Math 142V Midterm Test 2 Name: Solution Key

[10] 1. Determine whether the series is convergent or divergent. If it is conver-

gent, find its sum.

= 1
nZ:; 10n—2

Solution: This is a geometric series that can be handled in multiple different

ways; here is at least one. We can first rewrite this as
=~ 1 107 o 1"
= — = 100 — ) . 1
> 5= s = 2105 g
Now, since |1—10| < 1, thisis a geometric series. It sum is given by the

characterization theorem for geometric series Y br" = £
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[15] 2. Determine whether the series is convergent or divergent.

> ne
n=1
Solution: First, we construct the function f (z) = xe™*. We note that
f()y=ze ™ (-1)+e*=e"(1—2x), 3)

which is negative for z > 1. This shows that f is an eventually decreasing function,

and so the integral test applies. We now compute the improper integral of f:
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This is an integration by parts problem:
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As this is a convergent improper integral, the integral test indicates that > ne™" is

n=1
also | convergent |. []

[15] 3. Determine whether the series is convergent or divergent.

0 n7r
Z COS 4

n=1

Solution: The terms of this series are not all positive, but it is not an alternating
series. As the result, this is quite difficult to deal with directly. Instead, we consider

whether the series is absolutely convergent. We note that

n’ n’ n’’
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n=1

A
n
S cos(%) . ..
also convergent. Ergo, > —- is absolutely convergent, and so it is .

n=1
O

o
S E % is a convergent p-series, the comparison test indicates that Z

[15] 4. Determine whether the series is absolutely convergent, conditionally



convergent, or divergent.
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Solution: The easiest way to understand the behavior of this series is by rewrit-

n=1

ing it as
A A A
= — | —= ) 8
> -2 5(5) ()
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This is a geometric series. Since ‘ — %} > 1, the characterization theorem for geo-

metric series indicates that this series is . ]

[15] 5. Determine the radius and interval of convergence of the power series.

i": n!(3x —4)"
n=0

Solution: Like most power series, this is most easily handled using the ratio

test:
(n+1)!(3z —4)"*!
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indicates that divergence is guaranteed except when z = %, and so the radius of

This limit will be oo, unless z = in which case it is zero. Thus, the ratio test

convergence is[0]. O

[15] 6. Find a power series representation for the function and determine its

radius of convergence.
x

fla)= =
Solution: We first rewrite this function as
1
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Using the characterization theorem for geometric series, this can be written as

[eS) 1 n S
f(as)z%Z(gx) =| % g | (11

n=0

as long as ‘%x‘ < 1. This inequality can be rephrased as |x| < 5, revealing that the
radius of convergence is [5]. O

[15] 7. Find the Taylor series for f centered at the given value of a, and find the

associated radius of convergence.

FO @) =t )=
fO(z) = =3e3 (1) = =373

: 12
O (@) = 9e%  FO (1) = g (12
O (2) = —27e73  fO) (1) = —27¢73
From this we deduce the pattern
f (1) = (=3)"e 7, (13)
and so the Taylor series is
> G @ —1)"| (14)
n=0
The radius of convergence can be found using the ratio test:
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As this is less than one for every value of x, the ratio test indicates that the series

convergence at every value of x, and so the radius of convergence is [co]. []
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[10] 1. Determine whether the series is convergent or divergent. If it is conver-

gent, find its sum.
- 1
)

n=1

Solution: This is a geometric series:
(16)

Sy (Y)
n=1 (1 + %)n n=1 11

By the characterization theorem for geometric series, since ‘—?] < 1, we know that

this series is . As for its sum:
=100\ ()
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[15] 2. Determine whether the series is convergent or divergent.

1

2;nlnn

so the terms form a decreas-

fn- 1 1
Solution: We know that T D)
ing sequence. This means that the integral test can apply. We define the function

f (z) = —— and take its improper integral:
t

< 1
dzr = lim
9 xlnx t=oo Jo xlnz

dz. (18)

We use a u-substitution:
u=Inr z=2=u=1In2
(19)

du:%dx r=1t=u=Int



Int Int
lim —du = tlim Injul| = tlim In|lnt| —In(In2) =oc0.  (20)
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As the improper integral is divergent, the integral test indicates that the series is also

vergent] 0

[15] 3. Determine whether the series is convergent or divergent.
> o
n=1 2n + n5

Solution: There are two ways to do this problem: by comparing to a geometric

series, or by comparing to a p-series. In the first approach:
1 1 \"
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As 1" is a convergent geometric series, the comparison test indicates that
5 gent g p
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[15] 4. Determine whether the series is absolutely convergent, conditionally

convergent, or divergent.

Z(—l)nn?’ +1

n=1

Solution: To test for absolute convergence, we consider the series

n N n
;(_U n3+1’_;n3+1' 22)
We note that )
n3T—Li-1 < %:ﬁ 23)
Further, i # is a convergent p-series. By the comparison test, this indicates that
n=1
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[15] 5. Determine the radius and interval of convergence of the power series.

in5x+3

n=0

Solution: As is common for power series, we use the ratio test:
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bz +3] = £[pz +3]. (24)

The ratio test guarantees absolute convergence for %\59& + 3| < 1. In other words,
absolute convergence is guaranteed by the ratio test for all x satisfying !x + % ‘ < 1.
This reveals that the center of convergence is —g, and the radius of convergence is
. We now need to check the endpoints. When x = %, the series becomes:

() +3)" o
P D DE D DL (25)
n=0 n=0 n=0
which is divergent, by the test for divergence. When x = —%, the series becomes:
S rEEE 5 @)
n=0 n=
which is also divergent by the test for divergence. Thus, the interval of convergence
is[(~5,2)| O
505/ |

[15] 6. Find a power series representation for the function and determine its

radius of convergence.




Solution: We note that

r0 = (=) @

We now use the characterization theorem for geometric series to re-write this as

vy (=o)"=| ¥ (-1 (28)
n=0 n=0
as long as | — x| < 1. This indicates that = must satisfy |x| < 1 in order for the

equality to hold, so the radius of convergence is . U

[15] 7. Find the Taylor series for f centered at the given value of a, and find the

associated radius of convergence.

Solution: As always, the Taylor series centered at a is given by the definition:
X fm . . . . o
> fT,(“) (x — a)". To write this, we need information about the derivatives of f at
n=0 )

a=1:
fO (2) =22 fO 1) =1
§ (@) = ~207 O (1) = -2
@) = (Bt O 1) = @O )
fO(2) = (=2)(=3)(=4)z~° [ (1) = —(2)(3)(4)
From this we deduce the pattern
f 1) = (=1)"(n+ 1), (30)
and so the Taylor series is
P G i OUCR UM EE L SCIY




The radius of convergence can be found using the ratio test:

1)t N(r — 1) 9
lim (=1) n(n+ G )n = lim nt |z — 1| = |z —1]. (32)
n—oo | (=1)"(n+1)(x—1) n—oon + 1

The ratio test indicates absolute convergence whenever |x — 1| < 1, and so the
radius of convergence is[1]. O
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[10] 1. Determine whether the series is convergent or divergent. If it is conver-
gent, find its sum.
i (3)"
(=2

Solution: This is a geometric series:

= 3 =1/ 3\"
> o _;Z(_ﬁ) | (33)

As | — %! > 1, the characterization theorem for geometric series indicates that this

[15] 2. Determine whether the series is convergent or divergent.

(e 9]

1
annn

n=2

Solution: We know that —— > so the terms form a decreas-

1
nlnn (n+1)In(n+1)°

ing sequence. This means that the integral test can apply. We define the function

f (2) = —— and take its improper integral:

S| |
/ de = lim dz. (34)
2

rinz t—oo [, xlnx

We use a u-substitution:

u=lnxr zz=2=u=In2

35
du=1des z=t=u=Int )
Int Int
lim —du=limInfu|| =limkn|lnt{|—In(In2)=00.  (36)
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As the improper integral is divergent, the integral test indicates that the series is also
divergent] D
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[15] 3. Determine whether the series is convergent or divergent.
i coS (%
—~ 2n+1

Solution: The terms of this series are not all positive, but it is not an alternat-
ing series. For this reason, it would be easiest to determine whether the series of

absolute values is convergent:

008 () | _ N Jeos () |
Z 2n +1 _; 2 +1 37)

We note that, for any value of n, | cos ( ) | < 1. As aresult,

() 11y a

2n+1 T 2n41  2n 2
x 1 n . . . . . .
As Z (5) is a convergent geometric series, the comparison test indicates that
n=1
St cos(%) . o Os(mr)
> | —7~| 18 also convergent. We deduce that Y —7~ 1s absolutely conver-
n=1 n=1

gent, which implies that it is . 0

[15] 4. Determine whether the series is absolutely convergent, conditionally

> 1

n=1

convergent, or divergent.
2n+ 1

Solution: To test for absolute convergence, we take the series of absolute values:
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This is a convergent geometric series, andso »_ (—1)" 2
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absolutely convergent ‘
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[15] 5. Determine the radius and interval of convergence of the power series.

> (5z —1)"
Z( - )
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Solution: As usual when dealing with power series, we use the ratio test:
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The ratio test guarantees absolute convergence for ¢ |57 — 1| < 1, or in other words,
}x — ‘ < ¢. This indicates that the ratio of convergence is | £ |. We now check the
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endpoints of the interval of convergence. When x = < —

[e.o]

U=Z§=ZL “2)

which is also divergent, by the test for divergence. Thus, the interval of convergence

s[5 15) | 0

[15] 6. Find a power series representation for the function and determine its

radius of convergence.

f(x) =

Solution: We note that

o)== =1 (ﬁ) (43)
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From here, we can use the characterization theorem for geometric series to say that

Ien/ 1 \" | & .
10 =13 (-30) =| 0| @)

n=0

as long as ’ — %x| < 1, or in other words, || < 4. This reveals that the radius of

convergence is[4]. O

[15] 7. Find the Taylor series for f centered at the given value of a, and find the

associated radius of convergence.

Solution: As always, the Taylor series centered at a is given by the definition:
X () . . . . ..
> fT,(“) (x — a)". To write this, we need information about the derivatives of f at
n=0 ’
a=0:

45
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From this we deduce the pattern
F™(0) = (-1)"7", (46)
and so the Taylor series is
> S @ - 1)t (47)
n=0
The radius of convergence can be found using the ratio test:
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Since this is less than 1 for all real values of z, the ratio test indicates that the radius
of convergence is g
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