vector v such that T4(v) = [ 0 ]

68



A

|

1
1

Geometric interpretation of matrix transformations R? — R?

"

A 4

A 4

69




Null spaces, column spaces and matrix transformations

Example.

-1

A 4

70
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If 7T4: R" — R™ is a linear transformation associated to a matrix A then:
e Col(A) = the set of values of T4.

e Nul(A) = the set of vectors v such that T4(v) = 0.
e [4(v) = Ta(w) if and only if w = v + n for some n € Nul(A).

/1



Recall:

A function F: R" — R7 is:
e onto if for each b € R" there is v € R"” such that F(v) = b;

not onto onto

e one-to-one if for any vy, vy such that vi # v, we have F(vy) £ F(v2).

not one-to-one one-to-one

Let A be an m x n matrix. The following conditions are equivalent:

1) The matrix transformation 74: R" — R™ is onto.
2) Col(A) = R™.

3) The matrix A has a pivot position in every row.

Let A be an m x n matrix. The following conditions are equivalent:

1) The matrix transformation 74: R"” — R™ is one-to-one.
2) Nul(A) = {0}.

3) The matrix A has a pivot position in every column.

72



Example. For the following 2 x 2 matrix A check if the matrix transformation
T4: R?2 = R? is onto and if it is one-to-one.

=[]

Example. For the following 3 x 4 matrix A check if the matrix transformation
TA: R* > R3 is onto and if it is one-to-one.

1T 1 0 2
A=| -2 -2 1 -5
1T 1 — 4

/3



Proposition

Let A be an m x n matrix. If the matrix transformation 74: R” — R" is both
onto and one-to-one then we must have m = n (i.e. A must be a square
matrix).

74



MTH 309 14. Linear transformations and standard matrices

Problem: How to recognize if a function f: R” — R"” is a matrix transformation?

Example. Rotation by an angle 6:

\ 4

/5



A function T: R" — R" is a linear transformation if it satisfies the following
conditions:

1) T(u+v) = T(u)+ T(v) for all u,v € R"
2) T(cv) = cT(v) for any v € R" and any scalar c.

Proposition

Every matrix transformation is a linear transformation.

76



Every linear transformation 7: R" — R" is a matrix transformation:
T'=1T4

for some matrix A.

77



Corollary

If 7T:R" — R™ is a linear transformation then 7T = T4 where A is the
matrix given by

A=[T(e) T(es) ... T(en)]

This matrix is called the standard matrix of T.

Example. Let T: R? — R> be the function given by

X1+ X2
(L) -]
2 2X1

Check if T is a linear transformation. If it is, find its standard matrix.

/8



Example. Let S: R? — R3 be the function given by

14+ x
(2] s
2 3X1

Check if S is a linear transformation. If it is, find its standard matrix.

79



Back to rotations:

A 4

Y

80



Let e1,e2,...,e, be the standard basis of of R”. For any vectors
V{,Vp, ..., V, € R there exists one and only one linear transformation
7T:R" - R"
such that
T(e1)=wv1 T(ex) =va2, ..., T(e,) =v,
The standard matrix of this linear transformation is given by
A = [ V‘] Vz [N Vn ]

81



MTH 309 15. Matrix multiplication

Recall:
1) If Ais an m x n matrix then the function
Th: R" — R"

defined by T4(v) = Av is called the matrix transformation associated to A.

2) A function T: R" — R™ is a linear transformation if

(i) T(u+v)=T(u)+ T(v)
(i) T(cv) = cT(v)

3) Every matrix transformation is a linear transformation.

4) Every linear transformation 7: R" — R"” is a matrix transformation:
T'(v) = Av

where

A=[T(e) T(es) ... T(en)]

The matrix A is called the standard matrix of T.

82



Composition of linear transformations

\ 4

A 4

83
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If S:R" - R™ and T: R™ — RF are linear transformation then the com-
position
ToS:R" — RF

is also a linear transformation.

Upshot. The function 7 o S is represented by some matrix C:

T oS(v)=Cv

84



Question. Let S: R” — R™ and T: R™ — R be linear transformations, and
let

e B is the standard matrix of S

e A is the standard matrix of T
What if the standard matrix of T 0 S: R" — Rk?

85



Let
e A be an kK x m matrix
e B=[vi v2 ... v,] be an m x n matrix

Then A- B is an k x n matrix given by

A-B:[Av1 Avy ... Av,,]

Note. The product A- B is defined only if

(number of columns of A) = (number of rows of B)
A B
k x'm m X n
k xn
A-B



Example.

87
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16. Another view of matrix multiplication

MTH 309

a

ai

Cij = [ aiyp ap

. dA1m

. Ukm

AB =

C11

Ck1

88

. C1m

. Ckm

= a[1b1/‘ + ai2b2j + ...+ aimbmj



Example.

89
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Example.

e Acme Inc. makes two types of widgets: WG1 and WG2.
e Each widget must go though two processes: assembly and testing.

e The number of hours required to complete each process is as follows:

‘ assembly testing

WG1
WG2

3 1
/ 3

e Acme Inc. has three plans in New York, Texas, and Minnesota.

e Hourly cost (in dollars) of each process in each plant is as follows:

‘ NY TX MN
assembly | 10 15 12
testing| 15 20 15

Problem. What is the cost of producing each type of widgets in each plant?

90



MTH 309 17. Matrix algebra

Other operations on matrices

1) Addition.

ayfn ... d1qp b11
It A= : |, B= :
dm1 ... dpnp bm1
ar + b

A+ B= 5
am1+bm1

b1n

are m x n matrices then
bmn

aip + b1n

amn + bmn

Note. The sum A+ B is defined only if A and B have the same dimensions.



2) Scalar multiplication.

atr ... d1p
It A=

am1 o .. amn

, and c is a scalar then
ca Cd1p

CA — . .
cdpl ... Cdpp
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Properties of matrix algebra

1) (AB)C = A(BC)

2) (A+ B)C = AC + BC
A(B + C) = AB + AC

3) I, = the n x n identity matrix:

1 0
A
0 0. 1
If Ais an m x n matrix then
A-l,=A
In - A=A
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Non-commutativity of matrix multiplication

1) If AB is defined then BA need not be defined.

2) Even if both AB and BA are both defined then usually

AB + BA
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One more operation on matrices: matrix transpose

The transpose of a matrix A is the matrix AT such that

(rows of AT) = (columns of A)

Properties of transpose

1) (AN = A
2) (A+ B)T = (AT + B)
3) (AB)T = BTAT
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MTH 309 18. Inverse of a matrix

Operations on matrices so far:

e addition/subtraction A+ B
e scalar multiplication c-A
e matrix multiplication A-B

e matrix transpose Al

Next: How to divide matrices?

A matrix A is invertible if there exists a matrix B such that
A-B=B-A=1

(where | = the identity matrix). In such case we say that B is the inverse
of A and we write B=A"",
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Example.

A= [ 1 _1 ] is invertible, A7 = [ B

97
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Matrix inverses and matrix equations

Proposition

If A is an invertible matrix then for any vector b the equation Ax = b has
exactly one solution.

Example. Solve the following matrix equation:

RRIAMNE
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Matrix inverses and matrix transformations

\ 4

99

\ 4



Example.

1]

Example.

Sith

\ 4

\ 4

100
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Upshot. If an m x n matrix A is invertible then the matrix transformation
T4: R"” - R™ must be one-to-one and onto.

Recall: If A be is m x n matrix then the matrix transformation 74: R” — R" is:

e onto if and only if A has a pivot position in every row

e one-to-one if and only if A has a pivot position in every column.

If A is not a square matrix then it is not invertible.
If A is a square matrix then the following conditions are equivalent:

1) A is an invertible matrix.

2) The matrix A has a pivot position in every row and column.

3) The reduced row echelon form of A is the identity matrix /.
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If Ais an n X n invertible matrix then

A_1=[w1 Wy ... wn]

where w; is the solution of Ax = e;.
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Simplification:
How to solve several matrix equations with the same
coefficient matrix at the same time

Ax =bqy, Ax=Dby, ..., Ax=Db,

matrix of equations

[A|bi by ... b, ]

augmented matrix

row
reduction

[ ]

reduced matrix

read off
solutions

solutions
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Example. Solve the vector equations Ax = e1 and Ax = e, where

SR IS BT
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Summary:
How to invert a matrix

11
Example: A = [ 1 2]

1) Augment A by the identity matrix.

2) Reduce the augmented matrix.

2) If after the row reduction the matrix on the left is the identity matrix,
then A is invertible and

A~ = the matrix on the right

Otherwise A is not invertible.
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Properties of matrix inverses

1) If A is invertible then A~" is invertible and

A=A

2) It A, B are invertible then AB is invertible and

(AB)"' =B 'A”

3) If A is invertible then A’ is invertible and

(AN =T’
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MTH 309

19. Application: Hill ciphers

Ciphers.

Cipher is an algorithm for encrypting and decrypting data to conceal its mean-
ing.

Basic working scheme of ciphers

decoded
message message
encryption
key
encryption decryption
decryption
key
encoded encoded
send
message message
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Substitution cipher: Replace each letter of the alphabet by some other letter.

Example.

B

M

H

J

L

O

Q

I}

1dhious

\%

<

»nim

N

)

U

K
/

A

M
B

N
P

P
M

J

R
Q

m<

—

encryption/decryption key

message: TOP SECRET
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Hill cipher: Use matrix multiplication

Example.
0 1T 1 -1
A= 1 Al= -1 0 1
0 21 2 0 —1
encryption key decryption key
invertible matrix matrix inverse
message: TOP SECRET
Encryption:
1) Replace letters by numbers:
_|A|B|C|D|E|F|G|H JIKILIMIN|O|P|Q|R|S|T|U|V|W|X|Y|Z
0(1(2|3]4|5|6|7|8 10[11(12|13|14|15|16|17|18|19|20|21|22|23|24|25|26

2) Since the key is a
3 x 3 matrix split the
number sequence num-
bers in vectors with 3
entries each.

3) Multiply each vec-
tor by the encryption
matrix A.

4) Write the new vec-
tors as a sequence of
numbers.
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We can do better, but the next part will not work with an arbitrary invertible
matrix A. It will work though e.qg. if all entries of A and A~" are integers.

5) Reduce all nhumbers obtained in step 4 modulo 27. That is, add or subtract
from each number a multiple of 27 to get a number between 0 and 26.

6) Replace numbers by
letters.

Decryption.

1) Replace letters by
numbers, split into vec-
tors, and multiply each
vector by A~

2) Write the new vec-
tors as a sequence of
numbers, reduce each
number modulo 27.

3) Replace numbers by
letters
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MTH 309 20. Application: Error correcting codes

01001 01011

transmission
error

Basic scheme of error correction

decoded
message
message
encoding decoding
encoded . received
transmit
message message

Working assumption for this lecture: We expect at most one transmission error
in any message up to 20 bits long.
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A simple error correcting code: triple repeat.

message: 1011

Problem: The encoded message is 3 times longer than the original message.
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Better error correction: Hamming (7,4) code.

1000

0100

0010 0111100
E=100 01 D={101T1010

0111 1101001

1011 decoding matrix

1101

encoding matrix

message: 10111101

Encoding.

1) Split the message into vectors with 4 entries, and multiply each vector by
the encoding matrix E.

2) Reduce all numbers obtained in step 1 modulo 2. That is, add or subtract
from each number a multiple of 2 to get either O or 1.
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Encoded message:

Received message:

Decoding. Split the received message into vectors with 7 entries, multiply each
vector by the decoding matrix D, and reduce modulo 2.

Decoded message:
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How the Hamming code works:
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MTH 309 21. Determinants

Recall: If an n x n matrix A is invertible then:

e the equation Ax = b has a unique solution for each b € R”

e the linear transformation 74: R” — R", T4(v) = Av has an inverse function.

Determinants recognize which matrices are invertible:

= 0 if A is not invertible

A det A
matrix number

# 0 if A is invertible

Example: Determinant for a 1 x 1 matrix.

A=[a]
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Example: Determinant for a 2 x 2 matrix.

2]
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If Ais an n x n matrix then for 1 < i,j < n the (i, j)-minor of A is the
matrix A;; obtained by deleting the i row and j™ column of A.

Example.
123

A=1456
7 89
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Let A be an n X n matrix

a1 ... dqp
A — . .
an'] « e . ann

1) Ifn=11le. A= [ a1 ] then det A = a1
2) If n > 1 then

detA=  (—=1)"aq; - det Ay
+ (—1)1+2012-det/\12

+ (=1)""aq, - det Ay,

Example. (n = 2)

Sith

If Alis a2 x 2 matrix
A — ain a2
ayr ax

then detA = a1 -a» — a1y - ar»
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A direct way of computing the determinant of a 3 x 3 matrix

N

Il
N b
© U1 N
© oW
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Note. In order to compute the determinant of an n x n matrix in this way we
need to compute:

determinants of (n — 1) x (n — 1) matrices
n(n — 1) determinants of (n — 2) x (n — 2) matrices
n(n —1)(n —2) determinants of (n — 3) x (n — 3) matrices

nin—"1)(n—2)-...-3 determinants of 2 x 2 matrices

E.g. for a 25 x 25 matrix we would need to compute
25-24-23-...-3=7,755,605,021, 665,492,992, 000, 000

determinants of 2 x 2 matrices.

Next: How to compute determinants faster.
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MTH 309 22. Determinants and cofactor expansion

If Ais an n x n matrix and 1 < i,j < n then the ij-cofactor of A is the

number -
C[j = (—1)H_j detA[j

Note. By the definition of the determinant we have:

detA=a11C+a12Cr+...+a1,C,
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Let A be an n X n matrix.

1) For any 1 < i < n we have
detA=a1Cq1+apCo+...4+0a;,,GCyp

(cofactor expansion across the it row).

2) For any 1 < j < n we have

detA = G1jC1j + szCZj +...+ anan

(cofactor expansion down the j column).

Example.
13014
0461

A=12103
0500
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Example. Compute the determinant of the following matrix:

0
0

0
0

0 0 30

0700

0 00O

2 000
1

0

1

0
2

0 00O e

0

3
6

0
0

2

0
0 0 0 11
0
0

0 560

0
0
0

0
0
0

0

7

0
00 0O0 O
9 0 0O

—1

0 00O
0 2 0 4

0
0
0

4
0
0

0
0

0
0
0

O —INO

— O O

o O O

o O O

0
0
0
0
0
0
0

0
0
0
0
0
0
6

2 3 4

2
0

0

00
3
2
0
0

0
0

0O 0 0 -1

0

0

0 500
0 00O

0 00

0 0
0
2
0

0
0

1
1

0

0 00 0 12
0 00O
00 27

0
0
3
0
0

-1 0 0 4
-4 0 0 3

0
0
0
0

0
0
0
0

300 2
0 00O
0 00O

0 0O
0 200
1

1

0
1
0

0
0 4 3 2
0

0 00O

0
0
1

O —InO

—IxrO O

o O O

oS O O

0
0
0

0
0
0

0
0
0

7
0

7
0

—1

0 0 8
0200

0

1

0
0
0
0
0
8

0 0 0O

0
0
0
0
0
3

0
0
0
0
0
3

0
0
0
0
0
0

0
0
0
0
0
9

0 0 0O

1

0

0 00O

1

0000 O

0

0 00O

1

0

0 00O
2 56 3

2

9 2 6 2
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An square matrix is upper triangular is all its entries below the main diag-
onal are 0.

aqq aq2 413 ... di1p
0 ayy d4dz3 ... dzp
A = 0 0 asx3 ... as,

Proposition

If A is an upper triangular matrix as above then

detA=ay1-a»n ... a,,
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MTH 309 23. Determinants and row reduction

Recall: If A is an upper triangular matrix:

aqn a1z 413 ... di1p
0 ay dz3 ... dop
A = 0 0 as3 ... asz,

0 0 0 ... an]

then detA=a1-ax»-... a,,.

Note. If A is a square matrix then the row echelon form of A is always upper
trianqular.
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Let A and B be n X n matrices.

1) If B is obtained from A by interchanging two rows (or two columns) then
det B = —detA

2) If B is obtained from A by multiplying one row (or one column) of A by
a scalar k then

detB =k -detA

2) If B is obtained from A by adding a multiple of one row of A to another
row (or adding a multiple of one column to another column) then

det B = detA

Example.
123

A=11017
2 51
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Computation of determinants via row reduction

Idea. To compute detA, row reduce A to the row echelon form. Keep track how
the determinant changes at each step of the row reduction process.

Example. Compute det A where

Ol -~ K~ =
W =ON
—_—

O NO W
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If Ais a square matrix then A is invertible if and only if detA £ 0

Recall: A is invertible if and only if its reduced row echelon form is the identity
matrix.
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Further properties of determinants

1) det(A7) = det A
2) det(AB) = (det A) - (det B)
3) det(A~") = (det A)~"

Note. In general det(A + B) # det A + det B.
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MTH 309 24. Cramer's rule

Recall: If A is square matrix then the ij-cofactor of A is the number

Cij = (—1)i+j detA[j

Definition

If Ais an n x n matrix then the adjoint (or adjugate) of A is the matrix

i Cp - ©]" G1 G -+ Gy
Coi Coy - Gy Cy Coy - C,
wia= | Ga v Gl _|Ca G G
Cn1 Cn2 to Cnn C’In C2n T Cnn

Theorem

If A is an invertible matrix then
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Example. Compute A~" for

_ N =

134

AOA
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Recall: If A is an invertible matrix then the equation Ax = b has only one
solution: x = A~'h.

If Ais an n x n matrix and b € R"” then A;(b) is the matrix obtained by
replacing the i column of A with b.

Example.
123 10
A=|1456 b= 20
789 30

Theorem (Cramer’s Rule)

If Ais an n x n invertible matrix and b € R” then the unique solution of
the equation
Ax =b
is given by
. det Aq(b)
X = :
detA | jet A, (b)
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Example. Solve the equation

_ N

_ O -

- ON

X1
X2
X3
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MTH 309 25. Geometric interpretation of determinants

Recall:
= 0 if A is not invertible
A det A
matrix number
# 0 if A is invertible

Note. Any two vectors in R? define a parallelogram:

V2

Vi

area of the parallelogram
defined by v4 and v,

area(vq, v2) =
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If Vi,V € RZ then

area(vy, va) = |det[ Vi V2 ]\

Idea of the proof.

a
V1 = [ b ]' V) = [

a a-+c
b+d L b+d
d - d

V2
b b
V1
a a+c

138

area(P)

(@ + c)(b + d)



Example.

139
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Example. Calculate the area of the parallelogram with vertices at the points
(2,1), (5,3), (7,1), (4,-1).

5.3)
/!
rd
(D 1) (7 1)
\L I’ \I’
(4,-1)
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Example. Calculate the area of the triangle with vertices at the points (2,1),
(5,3), (4, —1).

(5,3)

A
/
/

—_
N
—
~—

\ 4
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Note. In order to compute areas of other polygons, subdivide them into trian-

gles.
%\
_—

\ 4
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MTH 309 26. Determinants and linear transformations

Recall: If Ais a 2 x 2 matrix then it defines a linear transformation
Ta:RZ 5 R? Tyv) = Av

Note. T4 maps parallelograms to parallelograms:

% Ta(v2)

TA(V1 )

V1

Y
Y

If Ais a2 x 2 matrix and vq,vq € R? then

area(Ta(v1), Ta(v2)) = |det A| - area(vq, v2)
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Generalization:

If Ais a2 x 2 matrix then for any region S of R? we have:

area(Ta(S)) = |det A| - area(S)

A 4
A 4

Idea of the proof.

The area of S can be approximated by the sum of small squares covering S.

= ~L
pd AN
p.4 AN
O V4
N 74
N )
I -
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MTH 309 27. Sign of the determinant

Example.

2 1]
=17,
Example.

2 3]
e

A A

\ 4
\ 4

If Ais a 2 x 2 matrix then the linear transformation T4: R? — R? preserves
orientation if detA > 0 and reverses orientation if detA < 0.
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MTH 309 28. General vector spaces

Linear Algebra Calculus
» _ [setof all column vectors s | set of all smooth
RY = ( with n entries ) CHR) = (functions f:R— R)

Column vectors can be added and
multiplied by real numbers.

Linear transformation is a function

T:R"—>R", T(v)=Av
It satisfies:
o [(u+v)=T(u)+ T(v)

e [(cv)=cT(v)

Typical problem: given a vector b
find all vectors x such that

T'(x)=b
(i.e solve the equation Ax = b).

Fact: Such vectors x are of the form

X=Vyp+n
where:

e Vg is some distinguished solution

of Ax = b;
e n € Nul(A) (i.e. nis a solution
of Ax = 0).

146

Functions can be added and multi-
plied by real numbers.

Differentiation is a function
D: C*(R) - C*(R), D(f)="f
It satisfies:

o D(f + g) = D(f) + D(q)
e D(cf) = cD(f)

Typical problem: given a function g
find all functions f such that

D(f) =g

(i.e find antiderivatives of g).

Fact: Such functions f are of the form

f=F4+C
where:

e F is some distinqguished an-
tiderivative of g;

e (C is a constant function (i.e. C is
a solution of D(f) = 0).



A (real) vector space is a set V together with two operations:

e addition
VxV-—YV
(u, v) — u+v

e multiplication by scalars

RxV-—YV
(¢, v) —> c-v

Moreover the following conditions must be satisfied:

1) u+v=v+u

2) (u+v)+w=u+(v+w)

3) there is an element 0 € V such that 0 +u =u foranyu e V

4) for any u € V there is an element —u € V such that u+ (—u) =0
5 c(u+v)=-cu+cv

6) (c+ d)u = cu+ du

7) (cd)u = ¢(du)

8) lu=u

Elements of V are called vectors.
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If V' is a vectors space then:
1) ¢-0=0 where c € R and 0 € V is the zero vector;

2) 0-u=0 where 0 € R, ue V and 0 is the zero vector;
3) (1) -u=—u

148



Examples of vector spaces.
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Defitnition

MTH 309 29. Vector subspaces

Let V' be a vector space. A subspace of V is a subset W C V such that
1) 0e W

2) fuve Wthenu+ve W
3) fue Wand c e R thencue W.

Example.

Recall: P = the vector space of all polynomials.

Proposition

Let V' be a vector space and W C V is a subspace then W is itself a vector
space.
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Example.

Recall: F(R) = the vector space of all functions f: R - R

Some interesting subspaces of F(R):

1) C(R) = the subspace of all continuous functions f: R —» R

2) C"(R) = the subspace of all functions f: R — R that are differentiable n or
more times.

3) C*(R) = the subspace of all smooth functions f: R — R (i.e. functions that
have derivatives of all orders: f', f”, f”, ...).
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Note. If V is a vector space then:

1) the biggest subspace of V' is V itself;

2) the smallest subspace of V is the subspace {0} consisting of the zero vector
only;

3) if a subspace of V' contains a non-zero vector, then it contains infinitely
many vectors.
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MTH 309 30. Linear transformations of vector spaces

Let V, W be vector spaces A linear transformation is a function
Tr:-vV—-w

which satisfies the following conditions:
1) T(u+v)=T(u)+ T(v) forallu,ve V
2) T(cv) = cT(v) for any v € V and any scalar c.
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Note. If 7: V — W is a linear transformation then for any vector b € W we
can consider the equation

T(x)=b
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If T: V — W is a linear transformation then:
1) The kernel of T is the set

Ker(T)={ve V| T(v)=0}

2) The image of T is the set

Im(T) ={w e W | w=T(v) for some v € V}
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If T:V — W is a linear transformation then:
1) Ker(7T) is a subspace of V

2) Im(T) is a subspace of W

It T: V — W is a linear transformation and v is a solution of the equation
T'(x)=b
then all other solutions of this equation are vectors of the form

V=Vp+n

where n € Ker(T).

156



Example.

D: C*®(R) —s C*®(R)

f — f
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MTH 309 31. Basis of a vector space

Recall:

e A vector space is a set V equipped with operations of addition and multipli-
cation by scalars. These operations must satisfy some properties.

e Some examples of vector spaces:
1) R" = the vector space of column vectors.
2) F(R) = the vector space of all functions f: R — R.
3) C(R) = the vector space of all continuous functions f: R — R.
4) C*(R) = the vector space of all smooth functions f: R — R.
5) M, n(R) = the vector space of all m x n matrices.
6) P = the vector space of all polynomials.

7) P, = the vector space of polynomials of degree < n.

e If V, W are vector spaces then a linear transformation is a function 7: V. — W
such that

1) T(u+v)=T(u)+ T(v)

2) T(cv) =cT(v)
e Many problems involving R"” can be easily solved using row reduction, matrix
multiplication etc.
e The same types of problems involving other vector spaces can be difficult to

solve.
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Next goal:

If V' is a finite dimensional vector space then we can construct a coordinate

mapping
V —» R”"

which lets us turn computations in V' into computations in R".

%
vector space

) (nverse
coordinate .
) coordinate
mapping mapping

Rn
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Motivation: How to assign coordinates to vectors
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Definition

If V is a vector space then vector w € V' is a linear combination of vectors
Vi,...Vp, € V if there exist scalars ¢y, ..., ¢, such that

W= C1V1 + ...+ CpVp

Definition

If V' is a vector space and vy, .. .,Vp are vectors in V' then

the set of all
Span(vy, ..., V,) = < linear combinations
C1V1 + ...+ CpVp

Definition

If V' is a vector space and vq, .. .,Vp are vectors in V' such that
V' = Span(vq, ..., vp)

the the set {v4,...,v,} is called the spanning set of V.
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Example.
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If V is a vector space and vy, .. ., v, € V then the set {vi,... ,vp} is linearly
independent if the homogenous equation

XV + ...+ xv, =0

has only one, trivial solution x; = 0,...,x, = 0. Otherwise the set is
linearly dependent.

Let V be a vector space, and let vy,...,v, € V. If the set {v1,...,v,} is
linearly independent then the equation

XIV1 + ...+ XpVp = W

has exactly one solution for any vector w € Span(vy, ..., v,).
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Example.

Recall: F(R) = the vector space of all functions f: R — R. Let f,g, h € F(R)
be the following functions:

f(t) = sin(t), g(t) = cos(t), h(t) = cos?(t)

Check if the set {f, g, h} is linearly independent.
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Example.
Let f,g, h € F(R) be the following functions:
f(t) = sin’(t), g(t) = cos’(t), h(t) = cos2t

Check if the set {f, g, h} is linearly independent.
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A basis of a vector space V is an ordered set of vectors
B={bq,....b,}

such that
1) Span(by,...,b,) =V
2) The set {by,...,b,} is linearly independent.
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A set B={bq,...,b,} is a basis of a vector space V if any only if for each
v € V the vector equation

xiby +...+x,b, = v

has a unique solution.

Let B = {by,...,b,} be a basis of a vector space V. For v € V let
¢1,..., ¢y be the unique numbers such that

ciby+...4+c¢,b,=v

Then the vector
¢1

e R"
Cn

is called the coordinate vector of v relative to the basis B and it is denoted
by [V]B‘
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Example. Let £ = {1,t, t*} be the standard basis of P;, and let
p(t) =3+ 2t — 4t

Find the coordinate vector [p]..

Example. Let B= {1,1+1t,1+t+ t*}. One can check that B is a basis of IP,.
Let
p(t) =3 + 2t — 4t

Find the coordinate vector [p]B.
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MTH 309 32. Dimension of a vector space

Recall:

e A basis of a vector space V is a set of vectors B = {bq,...,b,} such that
1) Span(by,...,b,) =V
2) The set {by,...,b,} is linearly independent.

e Forve Vletcy,...,c, be the unique numbers such that
ciby+...4+c¢,b,=v

The vector

is called the coordinate vector of v relative to the basis B.
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V

vector space

. (nverse
coordinate coordinate
mapping mapping

Rn

Let B be a basis of a vector space V. If vq,...v,,w € V then:

1) Solutions of the equation xqvi + ... + x,v, = w are the same as

solutions of the equation x; [v1]B +... 4 X [VP]B = [W]B.

2) The set of vectors {vi,...v,} is linearly independent if and only if the
set {[v1]6 ..... [VP]B} is linearly independent.
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Example. Recall that P, is the vector space of polynomials of degree < 2.
Consider the following polynomials in P;:

pi(t) =142t +

pa(t) =34 t 4 2¢t°

p3(t) =1—8t—t
Check if the set {p1, p2, p3} is linearly independent.
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Let {vi,...,v,} be vectors in R". The set {vy,...,v,} is a basis of R” if
and only if the matrix

A:[v1 vp]

has a pivot position in every row and in every column (i.e. if A is an
invertible matrix).

Every basis of R” consists of n vectors.
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Let V be a vector space. If V' has a basis consisting of n vectors then every
basis of V' consists of n vectors.

A vector space has dimension n if V has a basis consisting of n vectors.
Then we write dim V' = n.
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Example.
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Let V be a vector space such that dimV = n, and let v,...v, € V.

1) If {v1,...,v,} is a spanning set of V then p > n.

2) If {v1,...,v,} is a linearly independent set then p < n.

Corollary

Let V' be a vector space such that dimV = n. If W be a subspace of V
then dim W < n. Moreover, if dimW = n then W = V.
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Note.

1) One can show that every vector space has a basis.

2) Some vector spaces have bases consisting of infinitely many vectors. If V
is such vector space then we write dim V' = oo.

Example.
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MTH 309 33. The rank theorem

Recall:

IfA:[v1 vn]isanmxnmatrixthen:

1) Col(A) = Span(vy,...,v,)
2) Nul(A) = {ve R" | Av = 0}
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Construction of a basis of Col(A)

Lemma

Let V' be a vector space, and let v¢,...,v, € V. If a vector v; is a linear
combination of the other vectors then

Span(vy, . .. Vp) = Span(vq, ..., Vi—1, Vg, - - - ,Vp)

Upshot. One can construct a basis of a vector space V as follows:
e Start with a set of vectors {v1,...,v,} such that Span(vy,...,v,) = V.

e Keep removing vectors without changing the span, until you get a linearly
independent set.
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Example. Find a basis of Col(A) where A is the following matrix:

>

I
cCooo -~
coo -0
OO O WN
oo -—~0oO0o
=N eNoNo)

SO W= =
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Example. Find a basis of Col(A) where A is the following matrix:

3 6 -1 1 -7
A=| 1 -2 2 3 —1
2 —4 5 8 —4
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Construction of a basis of Nul(A)

Example. Find a basis of Nul(A) where A is the following matrix:

3 6 -1 1 -7
A=| 1 -2 2 3 —1
2 -4 5 8 —4
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Upshot. If A is matrix then:

dim Col(A) = the number of pivot columns of A

dim Nul(A) = the number of non-pivot columns of A

If A is a matrix then:

e the dimension of Col(A) is called the rank of A and it is denoted rank(A)
e the dimension of Nul(A) is called the nullity of A.

The Rank Theorem

If Ais an m x n matrix then

rank(A) + dim Nul(A) = n
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Example. Let A be a 100 x 101 matrix such that dim Nul(A) = 1. Show that
the equation Ax = b has a solution for each b € R'%.

183



Example. Let A be a 5 x 9. Can the null space of A have dimension 37
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MTH 309 34. Change of basis

Recall: Any basis B = {bq, ..., b,} of a vector space V defines a coordinate
system:

v=c¢iby+...+¢c,b,=v

b1
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Note. Choosing a convenient basis can simplify computations.

Example. Graphene lattice.

atoms of ’ ‘ ’

—_—

carbon \.
O

1.4A =1.4-10""m

—p

=,

Image of graphene taken with an atomic force microscope.
(© University of Augsburg, Experimental Physics IV.
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Coordinates of atoms in the graphene lattice

| |
In the standard basis @.[1242,42] -
_ . |
€= {er e}: 1.21,35] @ @ [363.35]

1 \
o
0
1

el =

[121,211.Q @.[3.63.2.1]
| [0,1.4] ‘ @ 242,14 ‘

e) =

[0, 0] Q.40 QO
[1.21,-0.7] © © 3.63,—0.7]

In a more convenient

basis B = {b4, by}:

‘[_2 b
3@ @

T 121
br=1{ 47

| v Q2 o
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Problem Let
B={by,...,b,}, D={dy,...,d1}

be two bases of a vector space V, and let v € V. Assume that we know [v]

What is [V]D?

B

R" R"
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Let B={by,...,b,} and D = {d4,...,d1} be two bases of a vector space
V. The matrix

Poes=[[bi]p [b2]p - [balp ]

is called the change of coordinates matrix from the basis B to the basis D.

Let B={by,..., b,} and D = {d,, ..., dq} be two bases of a vector space
V. For any vector v € V we have

[vlp = Ppes - [v]4
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Example. Let P, be the vector space of polynomials of degree < 2. Consider
two bases of Py:

B={1,14+t1+t+t}
D={1+t1-5t2+t}

1) Compute the change of coordinates matrix Pp. p.

2) Let p € P, be a polynomial such that

Compute [p]D.
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It B,D,E are three bases of a vector space V then:
1) Pep = (Ppeg)™’
2) Pecp = Peep - Ppep
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MTH 309 35. Application: Perspective rectification

What we want:

What we have:
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Image formation in a camera

- the sensor
center of

plane
the camera

The camera coordinate system C
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The mural coordinate system M
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From mural coordinates to camera coordinates

Peom = [ ["”]c [mz]c [m3]c ]

1\*
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Problem: What are the numbers a, b, ¢?
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MTH 309 36. The dot product

Definition

It
aq b1

are vectors in R” then the inner product (or dot product) of u and v is the
number
u-v=a1bi+...+a,b,

Properties of the dot product:

MNJu-v=v-u
2) (u+v)-w=u-w+v-w
3) (cu)-v=c(u-v)

4)u-u>0andu-u=0ifandonly if u=0.
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If u € R” then the length (or the norm) of u is the number

Jull = vu-u

an
Note. Ifu= | : [ then ||u :\/a$+...—|—a%.
an

Properties of the norm:

1) ||u]| > 0 and ||u|| = 0 if and only if u = 0.
2) |leul] = le] - [[u]l
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A vector u € R" is an unit vector if |Jul| = 1.

If u,v € R” then the distance between u and v is the number

dist(u,v) = [Ju — v||
A
aq b1
Note. If u = s, v= : then
a, b,




Vectors u,v € R" are orthogonal if u-v = 0.

Pythagorean Theorem

Vectors u, v are orthogonal if and only if

2 2 2
[[ull® + {Iv][™ = [lu + v]]
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MTH 309 37. Orthogonal bases

Definition
A set of vectors {vy,..., vk} in R"” is an orthogonal set if each pair each
pair of vectors in this set is orthogonal, i.e.

Vl"Vj:O

for all i # j.

Example.

1 0 0
, 11,10 is an orthogonal set in R3.
0

—

2|, O, | -5 is another orthogonal set in R3.
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Proposition

If {v1,...,vk} is an orthogonal set of non-zero vectors in R” then this set
is linearly independent.

Recall: Any linearly independent set of n vectors in R” is a basis of R".

If {v1,...,v,} is an orthogonal set of n non-zero vectors in R” then this
set is a basis of R".
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If V' is a subspace of R” then we say that a set {vq,...v,} is an orthogonal
basis of V if

1) {v1,...vk} is a basis of V and

2) {v1,...vk} is an orthogonal set.

Recall. If B = {vq,...v} is a basis of a vector space V and w € V then the
coordinate vector of w relative to B is the vector

¢1
[ w ]B =
Ck
where ¢1, ..., ¢k are scalars such that civi + ... + cve = w.

If B={v1,...vk} is an orthogonal basis of V and w € V then

1

[w]g=
Ck
W -V; W -V,

where ¢; = =
sV vl
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Example. Let

R -

The set B is an orthogonal basis of R’. Compute [ w |.
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Theorem (Gram-Schmidt Process)

Let {vq,...,vk} be a basis of V. Define vectors {wy,...,wi} as follows:
W1 = V4
W1 - V)
Wo=V) — | ——— | W
W1 - W1
W1 V3 W2 - V3
W3 = V3 — W1 — W)
W1 - Wq W2 - W2
W1 - Vg W) - Vg Wg_1 - Vi
W=V —|——|w— | ——|wr—...— W1
W1+ Wy W) - W) Wi 1+ W1
Then the set {wy,...,w} is an orthogonal basis of V.
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Example. In R* take

V1 =

- w =N
<
w
I

o N N Ol

The set B = {v1,v2,v3} is a basis of some subspace V C R*. Find an orthogonal
basis of V.
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An orthogonal basis B = {w1,...,w,} of V is called an orthonormal basis
if [wi|[=1fori=1,... k.

If B={vi,...vk} is an orthonormal basis of V and w € V then

1

[w]s=

Ck

where ¢, = w - v,.

Note. If B = {vq,...v} is an orthogonal basis of V then

- {V_1V_k}
A% [|Vil|

is an orthonormal basis of V.
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MTH 309 38. Orthogonal projections

Recall:

1) If

are vectors in R” then:

eu-v=aiby+...4+a,b,

¢ |luff =+Vu-u

o dist(u,v) = [|[u —v||
2) Vectors u, v are orthogonal if u-v = 0.

3) Pythagorean theorem: u, v are orthogonal if and only if

2 2 2
[Jull™ +[vIl™ = llu+ v

4) If V C R" is a subspace then an orthogonal basis of V' is a basis which
consists of vectors that are orthogonal to one another.

5) If B={vy,...v} is an orthogonal basis of V and w € V then

1

[w]s=

W -V;

where ¢; = :
Vi - Vi
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6) Gram-Schmidt process:

a basis an orthogonal basis
{vi, ... v} G-S process {wq, ..., wi}
of V C R" of V
W1 = V1
W1 -V
W)=Vo—|—""|W
W1 - W1
W1 - V3 W2 - V3
wy=v3—|——|wi—|—|w
W1 - Wy W2 - Wp
W1 - Vi W2 - Vi Wg—1 - Vi
We=Vgp—|—|W—|— W) —...— Wi 1
W1 - Wi W2 - W Wi—1 - Wi
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Problem. Find the flow rate of cars on each segment of streets:

/
90 cars/h X1 6@\\‘\
i/ N X5 45 cars/h
0‘6\
AV
o
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Upshot.

e Recall: a matrix equation Ax = b has a solution if and only if b € Col(A).

e In practical applications we may obtain a matrix equation that has no solu-
tions, i.e. where b ¢ Col(A).

e In such cases we may look for approximate solutions as follows:

— replace b by a vector b’ such that b” € Col(A) and dist(b, b’) is a as small
as possible.

— then solve Ax = b’

Given b’ € Col(A) as above we will say that a vector v is a least square
solution of the equation Ax = b if v is a solution of the equation Ax = b’

Next: How to find the vector b’?
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Let V be a subspace of R". A vector w € R" is orthogonal to V ifw-v =0
forallve V.

Proposition

If V. = Span(vq,...,vk) then a vector w € R” is orthogonal to V if and
onlyifw-vi=0fori=1,..., k.
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Definition

Let V' be a subspace of R” and let w € R" the orthogonal projection of w
onto V is a vector proj,w such that

1) projyw € V

2) the vector z = w — proj,w is orthogonal to V.

prOij
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The Best Approximation Theorem

If V' is a subspace of R” and w € R" then proj,w is a vector in V' which is
closest to w:

dist(w, proj,w) < dist(w, v)
forallve V.
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Corollary

The least square solutions of a matrix equation Ax = b are solutions of the
equation

AX = projc, a)b

Next: If V' is a subspace of R” and w € R" how to compute proj,w?
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If V is a subspace of R” with an orthogonal basis {vi,...,vx} and w € R”
then
, W - Vi N N WAV
roj,w = Y Y
PrOlv viovi ) Vi v )

If V is a subspace of R” with an orthonormal basis {v1,...,vx} andw € R”
then

projyw = (W-vq) vy 4+ ... 4+ (W - vg) v
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Example. Let

1 2 4 1
2 _4 1 2
B= 0| 5 | ol Y72
3 2 ) 1

The set B is an orthogonal basis of some subspace V of R*. Compute proj,w.
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Note. In general if V is a subspace of R” and w € R” then in order to find
proj,w we need to do the following:

1) find a basis of V.
2) use the Gram-Schmidt process to get an orthogonal basis of V

3) use the orthogonal basis to compute proj, w.

Example. Consider the following matrix A and vector u:

o 0 1 1 0
A=11 3 4 21|, u=|3
2 6 3 —1 0

Compute proje,a)u-
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Example. Find least square solutions of the matrix equation Ax = b where

1 1 0 0 0 90
1 0 1 1 0 120
A=1lo0 21 1 o 1 b=1"4,
0 0 0 —1 1 45
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MTH 309 39. Computation of least square solutions

Recall:

1) The least square solutions of a matrix equation Ax = b are the solutions of
the equation

AX = Projcoya)b

2) If Ax = b is a consistent equation, then b € Col(A), and projc, b = b. In
such case the least square solutions of Ax = b are just the ordinary solutions.

3) If Ax = b is inconsistent, then the least square solutions are the best sub-
stitute for the (nonexistent) ordinary solutions.

4) If {v1,..., vk} is an orthogonal basis of a subspace V of R” then
roj i + + WYk
w = vi+ ... vV
PrOlv viovi ) Vi v )
5) If {v1,..., v} is an arbitrary basis of V' then we can use the Gram-Schmidt

process to obtain an orthogonal basis of V.
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How to compute least square solutions of Ax = b

(version 1.0)

1) Compute a basis of Col(A).
2) Use the Gram-Schmidt process to get an orthogonal basis of Col(A).
3) Use the orthogonal basis to compute proje,4)b-

4) Compute solutions of the equation Ax = projc,4)b-

Next goal: Simplify this.
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Definition

If V is a subspace of R" then the orthogonal complement of V is the set
V+ of all vectors orthogonal to V:

Vi={weR" |w-v=0forallve V}

—

Proposition
If V' is a subspace of R” then:
1) V+ is also a subspace of R".

2) For each vector w € R” there exist unique vectors v € V and z € V4
such thatw =v + z
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If Ais an m x n matrix then the row space of A is the subspace Row(A) of
R" spanned by rows of A.

Example

123
A:[456]

Proposition

If A is a matrix then
Row(A)l = Nul(A)
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If A is a matrix then

Col(A)t = Nul(A")
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Back to least square solutions

A vector X is a least square solution of a matrix equation

Ax =b
if and only if X is an ordinary solution of the equation

(ATA)x = A'b

The equation
(ATA)x = A'b

is called the normal equation of Ax = b.
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How to compute least square solutions of Ax = b

(version 2.0)

1) Compute ATA, A'b.
2) Solve the normal equation (A7 A)x = A'b.

Example. Compute least square solutions of the following equation:

1 1
-
0 2 3

oo -
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MTH 309 . Least square lines and curves

Application: Least square lines

If (x1,41), ..., (xp, yp) are points on the plane then the least square line for
these points is the line given by an equation f(x) = ax + b such that the
number

Y1 F(x1)
dist (| i [ | ¢ | ) == )2+ (g — )
yp 1 L 10)

is the smallest possible.
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The line f(x) = ax+b is the least square line for points (x1, y1), ..., (Xp, Yp)

: a
if the vector [

b ] is the least square solution of the equation
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Example. Find the equation of the least square line for the points (0, 0), (1, 1),
(3, 1), (5,3).

A 4
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Application: Least square curves

The above procedure can be used to determine curves other than lines that fit
a set of points in the least square sense.

Example: Least square parabolas

If (x1, Y1), - .., (Xp, yp) are points on the plane then the least square parabola

for these points is the parabola given by an equation f(x) = ax? 4+ bx + ¢
such that the number

Y1 f(x1)
dist (| || & | =/ (o1 = )+ gy — fx)?
yp 1 L 1)

is the smallest possible.
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The parabola f(x) = ax? + bx + c is the least square parabola for points
a
(X1, y1), - -, (Xp, yp) if the vector [ b | is the least square solution of the
c
equation
X12 X1 1 71 Y
: Z | = :
xg Xp 1 z3 Yp
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Example. Find the equation of the least square parabola for the points (-2, 2),
(0,0), (1,1), (2,3).

A 4
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MTH 309 41. Inner product spaces

Recall:
1) The dot product in R":

a1 b1
= a1bq + a2b> + .. .a,b,
a, b,

2) Properties of the dot product:
aJu-v=v-u
b)(u+v) - w=u-w+v-w
c) (cu)-v=c(u-v)

du-u>0andu-u=0ifandonly if u=0.

2) Using the dot product we can define:

e length of vectors

e distance between vectors

e orthogonality of vectors

e orthogonal and orthonormal bases

e orthogonal projection of a vector onto a subspace of R”

o ..

Next: Generalization to arbitrary vector spaces.
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Let V' be a vector space. An inner product on V is a function

VxV — R
u v — (u,v)
such that:
a) (u,v) = (v, u)
b) (u+v,w) = (u,w)+ (v,w)
c) (cu,v) = c(u,v)
d) (u,u) >0 and (u,u) =0 if and only if u = 0.

Let V' be a vector space with an inner product { , ).
1) The length (or norm) of a vector v is the number
Ivll = V(v v)
2) The distance between vectors u,v € V is the number
dist(u,v) = ||u — v||

3) Vectors u,v € V are orthogonal if (u,v) = 0.
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Example. The dot product is an inner product in R".

Example. Let p1,..., p, be any positive numbers. For vectors u,v € R”
a b,
u= V=
a, b,
define:

(u,v) = p1(a1b1) + pa(az, ba) + ... + palasby)

This gives an inner product in R".

A 4
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Example. Let C[0, 1] be the vector space of continuous functions f: [0, 1] — R.
Define:

1
(f,g) = [0 f(1)g(t)dt

This is an inner product on C[0, 1].

y =g(t)
y = £(t)
0 ’

Example. Compute the length of the function

f(t) =1+t

in C[0,1].
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Let V be a vector space with an inner product (, ), and let W be a subspace
of V. A vector v € V is orthogonal to W if (v,w) =0 for allw € W.

Definition
Let V be a vector space with an inner product {( , ), and let W be a

subspace of V. The orthogonal projection of a vectorv € V onto W is a
vector proj,,v such that

1) projyv € W

2) the vector z = v — proj,v is orthogonal to W.

Best Approximation Theorem

If V' is a vector space with an inner product ( , ), W is a subspace of V,
and v € V, then proj,,v is the vector of V which is the closest to v:

dist(v, projyv) < dist(v, w)

forall w e W.

Theorem

Let V is a vector space with an inner product ( , ), and let W be a subspace
of V. If B={wy,..., w} is an orthogonal basis of W (i.e. a basis such
that (w;, w;) = 0 for all i # j) then for v € V we have:

(v, wq) 1 (v, wg)
(w1, wr) o (wk wy)

projyv = Wi
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Application: Fourier approximations.

Goal: Let f:[0,1] — R be a continuous function. Find the best possible
approximation of f of the form

P(t) = ao
+ aqsin(2mt)  + b cos(2rmt)
+ apsin(2r2t) + by cos(272t)

+ a,sin(2ntnt) + b, cos(2mnt)

: A
0 1 0 \/

sin(2rt) sin(2rm2t) sin(273t)

N\ / \ [\ /
T\ VAY;

cos(2st) cos(2m2t) cos(2m3t)

-y
(@)
—

—v
o
-y
o
-y

Note: Let W, be a subspace of C[0, 1] given by:
W, = Span(1, sin(2xtt), cos(2rt), .. ., sin(2mtnt), cos(2tnt))

By the Best Approximation Theorem, the best approximation of f is obtained if
we take P(t) = projy, f(t).
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The set
{1, sin(2xt), cos(27t), . . ., sin(27tnt), cos(2mnt)}

is an orthogonal basis of W,,.

Corollary

If f € C[O, 1] then

projy, f(t) = ao
+ aqsin(2mtt)  + bq cos(2rt)
+ apsin(272t) + b cos(272t)

+ a,sin(2nnt) + b, cos(2nnt)

and for kK > O:

(f,sin(2mkt)) _ ! _
(sin(2kt), sin(2mtkt)) 2/0 (t) - sin2kt)dt

_ (f,cos(2mkt)) [
= Tcos(2nkt), cos2rki))  ° /O (1) - cos(2mkt)dt

ar =
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Example. Compute proj,, f(t) for the function f(t) = t.
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Application: Polynomial approximations.

Goal: Let f:[0,1] — R be a continuous function. Find the best possible
approximation of f given by a polynomial P(t) of degree < n:

P(t)=ao+ a1t + ...+ a,t"

Note: Let P, be the subspace of C[0, 1] consisting of all polynomials of degree

< n:
P, ={ao+a1t+ ...+ a,t" | ax € R}

By the Best Approximation Theorem, the best approximation of f is obtained if
we take P(t) = projp f(?).
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Gram-Schmidt process:

a basis an orthogonal basis
{vi,..., v } G-S process {wq, ..., wi }
of WCV of W

Theorem (Gram-Schmidt Process)

Let V be a vector space with an inner product (, ), and let W be a subspace

of V. Let {vy,...,v} be a basis of W. Define vectors {wq,...,wi} as
follows:
W1 =Vq
W1,V
1 oy A
(w1, wq)
Wy = vy W) W)

(wiowr) | (wa, wa)

(w1, vg) (w2, Vi) (Wk—1, Vi)
W=V — —— W) — —— Wy — ... — Wk 1
(wq, wq) (w2, wa) (Wk—1, Wk_1)
Then the set {wy,...,wk} is an orthogonal basis of W.
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Example. Find an orthogonal basis of the subspace P, of the vector space
Clo, 1].
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Example. Compute projp, f(t) for f(t) = V1.
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MTH 309 42. Eigenvalues and eigenvectors

Recall: An n x n matrix A defines a linear transformation
T4: R" - R”
given by T4(v) = Av.

Next goal: Understand this linear transformation better.

Example.

- [31]

N Ry
N W
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Let A be an n x n matrix. If v & R"” is a non-zero vector and A is a scalar

such that
Av = Av

then we say that

e A is an eigenvalue of A

e v is an eigenvector of A corresponding to A.

Example.

13

Example.

St
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Computation of eigenvalues

Recall: /, = n x n identity matrix:

1. 0... 0
0 1... 0

I, = |
0 0 ... 1

Propostiton

If A be an n x n matrix then A € R is an eigenvalue of A if and only if the

matrix equation
(A—AlL)x=0

has a non-trivial solution.
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Propostiton

If B is an n x n matrix then equation

Bx =0

has a non-trivial solution if and only of the matrix B is not invertible.

Propostiton

If A be an n x n matrix then A € R is an eigenvalue of A if and only if

det(A — Al,) =0
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Example. Find all eigenvalues of the following matrix:

A=

_ N
N W IN
N —m —
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If Ais an n X n matrix then
P(A) = det(A — Al,)

is a polynomial of degree n. P(A) is called the characteristic polynomial
of the matrix A.

If A is a square matrix then

eigenvalues of A = roots of P(A)

Example.
2 21
A=|(1 3 1
122

An n x n matrix can have at most n distinct eigenvalues.
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Computation of eigenvectors

If A is an eigenvalue of an n x n matrix A then

eigenvectors of A | | vectors in
corresponding to A | Nul(A — Al,)
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Corollary/Definition

If Ais an n x n matrix and A is an eigenvalue of A then the set of all
eigenvectors corresponding to A is a subspace of R".

This subspace is called the eigenspace of A corresponding to A.

If A is an eigenvalue of an n x n matrix A then

eigenspace of A | B
{correspondlng to )\} = Nul(A = Al)
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Example. Consider the following matrix:

2 21
A=|1 31
12 2
Recall that eigenvalues of A are A1 = 1 and A, = 5. Compute bases of

eigenspaces of A corresponding to these eigenvalues.

Solution.

M =1
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MTH 309 43. Matrix diagonalization

Recall:

1) Let A be an n x n matrix. If v & R" is a non-zero vector and A is a scalar
such that

Av = Av
then
e A is an eigenvalue of A

e v is an eigenvector of A corresponding to A.

2) The characteristic polynomial of an n x n matrix A is the polynomial given
by the formula

P(A) = det(A — Al,)

where [, is the n x n identity matrix.

3) If A is a square matrix then

eigenvalues of A = roots of P(A)

4) If Ais an eigenvalue of an n x n matrix A then

eigenvectors of A | | vectors in
corresponding to A — | Nul(A — Al,)
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Motivating example: Fibonacci numbers

1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, ...
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Problem. Find a formula for the n-th Fibonacci number F,,.
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General Problem. If A is a square matrix how to compute AX quickly?

Easy case:

A square matrix D is diagonal matrix if all its entries outside the main
diagonal are zeros:

M 0 ...00
0 Ao ... O
25 Coor .0
0 0 ... A,

If D is a diagonal matrix as above then

A0 ... 0

0 A ... 0
Dk: 2

5 °5 0

0 0 AL

261



A square matrix A is a diagonalizable if A is of the form

A= PDP™

where D is a diagonal matrix and P is an invertible matrix.

Example.

1 1 -1 2 0 0 1 1 171"
A=11 1 1 0 -1 0 1 1 1
1 -2 0 0 0 1 1 =2

Proposition

If A is a diagonalizable matrix, A = PDP~" then

A" = PD*P~
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Example.

Let A = . Compute A'°,

_0 -
_ a0
O = =

263



Diagonalization Theorem

1) An n x n matrix A is a diagonalizable if and only if it has n linearly
independent eigenvectors vq,vy, ..., V.

2) In such case A= PDP~" where :

P = [ Vi Vo ...V, ]
A 0 0 A1 = eigenvalue corresponding to vy
D 0 A 0 A, = eigenvalue corresponding to v;
B 0
0 O An A, = eigenvalue corresponding to v,
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Example. Diagonalize the following matrix if possible:

4 0 O
A=11 3 -1
1T -1 3
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Note. Not every matrix is diagonalizable.

Example. Check if the following matrix is diagonalizable:

- [31]
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Proposition

If A'is an n x n matrix with n distinct eigenvalues then A is diagonalizable.
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Back to Fibonacci nhumbers:
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MTH 309 44. Diagonalization of symmetric matrices

Recall:

1) A square matrix A is diagonalizable if there exists an invertible matrix P and
a diagonal matrix D such that

A= PDP’

2) If A is diagonalizable then it is easy to compute powers of A:

Ak = ppFp~!

3) An n x n matrix A is a diagonalizable if and only if it has n linearly inde-

pendent eigenvectors vq, vy, ..., V,. In such case we have:
P=1lvi v Vp
A0 0 A1 = eigenvalue corresponding to v
D — 0 A ... 0 A2 = eigenvalue corresponding to v
L 0

0O 0 ... A, An = eigenvalue corresponding to v,

4) Not every square matrix is diagonalizable.
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A square matrix A is symmetric if AT = A

S~ N -
S O1 O N
o0 N O1 W
O o O B

‘ Every symmetric matrix is diagonalizable. \
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If A is a symmetric matrix and A1, A, are two different eigenvalues of A,

then eigenvectors corresponding to Ay are orthogonal to eigenvectors cor-
responding to A;.

Note. If v, w are vectors in R” then

Example.
1 4
v=|2]|,w=1]5H
3 6
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If Ais an n x n symmetric matrix then A has n orthogonal eigenvectors.

Example.
a) Find three orthogonal eigenvectors of the following symmetric matrix:

A=

_ N
R NS N
N —m =

b) Use these eigenvectors to diagonalize this matrix.
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Upshot. How to find n orthogonal eigenvectors for a symmetric n x n matrix A:

1) Find eigenvalues of A.
2) Find a basis of the eigenspace for each eigenvalue.

3) Use the Gram-Schmidt process to find an orthogonal basis of each eigenspace.
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u,,] is an orthogonal matrix if

A square matrix Q = [ u  u
{uj,uy, ..., u,} is an orthonormal set of vectors, i.e.:

1 ifi=
u;-u; =
o iy

— 0.

If Q is an orthogonal matrix then Q is invertible and Q'
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Note. If P = [v1 Vo ...V, ] is a matrix with orthogonal columns, then

\2 %) v,
Q—[nwn [T, ||vn||]

is an orthogonal matrix.

If A is a symmetric matrix then A is orthogonally diagonalizable. That is,
there exists an orthogonal matrix Q and a diagonal matrix D such that

A=QDQ"'=0QDQ'
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Example. Find an orthogonal diagonalization of the following symmetric matrix:

A=

_ N
_ N =
N —m —
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Note. We have seen that any symmetric matrix is orthogonally diagonalizable.
The converse statement is also true:

Proposition

If a matrix A is orthogonally diagonalizable then A is a symmetric matrix.
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MTH 309 45. Spectral decomposition of symmetric matrices

Recall:
1) An orthogonal matrix Q = [ up Uy ... U, ] is a square matrix such that
{uy,uy, ..., u,} is an orthonormal set of vectors, i.e.:

1 i=j
ug-u; = ey
0 i+
2) If Q is an orthogonal matrix then Q="' = Q'

3) A square matrix A is orthogonally diagonalizable if there exist an orthogonal
matrix Q and a diagonal matrix D such that

A=QDQ"=0QDQ'

4) A matrix A is orthogonally diagonalizable if and only if A is a symmetric
matrix (Le. AT = A).
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Yet another view of matrix multiplication

Note. If C is an n X 1 matrix and D is an 1 x n matrix then CD is an n X n
matrix.

Let A be an n x n matrix with columns v4,...,v,, and B be an n x n matrix
with rows wq, ..., w,:
W1
A:[v1 v,,] B=1":
Wn
Then
AB = viwq +Vvowo + ...+ v,W,

Example.

e[33] e[2]
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Let A be a symmetric matrix with orthogonal diagonalization
A= QDQ’

If

Moo 0
Q:[u1 un] and D = o0

0 ... A,

then

A= A(uul) + A(uud) + .o+ Ay (upu))

Note. The above formula is called the spectral decomposition of the matrix A.
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Example.

(331005 AL e8] 15 a]
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Spectral decomposition and linear transformations

[31-002 Al a0 ]
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MTH 309 46. Application: Symmetric image compression

e The size of this image is 1000x
1000 pixels.

e The color of each pixel is repre-

sented by an integer between 0
(black) and 255 (white).

e The whole image is described by
a (symmetric) matrix A consisting
of 1000 x 1000 = 1,000,000
numbers

e Each number is stored in 1 byte,
so the image file size is 1, 000, 000
bytes (=~ 1 MB).

How to make the image file smaller:

1) Find the spectral decomposition of the matrix A:
A= )\1(U1UA|T) + )\Q(UZUZT) + ...+ )\1000(U1000U1T()00)

where |/\1| > |/\2| > ... 2> |/\1000|.

2) For k =1,...,1000 define:
Bi = A(uqul) + Ao(uud) + ...+ Ac(ugu))

This matrix approximates the matrix A and can be stored using k - (1000 + 1)
numbers (i.e. k- (1000 + 1) bytes).

283



Eigenvalues of the matrix A

10° 10°
104 104
10° 103
;§ 102 102
10! 10!
10° 10°
1071 1071
0 100 200 300 400 529 600 700 800 900 1000

matrix B4 matrix Bs
1001 bytes 5005 bytes
compression 1000:1 compression 200:1
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matrix By matrix By
10,010 bytes 20,020 bytes
compression 100:1 compression 50:1

matrix Bsg matrix B1gg
50,050 bytes 100,100 bytes
compression 20:1 compression 10:1
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MTH 309 47. Singular Value Decomposition

Any A an m x n matrix can be written as a product

A=UzV’
where:
eU=[u ... up ]isanmx m orthogonal matrix.
e V=[vi ... v, |isannxn orthogonal matrix.

e X is an m x n matrix of the following form:

[ on O 0 7
0 0 o 0 0 0 0
o 0 0 o 0 0 0
or
8 8 %” : 0 0 0
...... 0 O O-m 0 0
0 0 0
(if n < m) (if n > m)
where 1 >0 > ... > 0.
Note.
e The numbers gy, 02, ... are called singular values of A.
e The vectors uq,...,u, are called left singular vectors of A.
e Then the vectors vq,...,v, are called right singular vectors of A.

e The formula A= ULV is called a sinqgular value decomposition (SVD) of A.

e The matrix  is uniquely determined, but U and V depend on some choices.
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Let A be a matrix with a sinqular value decomposition

A=UZVT
If
U:[u1 um] V:[v1 v,,]
and o, ..., g, are sinqular values of A then then

A= o1(uv]) + o(uvs ) + ...+ o (uv])
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Application: Image compression

e The size of this image is 800x700
pixels.

e The color of each pixel is represented
by an integer between 0 (black) and
255 (white).

e The whole image is described by
a matrix A consisting of 800 x 700
= 560, 000 numbers.

e Each number is stored in 1 byte, so
the image file size is 560,000 bytes
(=~ 0.53 MB).

How to make the image file smaller:
1) Compute SVD of the matrix A:

A=UzZV’

U:[u1 um] V:[v1 v,,]
and oy, ..., g, are sinqular values of A.
2) Replace A by the matrix
B, = 0'1(U1V1T) 4+ ...+ Gk(ukv,Z)

for some 1 < k < 700. This matrix can be stored using k - (800 + 700 + 1)
numbers.
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Singular values of the matrix A

10° 10°
104 104
103 10°
5
10? 10?2
10t \ 10!
0 100 200 300 400 500 600 700
Kk

matrix B4 matrix Bs
1501 bytes 7905 bytes
compression 374:1 compression /5:1
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matrix By matrix By
15,010 bytes 30,020 bytes
compression 37:1 compression 18:1

matrix Bsg matrix B1gg
75,050 bytes 150,100 bytes
compression 7:1 compression 4:1
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How to compute SVD of a matrix A
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How to compute SVD of a matrix A

1) Compute an orthogonal diagonalization of the symmetric n x n matrix AT A:
ATA=QDQ’

such that eigenvalues on the diagonal of the matrix D are arranged from the
largest to the smallest. We set V = Q.

2) If
A0 0
0 A 0
D= S 0
0 O A

then g; = V/A;. This gives the matrix Z.

Note: if n > m then we use only A4, ..., Am. The remaining eigenvalues
Amttr .-, An of D will be equal to O in this case.

3) Let V = [ Vi ... Vp ] and let o1, ..., 0, be non-zero singqular values of A.
The first r columns of the matrix U= [ uy ... u, | are given by

1
u, = —AVi
0;

The remaining columns u,41, ..., u, can be added arbitrarily so that U is an
orthogonal matrix (i.e.{uq,...,u,}) is an orthonormal basis of R".
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Example. Find SVD of the following matrix:

-1 0
A= 1 —1
0 1
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MTH 309 48. Application: SVD and data analysis

Recall:
Let A be a matrix with a sinqular value decomposition
A=UzV’
If
U:[u1 um] V:[v1 v,,]
and o1, ..., 0, are sinqular values of A then then

A= o1(uv]) + o(uvs )+ ...+ o.(uv])

Example: Movie ratings:

user_1
user_2
user_3
user_4
user_5
user_6

w o H~ = O O1 O

user_/
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Singular value decomposition of the matrix of movie ratings:

w o b~ = O 010l

[—0.6
—-05
—0.1
—0.1
-0.5
—0.1
-0.3

[—0.6
—0.1
—05
—0.1

—0.5

O 01O 01 01 © O
wWo h~ OO Wl

0.1
0.1
—0.6
-05
0.1
—0.6
0.1

0.1
-0.7
0.1
—-0.6
0.1

O O P~ O1OO
N O WO — 01 A~

—0.3
0.8
0.2

—0.1

—0.3

—0.1

—0.3

0.0
—0.1
—0.7

0.0

0.7

R

—0.2
0.2
—0.7
0.7
—0.1
0.0
0.0

0.7
0.3
—0.4
—-0.4
—0.4

—0.6
-0.5
—0.1
—0.1
-0.5
—0.1
-0.3

0.2
0.1
—-0.4
-0.4
—0.1
0.8
-0.3

—0.47
0.6
0.2

—0.7
0.3

0.1

0.1
—0.6
—-05

0.1
—0.6

0.1

-0
0
0
—0
0
0
0

-l

7 —02]
101
0 00
1 —02
7 —0.4
102
1 08|

13.6 0
0 11.4
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—0.6
0.1

OO OO O O«

—0.1
-0.7

coococoroO

—-05
0.1

coococ oo
—

—0.1
—0.6

coco—~ocoo

-0.5
0.1

cowoooo
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Problem. A new movie “Captive State” was rated by the seven users as follows:
4,4,0,1, 4,0, 0. What kind of movie it is?
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