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CHAPTER 7: OPTIMAL RISKY PORTFOLIOS


PROBLEM SETS  



4.	The parameters of the opportunity set are:
E(rS) = 20%, E(rB) = 12%, σS = 30%, σB = 15%, ρ = 0.10

From the standard deviations and the correlation coefficient we generate the covariance matrix [note that] = 30 x 15 x 0.1 = 45:
	
	Bonds
	Stocks

	Bonds
		225
		45

	Stocks
		45
		900


The minimum-variance portfolio is computed as follows:

wMin(S) =
wMin(B) = 1  0.1739 = 0.8261

The minimum variance portfolio mean and standard deviation are:
E(rMin) = (0.1739 × .20) + (0.8261 × .12) = .1339 = 13.39%

σMin = 
= [(0.17392  900) + (0.82612  225) + (2  0.1739  0.8261  45)]1/2 
= 13.92%

5.             E(rp) = ws E(rs) + wB E(rB)

                σp = 

	Proportion
in Stock Fund
	Proportion
in Bond Fund
	Expected
Return
	Standard
Deviation
	

		0.00%
		100.00%
	12.00%
	15.00%
	

		17.39
		82.61
	13.39
	13.92
	minimum variance

		20.00
		80.00
	13.60
	13.94
	

		40.00
		60.00
	15.20
	15.70
	

		45.16
		54.84
	15.61
	16.54
	tangency portfolio

		60.00
		40.00
	16.80
	19.53
	

		80.00
		20.00
	18.40
	24.48
	

		100.00
		0.00
	20.00
	30.00
	


Graph shown below.





6. 	The above graph indicates that the optimal portfolio is the tangency portfolio with expected return approximately 15.6% and standard deviation approximately 16.5%.


7.	The proportion of the optimal risky portfolio invested in the stock fund is given by:



      


The mean and standard deviation of the optimal risky portfolio are:
E(rP) = (0.4516 × .20) + (0.5484 × .12) = .1561 
      = 15.61%
 σp = [(0.45162  900) + (0.54842  225) + (2  0.4516  0.5484 × 45)]1/2 
      = 16.54%


8.	The reward-to-volatility ratio of the optimal CAL is:




9.	a.	If you require that your portfolio yield an expected return of 14%, then you can find the corresponding standard deviation from the optimal CAL. The equation for this CAL is:



If E(rC) is equal to 14%, then the standard deviation of the portfolio is 13.04%.

b.	To find the proportion invested in the T-bill fund, remember that the mean of the complete portfolio (i.e., 14%) is an average of the T-bill rate and the optimal combination of stocks and bonds (P). Let y be the proportion invested in the portfolio P. The mean of any portfolio along the optimal CAL is:


Setting E(rC) = 14% we find: y = 0.7884 and (1 − y) = 0.2119 (the proportion invested in the T-bill fund).
To find the proportions invested in each of the funds, multiply 0.7884 times the respective proportions of stocks and bonds in the optimal risky portfolio:
Proportion of stocks in complete portfolio = 0.7884  0.4516 = 0.3560

Proportion of bonds in complete portfolio = 0.7884  0.5484 = 0.4323


10.	Using only the stock and bond funds to achieve a portfolio expected return of 14%, we must find the appropriate proportion in the stock fund (wS) and the appropriate proportion in the bond fund (wB = 1 − wS) as follows:
0.14 = 0.20 × wS + 0.12 × (1 − wS) = 0.12 + 0.08 × wS  wS = 0.25
So the proportions are 25% invested in the stock fund and 75% in the bond fund. The standard deviation of this portfolio will be:
σP = [(0.252  900) + (0.752  225) + (2  0.25  0.75  45)]1/2 = 14.13%
This is considerably greater than the standard deviation of 13.04% achieved using T-bills and the optimal portfolio.


11.	a.

	

Even though it seems that gold is dominated by stocks, gold might still be an attractive asset to hold as a part of a portfolio. If the correlation between gold and stocks is sufficiently low, gold will be held as a component in a portfolio, specifically, the optimal tangency portfolio.

b. 
If the correlation between gold and stocks equals +1, then no one would hold gold. The optimal CAL would be composed of bills and stocks only. Since the set of risk/return combinations of stocks and gold would plot as a straight line with a negative slope (see the following graph), these combinations would be dominated by the stock portfolio. Of course, this situation could not persist. If no one desired gold, its price would fall and its expected rate of return would increase until it became sufficiently attractive to include in a portfolio.





CFA PROBLEMS 


1.	a.	Restricting the portfolio to 20 stocks, rather than 40 to 50 stocks, will increase the risk of the portfolio, but it is possible that the increase in risk will be minimal. Suppose that, for instance, the 50 stocks in a universe have the same standard deviation () and the correlations between each pair are identical, with correlation coefficient ρ. Then, the covariance between each pair of stocks would be ρσ2, and the variance of an equally weighted portfolio would be:


The effect of the reduction in n on the second term on the right-hand side would be relatively small (since 49/50 is close to 19/20 and ρσ2 is smaller than σ2), but the denominator of the first term would be 20 instead of 50. For example, if σ = 45% and ρ = 0.2, then the standard deviation with 50 stocks would be 20.91%, and would rise to 22.05% when only 20 stocks are held. Such an increase might be acceptable if the expected return is increased sufficiently.

b. Hennessy could contain the increase in risk by making sure that he maintains reasonable diversification among the 20 stocks that remain in his portfolio. This entails maintaining a low correlation among the remaining stocks. For example, in part (a), with ρ = 0.2, the increase in portfolio risk was minimal. As a practical matter, this means that Hennessy would have to spread his portfolio among many industries; concentrating on just a few industries would result in higher correlations among the included stocks.


2.	Risk reduction benefits from diversification are not a linear function of the number of issues in the portfolio. Rather, the incremental benefits from additional diversification are most important when you are least diversified. Restricting Hennessy to 10 instead of 20 issues would increase the risk of his portfolio by a greater amount than would a reduction in the size of the portfolio from 30 to 20 stocks. In our example, restricting the number of stocks to 10 will increase the standard deviation to 23.81%. The 1.76% increase in standard deviation resulting from giving up 10 of 20 stocks is greater than the 1.14% increase that results from giving up 30 of 50 stocks.


3.	The point is well taken because the committee should be concerned with the volatility of the entire portfolio. Since Hennessy’s portfolio is only one of six well-diversified portfolios and is smaller than the average, the concentration in fewer issues might have a minimal effect on the diversification of the total fund. Hence, unleashing Hennessy to do stock picking may be advantageous.
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