Multi-Factor Model

ri = αi + βi1 f1 + βi2 f2 + βi3 f3 + βi4 f4 + ……+ βin fn + ei ,

ri = stock i’s return

f1, f2, f3, f4, …, fn = macro economic factors

βi1, βi2, βi3, βi4, …, βin =
sensitivity of stock i’s return to macro economic factors

ei  = return component due to stock specific events

Single-Factor Model

ri = αi + βi f + ei ,

ri = stock i’s return

f = a macro economic factor

βi = sensitivity of stock i’s return to the macro

        economic factor

ei  = return component due to stock specific events 

Single-Factor Model in Alternate Form

(1)
 



ri = αi + βi f + ei ,

Taking expectation of (1), we have

(2)


 E(ri)= E(αi + βi f + ei) = αi + βi E(f)

Subtract (2) from (1)

ri  - E(ri) = βi f  - βi E(f) + ei = βi [f - E(f)] + ei

ri  = E(ri) + βi [f - E(f)] + ei 

(10.1)

        ri  = E(ri) + βi F + ei

Single-Index Model (Market Model)

ri = αi + βi rM + ei ,

ri = stock i’s return

rM = market return

βi = sensitivity of stock i’s return to the market

       return

ei  = return component due to stock specific events

Market Model vs Portfolio Analysis

From ri = αi + βi rM + ei  and rj = αj + βj rM + ej
COV(ri  rj) = COV(αi + βi rM + ei , αj + βj rM + ej)

   = COV(βi rM, βj rM)

   = βi βj COV(rM, rM)

   = βi βj VAR(rM)

Hence, бij2  = βi βj бM2   
VAR(ri) = COV(αi + βi rM + ei , αi + βi rM + ei)
              = COV(βi rM + ei , βi rM + ei)

Hence, бi2  = βi2бM2   +  б2(ei)
Portfolio Optimization Problem

Max θ = [E(rM) – rf]/ бM
where
E(rM) = Σwi E(ri)

бM2 = ΣΣwiwj бi,j
Σwi = 1
Input data: E(ri), rf, бi,j
Number of input data = n + 1 + (n2 – n)/2 + n 

= (n +1)(1 + n/2) 

Number of input data under the assumption of the market model

Input data: E(ri), rf, βi, бM2, б2(ei)
 = n + 1 + n + 1 + n = 3n + 2 

Market Model vs CAPM beta

From ri = αi + βi rM + ei ,
COV(ri  rM) = COV(αi + βi rM + ei , rM)

   = COV(βi rM, rM)

   = βi COV(rM, rM)

   = βi VAR(rM)

 βi =  COV(ri  rM)/VAR(rM)

