TOEPLITZ OPERATORS AND TOEPLITZ ALGEBRA
WITH SYMBOLS OF VANISHING OSCILLATION

Jingbo Xia and Dechao Zheng

Abstract. We study the C*-algebra generated by Teoplitz operators with symbols of
vanishing (mean) oscillation on the Bergman space of the unit ball. We show that the
index calculation for Fredholm operators in this C*-algebra can be easily and completely
reduced to the classic case of Toeplitz operators with symbols that are continuous on the
closed unit ball. Moreover, in addition to a number of other properties, we show that this
C*-algebra has uncountably many Fredholm components.

1. Introduction

Let B denote the open unit ball {z € C" : |z| < 1} in C". Let dv be the volume
measure on B with the normalization v(B) = 1. The Bergman space L2?(B,dv) is the
subspace

{h € L*(B,dv) : h is analytic on B}

of L?(B, dv). Let P be the orthogonal projection from L?(B, dv) onto L2 (B, dv). For each
f € L>*(B, dv), the Toeplitz operator Ty with symbol f is defined by the formula

Ti¢h = P(fh), he L3(B,dv).

For any non-empty subset G of L>°(B,dv), we will write 7(G) for the norm-closed
algebra generated by the Toeplitz operators {Ty : f € G}. If G is closed under complex
conjugation, then 7(G) is a C*-algebra. In the case G = L*°(B,dv), we will simply
write 7 in place of T (L*°(B,dv)). Often, this 7 is called the full Toeplitz algebra on the
Bergman space. The main interest of this paper, however, will be on operators in 7 (G)
for a particular G that has been introduced in previous investigations.

In fact, the G that we are interested in consists of functions of vanishing oscillation on
B, which were first introduced in Berger, Coburn and Zhu in [2] (also see [17, 3]). These
functions are defined in terms of the Bergman metric on B. For each z € B\{0}, we have
the Mobius transform ¢, given by the formula

o0 = iy (= e 0o R (- )}
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[12,page 25]. In the case z = 0, we define ¢o({) = —¢. Then the formula

1+ |z (w)]

, zZ,w € B,
1- |90z(w)|

Blzyw) = 5 log

gives us the Bergman metric on B. Recall that a function g on B is said to have vanishing
oscillation if it satisfies the following two conditions: (1) g is continuous on B; (2) the limit

lim sup [g(z) —g(w)[ =0
2171 B(2,w)<1

holds. We will write VO for the collection of functions of vanishing oscillation on B.
Moreover, we set

(11) VOpaa :VOQLOO(B,dU).
That is, VOpqq denotes the collection of functions of vanishing oscillation that are also
bounded on B.

Let us denote the collection of compact operators on L2(B,dv) by K. It was shown
in [2] that
(1.2) T(VObdd) = {Tg NS VObdd} + K.

In fact, 7(VOpaq) has a representation in terms of the more familiar notion of vanishing
mean oscillation. Recall that the normalized reproducing kernel for the Bergman space is

given by the formula
(1= |2 +0)/2

(1= (¢ 2t

Also recall that a function f € L?(B, dv) is said to have vanishing mean oscillation if

kz(C) - Z,é' € B.

Let VMO denote the collection of functions of vanishing mean oscillation on B defined as
above. In the same spirit as (1.1), let us denote

VMOpqq = VMO N L™ (B, dv).

That is, VMOyqq denotes the collection of functions of vanishing mean oscillation that are
also bounded on B. Then we have VMOypgq O VOpaq [2].

It was shown in [2] that, in addition to (1.2), the equality
(1.3) T(VObdd) = T(VMObdd) = {Tg 1g € VMObdd} + K

also holds. In fact, it was shown in [2] that if g € VMOyq4q, then both operators (1—P)M,P
and PMgy(1 — P) are compact. Therefore for all f,g € VMOyqq we have T;T, — Ty, € K.
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For any non-empty G C L*°(B,dv) and any k € N, let My (G) denote the collection
of k x k matrices whose entries belong to G. Then each f € My (G) gives rise to a Teoplitz
operator Ty of matriz symbol on the Bergman space L2(B,dv) ® C* of vector-valued
functions. That is, for each h € L2(B, dv) ® CF, considered as a column vector, we define

Tyh = Py(fh),

where Pj, denotes the orthogonal projection from L?(B,dv) ® C* to L?(B,dv) ® Ck. For
G C L>®(B,dv) and k € N, let T(My(G)) denote the norm-closed algebra generated by
the Toeplitz operators {T : f € My(G)} of matrix symbols. From (1.2) and (1.3) we
obtain

T (My(VOypaa)) = {7y : g € Mp(VOpaa)} + Kk,
(14) T(Mk(VMObdd)) = {Tg 1g € Mk(VMObdd>} + K, and

for every k € N, where K}, denotes the collection of compact operators on L2(B, dv) ® C*.

Let C denote the collection of continuous functions on the closed unit ball B. The
starting point of this paper is the fact that the Fredholm index theory is well established
for operators B € T(My(C)). See [14,1]. We will show that index calculation for Fredholm
operators in 7 (M (VMOgpaqa)) = T (M (VOpaa)) can be easily reduced to index calculation
for operators in T (M (C)). Thus, through this reduction we establish the Fredholm index
theory for operators in 7 (M (VMOpaq)) = T (Mg(VOpaa))-

But sometimes numerical index does not tell the whole story. In fact, we will see later
in the paper that sometimes, the story numerical index tells is far from being whole. To
further explain, let us introduce some useful notation.

All Hilbert spaces in this paper are assumed to be separable. For a Hilbert space H,
let us write Fred(#) for the collection of Fredholm operators on H. We know that Fred(#)
is the union of connected components

Fred,,(H) = {B € Fred(H) : index(B) = m},

m € Z. In fact, the Fredolm index theory is one of the best-understood theories concerning
operators. We are all accustomed to the thinking that each Fredolm component is iden-
tified with the corresponding index. But there is one interesting phenomenon that hasn’t
really been noticed in the literature. Namely, for certain C*-subalgebras A of B(#), the
intersection

(1.5) Fred,,(H) N A

can actually have uncountably many connected components. In such a situation, the index
m hardly tells us anything about the above intersection. For each complex dimension n,
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there is a smallest k(n) € N such that if & > k(n), then T (My(C)) contains a Fredholm
operator of index 1 [14]. (We know, of course, that k(1) = 1.) We will see that if &k > k(n),
then the C*-algebra T (Mg (VMOpaq)) = T (Mg(VOpgq)) is an example of A for which
(1.5) has uncountably many components.

The phenomenon that (1.5) has uncountably many components also occurs when A
is the C*-algebra generated by the Toeplitz operators with the familiar QC symbols on
the Hardy space H? of the unit circle T [11]. Technically, the Bergman space case and the
Hardy space case are quite different. In fact, we will have more to say about the difference
between the Toeplitz algebra on the Bergman space and that on the Hardy space later.

To conclude the introduction, let us describe the organization of the paper. In Section
2 we present the index theory for T (My(VMOypaa)) = T (Mg(VOpaa)). In Section 3 we
give a precise representation for scalar symbols f € VOyqq for which the Toeplitz operator
Ty is Fredholm. We then show in Section 4 that 7 (M, (VMOypaq)) = T (Mp(VOpaa)) has
uncountably many Fredholm components. Finally, in Section 5 we present a number of
properties that are forced on the structure of the full Toeplitz algebra 7 by T (VOpaq)-

2. Index theory

In this section we study the index theory in 7 (Mg (VMOypaq)) = T (Mp(VOpaa))-
Conventionally, one computes Fredolm index using paths that are continuous in the opera-
tor norm topology. That is, if A; is a Fredholm operator for every ¢ € [a, b], and if the map
t — Ay is continuous on [a, b] with respect to the operator norm, then the integer-valued
function index(A;) remains constant on [a, b]. But in practical terms, the requirement that
the map t — A; be continuous with respect to the operator norm may not always be met.
This is because, in order to compute index, the path A; has to be given by a practical
formula, which does not always lead to norm continuity. This forces one to compute index
under weaker conditions. Our first proposition offers a more practical substitute for the
norm-continuity requirement of the map ¢t — A;.

Proposition 2.1. Suppose that A; is a Fredholm operator on a Hilbert space H for every
t € [a,b]. If the maps

from [a,b] into B(H) are continuous with respect to the operator norm, then the function
t — index(A;) remains constant on |a, b].

Proof. For each t, let E; and F; be the spectral measures for the self-adjoint operators
A;A; and Ay Af respectively. Consider the point b. Since A; is Fredholm, there is a ¢ > 0
such that the essential spectra of A7 A, and A, A} are contained in [c, 00). Hence there are
0 < c1 < ¢ < ¢ such that

sp(A;Ap) N (c1,¢2) = 0 = sp(ApA;) N (c1, c2).

Since the maps (2.1) are continuous with respect to the operator norm, there are ¢; > 0
and ¢; < dy < dy < ¢o such that

(2.2) sp(A;A¢) N (dy,d2) =0 =sp(ArAf) N (dy,da) whenever t € (b— €q,0].
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Let ¢ : [0,00) — [0, 1] be a continuous function such that ¢ = 1 on [0,d;] and ¢ = 0 on
[d2,00). Then it follows from (2.2) that

(2.3)  Ei([0,d1]) = p(AfA:) and Fy([0,d1]) = p(ArA}) whenever t € (b— ep,b].
Since ¢ is continuous on [0,00), (2.1) and (2.3) together imply that the maps
t — Ei([0,d1]) and ¢+~ F([0,d1])

are continuous on (b — €1,b] with respect to the operator norm. Therefore there is an
€ € (0,€1) such that

2.4) |Ey([0,d1]) — Eo([0,da])| <1 and |[Ep([0,di]) — Fo([0,da])| <1 if £ € (b—eb].

Since d; < ¢, the ranks of the projections Fy([0,d1]) and F([0,d;]) are finite. By (2.4),
for every t € (b — €,b], Ei([0,d1]) and Fi([0,d;]) are also finite-rank projections with
rank(E.([0,d1])) = rank(FE4([0, d1])) and rank(F;([0,d1])) = rank(F,([0,d;])). For a finite-
rank orthogonal projection, its rank is the same as its trace. Hence

(2.5) tr(Ex ([0, da])) — tr(F3([0, du])) = tr(Ep((0, da])) — tr(Fp([0, d1]))

for every t € (b —¢,b]. On the other hand, for ¢ € (b — €, b], the polar decomposition of A;
gives us the identity rank(F:((0,d;])) = rank(F3((0,d1])). From this and (2.5) we deduce

tr(E:({0})) — tr(F:({0})) = tr(£,({0})) — tr(£3,({0}))

for every t € (b — €,b]. That is, the function index(A;) is constant on (b — €, b].

By the same argument, index(A;) is constant on [a,a + §) for some § > 0. Similarly,
if s € (a,b), then there is some 1 > 0 such that index(A;) is constant on (s —n,s+n) =
(s—mn,s]U[s,s+mn). Thus we have shown that index(A;) is locally constant on [a, b]. Since
[a, b] is connected, index(A;) is constant on the entire interval [a, b]. [

For our specific situation, we will see that Proposition 2.1 enables us the calculate
index with only || - ||[smo-continuity, rather than the traditional || - ||oo-continuity.

We will write Cj for the collection of continuous functions f on B which vanish at the
boundary, i.e.,

|1Zl|1%11 f(z)=0.

Obviously, Cy is an ideal in VOyqq.
Proposition 2.2. Let k € N. For f € M;(VOyaa), the Toeplitz operator Ty is Fredholm

on L2 (B, dv) ® C* if and only if the equivalence class f + My(Co) is an invertible element
in the quotient algebra My, (VOypaq)/Mi(Co).

Proof. It was shown in [2] that the map g+Cj — T, +K is an isomorphism from VOp4q/Co
onto 7 (VOpqaq)/K. By elementary C*-algebra, this induces an isomorphism in the matrix

case. That is, the map
f+ Mk(C()) —> Tf + Kk
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is an isomorphism from My (VOpaq)/Mg(Cy) onto T (Mg (VOpga))/Kr. Obviously, this
implies the Fredholmness criterion stated in the proposition. [J

Recall that for g € L?(B, dv), we define

lgllBmo = sup [[(g — (gk=, k=))k-||.
z€EB

For an arbitrary function g on B, let us define

diff(g) = sup{|g(z) — g(w)| : B(z,w) < 1}.

Lemma 2.3. There is a constant Ca3 such that ||g|lsmo < Ca.3diff(g) for every g €
L*(B, dv).

Proof. For z € B and r > 0, we introduce D(z,7) = {w € B : f(z,w) < r}, the Bergman-
metric ball. For g € L?(B, dv), define

1/2
1 2
= su w) — g, |“dv(w ,
lollovio.1 = sup (U(Dw)) [, lotw) =gl >>

where
1

o(D(=,1)) /D(Z,U glu)dv(w)

By [3,Theorem 18], there is a constant 0 < C; < oo such that

9z =

llgllemo < CillgllBMmO,1
for every g € L?(B, dv). On the other hand, for every z € B we have

—1 2 vlw
BT /D o) - Pavtw

2
1

OTTY o 919) ~ 9016 )

1
~ o(D(z, 1)) /Dm
2

(
< // l9(w) = 9(u) dv(w)dv(u) (Cauchy-Schwarz inequality)
D(z,1)xD(z,1) (D(z,1))

'U2
<4 sup |g(w)—g(2)]? < 4(diff(g))>.
weD(z,1)

Hence the constant Cy 3 = 2C7 will do for the lemma. [

Lemma 2.4. Suppose that 0 < p <1 and let z,w € B.
(i) If p < |2] <1 and p < |w| < 1, then B((p/|z])z, (p/|w])w) < B(z,w).
(i) If [w| < p < |z| <1, then B(z, (p/|2])z) < B(z, w).
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Proof. (i) Since the function x +— log{(1 + x)/(1 — x)} is increasing on [0, 1), it suffices to
show that

(2.6) [P ios12p=((p/ [ww)]” < |- (w)]>.

To prove (2.6), let us write z = |z|¢ and w = |w|n, where £ and 7 are unit vectors in C™.
Thus (£,71) = a + ib, where a,b € R with a? + > < 1. By [12,Theorem 2.2.2], we have

=12 = w?) (0= 2)0 = [w])

— w 2:: - )
L — |z (w)] 1= (z,w)? 11— |2||w|{€,n)]2

Let ¢ € [0,1) be such that ¢? = |z||w|. Since |z|?|w|? = ¢*, a minimization on |z|? + |w|?
gives us (1 — [2)?)(1 — |w|?) <1 —2¢2 + ¢* = (1 — ¢?)2. Therefore

2 (1-¢c?)?
1—|p.(w)]” < W

On the other hand, it also follows from [12,Theorem 2.2.2] that

1= oo/l = o

We have ¢ = |z||w| > p? by assumption. Thus (2.6) follows from the assertion that

B (1—x)?
fx) = (1 —azx)?+ (bx)?

is a decreasing function on the interval [0,1). This assertion itself, of course, is trivial if
a < 0. In the case a > 0, to prove this assertion, it suffices to factor f(z) in the form

flw) = (11__:;)2- - (1b_x)2

l—ax

and observe that both factors are decreasing on [0,1). This proves (2.6).
(ii) By [12,Theorem 2.2.2], we have

s QR P) Q-0 ) (-l \

@ == 2T A k) (1—|z||w|) d
s AR (ld=p ]
ot =1 - S = ()

Note that the function x — (|z] — x)/(1 — |z|z) is decreasing on the interval [0, |z|]. Since
we now assume |w| < p < |z, it follows that |©(,/|2)-(2)| < |pw(2)]. Hence B(z, (p/|2])z)
< Bzw). U



Let f be a function on B. For each 0 < p < 1, we define the function f, by the formula

flrg) if 0<r<p
fo(ré) = for € € C with |¢] = 1.
f(p€) if p<r<i1

We emphasize that this defines f, as a function on the closed ball B. In particular, if f €
VO, then f, € C. For a matrix-valued function f on B, we define f, by the same formula.

Lemma 2.5. For every f € VO we have

li — = 0.
plngfp fllBMo =0

Proof. Let f € VO be given. By Lemma 2.3, it suffice to show that

(2.7) lim diff(f, — f) = 0.

To prove this, let 0 < p < 1. Note that if 0 < |w| < p, then f,(w) — f(w) = 0. Thus

diff(f, — f) < max{a(p) + b(p), c(p)},

where

a(p) = sup{[f(2) = f(w)] : B(z,w) <1,p <[z <1,p <|w[ <1},
b(p) = sup{|f((p/]2])2) — f((p/lwhw)] : B(z,w) <1,p <|z[ <1,p <|w[ <1} and
c(p) =sup{|f((p/|z))z) — f(2)| : p < |z| < 1,B(%,w) <1 for some w with |w| < p}.

Obviously, a(p) — 0 as p 1 1 by virtue of the fact f € VO. By Lemma 2.4(i) and the fact
that f € VO, we have b(p) — 0 as p 1 1. Finally, by Lemma 2.4(ii) and the fact that f €
VO, we also have ¢(p) — 0 as p 1 1. This proves (2.7) and complete the proof. [J

Our index calculation involves Hankel operators on the Bergman space. Recall that
for each f € L°°(B,dv), the Hankel operator H; : L(B,dv) — L*(B,dv) & L?(B,dv) is
defined by the formula Hsh = (1 — P)(fh), h € L2(B,dv). It is well known that there is
a constant 0 < M < oo, which is determined by the complex dimension n, such that

| Hy|l < M| f]lBmo

for every f € L*°(B,dv) [3,Theorem A]. Given a matrix symbol f € M (L>*(B,dv)), we
define the Hankel operator H; by the formula Hyh = (1 — P)(fh), h € L2(B,dv) @ C*.
For our purpose, the important thing is the following relation between Toeplitz operators
and Hankel operators:

Ty —TyTy = Hy. Hy

for all g, f € Mi(L>(B,dv)).



With the above preparation, we can now present our index result, which says that
index calculation in 7 (Mg(VMOypga)) = T (My(VOpaa)) can be reduced to the case of
M. (C)-symbols in a brutally simple way.

Theorem 2.6. Let f € My (VOyaq) for some k € N. If the Toeplitz operator T is Fredholm
on L2(B,dv) ® CF, then there is a 0 < ¢ < 1 such that the following two statements hold
true:

(a) For every ¢ < p < 1, the Toeplitz operator T}, is Fredholm.

(b) We have index(Ty) = index(T},) for everyc < p < 1.

Proof. Given f € My(VOpaq), let us define |f|(2) = (f*(2)f(2))"/?, z € B. Suppose that
Ty is Fredholm. Then by Proposition 2.2, the element f + M (Cy) is invertible in the
quotient algebra My (VOyqq)/Mg(Cp). This invertibility implies that there are 0 < ¢; < 1
and a > 0 such that

(2.8) [ (2)f(z) > a for every z € B satisfying the condition |z| > ¢;.

Obviously, we have f*f € My(VOpaq) and f*(2)f(2) < ||fl|%, 2 € B. Since My (VOypqq) is
a C*-algebra, it follows that |f| € My (VOpga). We claim that f admits a representation

f=ulf[+g

satisfying the following conditions:

(1) u € Mk(vobdd)-

(2) There is a ¢; < ¢ < 1 such that if ¢ < |z| < 1, then u(z) is a unitary matrix.

(3) g € My (Cp). In fact, g(z) = 0 whenever ¢ < |z] < 1.
Indeed (2.8) implies that |f|(z) > a'/? if ¢; < |z| < 1. Therefore |||f|~(2)| < a='/? if
c1 < |z| < 1, where || - || denotes the matrix norm. Consequently,

A7) = LA™ @)l = A7 A1 w) = AN @)l < a”HIlF(w) = 1))

for all z, w satisfying the conditions ¢; < |z| < 1 and ¢; < |w| < 1. Since |f| € Mk(VOpaa),
by a standard construction using continuous cutoff functions, we obtain a ¢ € My (VOypq4q)
and a ¢; < ¢ < 1 such that g(z) = |f|71(z) for every z € B satisfying the condition
¢ <zl < 1. Set h =¢q|f| —1. Then 1 = q|f| — h and h(z) = 0 if ¢ < |z] < 1. Let
g = —fh. Then (3) holds and we have f = fq|f| + g. This tells us to set u = fq, which
is in My (VOypaa), verifying (1). Now (2) simply follows from the polar decomposition of
f(2) and the fact that for ¢ < |z| < 1, q(2) = (f*(2)f(2))~ /2.

By (2.8) and Proposition 2.2, T}y is a Fredholm operator. Since T} is self-adjoint, we
have index(7}f) = 0. Since g € M(Cyp), the operator T, is compact. Hence index(Ty) =
index(7},). Similarly, (2.8) implies that if ¢ < p < 1, then T}y is Fredholm. Also, (3) tells
us that g, € My(Co) whenever ¢ < p < 1. Hence for each ¢ < p < 1, T}, is Fredholm with
index(7Ty,) = index(Ty,). Thus the proof will be complete if we can show that index(T,)
= index(Ty,) for every ¢ < p < 1.



To prove this, we define
T, if p=1
if c<p<l1

By Proposition 2.1, we will have index(7},) = index(T.,,), ¢ < p < 1, if we can show that
the maps

(2.9) p— AjA, and p— A A7

are continuous with respect to the operator norm on the closed interval [c, 1]. Since u is
continuous on B, the map p — w, is continuous on [c, 1) with respect to the supremum
norm on B. This shows that the maps in (2.9) are continuous with respect to the operator
norm on the half-open interval [¢,1). Thus what remains is to show that these maps are
also continuous with respect to the operator norm at the point p = 1.

To prove the continuity at p = 1, we use (2), which gives us
(2.10) u*(z2)u(z) =1 whenever ¢ < |z| < 1.
Thus it follows that
(2.11) uy(2)uy(z) =1 if e<p<1 and ec< 2| <1
On the other hand, by definition we have
(2.12) up(z) =u(z) if c<p<1 and |z] <c.
The combination of (2.10), (2.11) and (2.12) gives us the identity

upu, = utu

on B for every ¢ < p < 1. Thus, using the relation between Toeplitz operators and Hankel
operators, for every ¢ < p < 1 we have

A;AP - ATA]_ - Tu;Tup - Tu*Tu - {Tu*u - Tu*Tu} - {Tu;up - Tu;Tup}
(2.13) = H;H, — H; H,,.

On the other hand, there is a constant Cy such that ||H, — Hy, || = |[Hy—u,|| < Ci|lu —
up||BMo- Thus, applying Lemma 2.5, we have

lim || H, — H,,| = 0.
P11

Combining this with (2.13), we find that

lim 474, — A Ar]| = 0.
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Thus we have shown that the map p — A7 A, is continuous with respect to the operator
norm at the point p = 1. By a similar argument, the map p — A,A7 is also continuous
with respect to the operator norm at the point p = 1. This completes the proof. [J

Definition 2.7. Let E be a subset of L?(B, dv) that is closed under complex conjugation.
For each k € N, SA,(F) denotes the collection of h € My (FE) satisfying the condition
h*(z) = h(z) for every z € B.

Let h € SA;(VMO) and z € B. For every self-adjoint k x k matrix B, the identity
1
Gih(2) _ GiB _ Z/ ¢t (B(z) — B)el1=DB gy
0

yields the estimate
(2.14) le”=) — e[| < [|n(2) — B]|.
From this we conclude that if A € SAx(VMO), then e € M}, (VMOpqq).

Recall from [2] that if f,g € VMOyqq, then TyT, — T, € K. For each h € SA;(VMO),
since e € M, (VMOpqq), there are compact operators K; and K such that

T,-inT,in =14+ Ky and T.inT,-in =14 Ks.
Hence if h € SAx(VMO), then the Toeplitz operator T,i» on L2(B,dv) ® C* is Fredholm.
Theorem 2.8. If h € SAL(VMO), then the index of the Toeplitz operator T,in equals 0.

Proof. Let h € SAL(VMO) be given. For each t € [0, 1], define Ay = T,in. Obviously, we
have index(Ap) = 0. Thus it suffices to show that index(A;) is a constant on [0,1]. By
Proposition 2.1, we only need to show that the maps

t+— A;At and t~ AtA;:
are continuous on [0, 1] with respect to the operator norm.

To prove this, we first note that, by (2.14), there is a constant C; such that ||e*"|gmo
< Ch|lzh]lBMmo = Cilz|||h|Bmo for every x € [—1,1]. Consequently there is a Cy such that

(2.15) |Hgion || < Colz|||h|lBMo  for every z € [—1,1].
Let s,t € [0,1] be given and write x = ¢ — s. Then note that
Tyn = Toionion = Tyien Tyion + Hiuny Hoion.
Therefore
AF A= AL A, = Ty Tuion — Tgieny Toien
— {Tieiony-Tigionye + Hvon Higionye HTuion Tyion + Hiyiony Hoion} = Tigionys Toion
= Tyguonys (Tpgiony- Tuion — 1) Toion + Tygionys Tpgionye Hisiony Hoion
t HY o Higionys Toion Toton + Hivon Higionye Hiiony. Hoion
= ~Tionye Heson Hoon Tyion + Tgionys Tigianye Hiiany. Hoion
t H oo Hgiony Tyian Toion + Hison Higianye Hfyiany. Hoion.
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Combining this with (2.15), we see that ||A;A; — AXAg|| < 40|t — s|||h|lBmo- Hence
the map ¢t — A; A, is continuous with respect to the operator norm. A similar argument
shows that the map ¢ — A; A} is also continuous with respect to the operator norm. This
completes the proof. [

3. Scalar symbols

In this section we only consider Toeplitz operators with scalar symbols. Equivalently,
this means £ = 1. We will give a more precise representation for f € VOyqq for which the
Toeplitz operator Ty is Fredholm on L?(B,dv). But this involves the complex dimension
of the underlying space C". That is, there is a marked difference between the cases n > 2
and n = 1. We begin with the case n > 2, the simpler of the two.

Proposition 3.1. Suppose that n > 2. Let f € VOyqq. If the Toepltz operator T is
Fredholm on L?(B,dv), then there exist a real-valued function h in VO and a g € Cy such
that f = | f| + g.

Proof. As we showed at the beginning of the proof of Theorem 2.6, for f € VOyqq, if T}
is Fredholm, then f admits a representation

(3.1) f=ulfl+g1,

where g7 € Cy and u satisfies the following two conditions:

(1) % € VOpqq.

(2) There is a 0 < ¢ < 1 such that if ¢ < |z| < 1, then |u(z)| = 1.
Obviously, the proposition will follow if we can show that there exist a go € Cy and a
real-valued function h in VO such that

(3.2) u=e"+ go.

To prove this, let H denote the hollowed ball {z € C™ : ¢ < |z] < 1}, where c is the
constant in (2). Also, let T denote the unit circle {7 € C: |r| = 1}. We can view u as a
map from H to T. Since n > 2, H is simply connected. Thus the continuous map u : H —
T lifts to a continuous map from H to R, the universal covering of T [10,Lemma 79.1].
That is, there is a continuous ¢ : H — R such that u(z) = €*(*) whenever ¢ < |z| < 1.

Next we show that ¢ has vanishing oscillation on H in the sense that

(3.3) lim sup |¢(2) = C(w)| = 0.
|21 B(z,w)<1

If this did not hold, then there would be a ¢ > 0 and sequences {z;} and {w;} with |z;| T 1
as j — oo such that (z;,w;) <1, {w e B: p(z;,w) <1} C H, and

I(25) — C(wj)] > g for every j.

Pick a positive number 0 < p < 1 such that p < q. We claim that for every j, there is a
w’ € H satisfying the conditions

(3.4) B(zj,wi) < Bzj,w;) and  [((z;) — ((w))| = p.

12



To find such a w’, recall that ., (0) = 2; and ¢, (¢.;(w;)) = w; [12,Theorem 2.2.2]. By
the Mobius invariance of the Bergman metric, for every r € [0, 1] we have

6<Zj’ Pz, (T(pzj (wj))) = 5(9023 (0)’ Pz, (T(pzj (wj))) = 5(07 TPz, (wj))
_ 1L e (wy)l 1+ |z, (wy)]
|

1
L og < Slog P\l gy .
2 " 1—res, (wy)] — 2 71— e, (wy)] 7

In particular, {¢, (r¢., (w;)) : 7 € [0,1]} C H. Define
f(r) =1¢(z5) = Clez; (rez; (wy)))], € [0,1].

We have f(0) = |¢(2j)=C(z, (0))] = [¢(2;)=C¢(z;)] = 0and f(1) = [C(z;)—C(es, (2, (w))))]
= |¢(2j) — C(w;)] = ¢ > p. Therefore there is an s € [0,1] such that f(s) = p, i.e,
1C(z5)  Cpn, (503, (w3)))] = p. Thus if we set w!, = s, (sps, (w;)), then |((z;) — ((w})] =
p. This proves (3.4). Now, by (3.4), we have

lu(z;) — u(w))| = |e?¢(zi) — eiC(w;)| = le"? — 1| for every j.

Since B(z;,w}) <1, j > 1, and lim;_,« |2;| = 1, this contradicts the fact that u € VO.
Hence (3.3) holds.

Once (3.3) is proven, it is a standard exercise using an obvious cutoff function to
produce a ¢ < d < 1 and a real-valued h € VO such that h(z) = ((z) whenever d < |z| < 1.
Therefore u(z) = "*) whenever d < |z| < 1. That is, if we set g» = u— e, then gy € Co.
This proves (3.2) and completes the proof of the proposition. [

Next we consider the case where n = 1. We will write D for the unit disc {z € C:
|z| < 1}. Write dA for the area measure on D with the normalization A(D) = 1. Fix a
continuous function 0 < o < 1 on [0, 1] satisfying the conditions that & = 1 on [2/3,1] and
that o = 0 on [0,1/3]. For each m € Z, we define the function y,, on D by the formula

(3.5) Xm(r7) =a(r)t™ forall 0<r<1 and 7€ T.

Proposition 3.2. Suppose that n = 1. Let f € VOyqgq. If the Toepltz operator Ty is
Fredholm on L2(D,dA), then there exist an m € Z, a real-valued function h in VO and a
g € Co such that f = xme™|f| +g.

Proof. As in the proof of Proposition 3.1, for f € VOyqq, if T} is Fredholm, then f admits
a representation (3.1), where g1 € Cp and u satisfies conditions (1) and (2) listed there.
We may, of course, assume that the constant ¢ in (2) satisfies the condition 2/3 < ¢ < 1.

Again, the proposition will follow if we can show that there exist an m € Z, a real-
valued function h in VO and a g € Cj such that

(3.6) U= Xme™ + go.
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To prove this, for each r € (¢, 1), consider the map u(") : T — T defined by the formula
u") (1) = u(rr), 7 € T. Obviously, the winding number of u(") is independent of 7 € (¢, 1).
Let m denote this common winding number.

Now consider the subset B = [0,27] x (¢, 1) of R?, and define the continuous map
U : B — T by the formula

U(b,r) =u(re), (6,r) e B.

Since B is simply connected, U lifts to a continuous map Z from B to R, the universal
covering of T. That is, there is a continuous Z : B — R such that U(#,r) = €47 for
every (0,r) € B. Since the winding number of each u(") equals m, we have

Z(2m,r) — Z(0,r) =2mm for every r € (c,1).

Hence if we define
C(Qv T) - Z(ev T) - m07 (07 ’I”) € Ba

then ( is a continuous function on B satisfying the condition (27, 7) = ¢(0,r) for every
r € (¢,1). Thus there is a real-valued continuous function ¥y on R={z € C:c < |z| < 1}
such that ¢(0,7) = ¥(re?) for every (6,7) € B. A retracing of the definitions yields

u(re?) = el et (re’”)  for every (0,7) € B.

Equivalently, we have u(r7) = 7™ (") for all 7 € T and r € (c, 1).

By an argument similar to the proof of (3.3), this ¢ also has vanishing oscillation on
R. Again, a standard exercise produces a ¢ < d < 1 and a real-valued h € VO such that
h(z) = 1(z) whenever d < |z| < 1. Since 2/3 < ¢ < d < 1 and since a« = 1 on [2/3,1], we
have u(z) = xm(2)e™*) whenever d < |z| < 1. That is, if we set go = u — X,,e”, then
g2 € Cy. This proves (3.6) and completes the proof of the proposition. [J

Lemma 3.3. Let n be a real-valued function in VO. If 1 — e € Cy, then n € VOpqq.

Proof. Note that 1 —e™ € Cj if and only if 1 —e™ € Cy. Suppose that n ¢ VOpqq. Then,
replacing 1 by —n if necessary, we may assume that there is a sequence {z; }3"; 7 in B such
that n(z;) = (2j + 1)7 for every j > J. This, of course, implies that |z;| T 1 as j — oo.
But then 1 — (%) = 2 for every j > J. Since |zj| T1 as j — oo, this is not reconcilable
with the condition 1 — e € Cy. O

Let inv(VOypqga/Co) denote the collection of invertible elements in VOyqq/Cp. Further-
more, write invy(VOpqaq/Cop) for the connected component of inv(VOpqq/Co) that contains
the identity element.

Proposition 3.4. Let h be a real-valued function in VO. If e + Cy € invy(VOpaa/Co),
then h € VOpqq.

Proof. Since VOpqq/Cop is a commutative C*-algebra, invo(VOpqq/Cp) consists of the
exponentials in VOpqq/Co. Thus if et + Cy € invg(VOpaq/Co), then there is an a €
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VOpqaq/Co such that e + Cy = e If a = f + Cy with f € VOpqq, then e* = ef + Cp.
Hence there is a g € Cj such that e* = ef + g. Write f = f, +ifs, where f; and fo are
real-valued functions in VOpqq. We have

2 = el eof = lef 2 = leth —g]2 =1+ g1,
where g; € Cy. Hence f; € Cy, and consequently e/t = 1 4 g5 for some gy € Cy. Thus
eth = eif2 4 gs for some g5 € Cj.
Write 7 = fo — h. Then the above implies that 1 — 7 € Cy. By Lemma 3.3, this means

that n = fo — h belongs to VOyqq. Since fs is bounded, so is h = fo —n. O

Proposition 3.5. Let f € VOyaq be such that the Toeplitz operator Ty is Fredholm on
L2(B,dv). If h is an unbounded, real-valued function in VO, then f + Cy and e f + Cj
do not belong to the same connected component of inv(VOpqaq/Co).

Proof. If f + Cy and e f + Cy were contained in a single component of inv(VOpqq/Co),
then so would 1 + Cy and e + Cy, i.e., e + Cy € invg(VOpaq/Co). By Proposition 3.4,
this would imply h € VOyqq, which contradicts the assumption that A is unbounded. [

4. Uncountably many Fredholm components

Considering the general case of matrix symbols, we will now show that for each k €
N, the intersection

(4.1) Fred(L%(B,dv)® C*)NT (My(VMOpqq)) = Fred(L?(B, dv) @ C*)NT (M (VOypqq))
has uncountably many connected components, and that the Fredholm index hardly tells

us anything about these components.

Theorem 4.1. Let f € My (VOyqq) for some k € N, and suppose that the Toeplitz operator
Tr on L?(B, dv)®CP* is Fredholm. Furthermore, suppose that h is an unbounded, real-valued
function in VO. Then for every pair of s # t in R, the operators T,isny and Teiny belong
to distinct connected components of (4.1). On the other hand, we have index(T,iwns) =
index(T) for every t € R.

Proof. If A is a unital C*-algebra, then the connected component of inv(.A) that contains
1 consists of elements of the form €% ---e*, aq,...,ap € A and ¢ € N. From this it is easy
to deduce that the component of (4.1) that contains 1 consists of elements of the form

Te<P1 ..ePe —|— K,

where £ € N, p1,...,0¢ € M (VOpqgq), and K is compact.
For s # ¢ in R, if Tin p and T,inp were in the same component of (4.1), then

(42) Teishf — ATeithf + Kl,
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where A is in the component of (4.1) that contains 1 and K; is compact. We will show
that this leads to a contradiction. Indeed by the preceding paragraph, (4.2) implies that
there are ¢1,...,¢¢ € Mp(VOpaq) such that Tyienp — Toey...copcien g is compact. That is,

eishf —e¥r. .. e‘p@eithf c Mk(CO)

The Fredholmness of Ty means that f + My (Cop) is invertible in My (VOynaa)/Mi(Co).
Hence the above implies that there is a G € My (Cp) such that

6<p1 PPN ewz ei(t—S)h et ]_ + G,
Taking determinant on both sides, we find that
egoeik(t—s)h =14+ q

where ¢ = tr(p1) + - + tr(pg) and g € Cy. Thus ePe* =) 1 Cy € inve(VOpaa/Ch).
Since ¢ € VOpqq, e?etk(t=s)h 4 Oy and e*(t=9)h 1 O belong to the same component
of inv(VOpqq/Co). Hence e*t=9" 4 Cy € invy(VOpaq/Co). By Proposition 3.4, this
forces k(t — s)h to be bounded. Since ¢ # s and h is assumed to be unbounded, this is a
contradiction. Hence T,i:ny and T,iwnp are not in the same component of (4.1).

To show that index(TLien s) = index(TY), t € R, it suffices to note that index(T,in ) =
index(T,itn g, )+ index(Ty), where I;, denotes the k x k identity matrix. By Theorem 2.8,
we have index(T,in g, ) = index(7inr, ) = 0. Hence index(T,iwn ) = index(7Ty). O

But even with Theorem 4.1 established, we still need to do one more thing before we
can claim that (4.1) truly has uncountably many connected components. Namely, we need
to produce at least one unbounded, real-valued function in VO.

Example 4.2. We will now construct an unbounded, real-valued function A in VO. To
define the desired function, we first set the value (1 —27v*+1) = 2;21 j~ ! for every v €
N. We then define ¢ to be the increasing, continuous function on [0,1) that is linear on
each [1—27vT1 1-277] v € N. With 9 so defined, we define h(z) = 9(|z|), 2 € B. Thus h
is a radial function. Obviously, h is both continuous and unbounded on B. What remains
is to show that h has vanishing oscillation.

Let z,w € B. By [12,Theorem 2.2.2], we have

oy AR 0l?) _ ([P~ fwf?)
B e (T R e i =

Elementary algebra then leads to
2
Lo A=z = w?) ( w| — || )
5 = :
(1 — Jwl|z])

Note that the function x +— log{(1+x)/(1—x)} is increasing on the interval [0, 1). Therefore
for z,w € B satisfying the condition |z| < |w|, we have

L+ lps(w)] 1, (1w~ |z])

T foa(w)] = 2 T w1+ |2])
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Hence if we have both |z| < |w| and B(z,w) < 1, then (1 — |2])/(1 — |w]) < €% < 2%
For a pair of z, w satisfying these two conditions, there are v < v/ in N such that |z| €
[1—27""11—-27")and |w| € [1 =27+ 1 —27"). From this we deduce

27V /27 < (1= |2)) /(1 = Jw]) < 2
That is, v/ < v + 5. Using this inequality and definition of 1, we have

[h(2) = h(w)| = $(|w]) = (|2]) < P —27) = (1 —27H)

V41 B v'41 5
JZ:: Zj Jzy;_lj Sy+1<1og1%|z|.

Thus if we drop the condition |z| < |w| but retain the requirement §(z,w) < 1, then
)

|h(2) — h(w)] < -
min {log 1_1|Z| ,log 1_1|w| }

From this inequality one sees that A € VO. [

In the special case of scalar symbols, we have a more precise description of Fredholm
components. But for this more precise description, we again need to separate the cases
of complex dimension n > 2 and complex dimension n = 1. Write VoW (respectively,

VOS& q) for the collection of real-valued functions in VO (respectively, in VOpqgq).

Theorem 4.3. Suppose thatn > 2. Let f1, fo € VOpqaq be such that the Toeplitz operators
Ty, and Ty, are Fredholm. Let fi = et | fi|+g1 and fo = e2| fa|+ g be the representations
provided by Proposition 3.1, i.e., g1,g92 € Cy and hy, ho € VO™, Then Ty, and Ty, belong
to the same connected component of

(4.4) Fred(L?(B, dv)) N T(VMOyqgq) = Fred(L2(B, dv)) N T (VOpaa)

if and only if ho —hy € VOggd. Consequently, there is a natural one-to-one correspondence
between the connected components in (4.4) and the elements in the quotient linear space

vo® /vol .

Proof. For a non-negative function ¢ in VOyqq, if T/, is Fredholm, then T, belongs to the
component of (4.4) that contains the identity operator. Hence for each v € {1,2}, T}, and
T,in, belong to the same component of (4.4). Moreover, T, and Ty, belong to one single
component of (4.4) if and only T,in, and T,in, belong to one single component of (4.4). If

hy — hy € VO](Or(id, then obviously T,in, and T,in, belong to the same component of (4.4).
On the other hand, we can write f = ¢ and h = hy — hy, consequently 2 = ¢t f.
Thus, by Proposition 3.5, if T,ix, and T.in, belong to the same component of (4.4), then
h = hy — hy is bounded. This completes the proof. [J

Recall that for m € Z, the function y,, was defined by (3.5). It is well known that
the index of the Toeplitz operator T, on L2(D,dA) equals —m [1,14].

m
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Theorem 4.4. Suppose thatn = 1. Let f1, fo € VOpaq be such that the Toeplitz operators
Ty, and Ty, are Fredholm. Let fi = xm e |f1] + g1 and fo = xm,e?|fa| + g2 be the
representations provided by Proposition 3.2, i.e., mi,mo € Z, 91,92 € Cy and hy,he €
VO™ . Then Ty, and T}y, belong to the same connected component of

(4.5) Fred(L2(D,dA)) N T(VMOpqq) = Fred(L2(D,dA)) N T (VOpaq)
(r)

if and only if both conditions my = mqy and hy — hy € VO 44 are satisfied. Consequently,
there is a natural one-to-one correspondence between the connected components in (4.5)

and the elements in the product set Z x {VO™ /VO{;&d .

Using the fact that index(7),, ) = —m, the proof of Theorem 4.4 follows the same
argument as in the proof of Theorem 4.3. Therefore we will not repeat the proof here.

5. Vanishing oscillation and essential center

Recall that we write T for the full Toeplitz algebra on the Bergman space. In other
words, 7T is the C*-algebra on L?(B,dv) generated by the full set of Toeplitz operators
{Ty : f € L>°(B,dv)}. In this section, we will consider 7 (VOpqq) from the view point of
the essential center of T. Recall that if A is a C*-algebra of operators on a Hilbert space
H, then its essential center is defined to be

EssCen(A) = {B € A: [B, 4] is compact for every A € A}.
What particular interests us here is the inclusion relation
(5.1) ESSCGH(T) D) T(VObdd),

which was established in [2]. We will see that much can be gleaned from this inclusion.

We begin with the main technical result of the section. Recall that a state ¢ on a
unital C*-algebra A is said to be faithful if it has the property that for every positive
element A € A, the condition A # 0 implies ¢(A) > 0.

Proposition 5.1. The quotient algebra EssCen(T)/K does not admit any faithful state.
Consequently, if (X, M, u) is any probability space, then EssCen(T)/K is not isomorphic
to any unital C*-subalgebra of L>°(X, M, p).

The technical part of the proof of Proposition 5.1 is the construction of certain radial
functions in VOpqq. For each integer k > 2, let ug be a continuous function on [0, 1)
satisfying the following conditions:

(i) 0 <wur <1onl0,1);

(ii) ug =0 on [0,1 —27F) U1 — 274 1);

(iii) ux = 1 on [1 — 272k 1 — 273F)

(v) sup{|uk(r) — up(r’)| :r,r" € [1 = 27971 1 — 279} < 1/k for every j € N.

Such a continuous function exists; in fact we can obviously pick one that is linear on each
[1—279F1 1 —-277], j € N. Next we pick a sequence of natural numbers

2 < k(1) <k <k <--k@G)<---
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such that
(a) 4k(i) < k(i + 1) for every i € N and
(b) k(i) > 2¢ for every i € N.
Now for each 7 € N we define the radial function

9i(2) = upi)(|2]), z€B,

on the unit ball. Moreover, for each subset E of N we define

JE = Zgz'-

el

Obviously, it follows from (ii) and (a) that each gg is a continuous function on B. Fur-
thermore, by (i), (ii) and (a) we have ||gg||c < 1 for every E C N.

Lemma 5.2. For every subset E C N we have gg € VOpqq.-

Proof. By the boundedness mentioned above, it suffices to show that gp € VO. Let us
first estimate diff(g;) for each ¢ € N. We claim that

(5.2) diff(g;) < 5/k(i) for every i € N.

Let z,w € B. Recall from (4.3) that if we have both |z| < |w| and S(z,w) < 1, then
(1—1|z])/(1 — |w]) < e? < 2% For a pair of z,w satisfying these two conditions, there are
j <j"in N such that |z|] € [1 —277T1 1 —-277) and |w| € [1 =277 1,1 —277"). Hence

279 27 < (1= |2]) /(1 = Jw]) < 2%
That is, j' < j + 5. Using this inequality and (v), the usual telescoping trick gives us

19i(2) — gi(w)| = |ug) (|12]) — weey (Jw))|
< sup{[ug(i) (1) — upy(s)| s r € [1 — 279711 = 279) s e [1 —279'F1 1 - 277")}
< 5/k(1),

which proves (5.2).

Let E C N be given. To show that gg € VO, pick any ¢ > 0. Using (b), we can
partition ' in the form F' = F'U E’, where F' is a finite set and ), (5/k(i)) < e. Since
F is finite, by (ii) there is a 0 < ¢ty < 1 such that ¢;(() = 0 for all i € F and ( € B
satisfying the condition |(| > to. For this tg, there is a tg < t; < 1 such that for any pair
of z,w € B, if we have both 5(z,w) <1 and |z| > t1, then |w| > tg. Hence if z,w € B are
such that 3(z,w) < 1 and |z| > 1, then g;(2) = 0 = g;(w) for every i € . Thus if |2| > t;
and B(z,w) <1, then

95(2) — gp(w) < 3 difi(gy) < 3 - <.

&S Gk
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This proves that g has vanishing oscillation on B. [

Lemma 5.3. Let E C N. Then the Toeplitz operator Ty, on L2(B, dv) is compact if and
only if the set E is finite.

Proof. If E is a finite set, then by (ii) the support of gg is obviously a compact subset of
B, and consequently the Toeplitz operator T}, is compact.

On the other hand, Lemma 5.2 tells us that gg € VOyqq for every £ C N. Thus if Ty,
is compact, then gp € Cy (see Theorems B and A in [2]). By condition (iii), if g € Cy,
then F has to be a finite subset of N. [J

Proof of Proposition 5.1. We need the following fact: there is an uncountable family
{Ex : A € A} of infinite subsets of N such that for every pair of A # X in A, the
intersection E\ N Ey. is finite. The construction of such a family is a standard exercise in
textbooks. But instead a reference, it will be easier to simply give a proof: Arrange the
natural numbers as the vertices of a binary tree. That is, 1 has descendants 2 and 3, 2 has
descendants 4 and 5, and 3 has descendants 6 and 7, and so on. Then we simply let A be
the collection of all possible paths down the tree starting from 1. For each path A\ € A, let
E\ be the collection of natural numbers found along A. The finite intersection property
follows from the fact that any two distinct paths will diverge at some point.

By Lemma 5.2 and (5.1), in the quotient algebra EssCen(7)/K we have the element
A\ = T9E>\ + K
for every A € A. Since Ty, is obviously a positive operator on L?(B,dv), Ay is a positive
element in EssCen(7)/K. Since each E) is an infinite set, Lemma 5.3 tells us that Ay # 0.
Suppose that there were a faithful state ¢ on EssCen(7)/K. Then ¢(Ay) > 0 for every
A € A. Since the index set A is uncountable, there is a ¢ > 0 such that the set

Ae={NEA:p(Ay)>c)

is infinite. Since ¢ > 0, we can pick an m € N such that mc > 1. Now let

be m distinct elements in A.. For every pair of 1 < /£ < v < m, the intersection Ey)NE)(,)
is finite. Hence there is a finite subset I’ of N such that

(5.3) {Exp\F}N{Eyo)\F} =0 for every pair of 1</<v <m.

For each 1 < v < 'm, define E, = E\,)\F. Also, define £ = U] E,. Then it follows from
(5.3) that

(5.4) 9e =Y 9k,
v=1
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Since F' is a finite set, by Lemma 5.3 we have TgEM - Typ, = TgEM e, € IC for every

1 <v<m. Thus Ay =T,, +K,1<v<m. Combining this with (5.4), we find that
Avay + ot Axen) = Toe + K.

Properties (i), (ii) and (a) ensure that ||ge|loo < 1. Hence [|Axq)+- -+ Ayl < 1. Since
© is a state, it follows that

SD(AA(I) + -+ A)\(m)) <1.
On the other hand, by virtue of the membership A(v) € A., 1 < v < m, we have

The last two displayed inequalities obviously contradict each other. [

Suppose that A is a unital C*-algebra of operators on a Hilbert space H. If A con-
tains JC(H), the collection of compact operators on H, then IC(H) is the smallest nonzero,
closed ideal in A. In this case EssCen(A) can be alternately described as the collection of

operators in A that commute with A modulo its smallest nonzero, closed ideal. In other
words, if A D KC(H), then EssCen(.A) is C*-algebraically defined.

For the Toeplitz algebra 7 on the Bergman space and the the Toeplitz algebra, 7 Hardy
on the Hardy space, we have 7 D K and 7Hardy 5 jCHardy  Thys, in view of the comments
in the preceding paragraph, it makes sense to compare the two essential centers EssCen(7)
and EssCen(7H#4Y) and that was the reason for establishing Proposition 5.1. But before
we make such a comparison, it is necessary to recall the relevant definitions and notations
in the Hardy-space case.

As usual, let S denote the unit sphere {z : |z| = 1} in C". Let do be the standard
spherical measure on S. That is, do is the positive, regular Borel measure on S with
o(S) =1 that is invariant under the orthogonal group O(2n), i.e., the group of isometries
on C" 2 R*" which fix 0. Recall that the Hardy space H?(S) is just the norm closure of

Clz1,...,2,] in L*(S,do). Given any f € L>°(S,do), the Toeplitz operator T;Iardy on the
Hardy space H?(S) is defined by the formula

TV h = PHady(fh), e H?(S),

where PHardY is the orthogonal projection from L?(S, do) onto H2(S). The Toeplitz algebra
THardy on H?2(S) is the C*-algebra generated by {Tfamy : f € L>(S,do)}. Let KHardy
denote the collection of compact operators on H?(S).

Suppose that S is a set of bounded operators on a Hilbert space H. Recall that the
essential commutant of S is defined to be

EssCom(S) = {X € B(H) : [ X, A] is compact for every A € S}.
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Obviously, for a C*-subalgebra A of B(H), we always have EssCom(A) D EssCen(.A).

Let VMOpqq(S) be the collection of bounded functions of vanishing mean oscillation
on the sphere S. That is, VMOypgq(S) is the collection of f € L°°(S,do) satisfying the
condition

lim [ = (FRIY BT )) ) = o,

where k13 is the normalized reproducing kernel for the Hardy space H2(.S). It is now a

well-known fact that
(5.5)  BssCom(7Had) = EssCen (T = {TH*Y : g € VMOpqq(S)} + KM,

Recall that (5.5) was first proved by Davidson in [4] for the case n = 1 and generalized to
the case n > 2 by Ding, Guo and Sun in [6,8]. For the latest development along this line,
see [7]. By the symbol calculus on 724 we have

(5.6) ({TgHardy t g € VMOpaa(S)} + KM d) /iy o2 VMO g4 ().

See [5] or [16,Lemma 4.12].

The Bergman space Toeplitz algebra 7 is known to coincide with its ideal generated by
the commutators [13,9]. Consequently, there is no symbol calculus on the whole of the C*-
algebra 7. On the other hand, since there is symbol calculus on 75 the commutator
ideal in 7H2rdY ig well known to be a proper ideal. Therefore the two Toeplitz algebras T~
and TH2dY are not isomorphic as C*-algebras. Now we can show that the two essential
centers are also not isomorphic as C'*-algebras:

Proposition 5.4. The C*-algebras EssCen(T) and EssCen(TH¥Y) are not isomorphic
to each other.

Proof. Suppose that there were an isomorphism 1 : EssCen(7") — EssCen(7H12rdY). Since

the collection of compact operators is the smallest nonzero ideal in each essential center,
1 induces an isomorphism 1, : EssCen(7)/K — EssCen(7Hardy)/CHardy hetween the
quotient algebras. Combining this with (5.5) and (5.6), we would have

ESSCQH(T)/’C = VMObdd(S).
Since VMOypqq(5) is a unital C*-subalgebra of L*°(S, do), this contradicts Proposition 5.1.
U

Remark 5.5. Because 7 D K and 7Hardy o gcHardy Proposition 5.4 actually gives us a
new proof of the fact that the two Toeplitz algebras 7 and 772 not isomorphic. The
point is that this proof does not use [13,9].

Actually, we can make a stronger statement than just that 7~ ¢ 7 Hardy,

Proposition 5.6. Let A be a C*-algebra of bounded operators on the Hardy space H?(S).
If AD THaY then A is not isomorphic to T.
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Proof. Suppose that A D THa'dY = Again, because 7H&dY 5 jCHardy and 7 5 K, if it were
true that A = T, then we would have EssCen(A) 2 EssCen(7 ), which would further imply

(5.7) EssCen(A) /K1Y = EgsCen(T) /K.

But since A D TH¥dY  we have EssCen(A) C EssCom(7H2r9). Thus EssCen(A)/KCHardy
is a unital C'*-subalgebra of

EssCom (7HardY) /)CHardy o MOy qq(S).

Combining this with (5.7), we would have to conclude that EssCen(7)/K is isomorphic to
a unital C*-subalgebra of L*°(S,do), which contradicts Proposition 5.1. [

In view of Proposition 5.6, one may wonder, if A is a C*-subalgebra of 7H* can A
be isomorphic to 77 The answer is still negative if 1 € A. This is because, by the symbol
calculus, the conditions A C 7H¥Y and 1 € A imply that the commutator ideal in A is a
proper ideal. That is, for the proof of this fact, we do need to know that 7 coincides with
its commutator ideal.

Finally, we can present Proposition 5.6 in a slightly different form:

Proposition 5.7. Let A be a unital C*-subalgebra of T. If A DO K, then A is not
isomorphic to THardy,

Proof. Suppose that there were an isomorphism v : A — 7124 Under the condition
A D K, we have ¢(K) = K1Y Thus ¢ is unitarily implemented. That is, there is a
unitary operator U : L2(B,dv) — H?(S) such that

Y(A) =U"AU for every A€ A.

Accordingly, T is isomorphic to U*TU, which is a C*-subalgebra of B(H?(S)) containing
U* AU = 1)(A) = THardY | But this contradicts Proposition 5.6. [J
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