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Calculus II is organized into four parts, corresponding to four goals:
1. To provide practical strategies for solving integrals.
2. To introduce the theory of infinite series.
3. To extend calculus to curves that are not described by functions.

(4.) To apply integration strategies to problems in geometry.

In Calculus I, we explained the theory of the solutions of the tangent line prob-
lem and the area problem. These were related by the fundamental theorem of cal-

culus, which states:

Theorem 0.1 (Fundamental theorem of calculus) If f is a continuous function on

the interval [a,b|, then the following statements are true.

(i) .
— t)dt = . 1
[ rwa=s@ m

(ii) If F' is an antiderivative of f, then

/f@mxzﬂm—m@. @)

This tells us that integrals can be solved by using antiderivatives. However, find-
ing antiderivatives is much harder than finding derivatives. Therefore, the first part
of Calculus II will focus on strategies for finding antiderivatives. First, we review

what we know from Calculus 1.



Let k be a real-valued constant.

[ldz=2+C
[abde =25 +C ifk#—1
[L1dz=In|z|+C
[e*de=9"+C if k # 0

[cosxdz =sinxz+ C
[sinz dz = —cosz + C
fsec% dr =tanx + C
[secxtanz dz =secx + C
[escxcota de = —csca+ C
[ esc?x dz = —cota + C
fﬂ;ﬂ dr =tan " lx + C

fﬁ d&? = sin_lx—l—C'
fﬁ dr =sec lz + C

We also know that

/@ﬂ@dx:k/fuym

/f($)+g($) dx:/f(a:) dx+/g(a:) dx.

As for definite integrals, we also [hopefully] learned:

/jf@)d:nz—/jf(x)dz

/abf(a:) dx:/:f(x) dw+/tbf(:n) dz.

and if a <t < b, then

3)

“4)

&)

(6)

(7



5.5 The substitution rule

The last thing we [should have] learned in Calculus I was wu-substitution.

Example 5.2 Evaluate the integral.

x
d
Set
u=ax2+1
: ©)
du =2z dz
Therefore, the integral becomes
11 1 I 5
——du=Infu[+C=|5n|z* +1|+C| (10)
2u 2

0

Example 5.3 Evaluate the integral.

us

/2 e cos 7 dar (11)
0

Set
(12)

The integral becomes

=el -’ =le—1| (13)

0

1el3)
[ 5l (14)



Set
u =

The integral becomes

=e"—e=|e(e—1)|

1 1 2
/—e"du:—/ e“du:/e“du:e“
2 2 1

O
Example 5.5
|
/ nz .
z
Set
u=1Inz
du = i dz’
The integral becomes
/udu: —u?+C = %(lnx)z—l—c.
OJ
Example 5.6
/ cot x dx
Notice that
/cotxdac = / C?Sx dx.
sin x
Set
u=sinx

du = cosz dzx

The integral becomes

1
/—du:1n|u|+C: In|sinz|+ C|
u

Does u-substitution always work? Absolutely not.

4

(15)

(16)

(7)

(18)

(19)

(20)

21

(22)

(23)



Example 5.7 Consider the integrals

/ vsinz da (24)
/ rlnz dz (25)
/ z?e® dx (26)
/m do @7)
/ e’ cosx dx (28)

We need a new method to solve these integrals. []



7 Techniques of integration

7.1 Integration by parts

The product rule for derivatives is:
—uv =u— +v—. 29)

What if we took the antiderivative of both sides?

d d
U = /u—v dm—l—/v—u dz. 30)
dx dz

However, we often write g—; dx as dv, and % dx as du. Therefore, we can re-arrange

and write this as

Judv=uv— [vdu| 31)

This is called “integration by parts.” We will illustrate this method of integration

with an example.

Example 7.1 Evaluate the integral

/ rsinz dx. (32)

Integration by parts is most effective when we can write the integrand as a product
of two familiar functions, as above. Select one of these functions and name it u.

Select the other function and dx and name that dv.
u=x dv=sinzdx. (33)
Now, take the derivative of u and the antiderivative of dv.

du=dx v = —cosz. (34)



Now plug these “parts” into the integration by parts formula.

Judv=uv— [vdu

(35)
[asine de = —xcosx — [ —cosx du.
Notice that we can solve the integral on the right:
/xsinx dr = —xcosx + /cosx dr =|—zcosx +sinx + C". (36)
O
Example 7.2 Evaluate the integral
/ rlnxdzx. 37
We select
UZI?x dv::fdx (38)
du=1der wv=3a?
Now put these into the integration by parts formula:
Judv=uv— [vdu
| |21 (39)
frnzdr = a°Ine — [ 2°1 dz
We can solve the integral on the right:
1d—12l L de =|1221 Ly2+C 40
rlnzx x—gx nx—§ rdr=|jz*lnz — ;2 + ()| (40)
O
Sometimes, you need to use integration by parts more than once.
Example 7.3 Evaluate the integral
/ z?e” dx. (41)



We select
u = 2> dv = e® dx

du = 22 dzx v =e"

Now put these into the integration by parts formula:

fudv:uv—fvdu

[ 2?e” doe = 2%e* — [ 2ze” du.

/xze“ dz = 226" — 2/3361 dz.

Thus,

To solve the integral on the right, we use integration by parts yet again:

/ ze® dx

We select

du = dz v=-e

Now,

/a:ezdx:xem—/e‘”dx:xe’”—ez—i-a

We plug this result in to find

/xZez dz = 2%e” — Q/xe’” dz

(42)

(43)

(44)

(45)

(46)

(47)

=2%e" —2(ze" —e" +O) = ’xzex — 2ze” + 2¢” — 2C ‘ (48)

In finding antiderivatives, we are uninterested in the exact value of the constant C.

Therefore, whether it is C' or —2C makes no difference to us; either way, it is a

constant. We call it by the name C':

x2e® — 2ze® + 2e* + O} ‘

(49)



Sometimes, integration by parts can be weird.

Example 7.4 Evaluate the integral

/lnx dzx.

u=Ilnz dv=dz

We select

du:%dx V=21

Now put these into the integration by parts formula:

Judv=uv— [vdu
nrdr=xzlnx — [ 2L dx
il .

We can solve the integral on the right:

/lnxdx:xlnx—/ldx:’xlnx—x—l—C‘.

Example 7.5 Evaluate the integral

/ e* cosz dz.

U = COST dv =e* dx

We select

du = —sinz dz v ="

Putting this into the integration by parts formula,

Judv=uv— [vdu

fe‘”cosx dox = e‘”cosx+fe"”sinm dx

(50)

61y

(52)

(53)

(54)

(55)

(56)

We still cannot solve the integral on the right, so we try integration by parts again:

u=sinx dv =e* dx

du = cosx dzx v=e"

(57)



Now we get

/e”‘" cosx dz = e* cosx + (e"” sinx — / e’ cosx dx) (58)
Ergo,
2/excosxdx:e‘”cosx—i—ewsinm—l—C, (59)
and so
/e”” cosx dz = %e‘” (cosz +sinz) + (4 |. (60)
0J
For a definite integral, the integration by parts formula becomes
b b b
/udv—uv —/Udu. 61
Example 7.6 (Problem 7.1.26) Evaluate the integral.
2
/ 22 lnz dex (62)
1
We select
u=Inzr dv=2%dx 63)
du:%dx vzéx‘g.
Now we put these into the integration by parts formula:
f;udv:uv|Z—f;vdu 64)

2 9 1.3 2 21 31
flx Inzde =3z lnx|1— L zas dr.

10



We can solve the integral on the right:

2 2
1
——/ 2% dx
1 3 1

2 1
/ PInzxdr=-22lnzx
1 3

2 2
1 .
:—x?’lnx —1 lx?’ = §ln2—lln1 _1 _23_115
3 . 3\3 | 3 3 3\ 3 3
8 7
=-In2—-—- (65
32— (65)
OJ
Does integration by parts always work? NO.
Example 7.7
/ sin?x cos?z dx. (66)

This cannot be done by parts. [

11



7.2 Trigonometric integrals

We need some strategies for integrals involving trigonometric functions.

Example 7.8 Evaluate the integral.

/ secr dx (67)

secxttanz .
tanxz+secx”

/secx (secm+tanx) dp — / sec2xr 4+ secx tanx . 68)

tanx + secx tanx + secx

In order to do this, we first multiply by

Now we use u-substitution:

u =tanx + secx

) 69
du = sec’z + secx tanx 69)
The integral now becomes
1
/—du—ln|u!+C—ln‘secx—i—tanx‘jLC. (70)
u
OJ
How should we integrate
/sinmx cos"x dx (71)

where m and n are non-negative integers? It depends on which of m and n are even,

and which are odd.

Strategy Consider the integral above. We have three cases to consider.
Case 1: n is odd. In that case, n = 2k + 1 for some integer k. Therefore, we
have
/sinmx cos®tly dx = /sinmx (coszx)k cosx dx. (72)

12



At this point, we can use the trigonometric identity sin?z + cos?z = 1. This identity

implies that cos?z = 1 — sin?z. Therefore,
/ sinmx(l — sinzzv)k cosx dz. (73)

At this point, we can use u-substitution.
Case 2: n is even, and m is odd. In that case, m = 2[ + 1 for some integer .

Therefore, we have
/ sin?*lz cos™x da = / (sinza:)lcos"x sinx dx. (74)
Again, we can use cos’z + sin’z = 1, so we get
/ (1 — COSQx)lcos"m sinz dx. (75)

At this point, we can use u-substitution.
Case 3: m and n are both even. In this case, m = 2] and n = 2k for some

integers k and [. Therefore, we have

: l k
/ (s1n2x) (COSQJC) dz. (76)
We need to use the trigonometric identities

sin’z =

(1 — cos (2x))
(14 cos (2x)). (77)

sinz cosz = 3 sin (2)

N = NI

cos’y =
Distribute, and reduce further if necessary.

Example 7.9 Evaluate the integral

/ sin‘x cos®z dx. (78)

13



This is Case 1. Therefore, we separate one factor of cosine:
/SiH4ZE cos’z cosz dx (79)
Now we use the identity sin’z + cos’z = 1:
/sin4a: (1 — sin2ac)2 cosz dz. (80)

We now use u-substitution:
u=sing

81
du = cosx dz, (81)
so this becomes
/u4(1 —?)” du. (82)
We distribute:
/u4 (1 —2u® + u4) du = /u4 —2u® + ® du, (83)
and take the antiderivative:
1 2 1
5u5 — ?u7 + §u9 +C. (84)
In terms of x, this becomes:
tsin’z — 2sin’x 4 gsin’z + C'| (85)
O
Example 7.10 (Problem 7.2.2) Evaluate the integral.
/Sin30 cos6 de. (86)

14



This is Case 2. Now we can separate one factor of sine:
/sin29 cos?d sin 6 d. (87)

We apply the trigonometric identity sin’6 + cos?0 = 1 to get

/ (1 — (:0529) cos*0 sin 6 do. (88)
Now we use u-substitution.
u = cosf
. ) (89)
du = —sin6 df
so this becomes
2\, 4 6 4 17 14
— (1—u)u du= [ v’ —u du:?u—gu + C. (90)
In terms of x, this is
cos™0 — tcos" + C'|. 91
O
Example 7.11 (Problem 7.2.10) Evaluate the integral.
/ sin?t cos*t dt 92)
0

This is Case 3. We notice that cost has a larger power, so we will begin by separat-

ing those extra factors from the rest of the integrand:
/ (sint cost)’cos?t dt. (93)
0
We use the fact that sint cost = % sin (2t) and cos*t = % (1 + cos (2t)).

2 — 2

/0 ’ (% sin (2t)> 2% (1+ cos (2t)) dt. (94)

15



We distribute: v
3 / sin? (2t) + sin” (2t) cos (2t) dt. (95)
0

We can now separate the integral into two terms:
]_ g .2 ]- T « 2
— [ sin®(2t) dt+ = [ sin®(2t)cos(2t) dt. (96)
8 Jo 8 Jo

For the left integral, we will use the trigonometric identity sin®0 = £ (1 — cos (26)):

l/7T 1 (1 —cos (4t)) dt + 1 /7r sin? (2t) cos (2t) dt 7
8Jo 2 8 Jo

The right integral can be done by u-substitution:

u = sin (2t)
; (98)
du = 2 cos (2t) dt
giving us
L[ (4t) dt + L[ 2d (99)
— — cos — [ u du
16 J, 16 J,
Any definite integral with equal bounds is zero, so this becomes
1 7T
— [ 1—cos(4t) dt (100)
16 J,
Taking the antiderivative, we get
1 1. " —
T <t — 3 sin (4t)) 0 =17 (101)
OJ
How should we integrate
/tanm:c sec"x dux, (102)

where m and n are non-negative integers? This also depends on which of m and n

16



are even, and which are odd.

Strategy Consider the integral above. We have two important cases to consider.
Case 1: n is even. In that case, n = 2k for some integer k. Therefore, we have

/tanmx sec?*r dr = /tanmx (sech) " sece dz (103)

Now we can use the trigonometric identity tan®z + 1 = sec?z. This now becomes

/tanmx (tanQ:r; + 1)k_lse(:2:c dz. (104)

At this point, we can use u-substitution.
Case 2: m is odd, and n > 1. In that case, m = 2l + 1 for some integer /.

Therefore, we have

/ (taan)l sec" lz sec xtan x dz. (105)
Again, we use the trigonometric identity tan®z + 1 = sec?z. This becomes
/ (sech — 1)lsec”’1x secxtanx dx. (106)
Now we can use u-substitution.
Example 7.12 (Problem 7.2.22) Evaluate the integral
/tan29 sectd d6 (107)
This is Case 1. We can write this as
/tan29 sec?d sec?d dé. (108)

17



Using the identity tan®f + 1 = sec?0, this becomes
/tan20 (tan29 + 1) sec?0 do. (109)

We now proceed by u-substitution:

u = tan fdu = sec?d dé, (110)
which gives
2(, 2 4 2 L5, 14
u(u +1) du= [ u +u du:gu +§u + C, (111)
which, in terms of x, is
ttan’f + 1tan®0 4 C | (112)

O

Example 7.13 (Problem 7.2.28) Evaluate the integral
/tan% sec’z dx (113)
This is Case 2. We can write this as
/ (taan) *secz sec x tan z da (114)
We use the identity tan’x + 1 = sec?x to get
/ (secQ:L' — 1)28602513 sec x tan x dzx. (115)

Now we use u-substitution:

U = Sec T
, (116)
du =secxtanz dx

18



to get

/(u2—1)2u2 du:/(u4—2u2+1) u? du:/u6—2u4—|—u2 du. (117)

Taking the antiderivative,

1 2 1
?u7— gu5+§u3+C’. (118)
In terms of x, this becomes
%sec% — ésec% + %se(}?’x +C| (119)

Integrals that fall into neither case will require creativity to solve.

Example 7.14 Find

/ sec’z dz. (120)
This falls into neither case. In order to do this, we need to use integration by parts:
u = secw dv = sec’z dx
: (121)
du = secztanx dx v=tanz
The integral becomes
/sec% dz = secxrtanx — /taan secx dzx. (122)

We apply the trigonometric identity tan?z + 1 = sec?x:

/sec3x dxr =secxtanz — / (seczx — 1) secx dx

=secrtanx — /SGCSZE —secx dx

=secxtanx — /sec3:1: dr + /seca: dz. (123)

19



Now we add f sec3x dx to both sides:

2/sech dx:secxtanx—i—/secx dzx.

(124)

As done in a previous example, f sec z dr = In | sec z+tan z|+CY, so this becomes

/ secdy dr =

1

2

secztanz + 1 In|secx + tanz| + Cs |,

20

(125)



7.3 Trigonometric substitution

When an integral involves one of the following expressions:

x? —a?
x2—|—a2
a? — x?

(126)

(where a is any nonzero real valued constant), we can use the following strategy to

find the integral: substitute x = f (), where f is some trigonometric function.

x? —a? r=asecffor0<0<Z
2’ +a® x=atanffor — 5 <0<

a* —x* x=asinffor -5 <0<

[SIERCTH

The strategy is best illustrated by some examples.

Example 7.15 (Problem 7.3.8) Evaluate the integral

dx
22y/22 — 16

This involves the form x* — a2, so we substitute:

x = 4sech
dxr = 4secOtanf db,

where 0 < 0 < 5. The integral now becomes

/ 4 sec 6 tan 0 40 — 4dsecftan 6
16sec?0y/16secd — 16 J 16sec20/16 (sec20 — 1)

We use the identity sec?0 — 1 = tan20:

4 ftan6 4 ftand
/ sec d tan sec d tan a0

df =
16 sec20v/16 tan26 16 sec?0 4 tan 0

:/ 1 do ! cos@d0:1—16s1n9+0.

16 secf - 16

21

127)

(128)

(129)

(130)

(131)



Now we must put this answer back in terms of x. By definition, we know that

x = 4secl. Therefore, cos = %. We construct a right triangle to illustrate this

fact.

V2 — 16

4

This triangle gives us that sin § = —@

. Therefore, our answer is

L Ve?o16 o, (132)

16 T

O
Example 7.16 Evaluate the integral.
/\/4—x2 dx (133)

This involves the form a® — x2, so we make the substitution:

r =2sin6

) (134)
dx = 2cos6 df

where —% < g < 5. The integral now becomes

/\/4—(28in9)220080d0:/\/4—4Sin262C089d9
:/\/4(1—sin29)260s9 dg. (135)

22



We use the identity 1 — sin®f = cos?0 to write this as
/\/400529 2cosf df = /20089 2cosf df =4 / cos?6 dé. (136)

In order to integrate this, we use the identity cos’0 = £ (1 + cos (26)):
1
4/5(14—605(29)) 49 — 2/1+cos(29) a0
1
=9 (9 + 5 sin (29)) +C =20 +sin(20) + C. (137)

Again, we must write this in terms of x. By definition, we know that x = 2sin 6.

Therefore, sin 0 = 5. We construct a right triangle to illustrate this fact.

V4 — 12

At first, this doesn’t seem to help us with sin (20). However, we can use the trigono-

metric identity sin (20) = 2sin 6 cos 6, so that now our antiderivative is

20 + 2sinf cosf + C. (138)

Now, from our triangle, we know that sinf = £ and cosf = ¥ 4—2® At the same

2 2
time, if sinf) = % and —5 < 0 < 5, then 0 = sin~! (2) Therefore, our final

2
answer is

2sin! (%) + Y452 + O, (139)

23



Example 7.17 Evaluate the integral.

1
—dx 140
/ Va2 +9 (140)
We recognize the form x> + a* and make the substitution:
= 3tand
v e (141)

dz = 3sec?0 Ao’

where —5 < 0 < 7. The integral now becomes

3 sec?d 3 sec?f 3 sec?0
4o = / 4o = . (142)
/ / 3tan9 +9 v9tan20 + 9 £/ 9 tan29 +1

We use the identity tan0 + 1 = sec?0 to write this as

3 sec?0 3 sec?f

V9 sec2 3 secl

We know from a previous example how to integrate sec 0:

/secﬁ secO + tan de—/seCZQquecé’tanQde' (144)
tan + sec6 tan @ + sec

df = /Sec9 de. (143)

We can now use u-substitution:

u = tan @ + secd

, (145)
du = sec?d + secOtand

to get
1
/—du:ln|u|+C’zln‘tan0+secc9’—I—C. (146)
u

Again, we need to write this in terms of x. By definition, + = 3tan6, so we can

draw a right triangle to illustrate this fact:

24



3

The diagram indicates that sec § = x;+9, so our final answer becomes
In|Z + —I§+9 +C

O

Example 7.18 (Problem 7.3.14) Evaluate the integral

! 1
/ _ !
0 (36‘2 + 1)

We recognize the form x> + a* and make the substitution:

x = tand
dz = sec?d db,

where —5 < 0 < 7. The integral now becomes

s 2
/4 sec-f _a.
o (tan%0 +1)

(147)

(148)

(149)

(150)

(We have changed the bounds by recognizing that v = 0 exactly when 6 = 0 and

x = 1 exactly when 0 = 7..) We use the identity tan?0 + 1 = sec®0 to write this as

T osec? i :
/ &%dez/ L dez/ cos® df.
0 (Sec20) 0 Sec 9 0

25

(151)



In order to integrate this, we use the identity cos’0 = £ (1 + cos (26)):

4

/OZ % (1 + cos (20)) df = % (9 + %Sin (29)) 0

_ % (E+%sm (2%)) - % (0+ %sin(O))

4

T 1 T 1

)= 4o =2 (152
(4+2) 8+4 8 (152)

DO | —

(For this definite integral, no triangle diagram is needed, because we have changed

the bounds.) [

26



7.4 Integration of rational functions by partial fractions

In this section, we’ll discuss integration of rational functions.

Definition 7.19 A polynomial is a function f (z) = c,@™+cp_12" ' +...+ 1240y,

where ¢, C,_1, ..., c1 and cq are real numbers.

Definition 7.20 Given a nonzero polynomial
f (@) =cpa" + a2+ ez + o

with ¢, # 0, the degree of [ is the value n.

Definition 7.21 A rational function is a ratio %, where P and () are polynomials.

Any rational function can be written as a sum of a polynomial and a rational

function whose numerator has a smaller degree than its denominator. For example:

?+r+1 z(x+1)+1 1
= =+ .
r+1 r+1 r+1

(153)

Given a rational function f (x) whose numerator has a smaller degree than its
denominator, there is a method of integrating f by factoring the denominator and
then writing the function as a sum of fractions. This method is called “integration
by partial fraction decomposition.” It has three cases:

Case 1: the denominator ()(x) is a product of distinct linear factors.

Case 2: the denominator ()(x) has repeated linear factors.

Case 3: the denominator ()(x) contains an irreducible quadratic factor.

We’ll go through each of these cases individually.

Case 1: the denominator ()(x) is a product of distinct linear factors.

In this case, we can write

Q(z) = (a1 + by) (agz + be) ... (axz + by) (154)

27



for some appropriate constants ay, as, ..., ax and by, b, ..., bi. In this case, we can
find constants A, A, ..., Ay such that

P A A A
(0) A A A (155)
Q(SL’) a1 xr + bl Aok + bg apx + bk
This will make the function easier to integrate.
Example 7.22 Evaluate the integral.
r+1
—d 156
/ x?2+x—2 o (156)

First, we can factor the denominator as v* + x — 2 = (x — 1) (x + 2). This is a
product of distinct linear factors, so we are working in Case 1.

We can find constants A and B such that

(x—ai)jL(;—i—Q):xill—Ffo' (157)
We proceed by multiplying both sides by the denominator on the left to get:
r+1=Ax+2)+B(z-1). (158)
Now we distribute, and combine like terms in powers of x to get:
lxr+1=Ar+2A+Bx—B=(A+B)z+ (24— B). (159)

We can now equate the corresponding coefficients of the polynomials on the left and

right sides of this equation to get a system of equations:

1=A+1B

. 160
1=2A-B (160)

There are many ways to solve this system of equations. My favorite is to add the

two equations together to cancel the B terms: 2 = 3A. This gives A = % and so
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B = % Our equation now becomes

r+1 % %
= . 161
(x —1)(z+2) x—1+x—|—2 (161)
This we can now integrate:
1 2 1
/de:/L—l— 3 dx
?2+x—2 r—1 x+2
2 1 1 1
:—/ dx+—/ dx
3) z—1 3) z+2
=Zlnjz—1|+iln|z+2|+C| (162)

Case 2: the denominator Q)() has repeated linear factors. In this case, the factor

(a; + xb;)" occurs in the factorization of (). This results in additional terms in

the partial fraction decomposition:

Ay N
(a; + zzzbi)1 (a; + zzzbi)2

A, A
[P 1
Tt ab) (163)

We illustrate with an example.

Example 7.23 Evaluate the integral.

4x
/ CEDICE) (1o

We can write the denominator as (x + 1) (x — 1)°. This has a repeated linear factor

of x — 1, so this is Case 2.
We seek constants A, B and C' such that
A B C
(165)

4x n
(z—1)%

= +
(z+1)(x—1)7° z4+1 =z-1

In order to find these constants, we multiply each side of the equation by the de-
nominator on the left:
4r=Alx—1°+B@x+1)(z—1)+C(z+1). (166)
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We distribute:
Ao = Az? —2Ax+ A+ B2 — B+ Cz +C, (167)
and we combine like terms in powers of x:
02 +4x+0=(A+B)2*+(C—-24)z+ (A—B+C). (168)

Now we can equate the corresponding coefficients of these polynomials to obtain a

system of three equations:

0=A+10B
4=C-24A . (169)
0=A-B+C

The first equation tells us that — B = A, and so by the third equation, 0 = 2A + C,
hence C' = —2A. By the second equation, we deduce that —4A = 4, and so
A = —1. This implies that B = 1 and C = 2. Thus, we have

4 -1 . 1 . 2
(z+1)(z—1)° 2+1 z-1 (z—1)*

(170)

This is a function that we can integrate:

/ il dx—/ -1 + L + 2 dx
N TR A A e S PR

1 1 1
:—/ dx+/ dx+2/—2dx
41 z—1 (x —1)

:—1n\x+1\+1n|x—1|+2/u2du, (171)

where in the last term we have used the u-substitution

u=x—1

. 172
du =dz (172)
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Our antiderivative now becomes

—Injz+1+hjz—1]-2u"'+C= ||| - 2 +C| (173)

Case 3 The denominator ()(x) contains an irreducible quadratic factor. In this

case, azx’+br+c will appear in the factorization of Q(x). This factor will contribute

a term of the form

Ar + B

T 174

ax? + bx + ¢ (174)
We illustrate with an example.
Example 7.24 Evaluate the integral.

202 —x +4

— dux. 175

/ 3+ 4x . (175)

We factor the denominator into x (x* + 4). This cannot be factored further (over
the real numbers), so this is Case 3.

We seek constants A, B and C' such that

2x2—x+4_é Bz +C

— = —_— 176
x (2?2 +4) 91:+ 2?2 +4 (176)

To find these constants, we’ll use the same procedure we used before: multiply by

the denominator on the left:
20" —x+4=A (2> +4) + (Bx + C)z, (177)

distribute:
202 —x +4 = Ax® + 4A + Ba* + Cr, (178)

then combine like terms in powers of x:

20 —x+4 = (A+ B)2* + Cx + 4A. (179)
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Equating coefficients of these polynomials, we receive a system of three equations:

2=A+B
-1=C . (180)
4=4A

This tells us that A =1, C = —1, and B = 1. Thus, we have

222 —x+4 1 wx-1
—_— = —— 181
x (22 +4) :1:+:v2—|—4 (181)

This is a function that we can integrate:

2% —x + 4 1 rz—1 1 z—1
/ 3+ 4dx o /x+x2+4 o /x x+/x2+4 o
1 T 1
= [ =d dx — d 182
/m x+/x2+4 . /:v2—|—4 v (182)

The first term is just In |z|. The second term can be done by a u-susbstitution with

w = 2% + 4. The third term can be done by trigonometric substitution, or it can be

rewritten as follows:
1 1 /1 1 1
/—dx+—/—du——/2—dx (183)
x 2) u 4 () +1

Now we get

1 1 1
ln|x|+—ln|x2+4|——/2—dx (184)
: ACES

By doing another u-substitution with v = %, this becomes

1 1 1
1 “In|z® + 4| - = 1
n|x|+2n|$+ | 2/u2+1dx (185)

But this is familiar to us:

In|z| + LIn|z? + 4] — Ltan™! (£) + C'|. (186)
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Example 7.25 (Problem 7.4.12) Evaluate the integral.

Yoz —4
[t (157

We factor the denominator as (x — 2) (x — 3), which reveals that we are dealing
with Case 1: distinct linear factors. Thus,
x—4 A B

(x—2)(:c—3):x—2+x—3’ (188)

We multiply both sides by the denominator on the left to get
r—4=A(x—-3)+ B(z—2). (189)
Combining like terms in powers of x:
r—4=(A+B)x+ (—-3A—-2B). (190)

Equating corresponding coefficients:

A+B=1
. (191)
—3A—-2B=-4
We add twice the first equation to the second equation to get —A = —2. Thus,
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A =2, and so B = —1, by the first equation. Thus,

! —4 o2 1
[t [ 2
0 T* =546 0o T—2 x—3
1

=2In|z —2| —In|z — 3]
0

=2n[1-2/-Inj1-3))—2In|0—-2|—1In|0—3|)
=2Inl1—-In2—-2In2+n3=-3mn2+1n3

1
:1n2_3—|—ln3:ln§+ln3: In 2|

O

Example 7.26 (Problem 7.4.20) Evaluate the integral.

/ z(3 — 5x) .
3z — 1)(z — 1)°

(192)

(193)

This is Case 2, since x — 1 is a repeated linear factor of the denominator. Therefore,

we can write this integrand as

—52°+3x A N B N C
Br—1)(z—-1)7 3z—-1 z-1 (z-1)>°

We multiply by the denominator on the left to get:
5224+ 3x=Ax-1)+BBz—-1)(z—1)+C3z—1).
We distribute:
—52 +3r=A (2> -2z +1)+ B (32 —4z+1) +C 3z — 1).
Combining like terms in powers of x:

522 4+ 3r = (A+3B)2* + (—2A - 4B +3C)x + (A+ B - C).
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Equating corresponding coefficients gives the system of equations

A+3B=-5
—2A —4B +3C = 3. (198)
A+B-C=0
Multiply the last equation by 3:
A+3B=-5
—2A—-4B+3C =3 (199)

3A+3B-3C=0

Now add the second and third equations to get A — B = 3. Therefore, A =3 + B,
and so the first equation becomes 3 + B + 3B = —5, hence B = —2. This tells
us that A = 3+ B = 3+ (—2) = 1. Finally, the equation A+ B — C = 0 now
becomes C = A+ B =1+ (—2) = —1. We deduce

/ (3 — 5z) de:/ 121 e
Bz —1)(x —1) 3r—1 -1 (z—-1)
1 1 _
:/Sx_ldx—Q/x_ldx—/(x—l) >dz. (200)

We can do each of these three integrals separately. The first integral can be done

by u-substitution with u = 3x — 1. The second can be done by u-substitution with
u = x — 1. The third can be done by u-substitution with uw = x — 1. In the end, we

get

3—5
/(3 il - f">1)2 de=[Tnf3e — 1| 2lnje— 1]+ L 1 Cl o1
xr — xr —

O

Example 7.27 (Problem 7.4.28) Evaluate the integral.

% + 62 — 2
T2y 202
/ xt + 622 o (202)
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We factor the denominator as x* (x* + 6). This is a hybrid of Cases 2 and 3; we
have both a repeated linear factor of x and an irreducible quadratic factor of x> +6.
Thus, we use both guidelines.

We seek constants A, B, C and D such that

x3—|—6x—2_A B Cz+ D

—_— = —_—. 203
z? (2% + 6) z @ 22 +6 (203)

As before, we multiply by the denominator on the left:
2’ + 61 —2= Az (2> +6) + B (2> +6) + (Cz + D) 2°. (204)

Now we distribute and combine like terms in powers of x:
22 +02% + 62 —2=(A+C)2* + (B+ D)a* + (6A)x + (6B). (205)

We equate corresponding coefficients of these two polynomials to get a system of

four equations:

A+C=1
BiD=0

+ . (206)
6A =6

68 = 2

We immediately deduce from the third equation that A = 1 and from the fourth

equation that B = —%. The first equation now implies that C' = 0. The second

equation implies that D = % Thus,

?+6r—-2 1 -5  Oz+3
LY

S — . 207
22 (2% + 6) x+x 2?2 +6 207
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This is a function that we can integrate:

/x3+6a:—2d /1 1 N 1 q
_— Tr = _— — _— €T
x* + 622 xr 3z2  3(22+46)

1 1 1 1
— Zde—= [z 2du+- d
/x"” 3/:[; $+3/x2+6x

NG

=In|z| + & + Ltan ™! (i> +C|

O

Example 7.28 Evaluate the integral.

dx

/:1:5+7x3+63:—2
x* + 622

(208)

(209)

The degree of the numerator is not less than the degree of the denominator, so we

cannot use partial fractions immediately. First, we need to write this as a polyno-

mial plus a rational function with a numerator of smaller degree than the denomi-

nator. We do this by polynomial division.

€

334+6:132)w5+0x4+7x3+0x2+6x—2
— (:1:5+0x4+6x3) \l/

2° 4 02° + 61 — 2

This shows that

x5+7x3+6x—2:x(x4+6x2)+(:c3+6:c—2).
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Therefore, our integral becomes

/x(x4+61’2)+(x3+6:n—2 / x+6x—2
dx
x4 + 622 ot 4622
x+6x—2 x° + 6x — 2
d ———dz. (211
/3j :c—i—/ x4 + 622 2 /J;4+62 z. (1D

The previous example now indicates that our answer is

6

Lo £ In 2| + & + Ytan™! <f> e 212)
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7.5 Strategy for integration (?)

Sometimes, more than one method for finding antiderivatives must be used to

solve a problem. Especially, sometimes a clever u-substitution will reveal a separate

method for evaluating an integral.

Example 7.29 Evaluate the integral.

/ e +Z; +2 dz 13
We begin with a u-substitution:
w=c (214)
du = e* dx
The integral now becomes
/md“: / (u—l—l)l(u—i—Q) du (21)
We can now use partial fraction decomposition:
(u+1)1(u+2):u;4—1+uf2' (216)
Multiplying both sides by the denominator on the left gives:
1=Au+2)+Bu+1)=(A+ B)u+ (2A+ B). (217)
Equating coefficients of u on the left and right gives the system of equations
A+B=02A+B=1 (218)
From the first equation, we gather that B = — A, so the second equation reads
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24— A =1 hence A=1,andso B = —1:

1 1 1
/—du:/ du—/ du
u?2 + 3u + 2 u+1 u—+ 2

1
—Ifut1]—Infut2/+C=1In| " ’+C: In
u+ 2

e’+1
er+2

+C (219

O

Example 7.30 Evaluate the integral.
/ sin V2t dt (220)

We begin with a u-substitution:

u=/2t

_ 1 ’
du—\/—2—tdt

221)

From this, we deduce that u du = /2t du = dt. Therefore, the integral becomes

/ wsinu du. (222)

From here we can use integration by parts.

u; =u dv; =sinu du

. (223)
du; =du vy = —cosu
Now,
ful d’Ul = U1V — f’Ul du1 (224)
fusinu du = —ucosu + fcosu du = —ucosu +sinu + C.

This becomes

/sin@dt:sinu—ucosu: sin /2t — /2t cos V2t + C'|. (225)
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Example 7.31 (Problem 7.5.10) Evaluate the integral.

oS (l)
- da (226)
x
We begin with a u-substitution:
W=y (227)
du = —x—12 dz
Now I—lg dx = —% du = —u du, so the integral becomes
— / u cosu du. (228)
We can now use integration by parts:
up=u dv; = co.su du‘ (229)
du; = du v; = sinu
The integral now becomes
—/ucosu du = —usinu + /sinu du = —usinu — cosu + C (230)
This gives us
1
COs | = sin( £
/#dx: —¥—cos(§)+c. (231)
x
O
Example 7.32 (Problem 7.5.42) Evaluate the integral.
1
< (232)

tan™
/ 2dx
T
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We begin with integration by parts:

u=tan"tx dv= :712 dx

233
du = I%H dz  v=-2 (233
The integral becomes
/tan_lx d tan~lw +/ 1 d (234)
xr = — xT.
x? x x (2?2 +1)
We can now proceed by partial fraction decomposition:
1 A Bzx+C
—_— =t —. 235
z(z?2+1) m+a:2—|—1 (235)
Multiplying both sides by the denominator on the left, we get:
1=A(@*+1)+Bz+C)z=(A+B)z*+ Cr + A. (236)

Equating coefficients in powers of x, we get the following system of equations:

A+B=0
c=0 . (237)
A=1

From this, it’s clearthat A=1, B= —1and C =0, so

1 1 1
/—dx:/—— ’ dr =Injz| — =Inj2* + 1|+ C
x( ) 2

2 +1 r x2+1
x

=ln|——|+C (238
\/:E2+1‘ (238)

Thus, .

tan™ x tan—lz x
/ o dr = —T+1n‘W el (239)
O

Moral of the story: antiderivatives are harder than derivatives.
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7.8 Improper integrals

Definite integrals find the signed area between a curve and the x-axis. (By
“signed area,” we mean that the definite integral could be negative, if the curve dips
below the x-axis.) Usually, this is the signed area of a bounded region. However,
sometimes, it is possible to find a finite signed area of an unbounded region, using
limits. Integrals over unbounded regions are called improper integrals.

There are two types of improper integrals: integrals over infinite intervals, and
integrals of functions with vertical asymptotes in a finite interval. We’ll discuss

integrals over infinite intervals first.
Definition 7.33 Let [ be a function, and let a be a real value.

(i) The improper integral [ f(x) dx is defined as the limit

t—o00

[ @ ar=pm [ 1) (240)

(ii) The improper integral f_aoo f(x) dx is defined as the limit

/a f(z)dz = lim af(x) dx. (241)

§——00 s

(iii) We say that an improper integral is convergent if the limit has a real value, and
divergent if it does not have a real value.
() If [ f(z) dz and [*_ f(x) da are convergent, then we define

/_Zf(x) dw:/_;f(x) dx+/aoof(x) dz. (242)

Example 7.34 (Problem 7.8.8) Evaluate the improper integral.

& 1
/ — dx (243)
1 (21’ —+ 1)
We write this as .
lim [ (2z+1)"%dz, (244)
t—o0 1
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and use u-substitution:

u=2r+1
du=2dx
The integral now becomes
2t+1 1 2t+1
lim —u 3 du = lim —=u"?
t—o0 3 t—o0 4 3

1 /1 1 1/1
=lm-—(5—-———5|=5|z-0]) =5
t—oo 4 \ 32 (2t +1) 4\9

O
Example 7.35 (Problem 7.8.6) Evaluate the improper integral.

& 1
— dux.
/0 Vi+zx

We write this as .

lim [ (1 —|—x)_% dz.

t—o00 0
We use u-substitution:
u=x+1
du = dzx
so this integral becomes
t+1 4 t+1 4
. _1 . 3 . 3 3
lim u 4 du = lim —u4 :hm—<(t+1)4—14):oo.
t—00 1 t—o00 1 t—o00 3

Thus, the integral is divergent. []

Example 7.36 (Problem 7.8.16) Evaluate the improper integral.
/ sin @ e«>? do
0

We write this as .

lim sin 6 e<? de.
t—o0 0
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We now use u-substitution:

= 0
U = CoS ‘ (253)
du = —sin6 df
The integral now becomes
cost cost
lim —e" du = lim —e* = lim e! — ¢, (254)
t—o0 1 t—o00 1 t—o00

However, as t — oo, cost oscillates between —1 and 1. Therefore, ¢! oscillates

between e~* and €. The limit has no real value, so the integral is divergent. []

Example 7.37 (Problem 7.8.12) Evaluate the improper integral.

/ y® — 3y? dy. (255)
We first write this as
o] 0 o]
/ Yy’ =3y’ dy = / y’ —3y* dy + / y’ —3y* dy. (256)
—00 —00 0

(The number 0 was chosen arbitrarily; if this integral exists, then any number can
be used.) We consider first

0 0
/ y® — 3y dy = lim / y® — 3y* dy
— 50 S§——00 s

TR SR 1

and so the integral is divergent. [

Example 7.38 (Problem 7.8.22) Evaluate the improper integral

%
/ L (258)
1 xr
We first write this as
t
1
lim [ g (259)



We use integration by parts:

* 260
du = % de v= —% (260)
The integral now becomes
t t t t
lim 1n_2x dz = lim (_ln_m / — dx) = lim (_ln_x - 1)
t—00 1 T t—00 €T 1 1 T t—o0 X X 1
Int 1 Inl 1 Int 1
= lim e T (e :hm—i———i—l 261)
t—o0 t t 1 1 t—oo ¢ t

Now, by L’Hopital’s rule,

1 1
lim [ — dz = lim —t - 1=[1] (262)

t—o0 1 {L‘2 t—o0

O

Example 7.39 For what real values of p, if any, does the improper integral | loo xi dx

P

converge?
In order to answer this, we write the improper integral by its definition:
t1
lim — dz. (263)

t—oo fi P

If p = 1, then this becomes

t

=limlnt—Inl=—o0. (264)

1 t—o0

t

lim —dr=IlimInxz
t—oo 1 X t—o0

Therefore, if p = 1, then the integral is divergent.

If p # 1, then we can use the power rule for antiderivatives:

Y A oot
lim P dr = lim
t—o0 1 t—oo ] — D

IR S
= = fm (1) (265)

1

From here, there are two possibilities. If 1 — p > 0, then tlim t'=P = oo, and so
—00
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if p < 1, then the integral is divergent. On the other hand, if 1 — p < 0, then this
1 1 1 1
—lm|—-1)]=——(0—-1) = —. (266)
1 —ptooo \ P71 1—p p—1

This shows that the integral is convergent if and only if p > 1, in which case the

becomes

integral converges to the real value ——. 0]
p—1

Our final comments about integrals of functions over infinite intervals concerns
situations in which is it inconvenient or impossible to actually find the antiderivative

of the function. In these cases, we can use the following “comparison tests.”

Theorem 7.40 (The comparison tests for improper integrals) Let a be a real-valued
constant, and let f be a continuous function such that for all real numbers r > a,
f(x) >0

(i) Suppose that for all x > a, f (z) < g(z). If [° g (x) da is convergent, then
[ f (z) du is also convergent.

(ii) Suppose that for all x > a, 0 < g (x) < f (). IffaOO g (x) dx is divergent, then
[ f () da is also divergent.

Example 7.41 (Problem 7.8.52) Use the comparison theorem to determine whether

the integral is convergent or divergent.

/ S P (267)
0 2 + e*

tan~lx
2+4e*

following fact: since tan™'z < 5 for every real value of x,

Finding the antiderivative o would be impractical. Instead, we can use the

tan" 'z 5
2+e* 2+ e”

<2, (268)
eI
Now,

o) t
™ _ ™ .. _ ™ .. _
—e*dr=—lim e ?dr=—=1lim —e *
0 2 t—o0 0 2t—>oo
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Thus, fooo se % dx is convergent. Therefore, the comparison test for improper in-

tegrals indicates that fooo

tan"lz
2+e®

does not tell us which real value this improper integral converges to, though.) [

dx must also be convergent. (The comparison test

Example 7.42 (Problem 7.8.50) Use the comparison theorem to determine whether

the integral is convergent or divergent.

® 1 + sin’x

Again, finding the antiderivative of 1“% would be impractical. Instead, we can

use the following fact: for every real value x, sin’x > 0. Therefore,

1+ sin’z 1
et S 271
NN 71

However, by Example 7.39, floo - dx diverges. The comparison theorem now
x2

. . in2 .
indicates that | 100 1“% dx must also diverge. [J

Now for the second type of improper integral: integrals of functions with verti-

cal asymptotes over a finite interval.

Definition 7.43 Let a and b be real values such that a < b, and let | be a function.
(i) If [ is defined and continuous on the interval [a, ), and has a vertical asymptote

at x = b, then we define the improper integral

b ¢
/ f(z)de = thl;,ﬂ— f(z) da. (272)

(ii) If f is defined and continuous on the interval (a, b|, and has a vertical asymptote

at x = a, then we defined the improper integral

b b
/ f(z) dz = lim f(x) d. (273)

+
s—a s

(iii) Given a real value c such that a < ¢ < b, if f has a vertical asymptote at x = c
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and both fac f(x) dx and fcb f(x) dx exist, then we define the improper integral

/abf(as) da::/acf(x) dzx+/cbf(:)s) dz.

Example 7.44 (Problem 7.8.28) Evaluate the improper integral.

|
/ L
0 \3/ 5—x
We write this as

t

lim [ (5— x)fé dz.

t—5— 0
We use u-substitution:
u=5—=x
du = —dz
The integral now becomes
5—¢ ) 3,
lim —u 3 du = lim ——u3
t—5— 5 t—5— 5
3 /2 2 3 /_2 2 2
— i —(5*— 5t 3) :—(5*—0*) =253
Jim 5 (5 =6 -1 o\ ) T2

O

Example 7.45 (Problem 7.8.34) Evaluate the improper integral.

5
/ a dz
0 T —2

t 5
) T . T

lim dz + lim dz

t=2= Jo T — s=2t o X — 2

We write this as

We can do this antiderivative either by a u-substitution or by recognizing:

T rT—2+2 2
= =1+ .
T —2 Tz —2 T —2
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The integral now becomes

t 5

lim 1+ dz + lim 1+
t—=2- Jo T —2 s—2t f, T —

Let’s focus first on the second term.

5 5

2
lim 1+ 2dx=limx+21n|x—2|

s—=2t Jo xr — s—27F

s

2
5 dx.

(282)

= lim (5+2In3) — (s+2In|s —2|) =00 (283)

s—2t

The integral is divergent. []
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11 Infinite series

11.1 Sequences

Definition 11.1 A sequence of real numbers is an infinite list of real numbers with
a defined order.

Example 11.2 Find a formula for the general term a,, of the sequence whose terms
are ay = 2, ay = 4, az = 8, ay = 16, a5 = 32, .... (In other words, find a formula
for a,, in terms of n.)

Here the formula is a,, = 2". [

Example 11.3 (Problem 11.1.14) Find a formula for the general term a,, of the
sequence whose terms are a; = 4, as = —1, ag = }L, ay = —1—16, as = 6i,

Here the formula is a, = (—1)"'42=". O
We will be largely concerned with limits of sequences.

Definition 11.4 Let (a,,) be a sequence of real numbers. Given a real number L,

we say that L is the limit of (a,) as n approaches infinity, or that (a,) converges

to L provided that the following is true: by taking n to be sufficiently large, we can

make the distance |a,, — L| arbitrarily small.

Notation: lim a, = L.
n—oo

If a sequence has a real-valued limit, we say that the sequence is “convergent.”

If it has no real-valued limit, we say that it is “divergent.”

We take limits of sequences in the same way we took limits of functions in

Calculus L.
Example 11.5 Determine whether the sequence a, = % converges or di-
verges. If it converges, find the limit.
We take
3n* +5 3+ 2 3+0
lim — 0 i a2 Y _f3) (284)
n—oo dnt —Tn2 49 n—>004—7n—4—|—% 4—-0+0
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Example 11.6 (Problem 11.1.28) Determine whether the sequence a, = SV

converges or diverges. If it converges, find the limit.
We take

3\/_ 3 3
li =1 = =1|3| 285

O

Example 11.7 Determine whether the sequence a,, = “

If it converges, find the limit.
We know that

2
-1
lim ——— = oo, (286)
n—oo n
so the sequence is divergent. []
Example 11.8 Determine whether the sequence a, = 1+ (—1)" converges or

diverges. If it converges, find the limit.
The terms in the sequence are 0,2,0,2,0,2, ..., so the sequence has no limit; it

is divergent. []

Theorem 11.9 If hm a, = L and f is continuous at L, then lim f (a,) = f (L).

n—oo
Example 11.10 (Problem 11.1.32) Determine whether the sequence a,, = cos (n +1)
converges or diverges. If it converges, find the limit.
We take
nm s
li =1 =. 287
Now cos () = —1, so by the theorem, hm cos n+1 - O

Definition 11.11 A geometric sequence is a sequence (a,,) in which a,, = br" for

some real values b and r. We call r the common ratio of a,,.

Theorem 11.12 The geometric sequence (br™) is:
(i) Convergent to 0 for —1 < r < 1.

(ii) Convergent to b for r = 1.

(iii) Divergent forr < —1 orr > 1.
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Definition 11.13 A sequence a,, of real numbers is called:
(i) decreasing if a, 1 < a, for all n.

(ii) increasing if a, 1 > a, for all n.

(iii) monotone if it is either decreasing or increasing.

(iv) eventually decreasing if a,, 1 < a, for all n greater than a certain value.

(v) eventually increasing if a,, .1 > a, for all n greater than a certain value.

Example 11.14 Determine whether the sequence a, = is increasing, de-

_1
2n+3
Creasing, or not monotone.

We know that 2(n + 1) + 3 > 2n + 3 for any positive integer n. Therefore,

_ 1 1 _ . :
Un = 5573 > 5i0g3 = Gntl SO the sequence is|decreasing|. L]

Example 11.15 Determine whether the sequence a,, = .5 is increasing, decreas-

il’lg, or not monotone.

Consider the function

flz) = : (288)

Taking the derivative,

oy @+ A) () (22)  —a?+1
flw) = (224 1) (@2 + D) (289)

This is negative when x > 1, so f is decreasing on (1,00). This tells us that

any1 = f(n+1) < f(n) = a, for any positive integer n. Ergo, a,, is .

O

Definition 11.16 The harmonic sequence is the sequence a,, = %

The harmonic sequence is a decreasing sequence which converges to 0.
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11.2 Series

It makes sense to discuss a+ b, because addition is defined for two real numbers.
You can extend this to discussing a; +ag + ... + a,, for any positive integer n. What

would be the meaning of a sum of infinitely many numbers?

Definition 11.17 Let a,, be a sequence of real numbers. Given a positive integer k,
k

the kth partial sum of a,, is the value s, = ) a,.

n=1

An “infinite series” is the limit of the partial sums of a sequence.

Definition 11.18 Let a,, be a sequence of real numbers, and let s,, be the nth partial

sum of ay. If the sequence (s,,) converges to a real number s, then we say that the

(e.0)
series Y a,, is convergent to s, and that s is the sum of the series. If no such real
n=1

[e.o]
number exists, we say that the series Y . a,, is divergent.
n=1

For the first part of this chapter, we will be mostly concerned with series whose
terms are all positive. At first, this may sound like nonsense. Our intuition tells
us that a sum of infinitely many numbers, all of which are greater than zero, must
be infinitely large, right? This is a false intuition for more than one reason. First,
we should note that we are dealing with an infinite series whenever we have a
non-terminating decimal. Second, and more importantly, refusing to accept the
concept of the infinite series leads to some rather bizarre conclusions. (See: Zeno’s
paradoxes.)

We begin by discussing one of the most important examples.

o0

Definition 11.19 A geometric series is a series Y, a,, where a, is a geometric
n=1

sequence.

Since every geometric sequence looks like a,, = br", every geometric series
[e.e]
will take the form ) br™, for some appropriate values of the constants b and .

n=1
Do geometric series converge? It depends.
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Consider the geometric series Z br*~1. (Note: Z brt = Z br.)

n=1 n=1
If the common ratio » = 1, then the kth partial sum of a,, = br” Lis

k

k k
Sp = Zan = Z br = Zb = kb. (290)
n=1 n=1

n=1

Now, khm kb = oo, so the series Z br"~! is divergent in this case.
— 00 =1

If the common ratio r # 1, then the kth partial sum is

k
k=Y br" Tt =b4br+br 4 bt (291)
n=1
‘We notice:
rsg =br+br2 +br®+ .. +br* = s, — b+ brt. (292)
Therefore,
rsp — Sp = —b+ br*
(r—1)sp=b(-1+1r"). (293)
b(rk—1 b(1—rk
Sk = (rfl ) = (177” )

Now, if —1 < r < 1, then

—rk _
Zbr”l—hmsk—hmb(l T)—b(l 0 __°

= = . 294
k—oo 1 —r 1—r 1—r 294)

On the other hand, if » < —1 or r > 1, then lim 7* diverges, so therefore ST bt

k—o00 n=1

also diverges. To summarize:

Theorem 11.20 (Characterization theorem for geometric series) Let b and r be
real numbers.

(i) The geometric series > br"~! diverges if |r| > 1.

n=1

(ii) The geometric series brnt = ﬁ if—l<r<l.

n=1

What can we say about non-geometric series?
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Some series are called “telescoping series,” and have terms that cancel pairwise

in the partial sums.

oo
Example 11.21 Determine whether the series (% — %H) is convergent or di-
n=1

vergent. If it is convergent, find its sum.

We notice that the kth partial sum of this series is

oo (LN Loy oy,
P12 2 3 3 4) "

Most of these terms cancel to give us:

1 1
<E — k——i—1> . (295)

1
=1——-:. 296
Sk 1 (296)
Now,
EOO ER —hms—hml—L— (297)
— n n-+1 _n—>ook—k~>oo k—f—]__ .
[

Theorem 11.22 (Test for divergence) If > a,, is convergent, then lim a,, = 0.

n=1 n—oo

Example 11.23 (Problem 11.2.30) Determine whether the series » #Qn% is
n=1
convergent or divergent. If it is convergent, find its sum.
We notice that
2 1 1
lim ——— i 1. (298)

n—>oon2_2n—|—5:nl—>nc}ol_%_|_n%:1_0+O:

Since the limit of the terms is nonzero, the test for divergence dictates that the series

cannot converge; it is | divergent |. [
(o]

Example 11.24 Determine whether the series >, lnn is convergent or divergent.
n=1
If it is convergent, find its sum.
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o
We know that lim Inn = oo, so by the test for divergence, the series » . Inn is

n—oo
dvergent ]

o0
Example 11.25 Determine whether the series Y, sin’ (%) is convergent or diver-
n=1

n=1

gent. If it is convergent, find its sum.

First, we note that if n is even, then sin? ("—”) = 0. On the other hand, if n

2
is odd, then sin® (%) = 1. Thus, as n approaches infinity, sin’ (%) continues to

oscillate between 0 and 1, and so lim sin? ("2—”) does not even exist. By the test for
n—ro0

o
divergence, the infinite series Zl sin? (%) is . U
n=
o
The test for divergence proposes the following test: if »_ a, is a series and
=1
. n
lim a, # 0, then > a, cannot be convergent. The converse is untrue:
n—oo n=1

Theorem 11.26 The harmonic series % is divergent.
n=1

Why? We’ll see in the next section.
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11.3 The integral test

Finding the exact sum of a series is a difficult problem in general. For the next
few sections, we’ll concentrate on testing whether a series is convergent or divergent

without finding the sum.

Theorem 11.27 (The integral test) Let (a,) be a positive, eventually decreasing

sequence of real numbers. Given a continuous function f defined on [1,00) such
o0

that for each positive integer n, f(n) = a,, the series Y a,, is convergent if and
n=1

only if the improper integral floo f(z) dz is convergent.

oo
Example 11.28 Determine whether the series 1“7” is convergent or divergent.
n=1

In order to use the integral test, we must verify that the function f(x) = 1“7“ is

eventually decreasing. We do so by examining the derivative:
~1—Inx

fl(x) = (299)

2

This is negative when 1 — Inx < 0, or in other words, when Inx > 1, hence x > e.

Thus, f is eventually decreasing, and so the integral test can be used.

1 |
/ L dr=lim [ — da (300)
1 x t—o0 1 €T
We proceed by u-substitution:
=Inz
. 301
du=1dz 0L

Now,

Int

1
= lim 5(m)2 —00.  (302)

00 1 Int 1
/ nr dx = lim wdu = lim —u?
1 2 t—00

X t—o0 0 t—o0

This shows that the series is . O

Example 11.29 (Problem 11.3.8) Determine whether the series n2e="" is con-

n=1

0

vergent or divergent.
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First we need to verify that f(x) = z2e ™ s eventually decreasing. We examine

the derivative:
) = =3a%™ + 20¢™" = ge™™ (2 —32%). (303)

Forxz > ¢ %, this is negative, so the sequence of terms is eventually decreasing. We

can now use the integral test:

o] t .
/ 22e™*" dr = lim 22e ", (304)
1

t—o0 1
We proceed by u-substitution:

u=z>

) 305
du = 322 dz (305)
Now,
o0 t3 1
/ 227 dz = lim —e *du
1 t—o0 1 3
i 1 1 1
= lim ——e | = lim e ' — —¢ " = —. (306)
t—o0 1 t—oo 3 3 3e

This shows that the series is . (It does not tell us the sum.) []

Example 11.30 (Problem 11.3.6) Determine whether the series » m is con-
=1

vergent or divergent.

First we verify that f(x) = m is eventually decreasing:

—12

Fla) =~ =070 = o

(307)

This is negative for x > %, so the sequence of terms is eventually decreasing. We
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can now use the integral test:

[ee) 1 t
/ ———dr=lim [ (3z—1)""da. (308)
1 (3:[; —_ 1) t—o0 1
We proceed by u-substitution:
u=3r—1
: (309)
du =3 dx
50
0 1 3t—1 1
/ —————— dz = lim —u~tdu
1 (3‘/1; — ]_) t—o00 2 3
3t—1
1/1 1 11 1
= lim ——u 3 =lm-(-———= | ==-=-=—. (310
e 9", tir?og(g (3t_1)3> o5 72 C1V

This shows that the series is . O

Example 11.31 The series i n%, for an integer p is called the “p-series.” For what
values of p does the p-serie: ;énverge?

If p <0, then lim % = 00, in which case the test for divergence reveals that
the p-series is diveZ;eO;t.

1

= = lim 1 = 1, so again the test for divergence dictates

n—o0

If p =0, then lim
n—oo

that the p-series is divergent.
If p = 1, then this is the harmonic series. We will now show that the harmonic
) . . . . 1 1
series is divergent, using the integral test. We know thatn < n +1, so -5 < &
for any positive integer n. Thus, the terms of the harmonic series form a decreasing

sequence. Consider the function f(x) = % Now use the integral test:

00 % q t
/ f(z) dx:/ —dr=limnz| =limnt—Inl=limInt=o0c0. (311)
1 1 T t—o00 1 t—o0 t—o0

As this is divergent, we see that the harmonic series is also divergent. Thus, the
p-series is divergent for p = 1.

Ifp > 0 and p # 1, then we notice that n* < (n+ 1)", so m < %for
any positive integer n. This shows that the terms of the p-series form a decreasing
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sequence. We consider the function f(z) = zip Now, we use the integral test:

00 0 xl—p
/ f(x) dx = / P dx = lim
1 1 t—o0 1 — p 1

— lm (t'"?—=1) = lim 1 (L - 1) (312)

twoo 1 —p t=woo 1 —p \ tP1

t

This improper integral is convergent if and only if p — 1 > 0. This shows that the

p-series is convergent exactly when . U

From the previous example, we can state the following theorem.

Theorem 11.32 (p-series test) Let p be a real number. The p-series n—lp is con-
n=1

vergent if and only if p > 1.

Example 11.33 (Problem 11.3.4) Determine whether the series > n~3 is con-

n=1
vergent or divergent.
This is a p-series:
o o 1
—0.3 _
> =) G13)
n=1 n=1

Since 0.3 < 1, the series is . O

61



11.4 The comparison tests

If you know that a given series with positive terms is convergent or divergent,
you can sometimes use that information to deduce whether another series with pos-

itive terms is convergent or divergent.

[e.@]

Theorem 11.34 (The comparison tests for infinite series) Let Y a, be a series
n=1

with positive terms.

(i) Suppose that for all positive integers n, a, < b,. If > b, is convergent, then the
n=1

series Y a, Is convergent.
n=1

oo
(ii) Suppose that for all positive integers n, ¢, < a,. If Y _ ¢, is divergent, then the
n=1
o0

series Y ay is divergent.
n=1

This is exactly analogous to the comparison test for improper integrals.

o0
Example 11.35 Determine whether the series ﬁ converges or diverges.

n=1
We notice that . .
<= 314
i1 o 314
o0 [e.e] n
s0 since 2% => (%) is a convergent geometric series, the series is .
n=1 n=1

O

Example 11.36 (Problem 11.4.4) Determine whether the series » ﬁ converges
n=2

or diverges.

We notice that

1 1
S — 315
NS RN (315)
. s L - i L . . _ . . . .
so since nZ::Q 7= n;z Tisa divergent p-series, the series is . 0
Example 11.37 (Problem 11.4.6) Determine whether the series 7:2;11 is conver-
n=1

gent or divergent.
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We notice that
n—1 n n 1

o0
Since n—12 is a convergent p-series, the series is | convergent| []
n=1

Example 11.38 (Problem 11.4.8) Determine whether the series » 53—: is conver-
n=1

gent or divergent.

We notice that
6" 6"

> —. 317

on—1 - hn» (17
oo n oo n

As 1 g—n = 21 (g) is a divergent geometric series, the series is also .
n= n=

Example 11.39 (Problem 11.4.14) Determine whether the series L__ s con-
p 2 T

vergent or divergent.

We notice that .

1
< < =
vV3nt+1  +/3nt V/n4

o0
Since > L is a convergent p-series, the series is|convergent| O]
n=1

(318)

3

4
n3

Theorem 11.40 (Limit comparison test) Suppose that . a,, and . b, are series
n=1 n=1

with positive terms. If lim 7= is positive and finite, then either both converge series
n—oo "

or both diverge.

Example 11.41 (Problem 11.4.22) Determine whether the series (:112)3 con-
n=3

verges or diverges.

o0
We use the limit comparison test with #

n=3
(<) (n+1)° n®+3n?+3n+1
lim 22 = lim ———— = lim =1 (319
n—o0 ( n+23> n—00 1, (n —+ 2) n—o00 n3 + 2n
(n+1)
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oo
Since 1 is positive and finite, and since # is a convergent p-series, the limit
n=3

(o.9]
comparison test indicates that (:jf)?, is also .
n=3

1
2n+1

Example 11.42 Determine whether the series converges or diverges.

n=1

[e.°]
We use the limit comparison test with the harmonic series %
n=1

lim —2/ — Jim 22— 9, (320)
n—oo (m) n—o0 n

—_

oo
Since 2 is positive and finite, and since > * is divergent, the limit comparison test
n=1 "

oo
. . 1 . .
indicates that 1 301 s also | divergent |
n=
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11.5 Alternating series

Definition 11.43 An alternating series is a series whose successive terms are al-

ternately positive and negative.

Example 11.44 The following are alternating series:

= 1 1 1 1 1
) e =l — - — o 321
nzl( )"~ t5-gtios T (321)
D (=) =1-449-16+25— .. (322)
n=1
ZCOS (nm)=(-1)+14+(-1)+1+(-1)+.. (323)
n=1

O

Theorem 11.45 (Alternating series test) Let > (—1)""'b, be an alternating se-
n=1
ries, where for each positive integer n, b, > 0. If the sequence (b,) is eventually

o0
decreasing and lim b, = 0, then the series S (—=1)"*'b,, is convergent.
n—oo n=1

Example 11.46 (Problem 11.5.2) Determine whether the series S (—1)"*! S
n=1

is convergent or divergent.
We note that

2 2
> : 324
2n+1 " 2(n+1)+1 (324)
Additionally,
2
li = 325
noo 20+ 1 (923)
Therefore, by the alternating series test, the series is . O
Example 11.47 (Problem 11.5.4) Determine whether the series 1(11_(;5:11) is con-
n=1
vergent or divergent.
We note that ) .
> . 326
Mm@t mEm+ D+ D) (326)
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Additionally,
1

lim ———
n—oo In (2n + 1)
Therefore, by the alternating series test, the series is . 0

=0. (327)

Example 11.48 (Problem 11.5.8) Determine whether the series (—1)"#711
n=1

is convergent or divergent.

We note that
n2

S 328
nglgonz—}—n—kl ( )

Therefore, lim (—1)"

n—oo

dvergen]

2 . . L
o does not exist. By the test for divergence, the series is

Example 11.49 Determine whether the series # is convergent or diver-
n=1
gent.
We note that

! ! (329)
n n+1

Further, .
lim — =0. (330)
n—,oo 1

Therefore, by the alternating series test, the series is | convergent| O

(0.9)
Example 11.50 Determine whether the series S (—1)"ex is convergent or diver-
n=1
gent.
We note that

lim en = 1, (331)

n—oo

so the limit 1im (—1)716% does not exist. Therefore, by the test for divergence, the
n—oo

series is | divergent | []

Note: both of the assumptions (eventual decreasing and a limit of zero) are
necessary for the alternating series test to be applicable. It is possible for only one,

or neither, of these conditions to be satisfied.
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1
)n+ 24l s convergent or di-

n=1

Example 11.51 Determine whether the series . (

vergent.
"“ is (eventually) decreasing, but

The sequence b,, =
(332)

1
" 140,

lim b, = lim
n—o0o n—oo n

so the alternating series test does not apply. However, lim ( 1)"+1”+1 does not
exist, since the absolute value is not approaching zero,nZLCZ‘J the sign continues to
alternate. Thus, the test for divergence indicates that the series is .
Example 11.52 Determine whether the series . ( )nH%(T_I)n is convergent or
divergent. i
Define the sequence b, = Dl . We know that (%) < It Ez Y < @
0. By the squeeze theorem (from Calculus

1
Q = 0 and lim
n—oo

L+
3‘

~—~
Njw m\»—A

: |

Further, lim =
n—oo 1 <
D), this means that 1im (S 0. However,
n—oo
1+ 3(=1)" L ifnisodd
b= L2 e (333
n 2 ifniseven

Based on this, it can be shown that if n is odd, then b,, < b, .1, and if n is even, then
by, > bn1. This indicates that the sequence is not eventually decreasing. Thus, the

alternating series test does not apply.
In order to determine the behavior of this series, we need to consider the fol-
= % and d, = & 1) . We note that

lowing two sequences: c,,
(334)

L %(_1)” =c,+d

By the alternating series test, >, (—1)"¢, is convergent. Also,
n=1
[e’s) . 00 (_1) 2n o) n [e’s) 1 [e’s) 1
~1)"d, = = — == -, 335
S e =Y Gy o LIS e
n=1 n=1 n=1 n=1 n:l
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which is a constant times the harmonic series, which is divergent. Finally, if the

series , (—1)"c, is convergent and >_, (—1)"d,, is divergent, then

n=1
i (—1)"b i (Cn =+ dy) (336)
n=1 n=1

must also be . O

It’s true that all convergent series can be approximated by taking the nth partial
sum, for a large enough n, but an approximation is only useful if the amount of its
accuracy is known. For alternating series that pass the alternating series test, the

following theorem can be used to find the size of the error.

1)"*'b,, be an

Theorem 11.53 (Alternating series estimation theorem) Let Z (—
—1
alternating series, where for each positive integer n, b, > O Assume that the

sequence (by,) is decreasing and that lim b, = 0. Let s be the real number to

n—oo
which the series converges, and for each positive integer k, define

Ry=s-> (=1)""b,. (337)

(In other words, Ry is the difference between the sum of the series and the kth
| < bga.

partial sum.) In that case,

k
To summarize, the error Ry, in the approximation s ~ . (—1)""'b, has an abso-

n=1
lute value of, at most, b; 1, which is the absolute value of the first term that is being
cut off.

correct to three dec-

Example 11.54 Approximate the sum of the series Z

imal places.
The series certainly satisfies the conditions of the alternating series test, and so

it is convergent. To get the first three decimal places correct, we need the error, Ry,
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L and examine a few of its terms:

to be less than 0.001 = ﬁ. We define b,, = —

1
by = =
b — 312 : (338)
37 192
_ 1
b1 = 153
The alternating series estimation theorem indicates that |R3| < by = ﬁ < WIOO'
Thus, only three terms are needed to get an error less than 0.001:
(- ~ ()"
~ G, — -1l _ 1, 1 _ 43
Z nan N53—Z ndn |4 32 T 703 — 102 | (339)
n=1 n=1
(71)n+1
nb

OJ
Example 11.55 (Problem 11.5.28) Approximate the sum of the series
n=1

correct to four decimal places.
The series certainly satisfies the conditions of the alternating series test, so it is

1

convergent. As for the sum, to get the first four decimal places correct, we need the
1 ;
o005 We define b, = —5, and examine a few of

error, Ry, to be less than 0.0001 =

its terms:
by =1
— 1 _ 1
by = 26 7 64
— 1 _ 1
by = % = 79 (340)
1 1
by 46 — 1096
1 _ 1
bs = 56 — 15625
1 1
15625 < 10000°

The alternating series estimation theorem indicates that |Ry| < b5 =
Thus, only four terms are needed to get an error that does not affect the first four

decimal places:

1 2,942,695
4006 — 2,985,084 (341)

(_1 e 1 1
1 — 51+ 725 —

(-1)
Z nb 4 o n6

n=1
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11.6 Absolute convergence and the ratio and root tests

There is a useful concept that can allow us to determine the behavior of a series
whose terms are not necessarily positive by studying the behavior of a related series

whose terms are positive.

Definition 11.56 Ler > a,, be an infinite series. We say that »_, a,, is absolutely
n=1 n=1

(o)
convergent provided that the series », |a,| is convergent.

n=1
Note: > |a,| is definitely NOT the same as | > a,,|.
n=1 n=1

o0
Theorem 11.57 If a series Y a,, is absolutely convergent, then it is convergent.

n=1

The converse of the theorem above is false; there are some series which con-

verge, but do not converge absolutely.

(71 n+1

CEU™ This is not

Example 11.58 Consider the alternating harmonic series, ) ~—

n=1
absolutely convergent, because

=[] g
= = 342
DR ok a
n=1 n=1

which is the harmonic series, a divergent series. However, by the alternating series

o~ (=D
test, 21 —— 15, in fact, convergent. []
n—=

For series like these, we have the following term.

oo o
Definition 11.59 Ler > a,, be an infinite series. We say that >, a,, is conditionally
n=1 n=1
convergent if it is convergent, but not absolutely convergent.

Nevertheless, it is often viable and easy to show that a series is convergent as a

result of it being absolutely convergent, as the following examples show.
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sin M)

Example 11.60 Determine whether Z converges absolutely, converges con-

ditionally, or is divergent.

We consider

> |sin (&F
> —(23 ) ‘ (343)
n=1 n
We notice that ’ sin (%”) ’ <1, so
sin (&F 1
% <5 (344)
Now Z is a convergent p-series, so by the comparison test, Z mi?ﬁ) con-
n=1

S nm
verges. Ergo, > Smgf ) is ’ absolutely convergentL which implies that it is conver-

n=1
gent. [
Example 11.61 (Problem 11.6.36) Determine whether the series Z T +(%) is ab-
solutely convergent, conditionally convergent, or divergent.
We consider -
sin (°F
> sin () (345)
n=1
Since !sin (%’T) | <1,
sin (%) 1 1
< —. 346
1+ n\/_ ns (346)
w i Lois Sm(%) con-
ind +ny/n
verges. E Z Sl +(7:F) ls’absolutely convergent|. [
Example 11.62 (Problem 11.6.4) Determine whether the series Z 3 +1 is abso-
lutely convergent, conditionally convergent, or divergent.
We consider
SIS
= . 347
; nd+1 ; nd+1 (347)




We note that

1 1
—_ < —. 348
nd4+1 nd (348)
Now Z is a convergent p-series, so by the comparison test, Z nglﬂ is conver-

n=1 n=1

gent. Therefore, the series Z

3 +1 is ’ absolutely convergent‘

1
is ab-

Example 11.63 (Problem 11.6.2) Determine whether the series S
n=1

solutely convergent, conditionally convergent, or divergent.

> Z Z 1% . (349)
n=1 n=1

This is a divergent p-series, so the series is not absolutely convergent. However,

We consider

(

1 1

_— > , 350
v ovn+1 (350)

and .
lim — =0, (351)

n—00 n

o) -1
so by the alternating series test, the series CD g convergent; the series is

vn

’ conditionally convergent ‘ U

Theorem 11.64 (Ratio test) Let . a,, be an infinite series.

n=1
(i) If lim |*2L| < 1, then the series converges absolutely.
n—oo
(ii) If lim az—“ > 1, then the series diverges.
n—o0 n

Notice that we have no conclusion if lim |42 | =1,

n—r00 n

Example 11.65 (Problem 11.6.12) Determine whether the series >, ne™" is abso-
n=1
lutely convergent, conditionally convergent, or divergent.
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We use the ratio test:

1)e=(+D) 11 1
o D bl L (352)

n—o00 ne—"n n—oo N e e

an+1

lim
n—oo

Qn

By the ratio test, the series is ’ absolutely convergent | [

Example 11.66 (Problem 11.6.14) Determine whether the series 1(?0!" is abso-
n=1
lutely convergent, conditionally convergent, or divergent.
We use the ratio test:
n ) 100" ) 1
lim |2 = Jim m— = lim nt =00 (353)
n—oo | n—oo 1007t n! n—oo 100

By the ratio test, the series is . O

Example 11.67 (Problem 11.6.8) Determine whether the series C2" is abso-
n=1

’I’L2
lutely convergent, conditionally convergent, or divergent.

We use the ratio test:

2n+1 n? 277,2
= lim ——— = lim

Qp+1 .
n—00 (n + 1)2 2n n—oon? 4+ 2n + 1

lim

n—oo

=2>1. (354)

an

By the ratio test, the series is . U

Theorem 11.68 (Root test) Let Y a,, be an infinite series.

n=1

(i) If lim {/|a,| < 1, then the series converges absolutely.
n—oo

(ii) If lim m > 1, then the series diverges.
n—oo

Again, notice that no conclusion can be drawn if lim {/|a,| = 1.

n—0o0

Example 11.69 (Problem 10.6.32) Determine whether the series (21+_37:L)n is
n=1

absolutely convergent, conditionally convergent, or divergent.

We use the root test:

1—
lim {/|a,| = lim ‘ "

n—00 n—oo | 2 =+ 3n

=-<1 (355)
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Therefore, by the root test, the series is | absolutely convergent | []
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11.7 Strategy for testing series (?)

Example 11.70 (Problem 11.7.2) Test the series > 5 for convergence or di-

) n3+1
vergence.

We note that
n—1 n n 1

< < —= = —. 356
n+1 nd3+1 n3 n2 (356)

oo
Since 21 =3 Is a convergent p-series, the series Z L1 [converges)| by the com-

parison test. [

Example 11.71 (Problem 11.7.4) Test the series », (—1)" 22;?‘[ for convergence or

n=1

divergence.

We note that

dn @57

Therefore, lim (—1)71223

n—o0

diverges}

Example 11.72 (Problem 11.7.6) Test the series Z ™ for convergence or di-

vergence.
We note that )

lim —  —0<1, 358

so by the root test, the series . O

Example 11.73 (Problen 11.7.8) Test the series Z for convergence or diver-

n=1
gence.

We note that

=-<1. (359)

1
n—oo  4ntl n4 o n—00 n4 4

Thus, by the ratio test, the series . O

. e 1
Example 11.74 (Problem 11.7.12) Test the series kgl RVl for convergence or

divergence.
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We note that
1 1 1

< = —.
EVE2+1  kVEE K?

o0 [o.¢]
Also, Y k% is a convergent p-series. Thus, by the comparison test, #\/Q—H is
k=1 =1

comerger} ©

Example 11.75 (Problem 11.7.14) Test the series Z Sﬁ;: for convergence or di-

(360)

vergence.

We consider the series of absolute values:

=L |sin (2n) | sin (2n)
. 361
S )y b =
We note that (o . . ~N
[sin(2n)] <—=(=). (362)
1+2n 1+2n 27 2

However, Z (%) IS a convergent geometric series. Thus, by the comparison test,
n=1

i sin(2n)

| T
n=
cates that it is . O

Example 11.76 (Problem 11.7.16) Test the series Z L + for convergence or

sin(2n)
14-2n

is convergent. Ergo,
n=1

is absolutely convergent, which indi-

divergence.
We note that

vnt + vnt B n? n

= = ) 363
n3—|—n n3—|—n nd+n n24+1 (363)
Now, we use the limit comparison test between ) 5"+ a Z i
n=1 n=1
(#) n?
lim ~" = lim ——— = 1. 364

oo
Since this is positive and finite, the limit comparison test indicates that oy and

n=1
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o0

oo
Z + must have the same behavior. As the harmonic series is divergent, Y —= is
n=1 n=1

also divergent. The comparison test now implies that Z Vo jl is | divergent| []

1)n 1

Example 11.77 (Problem 11.7.18) Test the series Z for convergence or

divergence.
We note that . .
> 365
vVn—1" /n+1-1 (365)
and .
lim (366)

n—oo /M — 1
Thus, by the alternating series test, the series . OJ

Example 11.78 (Problem 11.7.20) Test the series Z

for convergence or

(f+1)
divergence.
We note that
Vi -1 vk Vk ks 1
e(VE+1)  k(VE+1) RVE KR

X3
However, z L is a convergent p-series. Thus, by the comparison test, S —YE=1
k6 k=1 k(‘/E+1)

is convergent U

Example 11.79 (Problem 11.7.22) Test the series
k=1

1
sTsmgs JOT convergence or

divergence.
We note that 1 < 2 +sink < 3, so

S (368)

o0
However, kzl % is divergent, by the test for divergence. Thus, the comparison test

(o)
T 1 . .
indicates that kZ::l s 18 also | divergent | [
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Example 11.80 (Problem 11.7.24) Test the series »_, nsin (%) for convergence or

n=1
divergence.
We note that
1Y L sin(y)
lim 7 sin = lim T (369)

.. . . 0 B . B
This is an indeterminate form of type g, so we can use L’Hopital’s rule to get

_ 1 1
lim nsin (l) = lim (”Z)w = lim cos (l> =cos0=1. (370)

n—o0 n n—o0 — % n—oo n
n

Therefore, by the test for divergence, the series is . U

Example 11.81 (Problem 11.7.26) Test the series n’+ for convergence or di-
n=1

5n
vergence.

We use the ratio test:

(n+1°+1 5"
pntl n?+1

n?4+2n+2 1
S A e N O P ¥ 1
noe B2+5 5 G71)

n—oo

By the ratio test, the series is absolutely convergent, and therefore . O

Example 11.82 (Problem 11.7.30) Test the series S (—1) ]% for convergence or

J=1
divergence.
We note that this is an alternating series. First of all, to show that b; = ]% is
an eventually decreasing sequence, we consider the function f (x) = x—\f% We find

its derivative by the quotient rule:

(372)

This is negative when x > b5, so [ is decreasing on the interval (5,00), which
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indicates that b; is eventually decreasing. At the same time,

lim b; = lim VI iy YA} (373)
j—o0 j—)oo]—|—5 ]—>001—|—;

Thus, by the alternating series test, the series is . O

Example 11.83 (Problem 11.7.34) Test the series m for convergence or
n=1
divergence.

We note that 1 + cos*n < 2. Therefore,

1 1 1
= > —. 374
n+ncos’n  n(l+cos’n) — 2n (374

(o ¢] (o)
At the same time, ) % = % > % which is a divergent p-series. By the comparison
n=1 n=1

o0
... 1 . .
test, this indicates that 1m is also |divergent | []
n—=
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11.8 Power series

So far, we’ve only dealt with infinite series where all terms were constants.

Now, we’ll discuss functions defined by infinite series.

Definition 11.84 Let a be a real value. A power series centered at a is a function
oo

f defined via f(x) = Y c,(x — a)" for some sequence of real numbers (cy,).
n=1

The domain of a power series is the set of all z-values at which f (z) is convergent.
The following theorem indicates that the domain of a power series is always a single

point, an interval, or all real numbers.

o

Theorem 11.85 Let f(x) = > c,(x — a)” be a power series. Exactly one of the
following statements is true. "

(i) f(x) converges only when x = a.

(ii) f(x) converges for all real values x.

(iii) There exists a positive real number R (called the “radius of convergence”)

such that f(x) converges if |x — a| < R and diverges if |t — a| > R.

(If f(z) converges for only one point, we say that “the radius of convergence is

0”. If f(z) converges for all real x, we say that “the radius of convergence is 00.”)

Definition 11.86 Ler f(z) = > c,(x —a)" be a power series. The interval of

n=1

convergence of f is the interval of real numbers x such that f(x) converges (in
other words, the domain of f).

To find the interval of convergence, use the ratio test (or root test) to determine
the x-values for which f(z) converges absolutely. This will give the radius of con-
vergence, and some open interval of values of z. Next, test the endpoints of this

interval.

Example 11.87 Find the radius of convergence and interval of convergence of the

S~ (1"
power series Y ~—5-a".

n=0
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We note that the series converges absolutely when the ratio test gives a limit less

than 1:
n—+ 2

(=1)" gt 42
= lim
n—)oon—l—?)

n+3 (=1)"a"

|z| = |z| < 1. (375)

lim '
n—oo

This gives us a radius of convergence . We deduce that the power series
converges for —1 < x < 1. What about for x = +1? We check these separately.
First, for v = —1:

SIC IR N VIR
1" = = ) 376
I D=
This series is
=1 1 1 1 1 =1
=—+ -+ -+ -—+..= -] =1 377
;TL—FQ 2+3+4+5+ (;n> ’ (377

o
. . . 1 g 1.
which diverges, since ) — diverges. Next, for v = 1.
n—=

3
3

—~

=D, (D)
>yl o

—~

This converges by the alternating series test. Therefore, the power series converges

only for —1 < x < 1, and so the interval of convergence is | (—1,1] | O

Example 11.88 Find the radius of convergence and interval of convergence of the
oo n
power series Y %
n=0
We use the ratio test:

_g)yntt ogn )
lim | =2 =2

T 5 (379)

This tells us that |v — 2| < 2, so the radius of convergence is . We deduce
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that the power series converges for 0 < x < 4. We test x = 0:

> (O;—HQ)H => (_2?11 => (-1". (380)

S ==t a8

which is also divergent, by the test for divergence. Therefore, the power series

converges only for 0 < x < 4, and so the interval of convergence is|(0,4)| O

Example 11.89 (Problem 11.8.4) Find the radius of convergence and interval of

o
. —1)gn
convergence of the power series » %

n=1
We use the ratio test:

—1)" gt 3y .
(y)m (—\1/);:6" =l gl sl <G8

The radius of convergence is . We deduce that the power series converges
for =1 <x < 1. Wetestx = —1:

n

n—oo

lim '

S NG N I RN
— = — (383)
This is a divergent p-series. We test v = 1:
> Z (384)

n=1 n=1

This is convergent, by the alternating series test. Therefore, the power series con-

verges only for —1 < x < 1, and so the interval of convergence is | (—1,1]| O

Example 11.90 (Problem 11.8.6 ) Find the radius of convergence and interval of

1 n
convergence of the power series Z #
=1
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We use the ratio test:

2

n
Jim el =Tl < (385)

(_1)”+1$n+1 n2

lim —

The radius of convergence is . We deduce that the power series converges
for =1 < x < 1. Wetestx = —1:

i (_2);1” _ i <_nl2)n (387)

This converges by the alternating series test. Therefore, the power series converges

only for —1 < x < 1, and so the interval of convergence is|[—1,1] | O

Example 11.91 (Problem 11.8.8) Find the radius and interval of convergence of

the power series »_ n"x".
n=1
This one is easier to handle by the root test:

lim {/|a,| = lim {/|n"a"| = hm n"|x|")

This limit will always be oo unless x = 0. In that case, and no other, convergence is

3=

= lim n|xz|. (388)
n—oo

guaranteed. Thus, the radius of convergence is @ and the interval of convergence
is|{0}] O

Example 11.92 (Problem 11.8.10) Find the radius and interval of convergence of
the power series > 2"n’x
n=1
We use the ratio test:
2n+l(n + 1)2xn+1
2nn2gn

1
= lim 2—( nt )

n—o0

lim

n—oo

7| = 22| < 1. (389)
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. We deduce that
1.

-

This tells us that |z| < % so the radius of convergence is | R =

& N |—

- 1 1
the power series converges absolutely for —5 < x < 5. We test

i 2""n? (—%) T i (—1)"n?. (390)
n=1 n=1

1.
L

iz%ﬂ(%)n = in? (391)
n=1 n=1

This is divergent, also by the test for divergence. Therefore, the power series con-

This is divergent, by the test for divergence. We test v =

1 1 e : 11
verges only for —5 < x < 3, and so its interval of convergence is (—5, 5) .

Example 11.93 (Problem 11.8.12) Find the radius and interval of convergence of

(G
oyt

oo

the power series
n=1

We use the ratio test:

. (—1)" gt nb" _ n 1
1 = lim —|z| = -|z| < L. 392

This gives |x| < b5, and so the radius of convergence is . The ratio test
guarantees absolute convergence in the interval —5 < x < 5. As for the endpoints,

we test t — —b:

= (=)t > -1
> %(—5)” = — (393)
n=1 n=1

This is a constant times the harmonic series, and so must be divergent. As for

T =5

00 (_l)nfl n e8] (_1)7171
; nhn g _; n (394)

This is the alternating harmonic series, which is convergent, by the alternating

series test. Thus, the power series converges only when —5 < x < 5, and so the

interval of convergence is| (—5,5]| O

Example 11.94 (Problem 11.8.14) Find the radius and interval of convergence of
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oo
the power series "’“"ni,
n=1
We use the ratio test:

2

= lim = =0l (395)

n—oo N, +

I,Q(n—i—l) n!

lim

n—oo

(n+ 1)l 22"

We see that, regardless of the actual value of x, the ratio test guarantees abso-
lute convergence. Thus, the radius of convergence is and the interval of

convergence is | all real numbers, (—oo,00) | O

Example 11.95 ( Problem 11.8.16) Find the radius and interval of convergence of
the power series Z %(m —1)"

n—1

We use the ratlo test:

)" -1 (2n—1)2n om—1 1
T et el S CC ) A DML e WP T R TR TP
n—00 (2n + 1) on+l1 (—1) (:L’ — 1) n—oo 2 (2n + 1) 2

(396)
This gives |x — 1| < 2, and so the radius of convergence is and the ratio

test guarantees absolute convergence for —1 < x < 3. For the endpoints, we test

r=—1:
; 2n — 1 2” ; 2n — (397)

This can be shown to be divergent, by limit comparison with the harmonic series.
For x = 3:

NE

Gn—1 2 (398)

n e} n

n=1

By the alternating series test, this is convergent. Ergo, we have convergence only

for =1 < x < 3, and so the interval of convergence is|(—1,3|| O

Example 11.96 ( Problem 11.8.18) Find the radius and interval of convergence of

the power series Z o (x +6)".

n=1
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We use the ratio test:

Vit Iz +6)"" 8 1vn+1 1
lim |V 1@ £6) = tim Y 6 = Sfr 6] < 1
n—00 gntl vn(z +6) n—so0 8 /1 8

(399)
This implies that |x 46| < 8, and so the radius of convergence is . Ergo, the
ratio test guarantees absolute convergence for —14 < x < 2. For the endpoints,

we test v = —14:

> %—w =Y (=1)"Vn. (400)

n=1

This is divergent, by the test for divergence. As for v = 2:
[e.e] \/ﬁ o0
—8" = n. 401
L m L “on

This is also divergent, by the test for divergence. We deduce that convergence occurs

only for —14 < x < 2, and so the interval of convergence is|(—14,2) | O

Example 11.97 (Problem 11.8.20) Find the radius of convergence and interval of

(2z—1)"
5ny/n °

(0.)
convergence of the power series >
n=1

We use the ratio test:

2¢ —1)" 5" 1
lim |22 =1 Vi |y v 20 — 1] = |22 = 1] < 1. (402)

n
- im ————
n—oo | Hntly/p +1 (22 — 1) n—o0 5v/n + 1

This gives |2z — 1| < 5, so |x — %| < g, so the radius of convergence is | R = g .

We deduce that the power series converges for —g <xT-— % < g, or in other words,
—2<x <3

We test v = —2:

—(2(=2)-1)" (5" (D"
ZW_Z5” => N (403)

n=1 n=1 n=1

B
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This converges by the alternating series test. We test v = 3:

[e.9]

n=1

2 [e.9]

n1n2

This is a divergent p-series. Thus, the power series converges only for —2 < x < 3,

and so the interval of convergence is

—2,3)]
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11.9 Representations of functions as power series

Certain functions can be expressed as power series.

Recall that ) r" = ﬁ for —1 < r < 1. Therefore,
n=0

= i ", (405)

n=0
whose interval of convergence is (—1, 1).
Example 11.98 (Problem 11.9.4) Find a power series representation of the func-

tion f(z) = ﬁ and determine the interval of convergence.
We note that

— 4332 =5 (4 ;05(471):1;%. (406)

n=0

As for the interval of convergence: the geometric series > (4x%)" converges if and

only if |4z%| < 1. This means that > < %, so —

1
4’ 2
)l o

)
< x < % The interval of

convergence is (— %

1
’ 2

Example 11. 99 (Problem 11.9.6) Find a power series representation of the func-

tion f(z) = 55 +3 and determine the interval of convergence.

First, we may re-write this function as

o) (3) (3) 4 i 2 \" i Y-zl @o7)
) = — = — —=X - Y .

sr+l 1—(-32) 3 o\ 3 =0
This is convergent whenever ‘ — %x‘ < 1, or; in other words, whenever |z| < %, SO

—% <z < % The interval of convergence is, therefore, ( ;’, %) . [

Example 11.100 (Problem 11.9.8) Find a power series representation of the func-

tion f(z) = 3277 and determine the interval of convergence.
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We note that

r 1 B S non, 2n+1
21:2—1—1_96(1— 2:62) xz Z::o( 1)"2"x . (408)

As for the interval of convergence: the geometric series Z (—22%)" converges if
=0

and only if | — 22*| < 1, or in other words if x* < 3 Ergo f << f’ so the
. . 1 1
interval of convergence is <—7§, 75) .
Theorem 11.101 Let f(z) = > c,(x — a)” be a power series with a radius of
n=0
convergence R > (.
(i) This function is differentiable on (a — R, a + R) and
= nep(z—a)" (409)
with radius of convergence R.
(ii) This function is integrable on (a — R,a + R) and
ZE . a n+1
)ydz =C ————, 410
/ fla)dz=C+ Z T (410)
with radius of convergence R.
Example 11.102 Find a power series representation of f (x) = m and its
radius of convergence.
We note that . .
f(z) = = (411)

2 —2x+1  (1-2)%

This function happens to be the derivative of

= f:x" 412)

n=0

g(z) =
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which has a radius of convergence of 1. By the theorem,

f@) =g @)=Y =S "t =3 (n+1)an|,  (@413)
n=0 n=1

n=0

with radius of convergence . 0

Example 11.103 Find a power series representation for f(x) = tan~'z and find
its radius of convergence.

We know that

o0

! ! (—2?)" = (—1)"z*". (414)
=0

@ = =1

n

This is convergent if and only if | — 2?| < 1, so |z| < 1 and thus the radius of

convergence is . Further,

2n+1

tan 'z = /f’(x) dz = /nz% (—1)"z*" dw = C + ; (—1)"22 1 (415)

To find the value of C, we substitute x = 0:

00 02n+1
C=C —1)" = tan"'0 = 0. 416
+ nz;( ) o1~ tan (416)
Thus,
tan~lz = Y (—1)"L 1| 417)
n=0
O

Example 11.104 Find a power series representation for f(x) = In (1 + ) and its
radius of convergence.
We know that

[e.9]

()" =) (-1)"a™ (418)

n=0

S l4r 11— (-2)

f'(x)

n
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This is convergent if and only if | — x| < 1, so |x| < 1 and thus the radius of

convergence is . Further,
() d 3 Gr=CtS LT
1+ = = —1)"" =C+ —1)" 1
ne0)= [ @ ar= [ ar=o 3 sy @o

To find C, we substitute x = 0:

n+1
C = C+Z n 0 —In(1+0)=Inl1=0. (420)
Therefore,
n(l+z)=3 (-1)"=5| (421)
n=0
O

In some cases, you can approximate a function’s values or definite integrals

using the alternating series estimation theorem.

Example 11.105 Find an approximation for In (%) that is correct to two decimal
places.

The previous example indicates that

| 5 =1 1+1 —i — (%)"H i S (422)
. 2 - 2] (-1 n + n—|—1 2”4rl

n=0

Therefore, if we desire to find an approximation of In ( ) then it is sufficient to get
an approximation of the sum of this series. As it is, this is an alternating series
which passes the alternating series test, so we can apply the alternating series
estimation theorem.

We require that the error in our approximation not aﬁ‘ect the first four decimal

places. In other words, the error must be less than 0.01 = To accomplish this,

100
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we examine the first few terms of the sequence b,, = W

1 1
bo (12T — 2
bi = o5 = &
1= @22 — 38
1 1
bo 32 = ad (423)
37 (@21 64
4= (525 160

The alternating series estimation theorem indicates that the error, R, in taking the

< = Therefore, the following is an

third partial sum satisfies |Rs| < by = 145 < 155

approximation of In (g) with an error in acceptable bounds:

In <§> ~
2

(424)

1 1
+24_64

D=
00—
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11.10 Taylor and Maclaurin series
There is a flaw in the Lagrange notation for derivatives. Suppose we desire to
take the nineteenth derivative of a function f. We would need to write

f/////////////////// ( l‘) ) (42 5)

This is an eyesore. In order to avoid this absurdity, we use a different notation for
derivatives that could be of orders larger than 3: parentheses around a superscript.

For example, the nineteenth derivative of f would be f(1) (z).

Definition 11.106 Let f be a function that is differentiable of all orders, and let a

be a real number. The Taylor series of [ centered at x = a is the power series

n.

i f(n),(a) (x —a)". (426)
n=0

The Maclaurin series of f is the Taylor series of f centered at x = 0:

> 4(n)
Z / (O)x". (427)

n!
n=0

(Note here that f°) = f and 0! = 1.)

Theorem 11.107 If f has a power series representation about x = a, then f is

equal to its Taylor series about v = a.

Note that the previous theorem depends on f being able to be represented by a

power series about z = a in the first place. This is not always the case.

Example 11.108 Find the Maclaurin series for f(x) = e*, and its radius of con-
vergence.
We note that for any positive integer n, ™ (x) = e*. Therefore, f™(0) = 1.

Ergo, the Maclaurin series is

— /™) ,
;O n! v
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2%

(428)
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The radius of convergence can be found through the ratio test:

n+1 n

(n+ 1)l zn

=1 = 0. 429
B (429)

lim

n—o0

As this is less than 1 for every real value of x, the radius of convergence is oo U

Example 11.109 (Problem 11.10.22) Find the Taylor series for f(x) = = centered
at a = —3, and its associated radius of convergence.
We note that

flz) =271 f(=3)=—3
flay=—a?  f(=3) =}
frl@) =227 f'(=3)=-%
FO) = 62t [O(-8) = & e
f(=3) = gt
Thus, the Taylor series about a = —3 is
= f™(a = 1 n! =
S W gy Z 3 =l S @3
n=0 =0 n=0
As for the radius of convergence, we use the ratio test:
n+1 n+1
T i) O BN ek I ook (432)

This is less than 1 exactly when |z + 3| < 3, and so the radius of convergence is .
O

Example 11.110 (Problem 11.10.14) Find the Maclaurin series for f (x) = e™**
and its radius of convergence.
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We note that

fO () =7 fO0) =1
SO @) =27 fO(0) =2
f(2) (:l?) — 226—2x f(2) ( )
fO (2) = 232 f®0)=-2% | (433)
fO (z) = 2> F@(0) =2*

Thus, the Maclaurin series is

S B (434)

Its radius of convergence can be found through the ratio test:

—1 ”+12n+1 n+1 I 2
lim | Y ’ " = lim z| =0.  (435)
n—00 (n+1)! (=1)"2man|  nocon+1

As this is less than 1 for all real values of x, the radius of convergence is[oo] [

Example 11.111 Find the Maclaurin series for f () = tan~'z and its radius of
convergence.

We note that

fO(z) = tan"'z fO0)=0
@)= V0=1
V@)=t (0) =0
PO ) - B o) - (+30

24x (

10 () = 24 o 0) =0

O () = B2 t2l - £6)(0) = 24
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The pattern is harder to see here, but it turns out that

0 if nis even
J™(0) = . (437)
(=1) 2 (n—1)! ifnisodd

Therefore, the Maclaurin series is

> ) (Q *_ () (Q =) (Q
Zf ()xnzzf ()x”+zf ©) n

n!

n!
n=0 ILZO 11=0 ,
for ;\;n n far;gd n
o0 ) n—1 ') n—1
0 —1) 2 (n—1)! —1)
= —'x"—i-z( ) '< ) x”:Z<—x” (438)
n=0 s n=0 s n=0 n
N / A ~~ g A ~~ >y
forevenn foroddn foroddn

Now, n is odd if and only if there exists an integer k such that n = 2k + 1, so this

can be re-written as

Sl S (5D okt
tan”'x = Igomx by (439)

which coincides with the power series representation of tan~'z that we found in

Example 11.103. The radius of convergence can be found through the ratio test:

k+1
(—1)" 2D+ op 4] o 2L o

lim Tt =x°. (440)

k—oo| 2(k+1)4+1 (_1)kx2k+1 - kggo 2k + 3

To guarantee convergence by the ratio test, we must have x> < 1, or in other words,
|x| < 1. Therefore, the radius of convergence is . OJ

Example 11.112 (Problem 11.10.48) Find the Maclaurin series for the function
f (z) = tan™! (z?) and its radius of convergence.

By the previous example, the Maclaurin series would be

(=" aveern [ & oy
Z kE+ 1 (m ) = kzo 2k+1x4]erz : (441)
- —

[\)

00
k=
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The radius of convergence can be found either by recognizing that we must have

|22| < 1, or by the ratio test. Either way, the radius of convergence is . 0

Example 11.113 Let k be a real number. Find the Maclaurin series for the function
f(x) = (1 + )%, and find its associated radius of convergence.

We note that

fla) =1+ f(0) =1
fllo) = k(1 +2)"" £1(0) =k
f(@) = k(k = 1)(1 4 2)" £(0) =k (k—1)
fO() =k(k - 1)(k —2)(1 +2)"° FO0) = k(k —1)(k —2)

f™(2) = k(k —1)(k — 2.)...(14 —n+ D)1 +2)"" 0 = k(k — 1)(1@.— 2)...(k—n+1)
(442)

Therefore, the Maclaurin series is

oo n 00 o0 ]{]
Zx_'f(n)(o) = k(k—l)(k—i)‘...(k—n—&-l)xn _ ( )xn (443)
n! : n

n=0

(This particular series is called the binomial series.) To find the radius of conver-

gence, we use the ratio test:

lim k(k—1)...(k—n+1)(k—n)a"*! n!
_ —n
= lim S|~ o] @44)

The ratio test indicates absolute convergence if |x| < 1 and divergence if |x| > 1,
so the radius of convergence is . 0

Example 11.114 Find the Maclaurin series for f(x) = sinx, and find its associ-

ated radius of convergence.
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We note that

f(z) =sinx f(0)=0
f!(z) = cosz f(0)=1
f"(z) = —sinx "(0) =0 (445)
fO(z) = —cosxz f3(0) = —-1
f@(z) =sinz  fW(0) =0
Again, the pattern is a bit difficult to write, but it turns out to be
0 if nis even
£ (0) = 7 : (446)
(=1)"2  ifnisodd
Therefore, the Maclaurin series is
—f0) - ST0) L, - S0
Zn!l“—z n!fE*Z n!x
n=0 11:0 . \:O .
for ;\;n n for;;d n
SR G R e Y ) Il
D Ve S
n=0 n=0 n=0 ,
for evenn for;;d n forggd n

An integer n is odd if and only if n = 2k + 1 for some appropriate integer k.

Therefore, this can be re-written as

S _1\k
kz_% (gki)l)!x2k+1 : (448)

As for the radius of convergence, we use the ratio test:

. (_1)n+1x2(n+1)+1 (2n+ 1)! ) _$2n+3 (2n+ 1)!
lim - = lim
n—oo| (2(n+1)+1)! (—1)"x?nt! n—oo | x2ntl (2n + 3)!
2
— lim < — 0. (449)

n—oo (2n + 3) (2n + 2)

Since this is less than 1 for all real values of x, the radius of convergence is[oo] [
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11.11 Applications of Taylor polynomials

If a function can be represented as a power series about x = a, then according
to the theorem of the previous section, it will be equal to its own Taylor series. As
always, it may be difficult to determine the sum of a Taylor series, so we may need

to take a partial sum as an approximation.

Definition 11.115 Let f be a function that can be represented by a power series

centered at x = a over some interval of convergence. Given a non-negative integer

k
k, the kth degree Taylor polynomial of f at a is T, = %(m —a)".

n=0

In other words, the kth degree Taylor polynomial of f at a is the n = kth partial
sum of the Taylor series of f at a. This is a generalization of the linearization of a
function. In fact, the 1st degree Taylor polynomial of a function at a is always the
linearization of the function near a.

We will not be concerned with measuring the accuracy of these approximations
in this class. If you are interested, the book has details on this topic in Sections
11.10 and 11.11.

Example 11.116 Find the fourth-degree Taylor polynomial of f (z) = e* at 1.

In the previous section, in Example 11.108, we determined that the Taylor series
of fis
1
> —an, (450)

Thus, the fourth-degree Taylor polynomial is just the n = 4 partial sum:

1
> otat =14z + 1a? + a2’ + St (451)
n=0

O

Example 11.117 Find the second-degree Taylor polynomial of f (x) = /x at 8.
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We need two derivatives of f:

fO@) =473 fOE) =1 - (452)
fO (2) = =575 f@(8) = i

Thus, the second-degree Taylor polynomial of f at 8 is

(z—8)" =2+ L (v - 8) — 5hs(2 — 8)%| (453)

i £ (8)
n!
n=0

0

Example 11.118 (Problem 11.11.6) Find the third-degree Taylor polynomial of the
function f (x) = e *sinx at 0.

We need three derivatives of f:

fO(z) =e"sinx fO0)=0
fO () =e*(cosz —sinz) fD(0)=1 . 4sd)
f@®(2) = —2e " cosx f@(0) = -2
f®(z) =2e% (cosz +sinz) O (0)=2
Thus, the third-degree Taylor polynomial of f at 0 is
1) |
> x”:x—x2+§x3. (455)
n=0
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8 Further applications of integration

8.1 Arclength

The length of a line segment is simply the distance between the two endpoints.
However, this is a very specific situation. What if, instead, we have a curve that
goes between two points? How would we find its length? We’ll come back to this
question a few times, but for now, we’ll just concentrate on finding the lengths of

curves that happen to be described by functions.

Definition 8.1 Let f be a continuous function defined on an interval [a, b]. The arc
length of f from a to b is the length of the curve y = f(x) from the point (a, [ (a))
to the point (b, f (b)).

The arc length of a continuous function f from x = a to x = b is given by the

b 2
s:/ J1+ <d—y) dz. (456)
a dx

The arc length function beginning at x = a is defined as

_ (") %th 457
_/a T\ ' “57)

Example 8.2 (Problem 8.1.2) Use the arc length formula to find the length of the
curve y = /2 — x2 from 0 to 1.

We note that

following formula:

N|=
—~
|
DO
8
~—
|

dy 1. 5 -
__2(2 x)

g (458)

Therefore,

= [ () e [ 7
/\/; /\Ddff—/ \/77 do. (459)
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We now use a u-substitution:

(460)

— 2 (sinl (%) —sin~? (0)) = | ™21 (461)

4

Example 8.3 (Problem 8.1.12) Find the exact length of the curve y = % + ﬁ over
1 <x <2
We note that
=" — —x " (462)

Therefore,

2 1, 1 2 2 1,1 1
5:/\/1+ §x3—§x—3 da::/ 1—|— Zx6—§+1x—6)dx
1
/\/x6+2+ m—de—/\/ 6(x2 4225+ 1)dx
/x6+1 x—i—l 12,
/ / 575 5/156—1-3: dx
1/1 1
= (a-Z) -2 (=-2) =[] «e3
) =3 (-5) -3 (-3) - v

O

Example 8.4 (Problem 8.1.14) Find the exact length of the curve y = In (cosz)

- —
fromzx =0tox = 3.
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_y E———
First, we find 2 = — tan x. Now,

3:/3 \/1+(—tan:c)2d:c:/3 \/1+tan2xdx:/3\/seczxdx
0 0 0

T N

3 3
:/ secxdlen’secx—i-tanx’

0 0

=1In ‘sec(3>+tan< >’—ln‘se00+tan0|

zln‘2+\/§‘—ln‘1+0’: 1n‘2—|—\/§‘. (464)

0J
Example 8.5 (Problem 8.1.18) Find the exact length of the curve

— Vi~ 22 +sin! (V). (465)

First, we note that the problem is well-formed, despite not giving us an interval,

because the function’s entire domain is the finite interval [0, 1]. We note that

dy

1 1_
dr 2

——

[N

(z—22) 2 (1—22) (466)

Therefore,

2
! 1— 1 1— L |
5:/ 1+ * da::/ 1+ xdx:/ —_dz.  (467)
0 x 0 x 0 VT

At this point, we need to realize that this is an improper integral; f is not contin-

uous (or even defined) at x = 0. Thus,

1

. 1 . 1
s = lim 72 dx = lim 2:62
a—0t a a—0t

= lim 2 —2va = (463)

a—07t

O

Example 8.6 (Problem 8.1.20) Find the exact length of the curve y = 1 —e™* over
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0<z <2
We note that

dy
— = " 469
Eials (469)
Therefore,
2
5= / 14 (e==)* da. (470)
0
We proceed by u-substitution:
=e " =0=u=1
u=-e x u @)
du=—e%dr 2=2=u=ec?2
e 2 1 2
s=— / VAT . (472)
1 u
This is most easily done by trigonometric substitution:
u = tanf u=1=0=7% 473)
du =sec?0dfd u=e?=0=tan"!(e?)
B tan~'(e™*) \/T ¥ tan20 op1a |7 sec®
5= — ——— sec’0 df = dé
n tan 6 tan—1(e-2) tan
i tan20 + 1 1
= / tan’0 + 1 sect df = / secftanf + cscO db. (474)
“i(e—2y tané S1(—2
tan=1(e—2) tan=1!(e—2)
We know that sec 6 tan 6 = dd_e sec . As for csc O, we can use a strategy analogous
to that used in Example 7.8 to find that [ csc df = —1In ‘ cscf + cot 9‘ + C.

Therefore,

%
s =sect — In|csch + cot 0|

tan—1(e—2)

_ <\/§_ #) —(In(V2+1) —In (VeT+1+€2)) | (475)
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8.2 Option: Area of a surface of revolution

To find the surface area of a surface of revolution created by revolving y = f(z)

about the z-axis, we take a typical point on the curve:
[Draw diagram]

When revolved about the x-axis, this point forms a circle with circumference
27 f(x). To find the surface area, we integrate this circumference with respect to

arc length:
b
A= / 27 f () ds. (476)

Since s(z) = [74/1+ ( I ( ))2 dz, we know, by the fundamental theorem of cal-

culus, that ds =4/1+( Thus ds =1/1+4( dx and so the surface

area is glven by

A= / om ()1 + (f())? da. @7

Example 8.7 Find the exact area of the surface obtained by rotating the curve
y =+ —uw, for 3 < x <5, about the x-axis.
First, we find that g—z =

-1 .
NG Thus, the surface area is

A= /27r\/5——x\/1+ 2m>2
1

—27T/ VO —=x 1+ dx
4(5—1x)

—27T/ \/D—x+ ~ dw—Qﬂ/ \/——xda: 478)

We proceed by u-substitution:

4 479)
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The integral becomes

NI
a0

N

=|Ln| (480)

[GVREN
3
I

—27?/ u% du =
9

4

PN

0

Example 8.8 Find the area of the surface generated by rotating the curve y = e*

for 0 < x < 1 about the x-axis.

dy

xr
12 = €". Therefore,

First, we notice that

1
A= / 2me® 1 4 e2* dux. (481)
0

We proceed by u-substitution:
u=e"

du = e® dz’

(482)

The integral becomes

27r/ V1+u? du. (483)
1

We now proceed by trigonometric substitution:

u = tand

484
du = sec?d db, (454)

for =% < 0 < 5. Define a real value « in this interval such that tan o = e. Now,

the integral becomes

27r/ V1 + tan26 sec?d df = 27r/ sec®0 d6. (485)

™

4
From a previous example, this is

[0}

7 (secftan @ + In | sec 6 + tan 6))

™

o

= (secatana+ln|seca+tano¢] —V2—In (\/5—1— 1)) . (486)
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Since tana = e, €2 + 1 = sec’a and so ve? + 1 = sec a:

m(evel+1+Inle+VeZ+1|—vV2—In(V2+1)) (487)

0

Example 8.9 Find the surface area of a sphere with a radius of R.
We can understand a sphere centered at the origin with a radius of R as a

revolution of the upper half of the circle x* + y* = R? about the x-axis. This upper
half'is given by y = \/ R?> — x2. We compute

dy

1 —x
dr 2

R2 — 22

N

(R* —2%) 2 (—22) = (488)

Now, the surface area is

R 2
A= | onrVRE_ 22 1+(_—I> dz
/_R " \/ VR? — 22
2

R
—27r/ VRE =2\ 14 5 da
-R R? —x
R

R R
:27r/ \/R2—x2+x2dx:27r/ Rdx:27rR/ dz
R R

- -R

— 2R (R — (—R)) = 2rR (2R) = |4nR?|. (489)
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10 Parametric equations and polar coordinates

10.1 Curves defined by parametric equations

In the past, you’ve always defined curves as points (z, y) in the xy-plane which
satisfy some kind of equation. (Typically, this was the graph of a function of the
form y = f(x).) This is called a “Cartesian description” of a curve. There is an
alternative method to describe a curve: one can understand a curve as the path of
a moving particle taken over a given time period. In this scheme, we describe the
x- and y- coordinates of the particle’s position separately as functions of a different
variable, called the “parameter,” which is usually denoted ¢, and often corresponds

to time. These functions are called “parametric equations.”

Example 10.1 Describe the curve given by the following parametric equations:

x(t) = 4sint
(490)
y(t) = 5cost
for 0 <t < 2m.
We can write f = sint and % = cost, so
2 2
(5) + (4) =sin% +costt = 1. @91)
4 )
Thus, the equation can be written in the Cartesian form as
22 P
=1, 492
16 + 25 (492)

(This process of coming up with an equation in terms of x and y but not t is often
called “eliminating the parameter.”’) This is an ellipse with x-intercepts v = +4

and y-intercepts y = +5:
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The parameter t begins at 0, corresponding to the point (0,5). As t increases,

the x-coordinate increases and the y-coordinate decreases, creating a clockwise

motion. [

Example 10.2 Describe the curve given by the following parametric equations:

x(t)=1—t (493)

fort > 0.
We notice thatt = 1 — x, so y = /1 — x. This is a half of a parabola:
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The parameter t begins at 0, corresponding to the point (1,0). As t increases,
the x-coordinate decreases while the y-coordinate increases, creating the upper
half of the parabola. [

Example 10.3 Given a curve which is the graph of a function y = f(z) defined on

the entire real line, we can describe the curve parametrically as
(494)

for all real values of t. [
Example 10.4 Describe the curve given by the following parametric equations:

x(t) =5t + 3

495
y(t) = 5t + 4 (495)

for all real values of t.
We notice that v — 3 = 5t =y — 4, soy = x + 1. This is a line:
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Example 10.5 Describe the curve given by the following parametric equations:

x(t) =3 — it

_ 1
y(t) =4 — 35t

(496)

for all real values of t.
We notice that 3 — x = %t =4 —y,s0y = x+ 1. This is a line, in fact the same

one as in the previous example:
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This example illustrates that the parametric description of a given curve is not
unique; there could be multiple parametric descriptions that all define the same

curve. [
Example 10.6 Describe the curve given by the following parametric equations:

z(t) =3+ 2cost

4
y(t) = 2sint @D

for0<t< g
We note that

(z —3)° + 14> = (2cost)’ + (2sint)” = 4. (498)

This is a portion of the circle (v — 3)2 +y? = 4:

o

-2

This is not the full circle (v — 3)2 +y? = 4, but rather only the portion of the circle
over which x = 3 + 2 cost is between 3 and 4, and y = 2sint is between 0 and 1.
The parameter t begins at 0, describing the point (5,0). As t increases, the -
coordinate decreases while the y-coordinate increases, creating a counterclockwise
motion.
This example illustrates that the Cartesian description of a curve can often fail

to specify information that is present in a parametric description. []
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Example 10.7 (10.1.8) Describe the curve given by the parametric equations

t) =sint
x(t) = sin (499)
y(t) =1 — cost
for 0 <t < 2m.
We note that
2%+ (1 —y)® = sin?t 4 cos’t = 1. (500)

This describes a circle of radius 1 centered at (0, 1):

3

-1

Att =0, z = 0and y = 0, so this description begins at the origin. As t increases,
will initially increase and y will also initially increase, giving a counter-clockwise

motion. []
Example 10.8 (/0.1.10) Describe the curve given by the parametric equations

z(t) = t?

501
y(t) =t° GOD

for all real values of t.

The easiest way to handle this is to note that t = /y, and so v = (5/@)2 = y3:

win
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As t and y have the same sign, the motion of this description is upward. []

Example 10.9 (10.1.14) Describe the curve given by the parametric equations

z(t) =é'
y(1) = e (502)
for all real values of t.
We note that . )
P == — = - (503)

In other words, y = z—lg Since €' > 0 for all real values of t, this includes only the

region where © > 0:
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As t increases, so does x, and so the motion of this particle is from left to right. []

Example 10.10 (/0.1.16) Describe the curve given by the parametric equations

(504)

for all real values of t.
We note that
P —1l=t=y*+1. (505)

This gives us part of the curve x* — y? = 2, which is a hyperbola:
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-2

We only get this piece of the curve, since both \/t + 1 and \/t — 1 are non-negative
for all real values of t. As t increases, so do x and vy, giving an upward and right-

ward motion. U

Example 10.11 (/0.1.18) Describe the curve given by the parametric equations

6) = tan?g
z(f) = tan (506)
y(0) = sect
for =3 <0 < 3.
We note that
41 =tan’f + 1 = sec?d = 1°. (507)

This gives a portion of the parabola x = y* — 1:
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We get this portion because v = tan® > 0, and for 0 in the interval (—%, g),
y = secl > 0. As 0 increases in (—%, O), x decreases, giving a leftward motion.
As 0 increases in (0, g) x increases, giving a rightward motion. In other words,
the particle traverses this curve leftward, bounces off the y-axis, and continues

rightward along the same path. []
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10.2 Calculus with parametric curves

In this section, we have two goals: to describe the tangent lines and find the arc
lengths of curves that are described by parametric equations.
The slope of the tangent line is always given by %. In order to find this quantity

for a parametric curve, use the following formula:

dy at
—= ==, 508
EPlT: (508)

The concavity is always given by 3272. To find this quantity for a parametric

curve, use the following formula:

Cy G

dt

Example 10.12 (Problem 10.2.2) Find the slope of the tangent line to the curve

x(t) = te!

510
y(t) =t +sint G109

fort > 0.
We know that % =1+ cost and ‘}i—f = te' 4+ e' = (1 + t)e’, so the slope of the

tangent line at any non-negative value of t is

dy COS
< = | G| (511)

OJ

Example 10.13 (Problem 10.2.4) Find an equation of the tangent line to the curve

(512)

at the point corresponding tot = 4.
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First, we need the slope of the tangent line:

dy 2t—-2

= —4(t-1)Vt 513
dz %t—% ( )\/_ G
Att =4,
dy
2l =4(4-1)Vi=24 (514)
da|,_,

Now we need a point on the line. We notice that

z(4) =V4=2

y(4) = (4)" —2(4) =8 (515)

This gives the point (2, 8). Thus, the equation of the tangent line is y—8 = 24(x—2),
or y:24$—40‘. U

Example 10.14 Find the points on the curve where the tangent is horizontal or

vertical:
T (t) — esint
. (516)
y (t) — 6cost
for 0 <t < 2m.
To do this problem, we need to compute g—fc:
d d_y sint t
Y (;j;) - tant. (517)
de (%) ecst(—sint)

The tangent line to the curve will be horizontal when g—z = 0: this occurs exactly
when —tant = 0: specifically, t = 0 and t = 7. In order to find the points to
which these values of the parameter correspond, we need only put them into x (t)
and y (t):

m) =
() (518)

y(0)=e y(m)

Q[= =

Therefore, the tangent line is horizontal at two points: | (1, e) and (1, %) . The curve

has a vertical tangent line when % = —tant is undefined: t = 3 and t = 3777
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Again, to find the points to which these values of the parameter correspond, we

only put them into x (t) and y (t):

r(5) = o (%) -
_ % % (519)

Thus, the tangent line is vertical at two points: | (e, 1) and (%, 1) .U

Example 10.15 (Problem 10.2.18) Find the points on the curve where the tangent

is horizontal or vertical:

t) =t — 3¢
7 () (520)
y(t) =t> —3¢t?
. dy .
To do this problem, we need to compute 3
d W) 32— 6t
& (;j;) S (521)
de (%)  3t2-3
Now, the tangent line to the curve will be horizontal when g—g = 0: this occurs

exactly when 3t2—6t = 0, or in other words, 3t (t — 2) = 0. This has two solutions:
t = 0andt = 2. To convert these values for the parameter into actual points, we

only need to put them into the equations for x and y:

(522)

Thus, the curve has a horizontal tangent line at the points | (0,0) and (2, —4) | The

: . . ; 7T .
curve has a vertical tangent line when <% is undefined. Since %% = 3L=5 his
dz dz 3t=—3

occurs if and only if 3t> — 3 = 0. This has two solutions: t = —1 and t = 1. Again,

to figure out the points to which these two values correspond, we need only put them

into x and y:

z(-1)=2 =z(1)
y(=1)=—4 y(1)

—2

. 2
5 (523)

Thus, the curve has a vertical tangent line at the points | (2, —4) and (—2,2) |
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At first, this may seem extremely perplexing: doesn’t this mean that the graph
has a horizontal tangent line and a vertical tangent line at (2, —4)? Indeed, it does,
which may sound rather impossible until you look at the graph:

2

As you can see, the curve actually passes through (2, —4) twice: the first time is
when t = —1, at which time the tangent line is vertical, and the second time is

when t = 2, at which time the tangent line is horizontal. []

Example 10.16 For which values of t is the curve

H=t+1
2(t) =+ (524)
y(t) = —t
concave upward?
First, we find g—z:
dy 2t—1
gz - 525
dz 3t2 (525)
From this, we need 327%. To find this, we evaluate
3t2(2)—(2t—1)(6t)
ey _ g sy (UUE) sag o o
de? 4z 4 (g3 4 3t 9>

121



Now we need to find where this is greater than 0. We produce a number line.

< —

. . . 2
We mark the points t = 0 and t = 1, since those are the locations where 3732’

could change sign. Fort < 0 Py 0. ForO<t<1 24 >0 Fort>1 2% <.

» dz? > dx? > dz?

Thus, the curve is concave up when 0 < t < 1. [J

The arc length of a parametric curve for « < ¢ < f is given by

B 2 2
= ) () )

Example 10.17 (Problem 10.2.42) Find the exact length of the curve:

z(t)=e —t
t 528
y(t) = 4e2 2%
for0 <t <2
First, we note that
dr — el — 1
dy _ ot (529)

Now,

<i—£§>2 + (%)2 — (et —1)"+ (265)2

=¥ — 2% + 1+ 4é
— 42 1= (' +1)° (530)
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Therefore,

2 2 2

— [ 4/ t+12dt:/ Prldt=e"+t
S /0 (e ) i e e )
(@2 - (@ +0) ~[221) @3

O
Example 10.18 Find the exact length of the curve:

 (t) = cost + In (tan (t))

. 2 (532)
y(t) =sint
for g <t < 3.
We note that
dx : 1 2 (1
=5 = —sint + —~—=sec” (5t
dt tan(%t) (2 ) (533)
dy __
3 = cost
Further, we can simplify i—f by writing
dz 1 1
— = —sint + = —sint+ — =csct —sint. 534
dt 2 sin (%t) cos (%t) sint (534)
Therefore,

de 2+ dy 2—(csct—sint)2+cos2t
dt at)

= csc?t — 2 + sin?t + cos’t = csc’t — 1 = cot®t  (535)

Over the region % <t< %, cott > 0, so

z z T cost
5= /3 Veot2t dt = /3 cott dt = /3 5% . (536)
3 & (]

s sint
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This can be most easily handled by a u-substitution:

u =sint x:%:>u:
=u=

[} N =
[

du = cost dt $:7—3r

fg:m (?) —ln(%) :ln<\/§) -

o

SN

du = In |u

V)
I
m\»—k\

|
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10.3 Polar coordinates

A “coordinate system” represents a point as a sequence of numbers.

In the “Cartesian coordinate system,” a point Z in the plane is represented by
an ordered pair Z = (x,y) of signed distances from two perpendicular lines: y-
coordinate of Z is the signed distance from Z to the x-axis, and the x-coordinate of
Z 1s the signed distance from Z to the y-axis.

In the “polar coordinate system,” a point Z in the plane is represented by an
ordered pair Z = (r,0), where r is the length of a line segment pointing from the
origin to the point and € is the counter-clockwise angle that the line segment makes
with the positive z-axis.

We can convert from polar coordinates to Cartesian coordinates by using a right

triangle:

As the diagram illustrates, x = rcos# and y = rsinf. (Similarly, in converting
from Cartesian coordinates to polar coordinates, we can write r = /2% + y? and
tan @ = £, provided that x # 0.)

xT

125



Example 10.19 (Problem 10.3.4) Plot and find the Cartesian coordinates of the

point whose polar coordinates are:

) (-2.%) (539)

ST .

(a) We need only apply x = r cost and y = rsin 0:

(540)

Therefore, in Cartesian coordinates, the point is (—2, —2\/§) .

(b) This notation does not make literal sense, since r is the length of a line

segment, which cannot be negative. Truly, negative values of r should be understood

126



using the following equality for polar coordinates:

(=r,0) = (r,0+m). (541)

Now we can more intuitively state the point as (2, ?’f + 7r) = (2, %’r) in polar

coordinates. This gives us

542
yzQsm(f):—\/ﬁ (42)
Therefore, in Cartesian coordinates, the point is (\/5, —\/§)
(¢) In this case as well, we can write that (—3, —73—r) = (3, %”) in polar coordi-
nates:
x=3cos (&) = -3
_ <2fr ) 3\/% (543)
y =3sin () = 3

Thus, in Cartesian coordinates, the point is (—%, ﬁ) .U

Converting from Cartesian coordinates to polar coordinates can, at times, be
a bit trickier. This comes down to solving a system of two equations for  and
6. Finding r just requires squaring both equations and adding them together, but

finding # requires more geometric thinking.

Example 10.20 The Cartesian coordinates of a point are given. Find polar coor-
dinates (r,0) of the point.

(@) (V3.-1)

(b) (—6,0) (544)
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(a) In this case, we must solve the system of equations

V3 =rcosh

—1=rsind

(545)

To get started, we can square both equations and add them together:
2
4= (\@) +(=1)* = (rcos6)” + (rsind)” = r* (cos?d + sin?f) = r. (546)

This reveals that r = £2. In particular, if we want a non-negative value for r, then

we need to take r = 2. Now, the system becomes

3=2cosf

V3 cosY (547)
—1 =2sind

In other words, cos 0 = ‘/75 and sin ) = —%. There are infinitely many real values of

0 which satisfy both of these equations, but for now, we’ll just take the only solution

that satisfies 0 < 0 < 27: specifically, 6 = HT”. Thus, the polar coordinates

(2, ”T“) will represent the point in question. It’s worth noting that this is not

the only set of polar coordinates that could represent the point; (—2, %’r) and

(2, —%) are just two of many more different ways to represent the point in polar

coordinates.

(b) This problem can also be solved in terms of a system of equations, but it’s
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far easier to just realize that the point is a distance of 6 units away from the origin,
along the negative x-axis. Thus, the polar coordinates will represent the
point.

(¢) This one is fairly difficult unless we set up the system of equations:

1
——= =rcosf
\/T
1
3

w

(548)

—= =rsinf

Again, squaring both equations and then adding them together gives

4 1)’ 1) 2 2
— = (——) + (——) = (rcosf)” + (rsinf)” = r? (cos®d + sin*f) = >,

9 V3 3
(549)
This reveals that r = :I:%, so we’ll take r = % The system now becomes
—L = 2cos0
Vi3 (550)
-3 = 3 S1n 9
This means that cosf = —*/73 and sinf) = —%. The solution for 0 that satisfies

0<O6<21ish = %T. Thus, the polar coordinates (%, %T) will represent the

point.

(Note: at some point during this process, it’s possible that you might have no-
ticed that tan@ = /3. This is true. However, if we try to use the arc-tangent
function, we get § = tan~! (\/5) = %, which is decidedly wrong for the current
question.) [J

In the same way that we can write functions y = f(x) in Cartesian coordinates,
we can also write functions like 7 = f () in polar coordinates. So, how can one
find the tangent line to a curve defined by a polar function?

As mentioned in the previous section, the slope of the tangent line is always g—g.

Now, given that y = rsinf and x = r cos 0, this becomes

dy % Lrsind rcosf + 9 sinf
=T e (551)
x 6 qa7 €OS —rsmb + a9 €Os
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Given r = f (#), this is possible to compute.

Example 10.21 (Problem 10.3.56) Find the slope of the tangent line to the curve
r = 2+ sin (30) at the point where § = 7.
We note that

dr
W= 3cos (30) . (552)

.
Therefore, at 0 = T

dy  rcosf+ %sin@

dx —rsin9+%cosﬁ

=12 — 22| (553)

O

Example 10.22 (Problem 10.3.56) Find the points on the curve r = e’ where the

tangent line is horizontal or vertical.

Here we seek the points where g—g is either 0 or undefined. We note that
dr 0
— =€, 554
W= (554)
Therefore,
dy  rcosf+ % sing e’ cos @ + € sin 0
dz  —rsind + 4 cos ~ —efsinf + ef cos b
_ e? (cos ) + s%n&) _ cost + s%né’. (555)
e (cosf —sinf)  cosf —sinf
Now, ifg—i = 0, then cos @ + sin@ = 0. This means that cos 0 = — sin 0. This hor-

izontal tangents occur at |6 = ?jf + nm |, where n is any integer. If S—Z is undefined,
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then cos — sin @ = 0, in which case cos = sin 6. These vertical tangents occur

at| = 7 + nm| where n is any integer. [

Example 10.23 Find the points on the curve r = 1 — sin 6 where the tangent line
is vertical.
We note that

W cosf. (556)

Therefore,

dy  rcosf+ 2sinf (1 —sin®) cosf + (— cos f) sin 6
dr ~ —rsinf+ 4 cos - (1 —sinf)sinf + (—cos @) cosd
(1 —2sinf)cos (1 —2sinf)cosd
—sinf 4 sin®0 — cos20  —sin 6 + sin®0 — (1 — sin®0)
(1 —2sin#)cosd

— . (557
2sin%f — sinf — 1 (557)

The tangent is vertical when the denominator equals zero: 2sinf — sinf — 1 = 0.

This is a quadratic equation in sin 6

14 /(1P —4@(-D) 143 1
sinf = = =1, —-. (558)
2(2) 4 2
This gives 0 = 3+ 2mn, 0 = %’T 4 27n, and § = “T’r + 2mn. These correspond to
the points whose polar coordinates are (O, g) , (%, %”) , (%, HT“) N
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10.4 Areas and lengths in polar coordinates

When a region is bounded between two rays pointing from the origin and a polar

curve, the area of the region is given by

1
A= / §r2 de, (559)

where a and b are the angles between the rays and the x-axis.

Example 10.24 (Problem 10.4.2) Find the area of the region bounded by the curve
r = cost and the rays = 0 and 6 = .
This is
51 1 (%
A= / §COS29 df = —/ 1 + cos (26) d6
0

4 Jo
1 1 (R Y I BV W ey
= Z (Q—F 58111 (2@)) . = Z_l <6 + §7> =121 + 1_? (560)

OJ

Example 10.25 (Problem 10.4.4) Find the area of the region bounded by the curve

T:%andtheraysﬁzgandﬁz%r.

This is
2m 1 11 1/2 1 1/4 1
A= S d=—o| =2 (2 == =) =|&] (561
/27292 20|« 2(7r 27?) 2(27T 27?) | (0D
2

O

Example 10.26 (Problem 10.4.6) Find the area in the third quadrant enclosed by
r =2+ cosb.
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The third quadrant is the region m < 6 < 37” Therefore,

3

A= / —(2 + cos ) d@:%/Q 4+ 4cos @ + cos?6 df

/2 4—|—4COS€+%(1+COS(29>) de

79 1
= —+2 - 2
/7T y cos@+4cos( 0) do

3

2

1
= %9+2sin0+ gsin(20)

s

(37” - w) +2 (sin (37”) — sin w) - é (sin (3m) — sin (27))

— |27 —2| (562)

Now we examine the matter of the arc length of a curve given by a polar equa-

tion r = f () for some interval o« < 6 < 3. Suppose we regard # as a parameter,

133



and write parametric equations describing such a curve. These would be

x () =rcosf = f(0)cosb

y () =rsinf = f (0)sinh’ (63)

We know that the arc length of a parametric curve is

8 2 2
LEE.

Doing the calculation gives the following:

p dr 2
— 2 — dé. 565
s / 2y (M) (565)

Example 10.27 (Problem 10.4.46) Find the exact length of the curve r = 5% for
0<60< 2.
We know that g—g = 5%1In 5. Therefore,

21 27
s = 529—|—5291n52d0:/ 594/1 4+ (In5)* do
/0¢ (In5) 51+ (n5)

2m 1+ (In5)°
= (5" - 1).
0 T (5 ). (566)

59

— " /14 (In5)?
s V1H (o)

O

Example 10.28 (Problem 10.4.48) Find the exact length of the curve defined by the
polar equation r = 2 (1 + cos @) for 0 < 0 < 2.
We note that
dr

= —2sin6. (567)
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Therefore,

s = /27T \/(2 (1+cosh))’ + (—2sin0)* do

27
— / \/4 (1 +2cos @ + cos26) + 4sin*6 df

27
:/ \/4(1+2(:os€)+400829+481n26’d9—/ V8 + 8cosf df
21 \/1—
— | 4/zq 2( =
/0 5 +cosf)d coS (29) do
1 1
4/ cos (—0) ‘ do 8/ COS (—8) do
0 2 0 2
:16sin( 0)

=16(1—-0)=[16]. (568)

0

N —

135



6 Option: Applications of integration

6.1 Option: Areas between curves

The definite integral of f over the interval [a, b is defined as the signed area under
the curve.

Suppose we have two functions, f and g, defined over an interval [a, b], such
that f(z) > g(x) for all x in the interval. In that case, the area enclosed between

the curves is

A= / f(z) —g(x) dz. (569)

Example 6.1 (Problem 6.1.6) Find the area of the region enclosed by the curves

: i
y281nx,y:m,m:§andm:7r.

[Draw diagram]

The area is

™

T 1
A:/ x—sinxdx:§x2+cosx
3

1 1
12 =[32 1] (570)

O

Example 6.2 (Problem 6.1.8) Find the area of the region enclosed by the curves
y =2 — 4z and y = 2.

[Draw diagram]

The area is

b
A= / 2z — (2° — 4z) d. (571)
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What are a and b? In order to find the upper and lower bounds, we need to find
the x-coordinates of the points of intersection of the curves. To do this, we set the

functions equal to each other and solve for x:

20 = 2 — 4z

572
0=2a?—6x=ux(x—0) ©72)

This gives x = 0 and x = 6, so the area is

6

6 6
A:/ 2z — (2% — 4z) dx:/ —x2+6xdx:—%x3+3x2 =[36]. (573)
0 0

0

O

Example 6.3 (Problem 6.1.14) Find the area enclosed by the curves y = x* and

y = 4o — 22
[Draw diagram]
The area is ,
A= / (42 — 2%) — 2° d=. (574)
What are a and b? We set the functions equal to each other and solve for x:

22 =4z — 2
202 — 4 =0. (575)
20 (x—2)=0

This gives x = 0 and x = 2, so the area is

2 2
2

/ (4x—x2)—x2dx:/ dr — 22 do = 22° — =23
0 0 3

2:8—§:. (576)

0

O

Example 6.4 (Problem 6.1.20) Find the area enclosed by the curves x = 1,
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y=+v2—xzandy=0.
[Draw diagram]

Here the roles of x and y are reversed. We write y = /2 — v as v = 2 — y°.

The area is

b
A= / (2 — y2) —yt dy. (577)
Again, we need a and b. To do this, we set the functions equal to each other and
solve for y:
y4 =9 _ y2
Yy —2=0
v . (578)
(" +2)(y"—1) =0
(¥?+2)(y—1)(y+1)
The lower bound is y = 0. The upper bound is y = 1. Thus, the area is
1 1
A= [ -yt [2-p -yt
0 0
1 1. 11
y=3y -y ) 3 F = In) O
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6.2 Option: Volumes

Definition 6.5 Let S be a solid region that is bounded by the lines © = a and x = b.
For each x such that a < x < b, define A(x) as the cross-sectional area of S. The

volume of S is the integral

b
V= / A(z) dz. (580)

Given a region in the xy-plane bounded by a function, we can rotate that region
around a (horizontal or vertical) axis to form a 3-dimensional shape. The shape that
results is called a “solid of revolution.” In this section, we discuss the “disk-and-

washer method” of finding the volume of a solid of revolution.

Example 6.6 (Problem 6.2.2) Find the volume of the solid obtained by rotating the

region bounded by y = %, y =0, x = 1and x = 4 about the x-axis.
[Draw diagram]

To do this, we take a typical slice of the region perpendicular to the axis of
rotation. This slice, when rotated about the x-axis, forms a disk. The area of that
disk is

1\ 2
_ 2 _ _
Alz) =mr® = 71'(—) =3 (581)

X

This is the cross-sectional area of the solid, so by definition, the volume is

4 4 4
T B T
V = —deL':?T e ——
1 T 1 T

1

_ T (l) _[8n] (582)

O

Example 6.7 (Problem 6.2.4) Find the volume of the solid obtained by rotating the

region bounded by y = e*, y = 0, x = —1 and x = 1 about the x-axis.

[Draw diagram]
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To do this, we take a typical slice of the region perpendicular to the axis of
rotation. This slice, when rotated about the x-axis, forms a disk. The area of that
disk is

Az) = 72 = ()’ = me™. (583)

Now, the volume is

1 1
T

V:/ 7T62xdl':71'/ e dx = —e**
1 1 2

1

=|Z(e*—e?)| (584)

-1

O

Example 6.8 Find the volume of the solid obtained by rotating the region bounded
by y =2z, x = 0 and y = 4 about the x-axis.

[Draw diagram]

To do this, we take a typical slice of the region perpendicular to the axis of
rotation. This slice, when rotated about the x-axis, forms a washer. The area of that

washer is
A(z) = 7R — 7 = m(4)% — w(\/ﬁf = 7 (16 — 2) . (585)

The volume is the integral of this, but what are the bounds? The lower bound is
certainly v = 0, but what about the upper bound? To find this, we need to set
y = vV 2x and y = 4 equal to each other and solve for x:

V2r = 4, (586)

and so the upper bound is x = 8. Thus,
8

8
vz/ 7 (16 — 22) dv =7 (162 — 2%) | =|647] (587)
0

0
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Example 6.9 (Problem 6.2.12) Find the volume of the solid obtained by rotating
the region bounded by rotating the region bounded by y = 2%, y = 1 and x = 2
about the line y = —3.

[Draw diagram]

To do this, we take a typical slice of the region perpendicular to the axis of
rotation. This slice, when rotated about y = —3, forms a washer. The area of that

washer is

A(x) = 7R — m® = m(2® — (=3))° = 7(1 — (=3))?
=7 (27 +3)" = 4) =7 (o + 627 = 7). (588)

The lower bound is the x-coordinate of the intersection of y = x> and y = 1:
3 =1, (589)

so x = 1 is the lower bound. The upper bound is x = 2. Thus,

2

=|4r | (590)

14

2

2 1
V:/ 7r(:v6+6x3—7) dx:ﬂ<?x7+§x4—7x)
1

1

0

Example 6.10 (Problem 6.2.10) Find the volume of the solid obtained by rotating
the region bounded by v = 2 — y* and x = y* about the y-axis.

[Draw diagram]

To do this, we take a typical slice of the region perpendicular to the axis of
rotation. This slice, when rotated about the y-axis, forms a washer. The area of that

washer is
Aly) =7R*—mr* =n(2 - y2)2 — 7r(y4)2 =7 (= +y' -4 +4). (59
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What are the bounds of the region? They are the y-coordinates where x = 2 — 1>

and x = y* cross:
92— y? =yt
0=y'+y*—2
0=(y"+2)(y* - 1)
0= +2)+y-1).

This gives y = —1 and y = 1 as bounds. Thus,

1
vz/ (= +y' -4y +4) dy

1
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6.3 Option: Volumes by cylindrical shells

There is another method for finding the volume of a solid of revolution: the
“method of shells.”

In the method of disks and washers, we selected a typical slice that was perpen-
dicular to the axis of rotation to produce a disk or washer.
In the method of shells, we will select slices that are parallel to the axis of rota-

tion to produce a cylindrical shell.

Example 6.11 (Problem 6.3.4) Find the volume generated by rotating the region
bounded by the curves y = 2,y = 0, x = 1 and x = 2 about the y-axis.

[Draw diagram]

We take a typical slice of the region parallel to the axis of rotation. This slice,

when rotated about the y-axis, forms a cylindrical shell. The area of that shell is

A =21rh =27z (a:3) = 2zt (594)
Now, the volume is
2 o .|° 2
vz/27r:):4dg:=—7rg;5 — T 32—1) =[] (595)
1 5 i 5

O

Example 6.12 (Problem 6.3.6) Find the volume generated by rotating the region

bounded by the curves y = 4x — x* and y = x about the y-axis.
[Draw diagram]

We take a typical slice of the region parallel to the axis of rotation. This slice,

143



when rotated about the y-axis, forms a cylindrical shell. The area of that shell is
A =2mrh =2nz ((4z — 2°) — (z)) = 27 (32® — 2°) (596)

What will be the bounds? They are the x-coordinates where y = 4x — 2> and y = x

Cross:
de —2? =z
3r—22=0. (597)
r(3—x)=0

This gives x = 0 and x = 3 as bounds. Thus,
3 3
V:/ 27r(3:r;2—$3) d[L':27T/ 327 — 2% du
0 0

1 3 1
— o (:::3 _ Z$4) — o (27 — Z81) - . (598)

0

O

Example 6.13 (Problem 6.3.10) Find the volume of the solid obtained by rotating
the region bounded by the curves y = \/x, x = 0 and y = 2 about the r-axis.

[Draw diagram]

We take a typical slice of the region parallel to the axis of rotation. This slice,

when rotated about the x-axis, forms a cylindrical shell. The area of that shell is
A =2nrh =2my (y2 — O) = 21y, (599)

Now, the volume is

= [8x]. (600)

O

Example 6.14 (Problem 6.3.16) Find the volume generated by rotating the region
bounded by the curves y = 4 — 2x, y = 0 and x = 0 about the line v = —1.
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[Draw diagram]

We take a typical slice of the region parallel to the axis of rotation. This slice,
when rotated about the line x = —1, forms a cylindrical shell. The area of that
shell is

A=2mrh=2n(z+1)(4—22) = —dr (2> — 2 — 2). (601)

Now, the volume is

1, 2

2 1
V:/—47T($2—x—2) dx:—4ﬂ(—x——x2—2x>
0 3 2 0

8
:—4w<§—2—4): 01 (602)
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6.4 Option: Average value of a function

Definition 6.15 Let f be a function defined on the interval |a,b|. We define the

average value of f over |a, b| as the value

1 b
fave = — /a f(x) d. (603)
Example 6.16 (Problem 6.5.8) Let h(x) = me Find the average value of the
function on the interval [1,5).

This is a straightforward application of the definition:

1 5 1 PInx
hope = —— hi(z)dx = - — dx. 604
51 ) Meyde=g /1 z (604)
We use a u-substitution:
=Ilnz (605)
d % dx
This becomes
1 In5 1 In5 5
Rave = / udu=-u?| =|i(Inb)"| (606)
4 /o 8 o

Recall the mean value theorem: if f is continuous on [a, b] and differentiable on
(a, b), then there exists a real value ¢ such that a < ¢ < band f'(c) = W We

now have a mean value theorem for integrals.

Theorem 6.17 Let f be continuous on [a,b]. There exists a real value c such that
a<c<band f(c) = fae

146



Appendix: Exponents and logarithms

Exponential functions

Theorem 6.18 Let a be a real number. The following statements are true.
(i) For any real numbers x and vy, a*™¥ = a®aV.

(ii) For any real numbers x and y, a*¥ = (a®)".

(iii) If a # 0, then for any real number x, a=* = a%

(iv) Given a positive integer n, ar = .
(v)Ifa#0, then a’ = 1.

Note: most sources agree that 0° should be defined as 1. This choice is made

for notational convenience, not due to any important mathematical truth.

Theorem 6.19 Let a and b be real numbers greater than 1. Given a real number z,
(ab)* = a™b".

Theorem 6.20 (Binomial theorem) Let a and b be real numbers. Given a positive
integer n,
" /n
a+b)" = a" "o, 607
@ror =3 (}) (607)

where (Z) = (n+k:),k, the binomial coefficient.

Theorem 6.21 Let a be a real number. If a > 1, then the following statements are

true.

(i) lim o = oo.
T—00

(ii) lim a® = 0.
r—r—00
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Logarithmic functions

Definition 6.22 Let [ and g be real-valued functions of a real variable. We say

that [ and g are inverse functions, or that g is the inverse function of f, or that f

is the inverse function of g provided that for any real value z, f (g (x)) = = and

g(f(z)) ==

Definition 6.23 Let a be a real number greater than 1. The base a logarithm is the

inverse function g (x) = log,x of the function f (z) = a”.

As a direct result of the definition of log,, for any real value z, log, (a*) = =z,
and a'°%«* = z if x > 0. Additionally, since a® > 0 for any a > 0 and any real

number z, log, (y) is not defined for any non-positive real number .

Theorem 6.24 Let a be a real number such that a > 1. The following statements
are true.

(i) For any positive real numbers x and y, log, (ry) = log, (x) + log, (y).

(ii) For any real numbers x and y such that x > 0, log, (z¥) = ylog, ().

(iii) For any positive real numbers x and y, log, (%) = log, (z) — log, (v).

Theorem 6.25 Let a be a real number such that a > 1. The following statements
are true.
(i) lim log,r = oc.

T—r 00

(ii) lim log,r = —o0.
z—0t
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Calculus of exponential and logarithmic functions

Definition 6.26 The natural exponential function is the real-valued function f of a
real variable such that L f (z) = f (z) and f (0) = 1.

Definition 6.27 Euler’s number is the real value e such that the function f (x) = e*

is the natural exponential function.

Definition 6.28 The natural logarithm is the base e logarithm In x = log, .

Theorem 6.29 The following statements are true.
(i) If a > 1, then %am = a”Ina.

(i) L1n |z| = L.
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Appendix: Properties of trigonometric functions

List of trigonometric identities

Theorem 6.30 (Pythagorean identity) Given a real number 0,
cos’0 + sin’f = 1.

Theorem 6.31 (Angle sum formulas) Let 6 and ¢ be real numbers. The following
statements are true.

cos (0 + ¢) = cosf cos ¢ — sin @ sin ¢
sin (6 + ¢) = cos #sin ¢ + sin 6 cos ¢

Theorem 6.32 (Double angle and half angle formulas) Let 0 be a real number. The
following statements are true.

cos (20) = cos?6 — sin*¢

sin (20) = 2sinf cos 0
cos?0 = 3 (1 + cos (20))
1 (1 —cos (20))

sin’6 =

Definition 6.33 Let 0 be a real number.
(i) If cos O # 0, then tan § = 519
(ii) If cos 0 # 0, then sec = —L.
(iii) If sin 6 # 0, then cot § = <=2,
(iv) If sin 0 # 0, then csc ) = 1

sin@°

Theorem 6.34 Let 0 be a real number. The following statements are true.

sec?f — tan?d = 1

csc?f — cot?0 =1
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Inverse trigonometric functions

Definition 6.35 (i) The arccosine function is the function cos™' whose domain is
0, 7] such that for any real value x, if —1 < x < 1, then cos (cos™! (z)) = z, and
for any real value 0, if 0 < 6 < 7, then cos™* (cos (9)) = 0.

(ii) The arcsine function is the function sin~* whose domain is [—g, %} such that
for any real value vy, if —1 < y < 1, then sin (sin_1 (y)) =y, and for any real
value 0, if =3 < 0 < Z, then sin™" (sin (#)) = 6.

(iii) The arctangent function is the function tan~!, whose domain is all real num-
bers, such that for any real value z, if tan (tan=' (2)) = z, and for any real value
0, if =5 <0 < %, then tan™" (tan ()) = .

(iv) The arcsecant function is the function sec™'z = cos™* (
1

NI)—'\/

1
z
(v) The arccosecant function is the function csc™'z = sin™~ (

)-

(vi) The arccotangent function is the function

tan—' (1) ifz>0

z

7+ tan~! (1) if2<0

cot™lz =
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Derivatives of trigonometric functions and inverse trigonometric

functions

Theorem 6.36 The following statements are true.

d .- o d o
T sinf = cos T cos@ = —sinf
%secﬁzsec@tan@ %cse@z—cschoté’
d 2 d a2
10 tan 0 = sec“0 10 cot § = —csc40

Theorem 6.37 The following statements are true.

A=l 1 d. o1, 1
&S V= A @S T =" 2
d =1, _ 1 d ool 1
sec T = VAT q0sc VAT

d 1. _ 1 d -1, 1
atan T= o dI(:ot T=
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Appendix: Theorems on infinite series

Constant series

Theorem 6.38 (Characterization theorem for geometric series) Let b and r be real
numbers.
(i) The geometric series > br"~! diverges if |r| > 1.

n=1

(ii) The geometric series > br"~! = % f—l<r<l.

n=1

Theorem 6.39 (7est for divergence) If > a,, is convergent, then lim a,, = 0.

n=1 n—oo

Theorem 6.40 (The integral test) Let (a,,) be a positive, eventually decreasing se-

quence of real numbers. Given a continuous function f defined on [1,00) such that

oo

for each positive integer n, f(n) = a,, the series » . a, is convergent if and only if
n=1

the improper integral [ f(z) dx is convergent.

Theorem 6.41 (p-series test) Let p be a real number. The p-series n—lp is con-
n=1

vergent if and only if p > 1.

o0

Theorem 6.42 (The comparison tests for infinite series) Let » . a,, be a series with
n=1

positive terms.

(i) Suppose that for all positive integers n, a, < b,. If > b, is convergent, then the

n=1

o0
series Y, a, Is convergent.
n=1

(ii) Suppose that for all positive integers n, ¢, < a,. If Y _ ¢, is divergent, then the

n=1
oo

series Y ay is divergent.
n=1

oo oo
Theorem 6.43 (Limit comparison test) Suppose that >, a, and > b, are series
n=1 n=1
with positive terms. If lim 3™ is positive and finite, then either both converge series
n—oo "

or both diverge.
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Theorem 6.44 (Alternating series test) Let S (—1)"*'b,, be an alternating series,
n=1
where for each positive integer n, b, > 0. If the sequence (b,) is eventually de-

oo
creasing and lim b, = 0, then the series S (—1)"*'b, is convergent.
n—oo n=1

Theorem 6.45 (Alternating series estimation theorem) Let (—1)”+1bn be an

n=1
alternating series, where for each positive integer n, b, > 0. Assume that the

sequence (by,) is decreasing and that lim b, = 0. Let s be the real number to

n—oo
which the series converges, and for each positive integer k, define

k
Rp=s-> (=1)""b,. (608)

n=1

(In other words, Ry is the difference between the sum of the series and the kth
Rk’ < bg11.

partial sum.) In that case,

o0
Theorem 6.46 If a series >, a, is absolutely convergent, then it is convergent.
n=1

Theorem 6.47 (Ratio test) Let . a,, be an infinite series.

n=1
(i) If lim |**L| < 1, then the series converges absolutely.
n—o00 n
(ii) If lim |“*L| > 1, then the series diverges.
n—o00 n

Theorem 6.48 (Root test) Let . a,, be an infinite series.

n=1

(i) If im {/|a,| < 1, then the series converges absolutely.
n—oo

(ii) If lim {/|a,| > 1, then the series diverges.
n—oo
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Power series

o0

Theorem 6.49 Let f(z) = > c,(x — a)" be a power series. Exactly one of the
following statements is true. i

(i) f(x) converges only when x = a.

(ii) f(x) converges for all real values x.

(iii) There exists a positive real number R (called the “radius of convergence”)

such that f(x) converges if |x — a| < R and diverges if |vt — a| > R.
Theorem 6.50 If f has a power series representation about x = a, then f is equal

to its Taylor series about v = a (which is %(l‘ —a)").
n=0
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Common power series representations

Theorem 6.51 The following statements are true.
(i) If |x| < 1, then

1 =
1—"‘:”;%

(ii) If |x| < 1, then

(iii) If |x| < 1, then

r=y (=" ,
t 1 — 7L+1‘
an T 2n+1$

n=0

(iv) If |z| < 1 and k is any real number, then
(1+a2) = i g z"
n=0 n ’

k) _ k(=D (k=2)...(k=(n—1))

n n!

where ( , the binomial coefficient.

(v) For all real values of x,
T S x"”
e = Z F
n=0

(vi) For all real values of x,

156

(609)

(610)

(611)

(612)

(613)

(614)

(615)



