THE HELTON-HOWE TRACE FORMULA FOR THE FOCK SPACE
QINGHUA HU AND JINGBO XIA

ABSTRACT. The famous Helton-Howe trace formula was originally established for antisymmet-
ric sums of Toeplitz operators on the Bergman space of the unit ball. This formula has been
extended to weighted Bergman spaces and to the Hardy space in [20], and more recently it even
has been extended to the Drury-Arveson space [24]. In this paper we show that an analogue of
the Helton-Howe trace formula also holds in an unlikely place, the Fock space! We further show
that our techniques not only work for the ordinary trace tr, as in the case of the Helton-Howe
trace formula, but also for the Dixmier trace.

1. INTRODUCTION

Given any bounded operators Ay, ..., A, on a Hilbert space H, one has the antisymmetric
sum

[Ar, o Al = Z sgn(0) A1)+ Aor)-

This was first introduced by Helton and Howe in [16]. Later Douglas and Voiculescu showed
that there is a deep connection between antisymmetric sums and Fredholm index [9]. These
two papers are now considered as some of the early examples of non-commutative geometry
[5]. In recent years, the study of the Arveson-Douglas conjecture [1,2,8] has brought renewed
interest in antisymmetric sums, with significant results [12,22,23].

As it turns out, operators on reproducing-kernel Hilbert spaces provide some of the particu-
larly interesting examples of antisymmetric sums.

Let B be the unit ball {z € C" : |z] < 1} in C™. As usual, we write L?(B) for the Bergman
space. Given an f € L*°(B), we have the familiar Toeplitz operator defined by the formula

T*h = PP5(fh), he LA(B),

where PBers . [2(B) — L?(B) is the orthogonal projection. We use the superscript “Berg” to
distinguish TJP “8 from Toeplitz operators to be defined on other spaces. We recall the following
classic result of Helton and Howe:

Theorem 1.1. [16, Theorem 7.2] Let fi, fo, ..., fan be C™°-functions on an open set containing
B. Then the antisymmetric sum [T}?erg, Tf]zerg, o ,Tf'zirg] is in the trace class. Moreover,
|
Berg Berg Bergy n:
GlTP TR, TR = /Bdf1 Ndfy A A dfon (1.1)

In [20], this formula was extended to a family of reproducing-kernel Hilbert spaces H* on
the ball, —1 < t < oo. Recall H® is the Hilbert space of analytic functions on B that has the
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function .

(T (o, 2+

as its reproducing kernel. It is well known that for each —1 < t < oo, H® is the weighted
Bergman space L?(B, dv;), where

dvy(w) = a;(1 — |w]?) dv(w).

Here, a, is chosen so that v;(B) = 1. For each —1 < t < oo, we have the orthogonal projection
P . [2(B,dv,) — L3(B,dv;). Accordingly, we have the Toeplitz operator

TWVh = PY(fh), he L2(B,dv,),

KY(w) =

z

on the weighted Bergman space L?(B,dv;). Note that H® is the unweighted Bergman space
L?(B), and we have T]SO) = T}Berg.

In the case t = —1, H(=Y is none other than the Hardy space H?(S), which can be simply
described as the closure of Clzy,. .., z,] in L*(S,do), where S = {z € C": |z| = 1} and do is
the spherical measure on S with the normalization ¢(S) = 1. Let PV : L2(S,do) — H?(S)
be the orthogonal projection. Accordingly, we have the Toeplitz operator

TvVh = PCV(fR), he HY(S),
on the Hardy space H?(.S).
Generalizing Theorem 1.1, Tang, Wang and Zheng proved the following:
Theorem 1.2. [20] Let f1, fo, ..., fon be C%-functions on an open set containing B. Then for

every —1 <t < oo, the antisymmetric sum [T}f), T}?, e ngi] 1s 1n the trace class. Moreover,
|
[T, T, .. T ] = e / dfi Adfa A+ A dfon. (1.2)
m(@2m)n Js

More recently, an analogue of (1.1) and (1.2) was proved on the Drury-Arveson space:

Theorem 1.3. [24] Let fi,..., fon, g1, -+ Gon € H for some s > 1. Then on the Drury-

Arveson space H2, the antisymmetric sum (M7, My, , M7, My,, ..., M3, M,, | isin the trace class,
and we have the trace formula
* * * n! - — _
tr[MflMglv Mf2Mg2, ey ManMg2n] = W / df191 N dfggg VANRRIVAY dfgnggn. (13)
B

The purpose of the paper is to prove that an analogue of (1.1), (1.2) and (1.3) also holds on
the Fock space!

Let du denote the Gaussian measure on C". More precisely, we write
du(z) = 7 e P av(2),

where dV is the standard volume measure on C". Recall that the Fock space H?(C",dpu) is
the norm closure of Clzy,...,2,| in L*(C",du). Let P : L?*(C",du) — H?*(C",du) be the
orthogonal projection. Given an f € L>(C", du), we define the Toeplitz operator

Tih = P(fh), he H*(C",dp).

The function f is commonly referred to as the symbol of the Toeplitz operator 7.
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It is well known that the n-variable Fock space H?(C", du) can be viewed as the tensor
product of n copies of the one-variable Fock space. In fact, this tensor-product structure can
be visualized rather vividly: Let Ay, ..., h, be functions in H*(C", du) such that h; depends only
on the j-th variable z;, 7 = 1,...,n. Then the function h; - - - h, also belongs to H*(C",dpu),
and we have

1Py == Bl = [Pl - [l
This clearly is a structure that is fundamentally incompatible with the structure of the ball.
Given that, how can one hope to prove an analogue of (1.1), (1.2) and (1.3) on the Fock space
H?(C", du)?

To solve this problem, we first note that if we apply Stoke’s theorem to the right-hand side
of (1.1), then the Helton-Howe trace formula has the following alternative form:

Theorem 1.4. [16] Let f1, fo, ..., fon be C>®-functions on an open set containing B. Then the

antisymmetric sum [T}?erg, Tf'zerg, . ,Tflzirg] is in the trace class. Moreover,
|
Berg Berg Bergy n:
tr[Tfl 7Tf2 7"'7Tf2n ] - (271'2)” /Sflde/\/\dfgn (14)

That is, the right-hand side of (1.4) is an integral on the unit sphere S. This leads to the
thought that if we only consider Toeplitz operators with symbol functions that are radially
constant, then we might be able to prove an analogue of (1.4) on the Fock space. As it turns
out, this does lead to a trace formula. The fact that we can do this seems to suggest that even
though the ball B is not quite structurally compatible with the Fock space, the sphere S can
somehow be reasonably represented in H?(C", dpu).

To prove our trace formula, we will take advantage of a strategy that has been tested in
[24]. That is, we will divide the proof of our analogue of the Helton-Howe trace formula for
H?(C",du) into two parts. The first part is a trace-norm bound for antisymmetric sums, and
the second part is to prove the trace formula in the special case where the symbol functions are
just polynomials. The trace-norm bound then allows us to extend the trace formula to more
general symbol functions.

Let us introduce the symbol functions that we will consider. First of all, if f is a function on
the unit sphere S, we define the function f by the formula

~ z

o=1(7). secn)

This notation will be used throughout the paper. Given a 0 < § < 1, define
Qs={z€C":1-0<|z| <14}

We identify C™ with R?" in the natural way. Thus s is also considered as an open set in R".
Denote 9; = 9/0zj, j =1,...,2n. As usual, for a = (a,...,aq,) € Z2", we write

a __ Qo1 fo
B = 9t ... gen,

For each g € C%*(Qs), we define
lgll-s = > sup (0%g) ()] (1.5)

an 1= (6/2) <[z <1+(5/2)

We remind the reader that d°g means the function g itself. With || - ||.s so defined, we can
state our trace-norm bound:
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Theorem 1.5. Given any 0 < § < 1, there is a constant 0 < C = C(n,0) < oo such that
for all fi, fo, ..., fon € C*(s), the antisymmetric sum [Tfl,TfQ, . ’szn] on the Fock space
H?(C",dpu) satisfies the trace-norm bound

175 T, T Ml < Cllfullsllfalles - - [ fanlls:

Using Theorem 1.5, we can prove the following analogue of trace formula (1.4) for the Fock
space:

Theorem 1.6. Let fi, fo,..., fon € C*(Qs) for some 0 < 6 < 1. Then on the Fock space
H?(C",du), we have the trace formula

n!
tI‘[Tfl, T}EQ, e ,T]E2n] = W /S fldf2 AR, df2n (16)

As it turns out, our strategy of combining a norm bound with a polynomial version of the
desired formula is a rather powerful one. It works not only for the ordinary Hilbert-space trace
tr, as demonstrated by Theorem 1.6 above, but also for Dixmier trace.

Recall from [5,7,18] that Dixmier traces Tr, are defined on the Lorentz ideal C{ = {A €
B(H) : ||A]|]7 < oo}, where
81(A> + SQ(A) + -+ Sk(A)

27 e B
In recent years, Dixmier trace has been extensively studied in the context of operator theory
on reproducing-kernel Hilbert spaces [10,11,17,21]. In [10], a formula for Dixmier trace was

proved on the Bergman space L?(B). We will show that an analogue of this also holds on the
Fock space H%(C™, du).

|A]l{ = sup
E>1

Let C*(B) be the collection of functions that are gl on an open set containing B. As defined
in [10], the boundary Poisson bracket for f,g € C'(B) is given by the formula

n

{f,9% =D (0009 — 05900 ),

j=1
where 8? = 0; — Z;R, 5;’ = 5j — z;R, and R is the radial derivative. We recall the following
result of Englis, Guo and Zhang:

Theorem 1.7. [10, Theorem 4.4] Let f1,q1,. .., fu, gn € C'(B). Then the product of commu-
tators

[TJ]CBIerg, T;Slerg] L. [T}ierg7 Tﬁerg]
belongs to the ideal Cf, and its Dizmier trace is given by the formula
€r, er er er 1
T ([T, Tpe] - [T, To) = — /{flagl}b +{fas gn}odo. (1.7)
- JS

As the second part of our paper, we will prove an analogue of (1.7) for the Fock space
H?(C",dy). Similar to the case of the ordinary trace, our proof of the Fock-space analogue of
(1.7) begins with a bound on the Lorentz norm || - |7

Let Lip(S) be the collection of Lipschitz functions on the sphere S. For each f € Lip(S), we
write L(f) for its Lipschitz constant.



5

Theorem 1.8. Let fi1, fa, ..., fon € Lip(S). Then on the Fock space H*(C™,du), the product
of commutators
[Tfl’Tf2] T [szn—l’szn]
belongs to Ci". Moreover, there is a 0 < C = C(n) < oo such that
H[Tfl’sz] T [Tanflj Tf2n] H;r S CL(fl)L(f?) e L<f2nfl)L(f2n)

fO?" all fla f27 s 7f2n € Llp(S)
From Theorem 1.8 we can deduce the following analogue of (1.7) for the Fock space:

Theorem 1.9. Let fi, fo,..., fon € CY(Qs) for some 0 < 6 < 1. Then on the Fock space
H?(C",du), for every Dizmier trace Tr,, we have

T Tyl T T ) = o7 [ Ui fedae - fancns o (1)

The rest of the paper consists of the proofs of these results. Specifically, we prove Theorems
1.5 and 1.6 in Sections 2-7, and we prove Theorems 1.8 and 1.9 in Sections 8-9. Such an
arrangement reflects the fact that the proofs of Theorems 1.5 and 1.6 deal with Schatten
classes and the ordinary trace tr, whereas the proofs of Theorems 1.8 and 1.9 deal with Lorentz
ideals and Dixmier trace. The point we want makes is that the same strategy works for the
proofs of both (1.6) and (1.8).

We start the proofs by collecting a few basic facts in Section 2. Section 3 deals with the
Schatten-class memberships of integral operators Ag introduced in Definition 3.1.

Then, using the Schatten-class memberships of A, we prove Theorem 1.5 in Section 4. There
are two main ideas behind the proof. The first is that, by the first order Taylor expansion,
symbol functions can be “extracted from commutation” modulo appropriate Schatten classes.
The second idea is to take advantage of the fact that the real dimension of the sphere S is only
on — 1. Therefore in a Taylor expansion for f, there are only 2n — 1 first order terms. This
and the fact an antisymmetric sum involves 2n such f’s result in a crucial cancellation, which
is the key step in the proof of Theorem 1.5.

We then turn to the proof of Theorem 1.6. Our approach involves “collapsing” products of
Toeplitz operators, which we deal with in Section 5. Section 6 is the most crucial one in the
paper. First, by careful analysis using asymptotic expansions, we prove formula (6.3). This
formula enables us to exploit an old idea of Coburn [3], which was already used in [24], to
introduce the unitary operator U : L2(B) — H?(C", du) defined by (6.11). The main result of

Section 6 is that for py, pa, ..., pon € Cl21, 21, .. ., Zn, Zn), We have
U5, Tpy, - - - Tpo JU = (T8, T8, T8 4 Y, (1.9)

where Y is in the trace class with zero trace. This and Theorem 1.4 immediately give us the
polynomial version of (1.6). Then, by approximation using Theorem 1.5, in Section 7 we derive
the general version of (1.6) from the polynomial version.

In Section 8 we first prove analogues of several results in Section 3 for Lorentz ideals. We
then deduce Theorem 1.8 from these Lorentz-ideal results. The reader will notice that the proof
of Theorem 1.8 is significantly easier than the proof of Theorem 1.5.

Next we show that, similar to (1.9), for py, ps, ..., pan € Cl21, 21, - -, 2Zn, Zn] We have

U* [Tﬁu Tﬁz] T [Tﬁzn—nTﬁzn]U = [Tzﬁerg TBerg] e [TBerg TBerg] + G,

’ T p2 P2n—17 " P2n
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where G is in the trace class. This and Theorem 1.7 immediately give us the polynomial version
of (1.8). Finally, in Section 9 we derive the general version of (1.8) from the polynomial version
by approximation.

2. PRELIMINARIES
Here we collect a number of facts that will be needed in the subsequent proofs.

As one might expect, Schatten classes will be heavily involved in the proofs of Theorems
1.5 and 1.6. For each 1 < p < oo, let C, denote the Schatten p-class. In other words,
Cp={A € B(H): | All, < oo}, where [|A[l, = {tr((A"A)P/*)}1/P.

Lemma 2.1. [12, Lemma 2.9] Let A € C,, and B € C,,, wherepy,ps € [1,00). If pipa/(p1+p2) >
1, then AB € Cp1p2/(p1+p2) with
HAB||p1P2/(p1+p2) < ”AHPIHBHPQ'
If pip2/(p1 + p2) < 1, then AB € C;.
By Lemma 2.1 and an obvious induction, we have

Corollary 2.2. Let py,...,px € [1,00) be such that (1/py) + ---+ (1/px) > 1. If operators
Ay, ..., Ay are such that A; € Cp, for every j € {1,...,k}, then the product Ay --- Ay is in the
trace class with

[Ar- - Aelly < [[Axllp, - - 1Akl -
We write 21, ..., z, for the coordinate functions on C™ or on B.
Lemma 2.3. (24, Lemma 2.6] On the Bergman space L;(B), we have [T2%, (T2#)*] € C, for
allp>mnandi,je{l,...,n}.
We will need the following property of the orthogonal projection P : L*(C", du) — H*(C", dpu):

Lemma 2.4. Let ¢ be a bounded measurable function on C", and suppose that ¥ = 0 on
{z € C": |z| > R} for some 0 < R < co. Then the operator MyP is in the trace class.

Proof. Let {e, : o € Z" } be the standard orthonormal basis for the Fock space H?(C",dp). It
is well known that

ea(?) = ()22 a€Zn.

Then
MyP = M, Z o @ €y = Z (Yeq) ® eq.
aezZn aezZn
For each oo = (v, ..., ) € Z7, we have
Jweall = [ 16(:)Plea(2) ()
| > R2le
2 205 o= 2] . 2
< W [ P Faae) < i

7j=1 1=

Thus

Rlel > RE\"
S el < ol 3 0= - ||¢||w(;ﬁ) s

n n
aEZJr ocGZJr

Therefore My, P is in the trace class. [J



3. INTEGRAL OPERATORS

For convenience, we will write
K(z,w) = e®v,
z,w € C", which is the reproducing kernel for the Fock space H*(C",du).

Definition 3.1. For a Borel function G(z,w) on C" x C", Ag denotes the operator defined
by the formula

(Acf)(z /G z,w) K (z,w) f(w)du(w).

Lemma 3.2. We have ||Ag|| < 22"|G||« for every bounded Borel function G(z,w) on C" x C".
Proof. Define h(w) = el*F*/2 w e C". Note that |K(z,w)| = e®**®). Thus

/ Gz w) K (2, w)|h(w)da(w) < |Gl / K (2, w0) e 2 d ()

— Gl 22 [V () = 276 ().
Similarly,
/|G(Zaw)K(Z7w)|h(2)du(Z) < 2°|Gllochi(w).
Applying the Schur test, we obtain the bound ||Ag| < 22"||G||e- O
Lemma 3.3. Let 2 < p < co. There is a constant 0 < C33 = Cs3(n,p) < oo such that

[Aclly < 03.3/ |G (2, w)PIK (2, w)Pdp(w)dp(z)

for every Borel function G(z,w) on C™ x C". In particular, if

J[ 166K G wPdtdue) <
for some 2 < p < oo, then Ag € C,.

Proof. The case p = 2 is trivial. The case 2 < p < oo is obtained by the standard interpolation
between the operator norm (Lemma 3.2) and the Hilbert-Schmidt norm. [J

Note that Lemma 3.3 holds only for p > 2. This causes many of the proofs below to be
divided into the cases n > 2 and n = 1. In other words, this causes inconveniences.

Lemma 3.4. If a > 2n, then

//i_

E

(2, w)[Pdp(w)dp(z) < oo.

Proof. Denote B = {z € C": |z| < 1}. Then

JAYA

z

El |w|

K (o) P ) pautz) <2 { (o) Pdut) b ()
— 2V(B)/r (3.1)
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On the other hand, for z,w € C"\{0}, we have

z w 1 1 1 1 1 w
B om0+ (- o Ju = e - w0+ il - D

2| fw] |z 2| fw] || || |wl
Hence
2
i—ﬂlg—p—w\. (3.2)
2] Jwl] T [2]
Consequently,
L AL (2o ) Putu) b2
— z,w)|“dp(w) pdu(z
C"\B cr |Z| |w|

1 9a 2
< = {/ |2 — w|%e1Fv! dV(w)}dV(z)
T n Cn\B ’Z’a n
20 1 2
= —dV (2 / e I av(¢). 3.3
e 1 © (33)

For a > 2n, this is finite. Combining (3.1) and (3.3), the lemma is proved. [J

Lemma 3.5. Consider the case n =1 and define the function ¢(z) = (|2|+1)7', 2 € C. Then
the operator PM, on L*(C,du) has the property that PM, € C, for every p > 2.

Proof. For the one-variable Fock space H?(C,du), we have the standard orthonormal basis
{ex : k € Z,}, where

en(z) = (K)Y22% keZ,.
Note that (?ey,e;) = 0 for all j # k in Z,. Therefore

(PM,(PM,)" )1/2 (PM 2 P) /2 = Z 90 ekaek €k®€k-
k=0

For each k£ > 1, we have

<S02€ €> 1 / ’Z|2k /’2‘2(16 1) d,u
fa T (\zy+1 S k

This obviously means that (PM,)* € C, for every p > 2. Consequently, PM, € C, for every
p>2 0

Lemma 3.6. (1) For each p > 2n, there is a 0 < Cs61 = Cs61(n,p) < oo such that if the
inequality
z

|Gz, w)] <

B
holds for all z,w € C™"\{0}, then ||Aq|l, < Cs6.1.
(2) Suppose that n > 2. For each p > n, there is a 0 < C355 = C36.2(n,p) < 0o such that if the

inequality

2
zZ w

|Gz, w)| <

B

holds for all z,w € C"\{0}, then ||Ac||, < Cse6.2.
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(3) Suppose that n = 1. For each p > 1, there is a 0 < Cs53 = C363(p) < 0o such that if the

inequality
z w |’

|G(z,w)| < (3.4)

2 w
holds for all z,w € C\{0}, then ||PAg||, < 03.6"3.‘ .
Proof. Obviously, (1) and (2) follow immediately from Lemmas 3.3 and 3.4.
Let us consider (3). In this case, we define the function
H(z,w) = (]z| +1)G(z,w), z,w e C.

Then PAg = PM,Ay. Lemma 3.5 tells us that PM, € C, for every p > 2. Thus it suffices
to show that for every p > 2, there a constant 0 < C'(p) < oo such that ||Ay||, < C(p). This
essentially repeats the argument in the proof of Lemma 3.4.

Write D = {z € C: |2| < 1}. By (3.4) and (3.2), we have

|H(z,w)| < %]2 —w|]* for z€ C\D and w € C\{0}.

|z

Therefore for any p > 2,
LA L i e uauo i)
c\p (Jc

1/ 8p{/ o —|r—w|? }
< — — z —w|[Pe T dA(w) ydA(z
= Joo F E_- (w) }dA(2)

_® 2p ,—I¢I?
=% [ ptAe) [P Faac) < (35)

On the other hand, by the definition of H(z, w) and (3.4),

LA Lt oriste opa fae < [ { / G 0) Pt )

= 87 A(D (3.6)

Combining (3.5) and (3.6) with Lemma 3.3, we obtain the desired bound ||Ay||, < C(p) for
every p > 2. [

Recall that we write S = {z € C" : |z| = 1}, the unit sphere in C". If f € Lip(S), we write
L(f) for its Lipschitz constant.

Lemma 3.7. For each p > 2n, there is a 0 < C37 = C37(n,p) < 0o such that the inequality
[[Mf, Pll, < Cs7L(f) holds for every f € Lip(S).

Proof. For each f € Lip(S), it is obvious that [Mf, P] = Ag, where

Glew) = ) - ftw) = £(75) - 1 (1)

z

Consequently,
G (z,w)| < L(f)

2 fwl ‘

Thus the desired conclusion follows from Lemma 3.6(1). O
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Lemma 3.8. (1) Suppose that n > 2. For each p > n, there is a 0 < C351 = C351(n,p) < 00
such that the inequality ||[Mg, [M}, Pl]|l, < Css1L(f)L(g) holds for all f,g € Lip(S).

(2) Suppose that n = 1. For each p > 1, there is a 0 < Csg5 = C352(p) < oo such that the
inequality || P[Mj, [Mj, Pl||l, < C352L(f)L(g) holds for all f,g € Lip(S).

Proof. (1) Given f, g € Lip(5), we have [Mj, [M}, P]] = Ag, where

Glew) = () - fun) - o) = (7(5) = 1(2) ) (o( ) ~ () )

Consequently,

2
Z w

G (z,w)| < L(f)L(g)

E
Thus the desired conclusion follows from Lemma 3.6(2).

(2) We can write P[Mj, [M}, P]| = PAg, where G has the same formula as above. Thus, in
this case, the desired conclusion follows from Lemma 3.6(3). [

4. PROOF OF THEOREM 1.5
It will be convenient to identify C* with R?" in the natural way. That is, we identify
(X1, T2y ..., Top_1,Top) With (zq + iz9, ..., Top_1 + iT2p),
T1,%9,...,Ton_1, Lo, € R. Accordingly, the unit sphere S in C" is identified with
{(z1,29,...,09p1,20,) ER™ ;23 425+ -+ 23 | +a3 =1}
For each 1 < j < 2n, we define the function
€ (1, Ty .., Ton—1,Ton) = Tj, (T1,T2,...,Top—1,T2,) € R>".
Under our identification, each ¢; is also considered as a function on C".

Denote the vector (0,...,0,7) in C™ by «. Under the above convention, ¢ is identified with
the vector (0,0,...,0,1) in R?".

We fix a C*™-function £ on [0, 00) satisfying the following conditions:
(a) 0 <& <1on|0,00).
(b) £ =1on[0,1/4].
(¢) £ =0o0n[1/3,00).
We then define the function
n(z) =&(le—z[), z€C"

Then 7 is a C"*°-function on C". Moreover, according to the preceding paragraphs, n is also
considered as a C*°-function on R?".

We will write z = (2/, xa,) for a general z € R*", where 2/ € R*""! and z,,, € R. Under the
identification of C™ with R?", we define

2:{(I1,$27...,$2n_1,l’2n) €S \/ZL’%"‘(L’%"‘"‘JZ%”?l < 1/2 and Ton >O}
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Thus a general point z € ¥ can be represented in the form z = (2, zo,,), where 2’ € R*"~! with
|2’| < 1/2 and 29, = (1 — |2/|?)"/2. By condition (c) above, we have n = 0 on S\X. Therefore
there is a function ¢ € C°(R*") such that

() = G for x = (', 29,) € 2.

Let us also define

E={(r1,29,...,T2n-1,T2,) €5 : \/:E% +ai+---+23, , <1/8 and x4, > 0}.

It is easy to see that |« — x| < 1/4 for every x € E. Thus, by condition (b) above,

W(r) = for x = (a,a9) € B (4.1)

V1= |2
For convenience, we will abbreviate

0
0; = — 1 =1,...,2n.
7 (91']’ J ) y 4T
Furthermore, for 1 < j < 2n — 1, we define

(D;f)(x) = (0;f)(x) = ()3 (x)(Oan f) ().

Lemma 4.1. Given any0 < § < 1, thereis a0 < Cyq = Cy1(d,n) < oo such that if f € C*(Qs)
and x,y € F, then

‘ 2n—1

F(y) = f@) = (D )()(es(y) = e5(@)| < Caallfll-sly — 2l

Jj=1

Proof. Given x,y € E, we use the representations = = (z/,x9,) and y = (¥, y2,,) mentioned
above. By the fundamental theorem of calculus and straightforward differentiation,

Fy) = f(@) = F( yon) — F(@ 22n)

1
d
- / @ =), V1= [y — ) P)de
0
12n—1

= [ X @n +tty ) T = P e) — o)

- / O )& + 1 — 2y T [ + 1y — 2)P)

I 6 + o) — 4@)6 ) - 6@)
VI iy P

= [ T 0in =) T =P 0) - )i

dt

where for the last = we apply (4.1) and the fact that

e;(x) +tlej(y) — 5(x) = (" + t(y — &), /1= |2/ + t(y' — 2)[?)
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when 1 < j < 2n — 1. Continuing with the above, we obtain

) = £@) = S (D3NN e) = )+ [ 3 B0 ) - )

where, for each 1 < 7 <2n —1,

Hy(y' o', t) = (Dif) (@' + t(y — '), /1= o’ + t(y' = 2")]2) = (D; )@, V1 = [2']?).
It is easy to see that for each 1 < j <2n —1,
[H;(2',yf )] < Coll fllsl (@ +t(y' =), /1 = |2/ + 2y — 2)PP) — (2, /1 — |2’
< Csl|fllssly” = 2| < Csllfllsly — .
This completes the proof. [

We now define the function
v(2) =63l —2[), ze€C"

By condition (c) for £, we have v = 0 on S\ E. Moreover, by condition (b) for £, we have v =1
on the set

N =S5NB(,1/12).
With this function 7, we now define the operators

Aj = M5[M;, P|M; (4.2)
j=1,...,2n — 1. By Lemma 3.7, we have A; € C, for every p > 2n, j =1,...,2n — 1.

Lemma 4.2. (1) Suppose that n > 2. For each p > n, there is a 0 < Cyo1 = Cy21(p,n) < 00
such that ||[[Aj, Mj]|l, < Cya1L(f) forallj=1,...,2n—1 and f € Lip(S).

(2) Suppose that n = 1. For each p > 1, there is a 0 < Cyoo = Cha2(p) < oo such that
|PAs, Ml[l, < ChosL(f) for all f € Lip(S).

Proof. By (4.2), (1) is an immediate consequence of Lemma 3.8(1). Also by (4.2), (2) follows
from Lemmas 3.8(2) and 3.7. O

Lemma 4.3. (1) Suppose that n > 2. Given anyp >n and 0 < § < 1, there is a 0 < Cy31 =
Cy31(p,0,n) < oo such that for every f € C*(s),

2n—1

HMa[Mf, PIMs; = > AM
j=1
(2) Suppose thatn = 1. Given anyp > 1 and 0 < § < 1, there is a 0 < Cy32 = Cy32(p,0) < 00
such that for every f € C?*(Qs),
| P(M5[My, PIMs — MMp=)|lp < Cuszl fllvs  and
[(M5[Mf, PIM5 — AMMp—) P, < Casa| flls-

7l = Cysallfllxs-
p

Proof. By the notation in Section 3, we have
2n—1
M;5[My, PIM; — > MM = Ag,

Jj=1
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where

o =1(E)(3) ()
B Do)k

j=1
By the property of v mentioned above, we have G(z,w) # 0 only if z/|z| € F and w/|w| € E.
Therefore by Lemma 4.1,

2
z w

E

Thus the desired conclusions follow from Lemma 3.6. [J

1G(z,w)| < Cyallflles for all z,w € C"\{0}.

As usual, for f € L*(C",du), we identify the Toeplitz operator Ty on the Fock space
H?*(C",du) with the operator PM;P on L*(C™, du). Thus it makes sense to write Ty M, or
M,Ty for f,g € L=(C",dp). Also, for f,g € L>(C",du), easy algebra shows that

[Ty, Ty] = P[[My, P), [My, P]|P. (4.3)

Proposition 4.4. Given any 0 < 6 < 1, there is a 0 < Cy4 = Cy4(d,n) < 00 such that
H[Tf17Tf27 tee 7Tf~‘2n,1’ ngn]M’Y‘l"Hl S 044Hf1H*75Hf2”*76 o ”f27l71H*76Hf2TLH*,6
forall fi, fo, ..., fan-1, fan € C*(Qs).
Proof. Let fi, foy .+, fon—1, fon € C*(Qs). In this proof, the notation A ~; B means
A= By < Cllfillvsllf2lles - - [[fantllwsll fonll s
with constant C independent of fi, fa,. .., fon_1, fon € C*(s).

We will now apply the Schatten-norm bounds provided by Lemmas 3.7, 3.8, 4.2 and 4.3.
Keep in mind that if f € C*(Qs), then 9;f € Lip(S) with L(0;f) < C||fll+s, 7 =1,...,2n.

Starting with (4.3), we have

[Tfl’sz] T [szn—l’Tan]M’Vm
= P[[Mfl, ], [MJ;Q, PJ|P--- P[[Mﬁn_l, P, [Mﬁn, Pl|PMzan
~1 P[M5[M5,, P|Ms, M5[Mj,, PIM5|P - - - P[M5[Mp, , PIMs, M5[Mj, , P|M5|P
2n—1 2n—1 2n—1 2n—1
~ p[ > A My, > AjMB;fE}P. ..p{ > A My > AjMDf]_EJP
j=1 j=1 j=1 j=1
2n—1
= Z P[AleLm,AjQML/);QTQ]P..-P[Aj2n_1MDj2n:72n_1,Aj2nMD;2:72n P
J1:J25J2n=1
2n—1

~1 Z P[Ajl’AjQ]P' ..P[Aj?nfl?AjZn]PMD/jT/le/j;/fQ...Dj2niT‘?2n71Dj/2:‘?2n7
J1:525--2J2n =1
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where the first ~; follows from Lemmas 3.7 and 3.8, for the second ~; we apply Lemmas 4.3
and 3.7, and the third ~ is a consequence of Lemmas 3.7 and 4.2. Recall identity (4.9) from
[23]. That is,

1
I:Tf17 TfQ’ T 77—‘];277.—17tz—‘];anI - 2_7L Z Sgn(a)[Tfo(l)ija(Q)] T I:Tfo'(2n71)7Tfo'(2n)]'

Therefore it follows from the above that

2n—1

[T:,T7,...,T; T5 |Msn 1i > P[A; AP P[A

f1r = f2o fan—1"" fon A

Jon—19 an}P

J1,J25--J2n=1

x Y sen(o DT D oDy T (44

Dj, fo(l Dj, fo2) Djgp_1fo2n—1)Djoy, fo(2n)
0'65277,

Given any ji,j2, ..., jon € {1,2,...,2n — 1}, there are k # ¢ in the set {1,2,...,2n — 1,2n}
such that j, = jy, i.e., Dj, = D;,. Hence for each tuple ji, jo, ..., jan € {1,2,...,2n — 1}, we
have

e~ e~

Z Sgn D]lfa D]zfcf (2) - j2n71f0'(27'7/—1)Dj2nf0'(2n) =0

oc€San
Combining this with (4.4), we conclude that
T5, T, 1%, T, |Msan ~1 0.
This completes the proof. [J

Let U denote the group of unitary transformations on C™. It is well known that for each
L € U, the formula

(Wef)(z) = f(L2)
defines a unitary operator on both H*(C",du) and L*(C™, du). We have
WiT, Wy, = Thop- forall Letd and ¢ € L®(C", dp).

If A is a function on S, then hol = m, L € U. Tt is also easy to see that there is a
0 < C =C(n,0) < oo such that || f o L||.s < C|| f||.s for all f € C?*(Qs) and L € U.

Proof of Theorem 1.5. Recall that v = 1 on the open subset N’ = S N B(¢,1/12) of the unit
sphere S. There is a finite subset F' of U such that S = UrcpLN. Hence

Z(yoL*)M >1 on S

LeF

Consequently,

Y GorL )" =Y (70L)" =1 on C"\{0}. (4.5)

LeF LeF
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Let fi, fo, -y fon1, fon € C*(Qs). For each L € F, it follows from Proposition 4.4 that

H [Tfl’ Tf27 [P ,Tf2n—1, Tan]M('S’OL*)Lm Hl
= WLl sor: Thpors - > T yors Tipor 1 M50 Wiy
= H[Tm, T]%, . ’Tf2;?1/oL’ T}m]M’y‘l”Hl

< Cuallfro Lllwsllfa o Lllvs - -+ [l fan-1 © Lllsll f2n © Llls.5
< Cillfillsll falles - - W fanlls sl Fanllss-
Combining this with (4.5), we find that

1T, T%,.- - Tg, . Tp, i < H[Tﬂ,Tﬁ, Ty T 1Y Moy

LEF 1

< card(F)Cul[ full«sll fallss - - L fon—ll 5l fan l.s-

This completes the proof. [J

5. SEMI-COMMUTATORS
For each 0 < R < 0o, we define the function
hR(Z) = X[R,OO)(|Z|)’ z € Cn.

Lemma 5.1. For all2n < p < oo and f € Lip(S), we have
Y [T 75, = 0. 1)

Proof. By (4.3),

[ThR7Tf] = P[[MhR7 P]’ [Mﬁ PHP
By Lemma 3.7, we have (M}, P] € C, for every p > 2n. Combining this with the obvious fact
that My, — 0 strongly as R — oo, (5.1) follows. O

Lemma 5.2. For all f,g € Lip(S) and p > n, we have Tj; — T§1; € Cp. Consequently,
[Tfa Tg] S Cp.
Proof. Since

T — Tily = PM§(1 — P)MgP = [P, M;|(1 — P)[ Mg, P, (5.2)
the desired conclusion again follows from Lemma 3.7. [J

Lemma 5.3. (1) Suppose that n > 2. For all f,g,v € Lip(S) and p > 2n/3, we have
[ng - Tng, T@] S Cp.
(2) Suppose that n = 1. For all f, g,v € Lip(S), we have [T, — T515, T;] € Ci.
Proof. Continuing with (5.2), we have
[ng — Tng, Ti] = P[ng — Tng, M@]P
= P[P, Mf], MJ)](I — P)[M;, P|P — P[P, Mf] [P, MJJHM@ PP
+ P[P, M;|(1 — P)[[Mj, P|, M) P.
Thus the desired Schatten-class membership for [T, — TF1}, T;] follows from Lemmas 3.7 and
3.8.

Let R be the algebra generated by the Toeplitz operators {T; : f € Lip(S)} on H?(C", dpu).
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Lemma 5.4. Let A, B, Ay, ..., Asy_1, Ao, € R and let f, g € Lip(S). Then the antisymmetric
sum

[A(ng — Tng)B, Ay, Ao, Aoy (5.3)
1s 1n the trace class with zero trace.

Proof. First of all, if GG is a trace-class operator, then for all bounded operators T, ..., 15, 1,
T5,, the antisymmetric sum

[G7 T27 v 7T27’l—17 TQn]
is in the trace class with zero trace. With that in mind, for each 0 < R < oo, we take the
decomposition

[A(T}, = TFTy) B, Asy .., Agy1, Asa] = Xp + Y,
where
X = [ThgA(Tj; — TFTy) B, s, .., Asi1, Asy]  and
Yi = [T AT, — TFTy) B, Ao, .., Asy1, Asy).
Since 1 — hr(2) = xjo,r)(|2]), by Lemma 2.4, the Toeplitz operator Ti_j, is in the trace class.
Therefore Yg is in the trace class with zero trace. Thus it suffices to show that

lim || Xg|: = 0. (5.4)
R—oo

To prove this, we first consider the case where n > 2. For each R > 0 we define A; p =
ThRA(ng — Tng)B and A; p = A; for every 2 < j <2n. Then
Xg=[A1r, AoR, -, A2n-1.R, A2n R].
Recalling [23, (4.9)], we have

1
Z sgn(0)[As1),rs Ao(2),R) - [As@n—1),Rs Ao(2n),R]-

= 2_n
O'GSQn

Thus (5.4) will follow if we can show that

I%LH;O 1[Ae1),r> Ao2).r]  * * [Aczn—1),r> Aozn),r]ll1 = 0 (5.5)

for every o € Sy,. Let a 0 € Sy, be given. Then there is a v € {1,...,n} such that 1 €
{o(2v —1),0(2v)}. We now take a p > n and a ¢ > 2n/3 such that
n—1 1
+->1
b q

Xr

Then
I[Ao1).r> Ao@),r] - [Aszn—1),rs Ac(2n),R) |1
<Ao@v-v.m Asenills ] IAe@i-.r: Aozl
ie{1,...n}\{r}
By the definitions of A; g and v, for every ¢ € {1,...,n}\{r} we have
||[Aa(2i71),R> Aa(2i),R]”p = ||[Aa(2ifl)> A0(2i)]||p < 00,

where the < follows from the membership Ay (2;-1), As(2i) € R and Lemma 5.2. Therefore (5.5)
will be proved for the given o € Sy, if we can show that

Jim |[[Aga-1).5 Ao, allly = 0.
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By the definitions of A; r and v, we also have
[Ag-1).Rs Aoi),r] = £[Thy A(T7; — T7T5) B, Adl

with some d € {2,...,2n — 1,2n}. Thus the proof will be complete if we can show that

RILHOlO ||[ThRA(ng - TfTé)B7 Ad]Hq = 0.
For each R > 0, we have

[Th, A(T5; — T7T3)B, Aal = Zyvr + Zor + Zs r + Zag,

where

Z1,g = [Thy, AdJA(Ty; — T515) B,

Zor = ThplA, Ad)(Tj; — T5T3) B,

Zsr = Th, AT — TiT5, Aa) B and

Zur = Thy A(Tf; — T5T5)[ B, Adl.
Thus it suffices to prove that

A (12 glly =0 (5.6)

for ¢ = 1,2,3,4. To prove this, first note that 7}, — 0 strongly as R — oo. It follows from
Lemma 5.2 that [A, Ag](T7; — T71;) € C, and that (T, — T71;)[B, Ad] € C,. Hence (5.6) holds
in the cases i = 2 and i = 4. By Lemma 5.3, [T}; — T71}, A4] € C;. Therefore (5.6) also holds
in the case 1 = 3.

To prove the case i = 1 for (5.6), we use the condition ¢ > 2n/3. This allows us to pick an
s > 2n and a t > n such that

w | =
~ | =

+o> (5.7)

|

It follows from Lemma 5.1 that
Jim (|[Th Ad s = 0.

By Lemma 5.2, we have Tf;, — T51; € C;. By (5.7), this proves (5.6) for the case ¢ = 1. Thus
(5.4) is proved in the case n > 2.

Now suppose that n = 1. Then
Xp = [Th, A(Tf; — T515) B, As]
= [Th, A2)A(Ts; — T5T3) B + Th[A, A](Ts; — T5T3) B
+ Thp AT, — TiT;, Ao) B+ Ty, A(T5, — T7T;)[B, As.
Applying Lemmas 5.1, 5.2 and 5.3 in the case n = 1 and using the fact that T}, — 0 strongly
as R — oo, we again obtain (5.4). OJ

Proposition 5.5. Consider any f;; € Lip(S), where 1 <i <2n and 1 < j < m, m € N. For
each 1 <1 < 2n, define

T

A=Ty, Ty, and fi=fia fim

[FREE
Then the difference

[Ah A27 s 7A2n—17 A2n] - [T~

fl’T~

f2’.”’Tf2n71’Tf2n] (58)
18 in the trace class with zero trace.
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Proof. It is easy to see that (5.8) is a linear combination of terms of the form (5.3). Therefore
by Lemma 5.4, (5.8) is in the trace class with zero trace. O

6. A UNITARY OPERATOR BETWEEN TWO SPACES
For each j = 1,...,n, we define the complex coordinate function
cj(z) =z for z=(z1,...,2). (6.1)

We will regard ¢; both as a function on C" and as a function on B. In terms of the functions
€1, ..., €, defined in Section 4, we have

Cj = €251 + iEgj
for every 1 < j < n. For each 1 < j < n, let s; denote the element in Z” whose j-th component

is 1 and whose other components are 0. For o € Z" and 1 <1 < n, we write o; for the i-th
component of a. That is, o = (ay, ..., @,).

Let us first recall how the Toeplitz operator Tclj_’erg acts on the Bergman space L2(B). Let
{uq : @ € Z" } be the standard orthonormal basis for L2(B). It is well known that
ua(2) = ((Ja| +n)l/aln)) /22 o € Z".
For all 1 < j <n and a € Z7, easy computation gives us the formula
1/2
Ber _ a+s; @ _ aj + 1
T8, = (1% g 1 s, = () v (62)

Next we will compare this with the action of 7z, on the Fock space H?(C",du), j =1,...,n.
For this we need a more precise form of Stirling’s asymptotic expansion.

Definition 6.1. A sequence a = {ay}2, of real numbers is in the class S if there is a constant
0 < C = C(a) < oo such that

lag| <

—— and |ag — agq1| < ¢
1 b0l S

k+1)2
for every k > 0.
Our next lemma is trivial, but we state it any way:

Lemma 6.2. Given any sequence {a;}7>, and {by}7>, in S, there is a sequence {cy}3>, in S
such that
for every k € Z.

Proof. Given any {a;}2, and {b;}32, in S, we define
cr = ar + by + agby,
k € Z.. Then the sequence {c;}72, obviously has all the desired properties. [

Lemma 6.3. Given any 0 < t < oo, there exist an a(t) € R and a sequence {ar(t)}2, in S

such that
k

H(t +j)=(t+ k)t+k+(1/2)e—kea(t)+ak(t)
=
for every k € Z,.



Proof. We have the identity

U0 +70)y = [ f@e =3 [ @ =) @)

0

for any C?-function f on any neighborhood of [0, 1]. From this it follows that

2 _
Zlogt—l—j)——{10gt—|—10g(t+k‘)}+/ log(t + x)dx + = Z/ —

7=0

= —{logt +log(t+k)} + (k+t)log(t + k) — k —tlogt
-
T3 Ez/‘t+j+x e
for every k € N. Exponentiating both sides, we obtain

- k+(1/2) —k I« (1 2’ —u
(t+ j) = (t + k) TEH Fttw,<— /-——f———MJ
ll J) ) P 2§:0 (t+7+z)?

— (t + k)12 ok oo

bl
where

l'—flf

():—tlogt+—logt+ Z/ ——————dr and

(t+7+)?

Z/ T g k>
(t+j+x)?

(t+j+ )2 ’
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There is an obvious choice of ag(t) such that the desired identity also holds in the case k = 0.

It is easy to see that the sequence {ax ()}, so defined is in S. [

Lemma 6.4. There is a sequence {y,}32, in S such that

1\
(1 - %) = e V21 +9,) for every k € N.
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Proof. Consider any 0 < 6 < y < 1. By the fundamental theorem of calculus, we have

(1= (6207 = (1= (g2 = = [ 21— /2o

.y /2))1/%109;@ - a12),,

- [Ta- (ojye Eem el =0 g
om0
= [fa= Gy OO (1-1) 5

Letting ¢ descend to 0, we obtain the identity

12 <1 - i)k _ /Ol/ku a2y (1 - %) “";.de

for every k € N. If we define v = 0 and

12 HH B 1z - 1 2’ ~?
Ve = —e (1= (z/2)" > (1-- 5, keEN,
0

j=2 J

then it is easy to see that the sequence {v;}7°, has the desired properties. OJ

Let {e, : @ € Z} be the standard orthonormal basis for the Fock space H*(C",dp). It is
well known that

ea(?) = ()22 a€Zn.
Lemma 6.5. There exists a sequence {dy}7>, in S such that
o; +1 12
foralll1 < j<nandocZl.

Proof. It is easy to see that (T eq,e3) = 0 for every 8 # a + s;. Therefore for all 1 < j < n
and o € Z}, we have

Tsea = (15,60, Cats;)Cats;- (6.4)
Let do denote the spherical measure on S with normalization o(S) = 1. Then forall 1 < j <n
and a € 77, we have

ﬁzamdu(z)

1
Tz €a;Cats;) = —F———=
(T, +)) valla+ s))! ||

1 1 a+s;j |2 9
S /'Z  e-te v (2)

Jalla+s)! ™) ¢
An a+s; (2 =
- ,/a!(oz+sj)!/5|g | da(ﬁ)/o

o p2n=2+2(lal+1) g, (6.5)
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We know from [19, Proposition 1.4.9] that

a+5712 o (€) — (n—Dl(a +s;)! _(n—l)(oz—i—sj)
/SK o) = G T a5, n + Ja)!

Y

and it is elementary that

/ “r2dr = \/_ H ( —> for every k € N.
0

Substituting these in (6.5), we find that

n—1+|cf
Al a+s 1
(Te;€as €ats;) = : . H (9 T 5)
J=0

al(a+s;)! (n+[al)!

— A \/T L C ﬁM (j + %) (6.6)

(n+ o) L

It follows from Lemma 6.3 that
n—1+|qf

o 11 (5+3)

7=0
_ (n + |a| . (1/2))n+|a|6*(n—1)*\a| exp(a(l/Q) + an—1+|a\(1/2))
(n—+ |a|)n+|a|+(1/2)@_(N—1)_|Oé| exp(a(l) + an_1+|a‘(1))
6a(1/2)—a(1) (n + |Oé| . (1/2>>n+|a|
NCEE n+ |al

Lemma 6.3 tells us that the sequences {ax(1/2)}72, and {ax(1)}72, are in S. It is easy to see

exp(@n-14]al(1/2) = an-141a)(1)).  (6.7)

that there is a sequence {b,(:)}zozo in S such that
exp(ap—14]a|(1/2) = Gp_14)a(1)) = 1 + b‘w| (6.8)

for every a € Z7. By Lemma 6.4, there is a sequence {b,(f)}zozo in S such that

— (1/2)\ "
n+ |a| ( / ) — 71/2<1 + b| ‘) (69)
n+ |af «
for every o € Z7}. Finally, it is elementary that there is a sequence {bl,(cg)}zoz0 in § such that
1 1+ bl(if
= (6.10)
Vntlal o Vlal+1+mn
for every av € Z7}..
Now, substituting (6.8), (6.9) and (6.10) in (6.7), we obtain the equality
n—1+|«| 3 - -
1 1 ea(1/2)—a(1)—(1/2) ea(1/2)—a(1)—(1/2)
T () i
(n+]a)t 25 2 \/|a|+1+n z:I NS
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for every o € Z7, where, by Lemma 6.2, {d;}72 is a sequence in S. Substituting this in (6.6),
we find that

a; +1 1/2
Tz €as €ars, =A —— 1 da
< J€7€+]> n<|a|+1+n> ( + |‘)
for all 1 < j <n and o € Z7. Recalling (6.4), the proof will be complete if we can show that
Al =1.

To prove that A}, = 1, we note that ||7%|| < 1 and that, by (6.5), (T%,€q; €ats;) > 0 for all
1 <j <nanda € Z}. Thus the conclusion A, = 1 will follow if we can show that ||T7, [|ess > 1
for a j € {1,...,n}, where ||T%||css denotes the essential norm of T7.

For this we use the normalized reproducing kernel k,(z) = e~ 1wP/2¢(zw) for the Fock space
H?(C" du). Take, for example, 7 = 1. Then take the vector u = (1,0,...,0) in C". Tt is
elementary to verify that

i (To, Ky, k) = 1.
T—00
Since k., — 0 weakly as r — oo, this implies || 7%, ||ess > 1. This completes the proof. O
Let U : L?(B) — H?(C",du) be the unitary operator such that
Uug =€, forevery aeZ'. (6.11)

Furthermore, we define the diagonal operator D on L?(B) by the formula

D= das® ta, (6.12)

acZly

where {dj }72, is the sequence provided by Lemma 6.5. It follows from (6.2) and (6.3) that

U'Te,U = T.°%(1 + D) (6.13)
for every 1 < j < n.
For each k € N, we define
E, = Z djoUa @ Uuq and Fj = Z djo|Ua @ Uq. (6.14)
ool <k | >k

We have Ej, + Fj, = D with rank(Ey) < oo, k € N.

Lemmas 6.6-6.12 below deal with operators on L?(B) and are similar to the corresponding
ones in [24, Section 10]. The main reason why we go over the details here again is that the
operator D here is slightly different from the D in [24, Section 10]. In particular, we want to
make explicit how the two conditions in Definition 6.1 are used in the proofs.

Lemma 6.6. For each p > n, we have

Jim | Fifl, = 0.
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Proof. Write m,, for the n-dimensional Lebesgue measure on R". By the membership {d;}%2, €

S, we have
ol
P _ § P < § —
||Fka (d|a\) = (|Oé|+1)p

lo| >k lo|>k
dmp (1, ..., Ty < pnrlq
§C1/ T(m ;C 22_02/ r r
(@34+tad) 122k (O F o+ T)P wvm TP
For p > n, the right-hand side tends to 0 as k — oco. [

Lemma 6.7. (1) Suppose thatn > 2. Fort >n—1 and 1 < j < n, we have
lim [T, 7], = 0.
k—o00 J

(2) Suppose that n = 1. We have
lim ||[T2%, Fy]||; = 0.
k—o0

Proof. By (6.14), for any 1 < j < n we have
T2, Fy] = ) dio) [T, 16 @ ). (6.15)

la|>k

For a € Z7}, we have (Tgerg)*ua =0if o;j = 0 and (Tc?erg)*ua = a;/2(|oz| +n) " uqy, if a; > 1.
Combining this fact with (6.2) and with (6.15), we find that [Tgerg, Fy] = Ay — By, where

aj +1 1/2
Ap = Z (d|a\ - d\a+s]-|) (]—> Ugts; @ Uq and

= la| +1+n
s +1 1/2
dOéS —_ a+s; o

Consider the case where n > 2. Given t > n — 1, it suffices to show that ||Bx|; — 0 and
| Axll: — 0 as k — oo.

Note that
(k—1+n-1)!

rank(B;) = card{a € Z% : |o| =k — 1} = (k= 1l(n —1)!

= O(k™™).

By Lemma 6.5 and Definition 6.1, we have
djats; = O(k™") when |of =k —1.
Since t > n — 1, we have ||By||; = 0 as k — oo. Also by Lemma 6.5 and Definition 6.1,
C
dio| — djoys|| < —x.
|djal ot | (Jo| + 1)2

Therefore
o =l
r2t

1
Al <O Y e <O [

jal>k /Vn
Since t >n — 1 and n > 2, we have 2t > 2n — 2 > n. Thus ||A||: — 0 as k — oo.
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Now consider the case n = 1. From the above its is clear that ||By||y — 0 and [|Ag||s — 0 as
k — oo. This completes the proof. [

Definition 6.8. Let A denote the unital algebra generated by the operators
Ber, Ber, Berg\ * Berg *
D, T, ¢, ..., T 7%, (T,°%)", ..., (T."®)".

Lemma 6.9. (1) Suppose that n > 2. Lett > n — 1. Then for every A € A we have
lim ||[A, Fy]|l: = 0. (6.16)
k—o00

(2) Suppose that n = 1. Then for every A € A we have
lim ||[4, Fy]|l1 = 0.
k—o00

Proof. (1) Given t > n — 1, (6.16) is a consequence of the following three statements:

(a) limg oo ||[T£’erg, Fil||: = 0 for every 1 < j < mn.

(b) limysoq [[[(T8)*, Fy][|: = O for every 1 < j <n.

(c) [D, Fy] = 0 for every k € N.
Obviously, (a) just restates Lemma 6.7(1). Since Fj is self-adjoint, (b) follows from (a). By
(6.12) and (6.14), (c) is obvious.

(2) When n = 1, the desired limit follows from the following three statements:

() Timy o0 [| [T, Fi]ll = 0.

(e) limg e [(T575)°, Fill = 0.

(f) [D, Fx] = 0 for every k € N.
Again, (d) just restates Lemma 6.7(2). Since F} is self-adjoint, (e) follows from (d). Finally,
(f) is obvious from (6.12) and (6.14). O

Lemma 6.10. For any A, B € A, we have [A, B] € C, for every p > n.

Proof, This follows from Lemma 2.3 and the fact that D € C, for every p > n. [

Lemma 6.11. (1) Suppose that n > 2. Then for allt >n —1 and A, B,C € A, we have
lim [[[A, BEC [, =0.

(2) Suppose that n = 1. Then for all A, B,C € A, we have
lim ||[A, BE,C]|l1 = 0.
k—o0

Proof. (1) Applying Lemma 6.9(1), what remains to be shown is that
lim ||[4, B]Fy|: =0 and lim ||F;[A,C]|: = 0.
k—oo k—o0
Set p=2t. Then p > 2n — 2 > n. By Lemma 2.1, we have
1A, BlFxlle < [ITA, BlllpllF%lp-

Thus it follows from Lemmas 6.6 and 6.10 that ||[A, B]Fy|: — 0 as k — co. A similar argument
shows that ||Fx[A,C]|l: — 0 as k — .

(2) Applying Lemma 6.9(2), what remains to be shown is that
lim ||[4, B]Fy|1 =0 and lim ||F;[A, C]|: =0.
k—o0 k—o0
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We have ||[A4, B]F|l1 < ||[4, Bll2]|Fx||2- Since this is the case n = 1, it follows from Lemmas
6.6 and 6.10 that ||[A, B]Fg||1 — 0 as kK — oo. A similar argument shows that || F[A, C]||; — 0
as k — oo. O

Lemma 6.12. Let A, B, Ay, As, ..., Ay, € A. Then the antisymmetric sum
[ADB, Ay, As, ..., Agy)
is in the trace class with zero trace.
Proof. Since D = Ej, + Fy, rank(E}) < oo, and consequently
tr[AE,B, Ay, As, ..., Ag,] =0,
it suffices to show that
klij(f;|][AFkB,A2,A3,...,Agn]||1 =0. (6.17)

First of all, in the case n = 1, (6.17) just restates Lemma 6.11(2). Now suppose that n > 2.
Then, using Lemmas 6.10 and 6.11(1), the proof for (6.17) is the same as the argument in the
proof of [24, Lemma 10.7], which we will not repeat here. [J

Proposition 6.13. Given arbitrary py,pa, ..., pan € Clz1,21,- -+, 2n, Zn], there is a Y € Cy with
tr(Y) = 0 such that

UT5,, Tpo, - - - Tpo JU = [T)08, T8, T8 4 Y.

P2 7 T P2n

Proof. Some helpful notation will ease the proof. First of all, for any a = (ay,...,a,) € Z7, we
write

an

a __ a1
C_Cl ---Cn7

where ¢y, . .., ¢, are the complex coordinate functions defined by (6.1). By the linearity for each

slot of an antisymmetric sum, the proposition will be proved if we can show that for arbitrary
1, ..., 0o, B, .., Bay € 2T, there is a Z € C; with tr(Z) = 0 such that

* Ber Ber,
U [Téml,.. U= [Téalil,...,TEa%gCB%] + Z. (618)

) cY2n CfBQn

To prove this, we need more notation. Consider the operator tuples
T =(Tz,...,Ts,) and B=(T,%, ..., T>"®).
By the usual multi-index notation, we write
T — Tg; . Tgln and BY — (TC]?erg)al . (Tgierg)an
for any a = (a1, ...,a,) € Z'}. By Proposition 5.5, the difference
T~ ..., T —— ] —=[(T)*T",.. . (T )T

cé1 CBI’ U E‘D‘chﬁ?n

is in the trace class with zero trace. On the other hand, we obviously have

TR TS, | = (B B (B B

&1 ¢P1? ) = E%2n cBon
Therefore (6.18) will follow if we can prove that
Ur[(rey T, . (T TP U = [(B*)*B™, ..., (B*")*B%]| + X,

where X is in the trace class with zero trace. But this just repeats the argument in the proof
of [24, Proposition 10.8].
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Indeed for any a = (a1, ..., a,) € Z7, it follows from (6.13) that
*ra *ra An _ Ber al Ber an
UT'U =UTg - TerU = {T,,"#(1 + D)} - - {T."#(1 + D)}
2lal_1
=B"+ Y X,DY,

v=1
where X1, Y7,..., Xoa_y, Yoia_; € A. Therefore, given any oy, ..., ao,, 1, ..., B2, € Z7, there
exist an m € N and A;,;,C;;, € A, 1 <j <2n and 1 <7 <m, such that

U*(T*)TPU = (B)"B% + Y A;;DCj,
=1
for every 1 < j < 2n. Combining this identity with the linearity for each slot in an antisym-
metric sum, we have
UA[(T)T™, ..., (T)* TP U
(m+1)2n—1
= [(Bal>*Bﬁl7...’(BQQn)*BB27L] + Z [XI,T7X2,T7"'7X2H,T]7
r=1
where the operators X, satisfy the following two conditions:
(1) X;, e Aforall 1 <j<2nand1<r<(m+1)"—1.
(2) For each 1 <r < (m+1)?" — 1, there is a j(r) € {1,...,2n} such that
X,y = ADC with A,C € A.

By these two conditions and Lemma 6.12, for each 1 <7 < (m + 1)?" — 1, the antisymmetric
sum [Xy ., Xo ..., Xon,] is in the trace class with zero trace. This completes the proof. [

Proposition 6.14. For arbitrary p1,pa, - .., pan € Clz1, 21, - - ., 20, Zn] we have
n!
[Tplvaw <. vTﬁ2n] = W /gpldp2 A= N dpay.

Proof. This follows immediately from Proposition 6.13 and Theorem 1.4. []

7. APPROXIMATION

Again, we remind the reader that we identify C" with R?" in the natural way. To complete
the proof of Theorem 1.6, we need the following;:

Lemma 7.1. Let f € C?(Qs) for some 0 < § < 1. Then there is a sequence of polynomials
{pr} in Clzq,x9,..., 221, T2,] such that

lim [|f — pil«s = 0.
k—o0

Proof. Given a 0 < 6 < 1, define the open subset
Es={r € R™:1—(2§/3) < |z| <1+ (2§/3)}

of Q5. Recalling the definition of |||, s, for any g € C?(£2s), the value of ||g||..s only depends on
the restriction of g to Z5. Therefore, to prove the lemma, it suffices to consider an f € C*(R*").

Given such an f deﬁne

oz /fx—i—y v (y) /f Je AV (y), v > 0.
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It is obvious that
T [1f = fill.s = 0.

Thus it suffices to show that for every r > 0, there is a sequence {py} of polynomials in the
variables xq, o, ..., T2,_1, T2, such that

lim ||/, — pill«,s = 0. (7.1)
k—o0
Let an 7 > 0 be given. Since f € CQ(RQ") i.e., since f has a compact support, we have
r2n
=5 Y V).
Thus (7.1) holds for the sequence of polynomlals
r2n
pr(r) = — T /f y[2) dv(y), keN.
T 0 4!

This completes the proof. [
We are now ready to prove our trace formula.

Proof of Theorem 1.6. Let fi, fo,..., fon € C?(Qs) for some 0 < § < 1. By Lemma 7.1, there

are sequences of polynomials {p;x} in Clz1,Z1,. .., 2n, Z), 1 < j < 2n, such that
Jim {]f = pjklles =0 (7.2)
for 1 < j <2n. By Theorem 1.5 and the linearity of antisymmetric sums, (7.2) implies
]}L\m H[Tlva27 ce 7Tf2 ] [Tplvamw s p2nk]”1 = 0.
Therefore
[T, T, T ) = i (T T, T ) (7.3)
Obviously, (7.2) also implies
lim " d d ! d d 74
VANREIRWAN nk = T N N dfoy. .
kgilo (27”) /plk P2,k Pon.k (2m)” /Sfl Ifa Ifa ( )
For each k € N, Proposition 6.14 gives us the identity
n!
[Tpl K sz PR 7T152n,k] = (27”.)n /Spl,kdek VANERIVAN dpgn,k. (75)

Combining (7.3), (7.4) and (7.5), we obtain (1.6). This completes the proof. OJ

8. LORENTZ IDEALS

Recall that, given a 1 < p < 0o, the formula

s1(A) + so(A) + - - + s, (A)

+ _
”AHp - _If 1-Yp +9-1/p ... 4 k—1/p

defines a symmetric norm for operators [15, Section II1.14], where s1(A), ..., sk(A),... are the
s-numbers of A. On any separable Hilbert space H, the set

={A e B(H):||A]; < oo}
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is a norm ideal [15, Section I11.2]. This C; is commonly called a Lorentz ideal. It is well known
that C,~ contains the Schatten class C, and that C; # C,. An interesting property of C, is that
it is not separable with respect to the norm || - |-

Lemma 8.1. [14, Lemma 5.6] Suppose that 1 < p < oco. For a bounded operator A, define
F,(A) = sup k'/Ps;(A).
k

>1
Then .
p —
TFp(A) < |J4]l; < Fy(A).
Lemma 8.2. Let py,ps € (1,00) be such that p1ps/(p1 + p2) > 1. Then
p1p2
IAB|,) < 1Al 1Bl (8.1)

pip2/(p1+p2) — (p1 — 1)(pa — 1)
for all bounded operators A and B.

Proof. By (7.9) on page 63 in [15], for every k € N we have the inequality
81(AB) —+ e 4 Sk(AB) S Sl(A)Sl(B> + -+ Sk(A)Sk<B)
Combining this with Lemma 8.1, we find that

k & i
", (4B) < pip2|| All 1B, 5 L sl Al B, S 1
J T (= Dp2—1) g1/p1jt/p2 (pr — D)(py — 1) (e1+p2)/pips

for every k € N. This obviously implies (8.1). O

j=1 j=1 j=1

Corollary 8.3. Let m be an integer greater than or equal to 2. Then there is a 0 < C =
C'(m) < oo such that
[AL - AnllT < Cll A, - [l

for all bounded operators Ay, ..., Ap.
Proof. This is an obvious consequence of Lemma 8.2. [
Recall Definition 3.1 for the operator Ag.

Lemma 8.4. (1) Suppose that n > 2. There is a 0 < Cg41 = Cgq1(n) < 0o such that if the
inequality

2 w

—_— - (8.2)
2] fw] ‘

holds for all z,w € C™\{0}, then || Acll3, < Csa1.

(2) Suppose that n = 1. There is a 0 < Cg 40 < 00 such that if the inequality

G (z,w)| <

G (2, w)| < — (8.3)

2] ]
holds for all z,w € C\{0}, then ||PAg|l3 < Csao.
Proof. (1) For any bounded operator X and any ¢ > 0, define

Nx(t) = card{j € N : 5;(X) > t}.
We know from [13, (7.1)] that

z w
w

Nxiy(t) < Nx(t/2) + Ny(t/2) (8.4)
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for all bounded operators X, Y and ¢ > 0. Given any 0 < t < oo, we define

G(z,w) if |G(z,w)| >1
Gy (z,w) =
0 if |G(z,w)| <t
and Gét)(z, w) = G(z, w)—th)(z,w). By Lemma 3.2, || A, || < 2°"t. Consequently, NAc(t> (2271) =
2

2

0. Since Ag = AG?) + Ath), applying (8.4), we have

Nag (221) < Np(, (2%"1) + N, (27"t) = Na_, (2°"1)
GQ' Gl'

a{t
1 1
< a0 2 = gy / |G (2, w) PIK (2, w) Pdp(w)dp(z). (8.5

By (8.2) and (3.2), if z,w € C™\{0} are such that |G(z,w)| > t, then |z —w| > t|z|/2. Hence
it follows from (8.5) and (3.2) that

Nao@ 1) < o | 2 =0 ) Pda(w)dn(z)
‘ T (27)2 S pmwistze 2P 7

I S S 2 [P >
e CEIE /c 2P (LM/Q (Pem™dv(e) JdViz).

Obviously, there is a 0 < C] < oo such that

/ (P Fav(¢) < Crem /D=
[¢]>a

for every a > 0. Therefore for every ¢ > 0 we have

Ny (221 < 3G / |Le—u/m(ﬂz/z)?dwz)
Cn

— 7T2n(22nt)2 Z|2
4C 1 2 C
_ G L sy - C2
m2n94ng2n /C" |Z|2€ (Z) t2n’

where the last step requires the condition n > 2. Equivalently,
N (t) < Cst™"  for every t >0,
where Cy = 22n@n+1) (),

For each k € N, let t; € (0,00) be such that Cst, " = k. Then Na,(tx) < Cst;>" = k, and
consequently

20,/
(k. + 1)1/2n'
We have s(Ag) < [|Ag| < 22+! by Lemma 3.2 . Set Cs.y = max{2>"*1 2C+/*"}. Then
sp(Ag) < Cgu1k™'/?" for every k € N. Hence ||Agll3, < Csai.

ser1(Ac) < tp = (C3/k)*" <

(2) Using the techniques in Section 3, we define
H(z,w) = (|z| + 1)G(z,w).

Then PAg = PM,Ay, where ¢(z) = (]z2| + 1)~!. Recall from the proof of Lemma 3.5 that
(p%er, ex) < k™1 for every k € N. Since (¢?ej, e) = 0 for all j # k in N, this means PM, € C.
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Thus it suffices to show that there is a constant 0 < C' < oo such that ||Ag|| < C whenever G
satisfies (8.3).

By (8.3) and (3.2), we have |H(z,w)| < 4|z — w| if |z| > 1. On the other hand, if |z| < 1,
then by (8.3) we have |H(z,w)| < 4. It follows from these bounds that |Ag| < ||L||, where L
is the operator defined by the formula

(Lf)(Z)=/(4+4IZ—wI)IK(%w)If(w)du(w)-

c
Thus it suffices to show that L is a bounded operator on L*(C,du). But the boundedness of

L follows from an application of the Schur test with the familiar test function h(w) = e/*I*/2,
This completes the proof. [

Lemma 8.5. (1) Suppose that n > 2. Then the inequality ||[Mj, P35, < Csa1L(f) holds for
every f € Lip(S), where Cs 41 the constant provided by Lemma 8.4(1).

(2) Suppose that n = 1. Then the inequality |P[Mg, Pl|l3 < Csa2L(f) holds for every f €
Lip(S), where Cs 45 the constant provided by Lemma 8.4(2).

Proof. As we saw in the proof of Lemma 3.7, if f € Lip(S), then [My, P| = Ag, where G
satisfies the condition

G(z,w)| < L(f)

2l fw

z w
| .

Applying Lemma 8.4, we obtain the desired conclusions. [J
Proof of Theorem 1.8. By (4.3), we have
[Tfl’TfQ] T [szn—17Tf2n] - P[[Mfl’ P]’ [Mf2’ PHP o P[[Mf2n—1’ P]’ [Mfzn’ PHP
Thus the desired conclusion follows from Lemma 8.5 and Corollary 8.3. [

Recall from Section 5 that R denotes the algebra generated by the Toeplitz operators {T° E
f € Lip(S)} on H?(C",du).

Lemma 8.6. Let Ay,..., Ay, € R. Suppose that there is a j € {1,...,2n} such that A; =
A(Ts; — TfT5)B, where A, B € R and f, g € Lip(S). Then the product of commutators

[A1, Ao] - [Agp—1, Ay
s 1n the trace class.
Proof. 1t suffices to consider the case where j = 2v — 1 for some v € {1,...,n}. Then
[A21/717 Agy] - [A, AQVKng - T]ZTg)B -+ A[ng - Tng, AQV]B -+ A(ng - TJZTg)[B, AQV]-
Applying Lemmas 5.2 and 5.3 in the above, we have [Ay,_1, As,] € C, for p > 2n/3 if n > 2
and [Ag,_1, Ag,] € Cy if n = 1. On the other hand, for any ¢ € {1,...,n}\{r}, by Lemma 5.2

we have [Ag;_1, Ag;| € C, for every p > n. Combining these Schatten-class memberships with
Corollary 2.2, we see that [Ay, As] - - [Aon—1, A2, € C1. O

Proposition 8.7. Consider any f;; € Lip(S), where 1 <i <2n and 1 < j <m, m € N. For
each 1 <1 < 2n, define

Ai :Tﬁ,fHTf‘

i,m

and f; = fi,l ce fzm
Then the difference

[Ah AZ] e [A2n717 AQn] - [Tf17 TfQ] o [ngn,1 ) szn]
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15 in the trace class.
Proof. This is obtained from Lemma 8.6 by using the obvious linearity. [J
We recall Definition 6.8 for the algebra A.

Lemma 8.8. Let Ay,..., Ay, € A. If there is a j € {1,...,2n} such that A; = ADB, where
A, B € A, then the product of commutators

[A1, Ao] - - [Aon_1, Asy)
18 1n the trace class.

Proof. As in the proof of Lemma 8.6, it suffices to consider the case where j = 2v — 1 for
some v € {1,...,n}. Then Lemma 6.11 tells us that [Ay, 1, As,] € C; for every t > n — 1
in the case n > 2, and that [Ag, 1, Ag,] € C; in the case n = 1. On the other hand, for any
ie{l,...,n}\{r}, by Lemma 6.10 we have [As;_1, As;] € C, for every p > n. Combining these
Schatten-class memberships with Corollary 2.2, we see that [Ay, Ag] - - [Agn_1, Asy] € C1. O

Proposition 8.9. Given arbitrary p1,ps,...,pam € Cl21,21,..., 2, Z4l, there is a trace-class
operator G such that
U [Tﬁlv Tﬁz] e [T~

P2n—17

T=

b2n

U= [T T (L T 4.
Proof. First of all, we recall the notation ¢*, a € Z7, from the proof of Proposition 6.13.
Furthermore, T', B, T and B® will be the same as in the proof of Proposition 6.13, a € Z7;.

By the linearity involved, the proposition will be proved if we can show that given any
Q1. .., Qo, B, ..., o € 27, there is a Z € C; such that
U'lT—~,T

ga1eP1’ T gag B2 c%2n—1cB2n—1"7 " g%2n cB2n

_ [TBcrg TBorg ] . [TBcrg TBcrg ] + 7. (86)

&1 eB1 7 T g2 B2 c¥2n—1cP2n—17 ~ z¥2n cBan

N T

By Proposition 8.7, the difference

AT o Tz

[ — T — ] .
c@1cP1’ T g2 cB2 c%2n—1B2n—1" " go2n cBan

_ [(Tal)*Tﬂ17 (TQQ)*TBQ] . [(TOZanl)*Tﬂanl’ (T”")*Tﬂ%]
is in the trace class. On the other hand, we know that

Berg Berg Berg Berg
[Téal cﬁl 7 TEO‘2 062] I:TEOQTL—l CBZn—l 7T Ex2n cﬁ2n]

= (B B (B B (B B (7))
Therefore (8.6) will follow if we can prove that
U (™) T (T T (T P T, (T T U
= (B B (B) B (B B, (B B 4 X,
where X is in the trace class.

As we saw in the proof of Proposition 6.13, for the given oy, ..., as,, 81, ..., P2, € Z7, there
exist an m € N and A;;,C;;, € A, 1 <j <2n and 1 <7 < m, such that

UN(T*) T%U = (B¥)*'B% + Y A;,DCj;

=1
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for every 1 < 5 < 2n. Therefore
U*[(TOZ1>*Tﬂ17 (TaQ)*TB2] . [(Ta2n71)*T62n71’ (TaQn)*TEQn]U
— [(Bal)*Bﬁl’ (Baz)*Bﬁz] - [(BQanl)*BBanlj (BCVQn)*B,BZ'n}
(m+1 n_q
+ Z [Xl,'m X2,r] e [X2n—1,'r; X2n,'r’]7
r=1
where the operators X, satisfy the following two conditions:
(1) X;,e Aforall1 <j<2pand1<r<(m+1)*—1.
(2) For each 1 <r < (m +1)?" — 1, there is a j(r) € {1,...,2n} such that
Xj(r),r = ADC with A,C € A.
By these two conditions and Lemma 8.8, for each 1 < r < (m + 1)?" — 1, the product of
commutators [X,, Xo,| - [Xon—1s, Xons] is in the trace class. This completes the proof. O

9. DIXMIER TRACE

Before we prove Theorem 1.9, a general discussion of Dixmier trace is in order. For this, we
cite [5,7,18] as general references. To define Dixmier trace, one starts with a Banach limit w
on ¢(>*°(N). But in addition to the properties that Banach limits [6, Section II1.7] possess in
general, w is required to have the following “doubling” property:

(DB) For each {ag}tren € £°(N), w({ar}ren) = w({a1, a1, a2, a9, ..., ag, ag, ... }).

Such an w can be easily constructed. For example, one can start with the doubling operator
E : (>(N) — ¢°°(N). That is,
E{ay,aqg,... a5, ...} ={a1,a1,a9,a9, ..., 4k, a5, ...}

for {ar}ren € ¢°(N). Take any Banach limits L; and Lo, distinct or identical. Then an
elementary exercise shows that the formula

w-sfifee) ),

a € {>°(N), defines a Banach limit that has the doubling property (DB).

With such an w, for any positive operator A € C", its Dixmier trace is defined to be

j=1
The doubling property of w ensures the additivity Tr, (A + B) = Tr,(A) + Tr,(B) for positive
operators A, B € C;. Thus Tr,, naturally extends to a linear functional on C;". This definition
guarantees that Tr,, is unitary invariant. For any 7" € C;” and any unitary operator W, WT
is unitarily equivalent to TW. Therefore Tr,(WT) = Tr,(TW). From this it follows that
Tr,(XT) = Tr,(TX) for every T € C{ and every bounded operator X, which is what one
expects of a trace.

It is well known that if A is a trace-class operator, then Tr,(A) = 0 for every Dixmier
trace Tr,. This fact was heavily involved in previous works [4,10,11,21] on Dixmier trace. Our
proof of Theorem 1.9 also relies on this fact. Thus from Proposition 8.9 and Theorem 1.7 we
immediately obtain
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Corollary 9.1. Let py,pa, ..., pan € Clz1, 21, .-+, 2n, Zn]- Then on the Fock space we have

1
Trw([Tﬁ17Tﬁ2] T [Tﬁ2n71’ Tﬁ2n]) - /{p1,p2}b e {an—lap2n}de
S

n!
for every Dizmier trace Tr,,.

Mimicking (1.5), for any f € C'(€s) we now define
£ llss = sup (0% f) ()]

laj<1 1= (6/2)<]el<1+(6/2)

Lemma 9.2. Let f € C'(Qs) for some 0 < § < 1. Then there is a sequence of polynomials
{pr} in Clx1, 2, ..., Top 1, T, such that

lim |[f ~ pillys = 0.
— 00

The proof of Lemma 9.2 is the same as that of Lemma 7.1 and will not be repeated.

Proof of Theorem 1.9. Since || - |45 involves all the first-order partial derivatives, it is an
immediate consequence of Theorem 1.8 that there is a 0 < C' < oo such that
1T7,Tz) - [Tr,, »Tr, T < Cllfillgs -l fonllgs (9.1)

for all f1,..., fon, € C1(Qs).

Suppose that we are given fi, fa, ..., fon, € C1(€s). Then by Lemma 9.2, there are sequences
of polynomials {p;x} in Clz1, 21, ..., Zn, Zn), 1 <7 < 2n, such that

Jim (1f; = pjallas =0 (9:2)
for 1 < j <2n. By (9.1) and the obvious linearity, (9.2) implies
T-

k_ll_{{.lo ” [Tf17Tf2] U [Tf2n717 Tf2n] - [Tﬁl,k7 p2,k} T [Tpanl,k’ Tﬁ2n,k] H].+ = 0
Therefore for any Dixmier trace Tr,,,
Trw([Tf1>Tf2] T [Tf%_prQn]) = lim TrW([TﬁLk? Tﬁz,k] T [Tﬁzn—l,k’ TﬁQn,k])' (93)

k—o00

Obviously, (9.2) also implies

. 1 1
lim — /{pl,k7p2,k}b s {p2n—1,k7p2n,k}bd0 = ﬁ /{fh f2}b s {f2n—17f2n}bd0'- (9.4)
S *Js

For each k € N, Corollary 9.1 gives us the identity
Tro (L1 Toor) Do Toon]) = %/S{Z?mez,k}b'“{l?zn1,kap2n,k}bd<7- (9.5)
Combining (9.3), (9.4) and (9.5), we obtain (1.8). This completes the proof. [J
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