ESSENTIAL COMMUTANTS
ON STRONGLY PSEUDO-CONVEX DOMAINS

Yi Wang! and Jingbo Xia

Abstract. Consider a bounded strongly pseudo-convex domain €2 with a smooth boundary
in C". Let T be the Toeplitz algebra on the Bergman space L2(Q2). That is, T is the C*-
algebra generated by the Toeplitz operators {1 : f € L>°(Q2)}. Extending the work [27,28]
in the special case of the unit ball, we show that on any such Q, 7 and {7 : f € VOpqaq}+K
are essential commutants of each other. On a general () considered in this paper, the proofs
require many new ideas and techniques. These same techniques also enable us to show
that for A € T, if (Ak,,k,) — 0 as z — 912, then A is a compact operator.

1. Introduction

An enduring question in the study of Toeplitz operators is their essential commutativ-
ity. In this paper we consider this question on strongly pseudo-convex domains. It will be
beneficial to start the paper with a recollection of necessary definitions and background.

Suppose that Z is a collection of bounded operators on a Hilbert space H. Then its
essential commutant is defined to be

EssCom(Z) = {A € B(H) : [A,T] is compact for every T € Z}.

The study of essential commutants began with the classic papers of Johnson-Parrott [13],
Voiculescu [23] and Popa [19]. Ever since, essential-commutant problems have become a
mainstay of operator theory and operator algebras. As it turns out, many of the most in-
teresting examples in the study of essential commutants are associated with Toeplitz opera-
tors, of various kinds [4,6-9,11,24,25,27,28|. Perhaps, one reason why essential-commutant
problems attract attention is that they are generally not easy.

In this paper we consider an arbitrary bounded, strongly pseudo-convex domain 2
with a smooth boundary in C™. Recall that the Bergman space L2 () is the collection of
analytic functions h on 2 satisfying the condition

/ |h|?dv < oo,
Q

where dv is the volume measure on Q. Let P : L*(2) — L2(2) be the orthogonal projec-
tion. For each f € L*°(2), we have the Toeplitz operator Ty defined by the formula

Tyh = P(fh), he L2(Q).
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Let 7 denote the C*-algebra generated by {1 : f € L>(Q2)}. Then T is called the Toeplitz
algebra on the Bergman space L2(Q). It is well known that 7 contains K, the collection
of compact operators on L2(Q) [22,Theorem 4.1.25]. Obviously, this is a convenient fact
for the study of essential commutants.

In the case of the unit ball B in C", the essential commutant problems related to T
were solved in [27,28], with [26,Theorem 1.3] playing a pivotal role. Specifically, in the case
of the unit ball, it was shown that EssCom(7) = {Tf : f € VOpaa} + K in [27] and that
EssCom{T} : f € VOpaa} = T in [28]. Once one knows that, a question naturally presents
itself: what happens if one replaces the unit ball B by a general strongly pseudo-convex
domain 27 Equally naturally, one would expect that the same results hold on a general
). But here one immediately runs into two difficulties:

(1) The works in [27,28], particularly in [26], rely heavily on the explicit formula for
the Bergman metric 5 on B. Without such an explicit formula, it is not clear how to redo
many of the estimates in [27,28]. By contrast, in the case of a general strongly pseudo-
convex domain, we only know the asymptotics of the Bergman metric [10,20], but we do
not have a formula for it that is explicit enough. In other words, on a general 2, we do not
have good enough a handle on the Bergman metric to do many of the necessary estimates.
The same is true if one considers the Kobayashi metric instead of the Bergman metric.

(2) The techniques in [26,27,28] depend heavily on the Mobius transforms on B.
But on a general strongly pseudo-convex domain €2, there is no such thing as Mobius
transform. In other words, compared with the unit ball, a general €2 totally lacks global
symmetry. Compared with (1), this difficulty is more substantive, but it also makes an
exciting challenge: can we prove the results in [27,28] on a domain without symmetry?

We are pleased to report that we have managed to overcome these difficulties. The
way we deal with difficulty (1) is to simply introduce a new metric that serves our purpose.
Since (2 is a strongly pseudo-convex domain, it has a defining function r, i.e., Q@ = {z €
C™ :r(z) < 0}. Then the formula

1
—r(2)’

for z near OS2 gives us the infinitesimal generator of a metric d on 2. One might call this
d a poor man’s imitation of the Bergman metric, but the above formula is explicit enough
to allow us to do all the necessary analysis. We will have more to say about this point
below, and the precise definition of d will be given at the beginning of Section 2.

bij (Z) = f)ﬁj 10g 1< ’L,j < n,

Difficulty (2) simply requires new approaches. Examining the involvements of Mobius
transforms in [27,28] one by one, we have managed to find a new idea or new technique as
a replacement in each case. Thus the results about essential commutants mentioned above
can indeed be proved without symmetry.

To state our results, we need the notion of vanishing oscillation, which was first intro-
duced in [5,3] for functions on bounded symmetric domains with respect to the Bergman
metric. In this paper we need to define functions of vanishing oscillation with respect to
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the metric d on €2. Let f be a continuous function on 2. Then f is said to have vanishing
oscillation if

lim sup{[f(2) — f(w)| : d(z,w) <1} = 0.
z— 00
Let VO denote the collection of functions of vanishing oscillation on 2. Further, define
VOpaqa = VO N LOO(Q>.

Our main results are the two theorems below:

Theorem 1.1. On any bounded, strongly pseudo-convexr domain 2 with a smooth boundary
in C™, the following hold true:

(1) The Toeplitz algebra T is the essential commutant of {T¢ : f € VOpaa}-

(ii) The essential commutant of T equals {T¢ : f € VOpaa} + K.

Let Q denote the Calkin algebra B(L2(£2))/K, and let
m:B(L2(Q) — Q

be the quotient homomorphism. Then 7(EssCom(Z)) = {n(Z)}’ for every subset Z C
B(L2(Q2)). Obviously, a subset A of Q satisfies the double-commutant relation A = A" if
and only if A = G’ for some G C Q. Thus Theorem 1.1(i) implies that 7(7) satisfies the
double-commutant relation in Q.

As it turns out, the techniques that allow us to prove Theorem 1.1(i), also give us a
classic compactness criterion for A € T in terms of its Berezin transform on 2. Let us
write k., z € €, for the normalized reproducing kernel for the Bergman space L2(().

Theorem 1.2. Consider any bounded, strongly pseudo-convexr domain €2 with a smooth

boundary in C™. Let A € T. If

(1.1) i Ak, k.) = 0,

then A is a compact operator on L2(Q).

At this point, it is appropriate to briefly recall the long history of this line of investiga-
tions. The first result of this genre was due to Axler and Zheng [1], where the domain was
the unit disc in C and A was a finite algebraic combination of Toeplitz operators. Later
in [21], Suédrez showed that this compactness criterion holds for all A € 7 on the unit ball
B in C". The fact that Sudrez was able to do this for arbitrary A € T on the ball, rather
than just for finite algebraic combinations of Toeplitz operators, was considered to be a
major breakthrough. Consequently, [21] inspired many generalizations [2,12,29], including
generalizations on the Fock space. But all these papers depend on the M6bius transforms
on the domain in question. In this regard, Theorem 1.2 is the first to remove any and all
involvement of Mobius transforms, since in general there aren’t any on ).

The rest of the paper is taken up by the proofs of these results. Because we have to
start from scratch, there are numerous steps involved. We conclude the introduction by
an outline of our plan.



First of all, in Section 2 we precisely define the metric d mentioned above. In addition
to d, another important quantity for the paper is the “gauge”

p(z,w) = |z — w” + |(z — w, (9r)(2))]

on . Section 2 contains several fundamental estimates involving d and p(z,w). Section 3
brings in another important ingredient for our analysis, the function

F(z,w) = [r(z)| + |r(w)] + p(z,w),

which is a familiar fixture on strongly pseudo-convex domains. The main result of the
section is Lemma 3.8, which is a version of the Forelli-Rudin estimates for 2 in which d
and F' are quantitatively involved.

Sections 4 and 5 are devoted to operators that are discrete sums constructed from the
Bergman kernel K (z,w) over d-lattices. The main goal for these two sections is Corollary
5.3, which provides the norm-continuity of such discrete sums under small perturbation of
the lattice.

In Section 6, we introduce LOC(A), the class of “localized versions of A” for any
bounded operator A on L2(2). Using Lemma 3.8 and Corollary 5.3 mentioned above and
doing quite a bit of additional work, we show in Section 6 that LOC(A) C T for every
A € B(L2(Q)). This is a major step in the proof of Theorem 1.1(i).

Section 7 is devoted to matters related to functions of vanishing oscillation. In par-
ticular, we consider the scalar quantity

diff(f) = sup{[f(2) = f(w)[ : d(z, w) <1},

which is another essential ingredient in the proof of Theorem 1.1(i). We show that every
operator in EssCom{T} : f € VOpqq} satisfies an “e-¢” condition involving “diff”.

In Section 8 we construct approximate partitions of the unity on €2 that satisfy two
competing requirements: (1) The “diff” for the partition functions must be small. (2)
There is a fixed, finite cap on the overlaps of the sets involved. This construction is based
on a suitable analogue of “radial-spherical decomposition” for 2. As it turns out, the
gauge p(z,w) plays the role of “spherical coordinates” in our decomposition, whereas the
defining function r gives us a convenient “radial coordinate”.

With all the above preparation, we prove Theorem 1.1(i) in Section 9. The gist of the
proof is that the “e-0” condition mentioned above characterizes the membership X € 7.
The same work also shows that for A € T, if

(1.2) lim sup{|[(Aky, k.)| : d(z,w) < R} =0
z—00Q

for every given 0 < R < oo, then A is a compact operator. This is a major step in the
proof of Theorem 1.2. In fact, what remains for the proof of Theorem 1.2 is to show that
(1.1) implies (1.2).



Then in Section 10, we turn to the proof of part (ii) in Theorem 1.1. With the work in
Section 9, this is now relatively easy. First of all, Theorem 1.1(i) tells us that EssCom(7)
coincides with the essential center of 7. That is, EssCom(7) C 7. Then we show that
the membership A € EssCom(7) implies that the Berezin transform A of Ais in VOpaq.
Since A —T'; € T, the membership A € VOpqq and the work in Section 9 lead to an easy
proof of the fact that A —T'; € K, which proves Theorem 1.1(ii).

Finally, in Section 11 we show that (1.1) indeed implies (1.2). For all previous works
involving this step, this was easy, because one could use Mo6bius transforms. But in our
case of a general strongly pseudo-convex domain, this becomes a non-trivial step. Material
from Sections 2-4 will be needed for this step.

2. A metric on ) and related facts

First of all, we cite [15,20] as general references for strongly pseudo-convex domains.
Throughout the paper, €2 denotes a bounded, connected, strongly pseudo-convex domain
in C™ with smooth boundary. More precisely, we always assume that 2 is bounded and
connected, and that there is a real-valued C*° function r defined in an open neighborhood
of the closure of €2 such that the following three conditions are satisfied:

(1) Q={ze C":r(z) <0}.

(2) |(Vr)(z)] # 0 for every z € 99.

(3) There is a ¢ > 0 such that

n

(2.1) Y (@0r)(2)6&5 = c(l&f + -+ + [€al?)

1,j=1

for all z € 92 and &;,...,&, € C.
Such an r is called a defining function for the domain, and will be fixed along with (2.

It will be convenient to adopt the following convention: We will consider C" as a
column space whenever an n X n matrix acts on it. When there is no matrix involved, we
will consider C™ either as a column space or as a row space, whichever is more appropriate.

Let A(z) be the n x n matrix whose entry in the intersection of i-th column and j-row
is (0;057)(2), i,5 = 1,...,n. By (2) and (3), there is a # > 0 such that if w € Q and
r(w) > —30, then |(Vr)(w)| # 0 and

(2.2) (A(w)€, €) = (c/2)I¢]?

for all ¢ € C™. Let ¢ : R — [0, 1] be a C*° function such that ) = 1 on [—6,00) and ¢» =0
on (—oo, —260]. Write d;; for Kronecker’s delta. We then define

SO0NE) + S ONE@NE ) + - vl ),

23)  by(z) = w<r<z>>(
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fori,j € {1,...,n} and z € Q. Let B(z) be the n xn matrix whose entry in the intersection
of i-th column and j-row is b;;(2), ¢,7 = 1,...,n. From (2.2) and the definition of ¢ we
see that the B(z) is invertible for every z € Q. Thus the local Hermitian form

HZ(§777): <B(Z)§777>7 &UGTZQ:CH,

generates a non-degenerate metric d on 2. That is, for z,w € €,

1
(2.4 d(zyw) = inf | /Bla(0)g 0.5 D)
0
where the infimum is taken over all C! maps g : [0, 1] — Q satisfying the conditions g(0)

= z and ¢g(1) = w. The definition of ¢ ensures that for i, € {1,...,n},

1
—r(2)

bi; () = 0;0; log whenever — 60 < r(z) <0.

Denote 0 = (01, ...,0,), which will play a prominent role throughout the paper. Then

(2.5) (B(2)¢,8) = <A—(j“)(i3€> i (|<€7£€:~2)Z()Z)>|> whenever — 0 < r(z) <0,

& € C™. These identities make d an imitation of the Bergman metric on €). Compared with
the real Bergman metric 8, our imitation d has the advantage that the explicit formulas
above will greatly simplify many of the estimates below.

Lemma 2.1. There is a ca1 > 0 such that —r(w) > —cQ.12_4d(z’w)'r(z) for all z,w € Q.

Proof. Consider any z,w € €2 such that —r(z) < 6 and

—r(w) < —(1/2)r(2).

Let g : [a,b] — ©Q be a C! map such that g(a) = 2 and g(b) = w. Let a’ be the largest
number in [a, b] such that r(g(a’)) = r(z). Then —r(g(t)) < —r(g(a’)) for t € [a’,b] and

// %T(Q(ﬂ)dt =r(g(b)) — T(g(a’)) > _(1/2)r(2).

Note that y
Sr(6(t) = 2Relg' (1) (3r) 9().
Therefore the above implies
2 [ g0 @) = [ Lrao)i = ~1/20()

a/
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Since —7r(g(t)) < —r(z) < 0 for every t € [d/, 1], by (2.5) we have

// V(B(g(t)g'( dt>/ 1t ? dt>/ g ()mdtzj—l.

From the above we see that if z,w € 2 satisfy the conditions —r(z) < 6 and

—r(w) < —=2""r(z) for some m € N,

then for any C! map ¢ : [0,1] — Q with the properties g(0) = z and g(1) = w we have

| V@@ =

Combining this with (2.4), we have m < 4d(z,w). This implies the inequality

—r(w) > (271 (z)

for all w € Q whenever —r(z) < 6.

Suppose that —r(z) > 6. If —r(w) > 0, then the case is trivial, as the function —r
has a maximum on ). Suppose that —r(w) < 6. There is a C* map g : [0,1] — Q such
that g(0) = z, g(1) = w and

1
/0 VBg®)g (), g )t < d(z,w) + (1/4).

We have —r(g(0)) > 6 and —r(g(1)) < 0. Thus thereis an a € [0, 1] such that —r(g(a)) = 6.
Define 2 = g(a). By what we proved above, —r(w) > 2744"w)=19 Since a € [0, 1],
2z = g(a) and g(1) = w, we have d(2’',w) < d(z,w) + (1/4). Hence

—r(w) 2 27U = g (=r(2)) (27 2)e().

Since —r has a maximum on €, the lemma also holds in the case —r(z) > 0. O

Lemma 2.2. There is a constant 0 < Cyo < 00 such that
|2 = w]? +[(z — w, (3r)(2))| < Can{d(z,w) + d*(z,w)}224*) (=1 (2))

for all z,w € Q.
Proof. We first show that there is a C' such that

(2.6) |z — w| < Cd(z,w)2*4=) \/—r(2)

for all z,w € Q. By (2.4), for any given z,w € Q, there is a C* map g : [0,1] — Q such
that ¢g(0) = z, g(1) = w, and

/0 VB 0, g O)dt < 2d(z,w).



There is a tg € [0, 1] such that —r(g(tg)) > —r(g(t)) for every ¢ € [0,1]. By (2.5) and (2.3),
there is a ¢; > 0 such that

%/0 |g’(t)|dt§/0 V(Blg(t))g' (1), g'(t))dt < 2d(z, w).

Set C7; = 2/c;. Since g(0) = z and ¢g(1) = w, the above implies
(2.7) |z —w| < Crd(z,w)\/—71(g(to))-

If we write ( = g(to), then

d(z,¢) < ; 0 V(B(g(1)g' (1), g'(t))dt < 2d(z,w).

By Lemma 2.1, we have —7(¢) < ¢5 12449 (—r(2)) < ¢; 1284=") (—p(2)). Combining this
with (2.7), (2.6) follows.

The same argument also shows that d(z, g(t)) < 2d(z,w) for every t € [0,1]. Therefore

|z — g(t)] < 20d(z, w)284 =)\ /—r(2),

€ [0,1]. Using Lemma 2.1 and the obvious Lipschitz condition for dr, we have

[{z = w,(9r)(2))] = [{g(1) — 9(0), (9r)( |</ g (2))ldt
/ g Idt+/ 9" (O11(9r)(2) — (9r)(g(t))]dt
: 2811"“<—r<z>>/j e
—|—2C’d(z,w)28d(z’w)-02(28211”)) / V(B( Lg'(t))dt

< Cg(—r(z)){28d(z’w)d(z,w) + 212d(z’w)d2(z, w)}.

Combining this with (2.6), the lemma is proved. [

For z € Q2 and a > 0, define the imitation Bergman metric ball
D(z,a) ={w € Q:d(z,w) < a}.

Definition 2.3. For n € C"\{0}, a > 0 and b > 0, we let P(n;a,b) be the collection of
vectors u + v satisfying the following three conditions:

(1) u,v € C™ with |u| < a and |v| < b.

(2) u L.

(B)ve{in:£eCl.



Proposition 2.4. Given any 0 < a < 0o, there are 0 < ¢ < C' < oo such that

24+ P((0r)(2); e/ —r(2), —cr(2)) € D(z,a) C z+ P(( );C/ — —Cr(z
for every z € Q satisfying the condition —r(z) < 0.

Proof. Let 0 < a < oo be given and consider a sufficiently small ¢ > 0. Let u,v € C" satisfy
the conditions u L (9r)(2), |u| < cy/—7(2), v € {£(0r)(2) : £ € C}, and |v| < —er(z). We
want to show that d(z, z + u + v) < a. To prove this, consider the path

g(t) =z 4+ t(u +v),

€ [0,1]. Then ¢'(t) = u + v. By the Taylor expansion for Or, we have

(g'(t), (r)(9())) = (u+ v, (Ir)(z + t(u+v)))
= {u+v, (9r)(2) + tX (2)(u +v) + o(|u +v]))
= (v, (9r)(2)) + (u + 0,1 X (2)(u + v) + o(|u + v])),

where X (z) is the derivative of Or at z, which is a linear map from C" to C". Since
lv| < —er(z) and |u+ v| < c(—7r(2) + 1/ —7(2)), we see that

(g (t), (Or)(g(t)))] < eM(—r(2))
for t € [0, 1]. Since r is real-valued, Taylor expansion gives us

r(g(t)) =r(z+t(u+v)) =r(z) + 2tRe(u —|—7v, (0r)(2)) + O(Ju 4 v|?)
= 7(2) + 2tRe(v, (Ir)(2)) + O(=c?r(z)).

Since |v| < —cr(z) and since ¢ is small, we obtain

(1), @GO
)

Similarly, we have

(Alg(1)g'(1),9'(t)) _ (Alg(t))(u+v),u+v)
—r(g(t)) —r(g(t))

Combining these two inequalities with (2.5) and (2.4), we see that the smallness of ¢ ensures
d(z,z +u+ v) < a. This proves the first inclusion in the proposition.

< M.

It is easy to see that the second inclusion, D(z,a) C ---, is simply a consequence of
Lemma 2.2. This completes the proof. [

Proposition 2.5. There is a 0 < Co5 < 00 such that if 0 < a < 1/2, then

D( ) C Z—l—P( 02 5a\/ — —Cs. 5CL7°
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for every z € Q satisfying the condition —r(z) < 0.

Proof. Suppose that 0 < a < 1/2 and that z,w € Q satisfy the condition d(z,w) < a.
Then there is a C* map g : [0,1] — Q with ¢g(0) = z and g(1) = w such that

1
/0 VBED) ), g OVdt < 2.

Thus d(z,9(t)) < 2a < 1 for every t € [0,1]. Suppose that w = z + u 4 v with u L (9r)(2)
and v € {£(0r)(z) : £ € C}. To estimate |u|, we again apply Lemma 2.1, which gives us
—r(z) > —c(1)r(g(t)) for every t € [0,1]. Since |u| < |z — w|, we have

(2.8) |u|</ g/ (t)]dt < Csy | 67(’; / V(B g (0)dt < Cs _67(’%)-2@.

To estimate |v|, we apply Lemma 2.2. Since 0 < a < 1/2, Lemma 2.2 gives us

(2.9) (v, (9r)(2))] < Ca2d(z,w)(3/2)2°(=7(2)).

Recall that 6 was chosen so that (9r)(¢) # 0 whenever 0 < —r(¢) < 36. Hence the
proposition follows from (2.8) and (2.9). O

On the domain €2 we define the measure
dv(z)

(2.10) du(z) = Sra)

Proposition 2.6. For each a € (0,00), there are 0 < ¢(a) < C(a) < oo such that

() < u(D(2,0)) < Cla)
for every z € Q.

Proof. Since v(P(n; x,y)) = C,,2?"~2y?, this follows immediately from Proposition 2.4 and
Lemma 2.1. [

For each 0 < p < 0, define the surface
S, ={2€C": —r(z) =p}.
In particular, we have Sy = 02, the boundary of the domain §2.
Proposition 2.7. There exist a finite open cover Uy, ...,U,, of
H={zeC":0< —r(2) <0/2}

in C" and a1 < C < oo such that the following holds true: Suppose that 0 < p < 6/2 and
that z,w € S, N U; for some i € {1,... ,_m}. Furthermore, suppose that there is an R > 1
such that |z — w| < R\/p and |[(z — w, (0r)(2))| < R*p. Then d(z,w) < CR>.
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Proof. For ( € C™ and a > 0, denote B((,a) = {¢ € C" : |( — &| < a} as usual. Note
that by assumption, H is a compact set on which |Vr| does not vanish. By the usual
open covering argument, there is a 7 > 0 such that if zyg € H, then the conclusion of the
standard implicit function theorem holds on B(zg, ) for the equation r = r(zp). See, e.g.,
[17,page 74]. Since H is compact, there are z1,..., 2, € H such that U™, B(z;,7/2) D H.
We define U; = B(z;,7/2),1=1,...,m

Now let 0 < p < 0/2, and let z,w € S, N U; satisfy the conditions |z — w| < R,/p and
[(z —w, (0r)(2))| < R?p for some R > 1. Then, of course, |z — w| < 7. By the discussion
in the first paragraph, every point in S, N B(z, ) can be expressed in the form

z+x+ fi(2),
where z € C™ satisfies the conditions Re(z, (0r)(z)) = 0 and |z| < 7/, and where f, satisfies
the condition |f,(x)| < C1]z|?. Since the implicit function theorem provides bounds that
are independent of the points in H, reducing the value of 7 if necessary, we may assume that

|f2(x)| < (1/2)]z| when |+ f.(z)| < 7. Let zy € B(0,7’) be such that w = z+xo+ f.(z0).
Then (1/2)|zo| < |z + f2(20)| = |z — w|. Hence |z < 2R,/p. We have

(0, (9r)(2))| < [(w = 2, () (2)] + [{f2(20), (Or)(2))] < R?p + Cal f-(w0)]
< R?p+ Cslaol® < R*p + 4C3R?p = C4R?p.

Now define the map g : [0,1] — S, by the formula
g(t) = z +txg + f.(tzo),

€ [0,1]. We have ¢'(t) = xo + (D f.)(tzo)xo, where Df, is the derivative of f,. Recalling
(2.5), we have

%<A<g<t>>g'<t>,g'<t>> < G lnoP < Carzp = ooR?.
Therefore
1 / / 1/2
[ ()

Note that the condition |f,(z)| < C;|z|? implies that (Df,)(0) = 0. Hence

g'(t) = xo + {(Df.)(tzo) — (Df.)(0)}xo = zo + h(t)

with |h(t)| < Cg|zo|? < 4C3R%p = CyR?p. Consequently

[(g" (1), (Br)(g(1)))] < |<g/(t)l(57“)(2)>\ + |(9/(t): (r)(g(t)) — (9r)(2))]
< [(zo, (9r)(2)) + [(1(t), (9r)(2))| 4+ Cr1lg ()19 (t) — 2|
< C4R?p + C19Cy R?p + Chalwo|® < C13R?p.
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Thus we have

1 / 3

[ GO0
0 —r(g(t))

Recalling (2.5), (2.4) and combining the above with (2.11), we find that d(z,w) < C;R +

C13R2. Since we assume R > 1, it follows that d(z,w) < (C7 + Cy1)R2. O

For each 0 < p < 60/2, we write do, for the natural surface measure on S,. For every
triple of 0 < p < 6/2, ¢ € S, and t > 0, we define

Qp(C.t) ={€ €8, 1 [C— &7 + [{C = & (9r) ()] < t}-

Proposition 2.8. There are constants 0 < 7 < 0/2 and 0 < ca8 < Co5 < 00 such that

(2.12) cagt" < 0,(Qp(¢ 1)) < Cogt"

forall0 < p<7,(€S, and0 <t < Ty, where Ty = sup{|u — v|> + [{u — v, (Ir)(w))| :
u,v € Q}.

Proof. First, we remark that the restriction ¢ < Tj is only necessary to guarantee the lower
bound in (2.12). Second, adjusting the constants co g and Cy g if necessary, it suffices to
find an a € (0,Tp) such that (2.12) holds for all 0 < ¢ < a.

For each ¢ € S,, 0 < p < 0/2, denote T; = {z € C" : Re(x, (0r)(¢)) = 0}, which
is the real tangent space to S, at (. For each pair of ( € S, and s > 0, define E¢(s) =
{x € Tr : |2* + |{z, (0r)(¢))| < s}. Each z € T, has the decomposition = = y + 2,
where (y, (0r)(¢)) = 0 and z € {w(dr)(¢) : w € C}. Since Re(z, (Or)(¢)) = 0, we have
z = ih(0r)(C) for some h € R. Let vo, 1 denote the real (2n — 1)-dimensional volume
measure on T¢. Using this * = y + 2z decomposition, it is elementary that there are
0 < < < oo such that

(2.13) c18" <wap_1(E¢(s)) < Cys"

for all ( € S5, 0<p <6/2,and s > 0.

As in the proof of Proposition 2.7, we apply the standard implicit function theorem.
There is a 0 < 7 < 0/2 such that the conclusion of the implicit function theorem holds on
{z€ C":0< —r(z) <7} for r with uniform bounds. Namely, there are constants b > 0,
0<c<1land 0 < Cy < oosuchthat if 0 < p <7 and ¢ € S,, then every element in
B(¢,b) NS, can be expressed in the form

Qc(x) =C+a+ fe(z)

for some = € Ty N B(0, ¢), where f: satisfies the conditions |f:(z)] < Ca|z|? and | fe(z)| <
(1/2)|x| when |z| < ¢. Furthermore, there are constants 0 < ¢3 < C3 < oo such that
the matrix inequality c3 < (D®¢(z))*D®¢(x) < C3 holds whenever 0 < —r({) < 7 and
x € Te N B(0,c), where D®, is the derivative of ®, which is a 2n x (2n — 1) real matrix.
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Now take a; = b%. Let 0 < p < 7 and 0 < t < a;. Then for any pair of ¢ € S, and
€€ Q,(¢,t), we have £ € B((,b). Therefore we can write

§=(+a+ fe(z)
for some x € Ty N B(0,¢). We have | — (| = |z + fe(z)| > (1/2)|z] and (x, (Or)(C)) =

(€= ¢ (0r)(Q)) = (fe(2), (9r)(C)) with |f¢(w)] < Calz|*. Hence
(2.14) 2 + [z, (Or) ()] < Cafl€ = 2 + (€ = ¢, () (O}

for some constant 1 < Cy < oo. Similarly, [ — (| = |z + fe(z)] < (1 + Cs)|z| and
(€= ¢ (0r)(Q)) = (=, (0r)()) + (fc(x), (0r)(Q)) with |f¢(x)| < Calz[. Consequently

(2.15) 1€ = CI* + [{€ = ¢, (On)(ON < Cs{|=* + [{z, (Or) ()}

for some constant 1 < C5 < 0o. Set as = ¢?/Cy and a = min{ay,a2,Tp}. If 0 < t < a,
then E¢(Cyt) C T, N B(0,¢). Thus (2.14) implies that for 0 < t < a, we have

P (Ec(Cat)) D Qp(C,1).
Combining the smoothness of ®: on T N B(0, c) with the upper bound in (2.13), we obtain
UP(QP(C,t)) S O'p(q)g(Eg(Czlt))) S C’6v2n_2(E<(C4t)) S C(;Cl (C4t)n = C7tn,

which gives us the upper bound in (2.12). Similarly, since a < ¢ and C5 > 1,for 0 <t < a
we have E¢(t/C5) C Tc N B(0, ¢). Therefore for 0 < ¢ < a, (2.15) implies

O (Ec(t/Cs)) € Qp(C,1).

From the non-singularity of ®: on Tr N B(0, c) and the lower bound in (2.13) we obtain

c1(t/Cs)" < van-1(Ec(t/C5)) < Csap(Pc(E¢(t/Cs))) < Csop(Qp(C 1)),

proving the lower bound in (2.12). This completes the proof. [J

Proposition 2.9. There is a constant 0 < Cy9 < 0o such that the following holds true:
Let z€ Q, k€ Z and j € Z4. Then the volume of the set

Wery = {w € Q1 287 (=r(2)) < —r(w) <2 (=r(z))
and |z — w|? + [(z — w, (3r)(2))] < 284 (—r(2))}

does not exceed Cy 2™ (—2Fr(z))n+1.

Proof. First of all, there is a C such that [(9r)(¢) — (9r)(¢")] < C1|¢ —¢'| for all ¢, (" € Q.
Suppose that 2¥(—r(z)) < 7, where 7 is the same as in Proposition 2.8. For any value
2F=1(—r(2)) < p < 2¥(—r(2)), denote

S(psk,j) ={w € Syt |z — wf” + [(z —w, (9r)(2))] < 27 (=r(2))}.
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Suppose that X(p; k,j) # 0, and pick a w, € X(p; k, j). Then elementary estimates yield
X(pik,7) C Qp(w,, C’22k+j(—r(z))).

Applying Proposition 2.8, we obtain

(2.16) 0p(B(p3k, 7)) < 0p(Qp(w,, C22"H (—1(2)))) < C3(=25Fr(2))"

for every 2871(—r(2)) < p < 28(—r(2)) under the condition 2%(—r(2)) < 7.

Now consider € as a domain in the real space R?” under the usual identification.
We know that (Vr)(x) # 0 for every z € 0. For each a € 01, there is a j = j(a) €
{1,2,...,2n — 1,2n} such that the map

Fa(xlax% cee 7$2n—lax2n) — (xh sy L1, —7’([171,._'172, B JxZTL—l?xQTL)?xj-’-l) cee 737271)

from € to R?™ has the property that the derivative (DF,)(a) is invertible. Thus there is
an open neighborhood U, of a in R?" such that the inverse mapping theorem holds on U,
for F,. Shrinking U, slightly if necessary, we may assume that DF, ! is bounded on F,U,.
By the compactness of 0f2, there is a finite subset A C 02 and a 0 < 7; < 7 such that

(2.17) U Uy D{weN:0< —r(w) <1}
acA

To complete the proof of the proposition, consider the following two cases.

(1) Suppose that —2*r(2) > 71. Then the conclusion of the proposition is trivial. (2)
Suppose that —2F7(2) < ;. In this case (2.17) gives us

Wik, = U {Ua WZ;k,j}-
a€EA

Since A is an a priori determined finite set, it suffices to estimate the volume of U, "W .1, ;
for each a € A. Given any a € A, there is a j = j(a) such that for 0 < p < 7y,

S,NU, = {F 1 (xq,... S 1, Py Ly T2n) (X1 L1, Py T g1 -5 Ton) € FuUg b
By (2.16), for each 0 < p < 7y, the real (2n — 1)-dimensional volume of the set
{1, mj_1, @41, Ton) (@1, o o1, 0, T, - - - Tan) € Fo(Uag NE(ps K, §))}
does not exceed Cy(—2%+9r(2))". Hence we have the (real) 2n-dimensional volume estimate
V(Fa(Ua N Wk j)) < Co(=2577(2))" - 28 (=1(2)).
Applying F; 1, we find that
V(U N Wik 5) < 0102”j(—2kr(z))”+1.
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Since card(A) < oo, this completes the proof. [

Definition 2.10. (i) Let a be a positive number. A subset I" of Q is said to be a-separated
if D(z,a) N D(w,a) = for all distinct elements z, w in T.
(ii) A subset I" of Q is simply said to be separated if it is a-separated for some a > 0.

Lemma 2.11. (1) For any pair of 0 < a < 00 and 0 < R < oo, there is a natural number
N = N(a, R) such that for every a-separated set I' in Q2 and every z € €, we have

card{u € I : d(u,z) < R} < N.

(2) For any pair of 0 < a < R < oo, there is a natural number m = m(a, R) such that
every a-separated set I' in Q admits a partition I' = 1"y U --- UT,, with the property that
for every j € {1,...,m}, the setI'; is R-separated.

Proof. By Proposition 2.6, any integer N > C(R + a)/c(a) will do for (1). Then, by(1),
for any 0 < a < R < oo, there is an m € N such that if I' is any a-separated set in (2, then
card{u € T' : d(u,v) < 2R} < m for every v € I". By a standard maximality argument, I"
admits a partition I' = I'y U --- UT, such that for every j € {1,...,m}, the conditions
u,v € I'; and u # v imply d(u,v) > 2R. Thus each I'; is R-separated, proving (2). O

3. Forelli-Rudin estimates on 2

We will need the familiar functions

(31 X(w)=-—rw) -3 Xy L Z 8%8% —w;)(2k — wi),

p(z,w) = |z — wf” + |(z — w, (9r)(2))]

and
F(z,w) = |r(z)| + [r(w)] + p(z, w)

associated with €2 and r, which are standard fixtures on strongly pseudo-convex domains.

Lemma 3.1. [18,20] There is a 6 > 0 such that
X (2, w)| &~ |r(2)] + [r(w)] + [ImX (2, w)| + |2 — w|* = F(z,w)

in the region Rs = {(z,w) € QA x Q: |r(2)| + |r(w)| + |z — w| < §}.
Below is what one usually refers to as the Forelli-Rudin estimates:

Lemma 3.2. [18,20] Let a € R and k > —1. Then for z € Q,

/ Ir(w)|” dv(w) = ¢ lo {|le )=t} szg
Q F(Z,w)n—kl—i—m—ka g’T( )‘ a ifa >0
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Recall that for any 2z € Q with 0 < —r(2) < 0, we have (0r)(z) # 0 as a vector in C".

Definition 3.3. For z € () satisfying the condition 0 < —r(z) < 0, let u. denote the unit
vector (0r)(z)/|(0r)(z)] in C™.

Lemma 3.4. There exist constants 69 > 0 and 0 < C34 < oo such that if z € Q and
i € Zy satisfy the condition —2""1r(2) < &g, then for every x € [1,2] we have

(3.2) d(z + 2'r(2)uz, 2 + 22'7(2)u.) < Cs4.

Moreover, if —r(z) < do, then d(z,z + su,) < Cs.4 for every s € [r(z),0].
Proof. Let z € Q be such that 0 < —r(z) < #. Then

%T(Z’ + tu,) = 2Re(u,, (Or)(z + tu)) = 2|(0r)(2)| + O(|t]).

Thus there is a 0 < dg < 0 such that if —r(z) < Jp, then
the function t — r(z + tu,) is increasing on [—dg, do].

Now let 2 € Q and i € Z, be such that —2T1r(2) < §;. Let z € [1,2]. Then for any
s < s’ in the interval [22r(z),2'r(2)], the above monotonicity guarantees r(z + su,) <
r(z+ s'uy), i.e., —r(z + s'u,) < —r(z + su,). For such a pair of s and ¢', it follows from
(2.3), (2.4) and the above monotonicity that

|(z + s'uy) — (2 + su,))| < Cl — 20 (2) = 24(—r(2))|

d ! z 2) < :
(z+s'uy, 2+ su,) <C B P < T

el

which proves (3.2). Similarly, if —r(z) < &g, then for every s € [r(z), 0] we have r(z+su.)
r(z), i.e., —r(z + su,) > —r(z). Hence the same argument shows that d(z,z + su,)
Clz — (2 + su,)|/(—r(z)) < C. This proves the lemma. [J

<
<
Lemma 3.5. There exist constants 0 < c35 < 1 and 0 < d; < dg, where dg was given in
Lemma 3.4, such that if z € Q) satisfies the condition —r(z) < §1 and if —01 <t <0, then

—r(z+tu,) +r(z) > cs5lt]

Proof. Taylor expansion gives us
r(z 4+ tuy) = r(2) + 2tRe(u., (0r)(2)) + O(t?) = r(z) + 2t|(0r)(2)| + O(t?).

In other words, r(z + tu,) — r(z) = {2|(0r)(z)| + O(¢)}t. From this the desired conclusion
becomes obvious. [

Proposition 3.6. There is a constant 0 < C3s < 00 such that if z,w € § satisfy
the conditions r(z) = r(w) and |z — w|* + [(z — w, (Or)(2))| < —27r(2), j € Zy, then
d(z,w) < C36(1 + j).
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Proof. Recall the sets Uy, ...,U,, from Proposition 2.7, which are an open cover of H =
{CeC”:0< —r() <6/2} in C". By general topology, there is an a; > 0 such that
for any pair of z,w € H, if |z — w| < aj, then there is an i(z,w) € {1,...,m} such that
z,w € Uj(,.). Another elementary exercise gives us a pair of constants 0 < 0y < 6/2
and 0 < a < min{1,a1/4} which have the following property: Suppose that z,w € {( €
Q: —r(¢) < 6p} and that 2/, w’ € Q. If the inequalities |z — w| < a, |z — 2’| < a and
|lw —w'| < a hold, then there is an i* € {1,...,m} such that 2/, w’ € U;~.

Define § = min{fy, a2, 61/2}, where d; is given in Lemma 3.5. We divide the rest of
the proof into two cases.

(1) Suppose that —27r(z) < dcz 5, where c3 5 is also from Lemma 3.5. Then |z —w|? <
§, which implies |2 — w| < a. We set s = 277(2)/c3.5. Since —d; < s < 0, by Lemma 3.5,

—r(z+ su,) > c35|s| = —2jr(z).

Since j > 0, there is an s(z) € [s,0] such that —r(z + s(2)u,) = —2/r(z). We set
2 = 2+ s(2)u,. Then r(2) = 2/r(z) and |z — 2| = [s(2)| < |s] < § < a. Since
|s| < 8§ < d0/2, it follows from Lemma 3.4 that d(z,2’) < Cy(1 + 7).

Similarly, since r(w) = r(z), there is an s(w) € [s,0] such that if we set v’ = w +
s(w)ty, then r(w') = 297r(2), |lw —w'| < |s| < a and d(w,w’) < C1(1 + 7).

Since Or satisfies a Lipschitz condition on 2, from the conditions
|z —wl® + 1z —w, (9r)(2))] < =2r(2),
|z — 2| < =27r(2)/cas, |lw—w'| < —27r(2)/cs5 and —277(2) < dez 5 it is easy to deduce
2" = W' + () =, (9r)())] < —Ca2r(2) = Calr(2)].

Since |z — 2| < a, |[w — w'| < a and |z — w| < a, by the first paragraph, there is an i* €
{1,...,m} such that z’,w’" € U;«. Hence it follows from the above bound and Proposition
2.7 that d(z’,w") < C3. Combining this with the last two paragraphs, we obtain

d(z,w) < d(z,2') +d(2',w') + d(w,w') < 2C1(1+j) + C5 < Ca(1 + j).

This proves the proposition under the condition —27r(2) < dc3 5.

(2) Suppose that —27r(z) > dcz 5. (2.a) Further, suppose that —r(z) > dcz5/2. In
this case the conclusion is trivial, for {( € C™ : —r({) > dc3.5/2} is a compact subset of
Q. (2.b) Suppose that —r(z) < dcs.5/2, i.e., —2r(z) < dcs.5. Let jo be the largest natural
number such that —27°r(2) < dez 5. Then obviously jo < j. By the work in case (1) we
know that there are z,w € Q such that r(z) = 2/or(z) = r(w), d(z,2) < C1(1 + jo) and
d(w,w) < C1(1+ jo). The choice of jo ensures that —2/0F1r(2) > ez 5, which means
—r(Z) > dc35/2 and —r(w) > dcg5/2. Hence d(Z,w) < C5, and consequently

d(Z,QU) < d(Z,Z) + d(iﬁ]) + d(w,ﬂ)) < 201(1 +j()) + C5 < 06(1 —I—])
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in this subcase. This completes the proof. [

Lemma 3.7. There is a 1 < (37 < 0o such that if z,w € Q satisfy the conditions
2F=1(—r(2)) < —r(w) < 28(—r(2)) and |z — w|® + [{z — w, (0r)(2))] < 2FH (—r(2)), where
keZandje€Zy, then d(z,w) < Cs7(1+ |k| + 7).

Proof. (1) First, let us consider the case where k& > 1. (l.a) Further, suppose that
2%(—r(2)) > c3.501/4, where c3 5 and §; are the constants in Lemma 3.5. Then the con-
dition 28~1(—7r(2)) < —r(w) < 2F(—r(2)) implies —7(w) > c3561/8. If we also have
—r(z) > ¢3.501/4, then of course, d(z,w) < Ci, regardless of other conditions. Suppose
that —r(z) < 3501 /4. Let k' be the largest integer such that —28 *1r(2) < ¢5.501. Set

7 =24 28T (2.

Since —2Fr(2) > c3.501/4, we have k' +1 < k + 2, i.e., k¥’ < k. It follows from Lemma 3.4
that d(z,2") < C5.4(kK' +2) < Cg,4§k+2). By Lemma 3.5, we have c3.528 T1r(2)| < —r(2').
The choice of k' ensures that —2F *t2p(2) > c3.561. Hence the above implies

3501/2 < —r()).

Thus d(z',w) < Cy, and consequently d(z,w) < C34(k + 2) + Co < C3k in this subcase.

(1.b) Suppose that 2¥(—r(z)) < c3.561/4. Then —r(w) < 2F(—r(2)) < c3.561/4. By
Lemma 3.5, we have
63‘5(51 S —T(Z — 51uz)

Hence —r(z—61u,) > —r(w). Since —r(2) < 2871(—r(2)) < —r(w), there is an s € [~d;, 0]
such that r(z 4+ su,) = r(w). Also, Lemma 3.5 tells us that

(3.3) cs5ls| < —r(z + su.) = —r(w) < —27r(2).

Thus |s| < —c3:2Fr(2). Now the condition 2¥(—r(2)) < c3561/4 implies —cz ;2Fr(2) <
61/4. Therefore it follows from Lemma 3.4 and the inequality |s| < —cz:2Fr(2) that

d(z, 2z + su,) < C3.4{1 + C3log(2"/c35)} < Cyk.
Thus what remains for this subcase is to show that
d(z + suy,w) < C5(1+ 7).

For convenience, let us denote ¢ = z+su,. Since r({) = r(w), to prove the above inequality,
by Proposition 3.6, it suffices to show that

(3-4) ¢ = wl* + [{¢ = w, (9r)(O))] < Ce2(=r(C)).

By (3.3), |¢ — 2| = |s] < c552"(—7(2)) < (2/c3.5)(—r(C)). Since Q is bounded, we have
¢ — 2|? < C7|¢ — z|. Therefore

€ —wl* < 2[¢ = 2” + 2]z — w|* < Cs(—r(Q)) + 27 (—r(2)) < G2’ (=1(C)).
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We have |(z — w, (0r)(2))| < 2¥+7(—r(z)) by assumption. Also,

(¢ —w, (9r)(O)) = (= — w, (9r)(2))] < Crol¢ — 2] < Cra(=7(C)).
Since 271 (—r(2)) < —r((), these inequalities prove (3.4). Thus the case k > 1 is proved.

(2) Now suppose that k& < 0. Note that the condition 2¥~!(—r(2)) < —r(w) <
2% (—r(2)) implies that 27%(—r(w)) < —r(z) < 27 (—r(w)). Also, the condition |z —
w|? 4+ |(z — w, (Or)(2))| < 2877 (—r(2)) can be rewritten as

|2 = w]? +[{z — w, (9r)(2))| < 2 (=r(w)).
Since |(z — w, (Or)(z)) — (z — w, (Or)(w))| < C12|z — w|?, we now have
|z —w|* + |(z — w, (0r)(w))] < C1327 (—r(w)).
Thus case (2) follows from case (1) by reversing the roles of z and w. O
We need the following “vanishing” version of Lemma 3.2.
Lemma 3.8. Given any a > 0 and k > —1, there are 0 < C' < 0o and s > 0 such that

[ (w)|"|r(2)[* SR
/Q dv(w) < C2

\D(z,r) F'(z,w)rtltrta

for all z € Q and R > 3C5.7, where C3.7 is the constant in Lemma 3.7.
Proof. For z € Q) and k € Z we define the sets

Zpo = {w € Q: 257 (=r(2)) < —r(w) < 2%(=1(2))
and [z —w[* + |[(z —w, (9r)(2))] < 2"(=r(2))} and
Zpg = {w € Q: 2" (=r(2)) < —r(w) < 2"(=r(2))
and 277N (—r(2)) < [z = w + [{z — w, (0r)(2))] < 2 (=r(2))}, J > 1.

By the definition of F'(z,w), for all k > 0 and j > 0, if w € Z, ;, then

r@)* @, (2Fr(2)

|
F(z,w)rtlnta = “H(9k+i|r(z)

el ¢
|)n—|—l+m+a 2(n+1+a)k2(n+1+f£+a)j|,r(z)|n+1 ’

In the case £ <0, j > 0 and w € Z,,; j, we have

@) e G e Cy2+
F(z,wyrtttete = (|r(z)| + 26 |r(z)[Jrtttnte (14 280 )t tntalp(z) et

By Proposition 2.9, v(Z,. ;) < C32™ (—2%r(z))"*1. Thus if £ > 0 and j > 0, then

(3.5) /Z Ir(w)l"|r(z) dv(w) < C1C52M (—2Fp(2))n+! Cy

F(z,w)ntitrta = 2(ntlta)kg(ntltrta)j|p(z)|n+ ~ 9ako(ltr+ta)
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Similarly, in the case k£ < 0 and 7 > 0, we have

" ¢ Co2rkCy2mI (—2F ntl C2n(k+7)9(1+r)k
(36) / PP o Ca2CR (@) Gl
Zzik,j F’(Zalu)n+ trta (1 +2 +])n+ +'€+a’|7“(21)|n+ (1 +2 +])n+ +r+a

and 2040k = 9(I+r)k/2  9(i+r)(k+5)/2 . 9=(14K)j/2 Tet R > 3C37. By Lemma 3.7, the
condition Z,. ;\D(z, R) # () implies either |k| > (2C3.7) 'R or j > (2C53.7) "' R. Therefore

/Q\D(z,m F| gw"tzl)ﬁgi)"'*“ dw)< D / Agw&')nﬂi'ﬂ dv(w),

(k.j)EE(R)  Z=ikii

where E(R) = {(k,j) € Z x Z, : either |k| > (2C37) 'R or j > (2C57)"'R}. Using
(3.5) and (3.6), it is now elementary to verify that the lemma holds for every 0 < s <
(2C3.7) ' min{a, (1 + x)/2}. O

Lemma 3.9. Gwen any a > 0 and kK > —1, there is a 0 < C' < 0o such that

/d(z,w) [r(w)[*lr(2)]" dv(w) < C
Q

F(Z, w)n+1+n+a

for every z € Q.
Proof. Given any z € €, define Ey = D(z,3C3.7) and

E;=D(z,(3+11)C37)\D(2,(34+i—1)C5.7)

for i > 1. For each i € Z, if w € E;, then d(z,w) < (34 i)C3.7. Hence

/Qd('%w) F‘j(az( sz)nlig—&-n-i-a Z/ Z ;gn‘igﬁ-)ﬁta d’U(’LU)

(34 1)Cs 1 /E | ;gwﬂ;‘ﬁi)!iadv(w).

We now apply Lemma 3.2 to the term where ¢ = 0 and Lemma 3.8 to the terms where
7 > 1. The result of this is

=0

|r(w)|"[r(2)]* = , s(34i-1)Cs.r
/Qd(% w) Fz, w)nitnte dv(w) < 3C3.7Co + ;(3 +1)C5.7C2 i

Since Lemma 3.8 guarantees that s > 0, the right-hand side is finite. [J

Lemma 3.10. There ezist constants 0 < ag < 1/2 and 0 < C3.19 < 00 such that for any
z, 2w, w' € Q satisfying the conditions d(z,2") < ag and d(w,w") < ag, we have

F(z,w) < C310F (2, w).
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Proof. By Lemma 2.1, it suffices to consider the case where —r(¢) < 6 for every ¢ €
{z, 2/, w,w'}. Since |[(0r)(z) — (0r)(w)| < Ci|z —w| for all z,w € Q, there is a Cy such that

F(w,z) < CoF(z,w)
for all z,w € Q. Therefore it suffices to find 0 < ag < 1/2 and C' such that
(3.7) F(z,w) < CF(Z,w)
for all z,2',w € Q satisfying the condition d(z,2’) < ag. Let 2,2’ € Q be such that

d(z,2") < a for some 0 < a < 1/2. By Lemma 2.1, —r(z) < (4/c21)(—7r(2")). Hence, to
prove (3.7), it suffices to consider the case where

(3.8) p(z,w) = |z — w’ +[(z —w, (0r)(2))| = —r(2).

Proposition 2.5 tells us that 2z’ = z + u + v with v L (9r)(z) and v € {£(0r)(2) : € € C}
satisfying the conditions |u| < Cy salr(2)|*/? and |v| < Cy5alr(z)|. Therefore

|2 =27 = |u® + Jo]? < C3a°|r(2)].
By a simple completion of square, we find that
|2 —w? > |2 — 2] = 2|2 — 2|z —w| + |z —w|* > (1/2)|z —w|* — |2/ — 2|

Also, [{(z — 2/, (0r)(2))| = [{v, (Or)(2))| < Csa|r(z)|. Consequently

(2" = w,(9r)(2))| > |_<Z' —w, (9r)(2))] = C1]2" = wl|z = 2|
> |(z —w, (0r)(2))| — Cyalr(z)| — Ci|z — w||z — | = C1]z — |2

Combining the above inequalities, we see that there is a 1 < C5 < oo such that

p(zw) > %ﬂ(za w) = Csa{p'?(z,w)|r(2)[Y2 + |r(2)]}

= $(1 = Cra)p(z,w) + 5C5a{plz,w) — 20/2(2, w)lr (2) 2 + [r(2)[} — 2 Csalr(2)].

Note that the {- - -} above is a complete square. Thus if a < (2C5)~!, then
, 1 3
o2 0) > 1 plzw) — S Cralr(2)]
Recalling (3.8), if we further require that a < (12C5)~!, then

p(zlv w) > (1/8)p(z, w).

Thus if we set ag = (12C5)~1, then there is a C such that (3.7) holds for all z, 2", w € Q
satisfying the condition d(z,2") < ag. O
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4. Estimates related to the Bergman kernel

Let K(z,w) be the Bergman kernel for 2. By definition, it has the symmetry K (w, z)
= K(z,w). The following well-known result of Fefferman gives us a good handle on K:

Theorem 4.1. [10,Theorem 2] The Bergman kernel has the form

K(z,w) = C|(Vr)(w)2det £(w) X~ "V (2, w) + K (2, w)

on Rs = {(z,w) € A x Q: |r(2)| + [r(w)| + [z — w| < d} for some § > 0, where L is the
Levi form for the domain Q, X is given by (3.1), and K is an admissible kernel of weight
> —n — (1/2). That is, there is a constant C' such that |K(z,w)| < C"F(z,w)~"~(1/2),

For any ¢ > 0, the Bergman kernel K is known to be bounded on (2 x 2)\Rs [14].
One obvious implication of Theorem 4.1 is that

(4.1) clr(2)]7" P < |K(z,2)| < Clr(2)|7" 1, ze Q.

For each z € €, let us denote K, (w) = K(w, z). Then it has the reproducing property
h(z) = (h, K-)

for h € L2(2). We write k. for the normalized reproducing kernel, i.e., k, = K, /|| K.||.

Lemma 4.2. Given any0 <n < 1/2 and a > 0, there are constants s >0 and 0 < Cy o <
oo such that

r(2) |2 |r(w) M2\ "
sup ()~ S )/ (MBS T < e

2€Q weT\D(z,R)

for every a-separated set I' in € and every R > 3C5.7 + 1.

Proof. Let 0 <n < 1/2 and a > 0 be given. Define a = (1/3) min{ag, a}, where a¢ is the
constants in Lemma 3.10. Suppose that I' is an a-separated set in ). Then

D(w,a) N D(w',a) =0 forall w#w" in T.
Applying Lemmas 2.1 and 3.10, for ( € D(w, a) we have

]?“(w)‘n+(1/2)+77‘r(z)‘(n+1)/2 |T’(C)|n+(1/2)+7’]r(z)‘(”Jrl)/Q
Feuys  © PO

Thus for z € Q2 we have

(2 (w)[1/2\ T
S e (LW

F(z,w)
wel'\D(z,R)
C r(¢ n+(1/2)4+n|p( ) |(n+1)/2
< Y O O
wel\D(z,R) H ’ D(w,c) )

< P(QI= /D ]r(z) |40/
c(a) Jo\D(z,r—a) F(z, Q!
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where the second < is justified by Proposition 2.6. Applying Lemma 3.8 to the last integral,
the desired conclusion follows. [J

Lemma 4.3. There is a constant 0 < Cy.3 < 0o such that

1£(2)] < Cuslr(2)| "2 fxpen

for all f € L2(Q2) and z € Q, where ||fxp(.1)| is the norm of fXp(s1) in L*(Q).

Proof. Tt is easy to see that the conclusion is trivial if —r(z) > 6. Suppose that —r(z) < 6.
Then Proposition 2.4 provides a ¢ > 0 such that

D(2,1) D 2+ P((9r)(2); clr(2)|V/2, clr(2)])

for every such z. Averaging on the polyball, for f € L2(Q) we have

1
< _
7)< v(P((9r)(2); clr(2)|Y/2, clr(2)])) /z+73((5r)(z);c|r(z)|1/2,c|r(z)|)

Applying the Cauchy-Schwarz inequality on the right, the desired conclusion follows. [J

|f|dv.

Lemma 4.4. Given any complex dimension m € N, there is a constant 0 < Cy 4(m) < 00
such that the following bound holds: Let 0 < p < oo and define B(p) = {z € C™ : |z| < p}.
Then for every u € C™ with |u| < p/2 and every analytic function f on B(p), we have

oy Caat) [
)= $0) < 50

Proof. By standard integration formulas on the ball, there is a C' = C'(m) such that

C
(4.2 0,900 < oy | lolden

for every analytic function g on B(1) = {z € C™ : |2| < 1} and every j € {1,...,m}.

Suppose that v = (uy,...,uy). If fis analytic on B(p), then

F) = 10 = [ st = [ 3@ e

Since |u| < p/2, for every t € [0,1] we have tu + B(p/2) C B(p). From (4.2) and the
scaling properties of 9; and dv,, we deduce

2 C
- dvy, .
p vm(B(p/2)) /tu+B(p/2) Fldv

Since v, (B(p/2)) = 272™v,,(B(p)), we see that the constant Cy 4(m) = m2?™+1C will do
for the lemma. [
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Lemma 4.5. There exist constants 0 < Cy5 < 00 and 0 < cq4.5 < 1 such that

|[f(w) = f(2)] < Cusd(z,w)lr(2)| "2 fxpe |

for every pair of z,w € Q satisfying the condition d(z,w) < c4.5 and every f € L2(Q).

Proof. By Lemma 2.1, there is a 0 < #; < 0 such that if —r(z) > 6 and d(z,w) < 1, then
—r(w) > 61. Since {¢ € Q@ : —r({) > 61} is a compact subset of €2, we see that the case
—r(z) > 6 is trivial.

Suppose that —r(z) < 6. Then Proposition 2.4 provides a ¢ > 0 such that
(4.3) D(z,1) D z + P((3r)(2): clr(2) /2, elr(2)])
for every such z. By Proposition 2.5, there is an 0 < a < 1/2 such that
(4.4) D(z,a) C z+ P((9r)(2); (¢/2)]r(2)] '/, (¢/2)|r(2)])

for every such z. Set c¢y5 = a. Let w € Q be such that d(z,w) < a. Then we can
write w = z + x + y, where x L (0r)(z) and y € {n(9r)(z) : n € C}. By (4.4), we have
2| < (¢/2)|r(2)]"/? and Jy| < (¢/2)|r(2)].

Let f € L2(Q) be given. Define F(§) = f(z+&+y) for € L (0r)(2) with |¢] < ¢|r(2)['/2.

Applying Lemma 4.4 to the case where p = c|r(2)|'/2, we have

|| Cyq(n—1) /
45 . — |F(z) — F(0)| < : Fldv,_1,
45)  1fw) = Fe+ o)l = 1) = PO < S - S (s,

where B = {£€ € C" : (£,(0r)(2)) = 0 and |¢| < ¢|r(2)|'/2}. On the other hand, for every
¢ € B we have

1
(D((e/2)[r(2)]))

where u, = (0r)(2)/|(0r)(z)| and D((¢/2)|r(2)|) = {n € C: |n| < (¢/2)|r(2)|}. Note that
Vn_1(B) = cp_1(c|r(2)|/?)**2 = a1 |r(2)|"~!. Combining (4.5), (4.6) and (4.3), we obtain

(46) IF(©)| = f(z+€+y)] < o / £+ €+ -+ nu)ldAG),
D((e/2)|r(2)])

|z Ch
[f(w) = f(z+y)| < : [fldv.
r()V2 ()" Jpea
Applying the Cauchy-Schwarz inequality and Proposition 2.6, we have

|z| C1v/v(D(z,1)) || Callfxpe )l

|f(’lU) - f(Z+y)| S |7"(Z)|1/2 ' |7"(Z)’n+1 ||fXD(Z,1)|| S |7"(Z)|1/2 ) |’I"(Z>|(n+1)/2 :

Since d(z,w) < a and a < 1/2, (2.6) gives us that |z|/|r(2)|"/? < C3d(z,w). Hence
(4.7) [f(w) = f(z +y)| < Cad(z,w)|r(2)| "2 fxpe .
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Next we show that

(4.8) 1f(z+y) = f(2)] < Csd(z,w)|r(2)|" "V fxpenll,

which together with (4.7) will complete the proof of the lemma.

To prove (4.8), we write y = fu,, where § € C. Define G(n) = f(z + nu,) for n € C
with |n| < ¢|r(2)|. Now, applying Lemma 4.4 to the case where p = ¢|r(z)|, we have

B8] Cya(1)
dr(2)] AD(elr () /DW(Z)D 14,

where D(c|r(z)|) = {n € C: |n| < ¢|r(z)|}. For each n € D(c|r(z)|) we have

(4.9)  |f(z+y) = (=) =[G(B) = G(0)] <

1

(4.10) G =1F(z+nue)l < o5

/B (24 €+ ) dvni (6),

where B = {£ € C™ : (£,(0r)(2)) = 0 and |¢| < ¢|r(2)|'/?}. Note that |8] = |y|. Thus
(4.9), (4.10) and (4.3) together give us

5 — (s || ) Co v
90 = JO < L g [,

Since d(z,w) < a and o < 1/2, Lemma 2.2 implies that |y|/|r(z)| < Crd(z,w). Applying
the Cauchy-Schwarz inequality and Proposition 2.6 on the right-hand side, we obtain (4.8).
This completes the proof. [

Proposition 4.6. There is a constant Cyg such that if z,w € € satisfies the condition
d(z,w) < cq.5, where ¢4 5 was given in Lemma 4.5, then

|(f k2 — kw)| < Cued(z,w)||fXD1)

for every f € L2(Q). Consequently, if d(z,w) < cq5, then ||k, — ky|| < Cyed(z,w).

Proof. Write K, () = K((,z), the unnormalized reproducing kernel. Note that Lemma
4.5 implies that | K, — K| < Cysd(z,w)|r(z)|”™+tY/2 if d(z,w) < c4.5. Therefore

I = [ Kuwll] < Casd(z,w)[r(2)| " "D d(z,w) < cas.
Combining this with (4.1), the condition d(z,w) < ¢4.5, and Lemma 2.1, we obtain

[ | = 1wl
[ |

(4.11) IR~ = 1w = < Cd(z, w)[r(z)| "D/

when d(z,w) < c45. Let f € L2(Q). Then

(f ks = kw) = FI KN = f(w) | Kol ™
(4.12) = (f(2) = Fw) Kol 7" + f) N = [Ku 7).
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Applying Lemma 4.5, we have

f(2) = F)||[ Kwll ™" < Cusd(z,w)|r(2)|" "2 fxpe HEKwl ™
(4.13) < Cod(z,w)|| XDzl

where the second < follows from (4.1), the condition d(z,w) < ¢4.5, and Lemma 2.1. On
the other hand, Lemma 4.3 tells us that

£ (2)] < Caslr(2)]” "2 fxpe -
Combining this with (4.11), we obtain
(4.14) FEENT = [Kull 7 < C1Cusd (2, w) | f XD -

Obviously, the lemma follows from (4.12), (4.13) and (4.14). O

Lemma 4.7. There is a cq.7 > 0 such that for any pair of z,w € Q, if d(z,w) < cq.7, then
(K2, k)| = 1/2.

Proof. We have 1—Re(k,, ki) = 27|k, —k,||*. By Proposition 4.6, there is a c4.7 > 0 such
that for any pair of z,w € Q, if d(z,w) < ¢4.7, then ||k, — ky|| < 1. Thus if d(z,w) < cq7,
then 1 — Re(k., k) < 1/2, which implies |(k., k)| > 1/2. O

5. Discrete sums

We now consider operators constructed from the Bergman kernel.

Lemma 5.1. There is a constant 0 < Cs.1 < oo such that the following estimate holds:
Let T be any 1-separated set in Q. Suppose that {e, : z € '} is an orthonormal set and
{c, : z € T'} is a bounded set of complex coefficients. Then

Z c.k, ®e,

zel

< Cs.18up|c|.
zel’

Proof. Given such T, {e, : z € T'} and {c, : z € '}, define the operator

A= ZCZkZ ® e,.

zel

Then for every f € L2(£) we have

A f =Y ek (e

z€l

From Lemma 4.3 and (4.1) we obtain

1A FIP < C ) lesPIEC )2l (=) " L xnen 1P < (CRs/e) Sup e P ILFI1%.

zel
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Since f € L2(Q) is arbitrary, this means that ||A|| = ||A*|| < ¢™Y/2Cy3sup,cr|c.|. O

Lemma 5.2. Let T' be a 1-separated set in ). Suppose that for every z € I', we have a
((z) € Q with d(z,((2)) < ca.5. Then for every orthonormal set {e, : z € I'} and for every
bounded set of complex coefficients {c, : z € T'}, we have

Zczk K e, — Zczkg(z)@)ez

zel zel

< 0465up’62|d(z ¢(2)).

Proof. Write

D = Zczkz Ke, — Zczkg(z) Ke, = Zcz k((z) X €.

zel zel zel

For any f € L2(f2), we have

D*f = Zéz<f7 k. — kC(z)>€z

zel

Applying Proposition 4.6, if d(z,((z)) < c4.5 for every z € I, then

1D FII* =Y 1ex{fo ke = ke P < Che Y leal?d® (2, CNNLf X I

zel zel

< Cig sup le=[?d® (2, C(2) I F11*.

Since f € L2(Q) is arbitrary, this implies | D|| = |[|D*|| < Cy6sup,cr |c:|d(z,((2)). O

Corollary 5.3. Given any a > 0,0 < C < oo and € > 0, there is a § > 0 such that the
following estimate holds: Let T' be an a-separated set in ). Suppose that o, ©', ¢ and )’
are maps from I into Q. If the inequalities

d(z,0(2)) < C, d(z,9(2) <C,  d(p(2),¢'(2)) <0, d(¥(2),9'(2)) <0

hold for every z € T', then for any bounded set of coefficients {c, : z € I'} we have

D ik @by — > ki) ® by <€SUP|Cz|

zel zell

Proof. For z,w € T, if d(z,w) > 2C + 2, then d(p(z), p(w)) > 2 and d(¢(z), Y (w)) > 2.
By Lemma 2.11, there is an N € N determined by a and C' such that I' admits a partition

I'=r7uU---ul'y
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with the property that for each j € {1,..., N}, thesets {¢(z) : z € I';} and {¢(2) : z € T';}
are l-separated. Pick an orthonormal set {e, : z € I'}. Fixing a j € {1,..., N} for the
moment, we have

D ki) @ bye) = D, xkipr(a) @ k() = AB* — A'B”,

ZGFj ZGFj
where
A= Z czkcp(z) ® ey, B = Z k’l/)(z) ® €,
zeFj ZEFj
A=) ko ®e, B'=) kye e
ZEFj ZEFJ'
We have

AB* — A'B"" = (A— A"B* + A/(B* — B"").
Since {¢(z) : z € I';} and {¢(z) : z € I';} are l-separated, if we apply Lemma 5.2 to
A— A" and B — B’ and Lemma 5.1 to B and A’, we see that

AB* — A'B"|| < < sup |e.,
H | < suple

when ¢ is sufficiently small. This completes the proof. [J

6. Operators in the Toeplitz algebra T

Define the measure
dif(w) = K(w,w)dv(w)

on ). By (4.1), this is just a slightly different version of the measure du defined by (2.10).
Given an f € L*°(2), we have the integral representation

(6.1) 7y = [ f(whn  kudi(w)

for the Toeplitz operator T'. This formula is obtained by direct verification. Starting from
this representation, we will show that the Toeplitz algebra 7 contains certain classes of
operators. The two main steps in the section are Propositions 6.4 and 6.6 below.

Proposition 6.1. Suppose that T is a separated set in Q and that {c, : z € T'} is a bounded
set of complex coefficients. Then the operator

> k. @k,

zel

belongs to the closure of {Ty : f € L>°(Q)} with respect to the operator norm.
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Proof. By Lemma 2.11, we may assume that I' is 1-separated. Let ¢ > 0 be given. Since
SUp,cr |c.| < o0, it follows from Corollary 5.3 that there is a § > 0 such that

(6.2) <e

Z .k, Rk, — Zczkc(z) ® kC(Z)

zel zel

if {(z) € D(z,6) for every z € I'. We may, of course, assume that § < 1, consequently
D(z,0) N D(w,d) =0 for all z# winT.

Define the function

(6.3) Y= Z mm)(m)

zel
on Q. By (4.1) and Proposition 2.6, there is an 5 > 0 such that fi(D(z,d)) >  for every
z € Q. Hence ¢ € L*°(2). We will show that

(6.4) <e.

d ck.@k. T,
zel

To prove this, we define the measure dv. = {i(D(z,6))} X p(s,5)dfs for every z € T'. Then
it follows from (6.1) and (6.3) that

nzzg/m®mmmy

zel

Note that each dv, is a probability measure concentrated on D(z,d). Hence dv, is in the
weak-* closure of convex combinations of unit point masses on D(z,6). Therefore T, is
the limit in weak operator topology of operators of the form

k

1
T = E Z Z Czkc(z;j) ® k((z;j)’

j=1zel

where k € N and ((z;j) € D(z,9) forall z€ ' and j € {1,...,k}. By (6.2),

k

zel Jj=1

< e.

Y k. @k =Y k() @ ke
zel zel

Since this holds for every such T" and since T, is the weak limit of such 1”s, (6.4) follows.
Since € > 0 is arbitrary, this completes the proof. [

Next we remind the reader of a well-known fact:
Proposition 6.2. [22,Theorem 4.1.25] The Toeplitz algebra T contains K, the collection

of compact operators on the Bergman space L2().
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Definition 6.3. (a) Let Dy denote the collection of operators of the form

Z Czkz ® kw(z)7

zel

where T" is any separated set in €, {c, : z € I'} is any bounded set of complex coefficients,
and v : I' = Q is any map for which there is a 0 < C' < oo such that

(6.5) d(z,7(2)) < C

for every z € I
(b) Let D denote the closure of the linear span of Dy with respect to the operator norm.
(c) For any A € B(L2(2)), Do(A) denotes the collection of operators of the form

D el Aky(as ko)) ® ko),
zel

where T is a separated set in 2, {c, : z € '} is a bounded set of coefficients, and ¢, ¢ : T' —
2 are maps for which there is a 0 < C' < oo such that d(z,¢(z)) < C and d(z,9(z)) < C
for every z € I

(d) For any A € B(L2(€2)), D(A) denotes the closure of the linear span of Dy(A) with
respect to the operator norm.

Proposition 6.4. We have the inclusion Dy C T. Consequently, D C T.
Proof. Let I', {c, : z € I'}, v and C be as described in Definition 6.3(a), and consider

T=> ck.® k)
zel

To show that T € T, by Lemma 2.11, we may assume that
(6.6) d(z,w) >4C+2 forall z#w in T.

For each z € T, since d(z,7v(z)) < C, by (2.4) there is a C* map g, : [0,1] — Q such that
9-(0) = z, g.(1) = v(2), and such that the number

1
‘- / N PROITACRACK,
0

satisfies the condition ¢, < 2C. Pick a k € N such that 2C'/k < min{ag, c4.7}, where ag
and ¢4 7 are the constants in Lemmas 3.10 and 4.7 respectively. For each z € I, there are

0==2(2,0) <z(z,1) <--- <z(z,k—1) <z(z,k) =1

such that

z(2,5) ‘
/0 Vi(B(g-(t)g.(t), g.(t))dt = %62
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for j =0,1,...,k. For each pair of z € T" and j € {0,1,...,k}, we now define

75(2) = g:((2, 7).
We have 7o(2) = z and v, (2) = v(2), z € I'. Since ¢, <2C, forall0 < j <k and z €T,

z(z,j+1)

d(7;(2), v41(2)) < / VBl g0}t = b /b < min{an, a7}

By Lemma 4.7, this ensures that
(67) ‘(k'yj (2)» k’yj+1(Z)>’ > 1/2
forall0 < j< kand z €T.

To prove that 7' € T, it suffices to show that for every j € {0,1,...,k} and every
subset E of I'; we have

(6.8) Z ck, ® k,yj(z) eT.

zeFE

We will accomplish this by an induction on j. Since y(z) = z for every z € T', the case
j = 0 follows from Proposition 6.1. Suppose now that 0 < j < k and that (6.8) holds for
this j and for every E C I'. To simplify notation, for every S C I', let us denote

1

Xg = Zczl{iz X k?%.(z) and Yg = Z

by (2) ® Koyy1 (2)-
< z€S <k7j+1(2)7 > Yi+1(2) yir1(2)

ks ()
By the induction hypothesis, we have Xg € 7. By (6.7) and Proposition 6.1, we also have
Ys € T. Therefore XgYg € T for every S C I'. To complete the induction, it suffices to

show that given £ C I" and € > 0, there is a finite partition £ = S; U --- U Sy such that

(6.9) HX51Y51 + o+ Xy Yy — Zczkz ® Kyji1(2)

zeFE

<e.

To see how this is done, first note that for any partition £ = S; U---U Sy,

X5, Yo, + -+ Xgy Yo — > ke @k o)
zeE

<k’7j+1(w)’ k'Yj(Z)> k. @k — UWV*

j+1(w)
v=12z,weS, <k7j+1(w)’ k%’ (w)> o

where

U:Zczkz®ez, V:Zk,yjﬂ(z)@ez and

zeE z€E

— Z > oy Fn) o

v=1z,weS, 73+1(w)7k5%(w)>
zH#w
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where {e, : z € E'} is an orthonormal set.

By (6.6), {7j+1(2) : z € E} is a 1-separated set. Thus Lemma 5.1 provides the bound
V]| < C5.1. Similarly, [|[U]] < C5.1¢, where ¢ = sup,cr |c.|. Consequently

(6.10) HXSIY& to ot Xy Yoy — Y ek @k (o] < Coac| W

ze€FR

Thus we need to find a partition £ = S; U--- U Sy such that ||W]| is small. To do this,
consider an R > 3C3 7+ 1, whose value will be determined below. By Lemma 2.11, there is
a partition £ = Sy U---U Sy such that for every v € {1,..., N}, the conditions z,w € S,
and z # w imply d(z,w) > R. With Si,..., Sy so chosen, we define

N
F = U{(z,w)ES,,XS,,:z;éw}.

v=1

We can rewrite W in the form

W = Z a(z,w)e, @ ey,
(z,w)EEXE

where

(k 1 w 7k (2 > .
<k73+1( )k’YJ( )) if (z,w) cF
CL(Z,’U)) — Vi1 (w) %y (w)

0 if (z,w)gé]:.

Recall that d(v,(2),vp+1(2)) < ao for all z € I' and 0 < p < k. Recalling (6.7) and
applying Theorem 4.1 and Lemmas 3.1, 2.1, and Lemma 3.10 multiple times, we obtain

oz, w)| < 2 K065 %1 (W)l (i D12 (e (w)) 2\ "
el <22 <o (MR T )

< Cy ( |T(Z)|;/(2Z!’rg;)|1/2 ) n+1

for (z,w) € F. Pick an n € (0,1/2) and define h(w) = |r(w)|™/2+1 w e T. If (z,w) € F,
then d(z,w) > R by design. Since E is 1-separated, it follows from Lemma 4.2 that

r(2)[Y2[r(w)/2\ " 2012
D la(zw)h(w) <Cy > |'r(w)|(n/2)+n(| (2)[VZ]r(w)] ) _ G0 he)

F(z,w) - 2R
wEE w€eE\D(z,R)
for every z € E. A similar inequality holds for ) _ 5 [a(z,w)|h(2), w € E. By the standard
Schur test, we conclude that ||[W|| < CoCy.227 %%, Recalling (6.10), we see that (6.9) holds
if we pick R > 3C'5.7 + 1 such that 052‘160204.22_51% < e. This completes the proof. [
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Following the ideas in [28], we will now generalize the notion of localized operators to
strongly pseudo-convex domains.

Definition 6.5. Let A be a bounded operator on the Bergman space L2(£2). Then
LOC(A) denotes the collection of operators of the form

(6.11) T =) Ty ATy,
zel

where I' is any separated set in Q and {f, : z € I'} is any family of continuous functions
on (2 satisfying the following three conditions:

(1) There is a 0 < p < oo such that f, =0 on Q\D(z, p) for every z € I.

(2) The inequality 0 < f, <1 holds on (2 for every z € T.

(3) The family {f, : z € I'} satisfies a uniform Lipschitz condition on © with respect to
the metric d. That is, there is a 0 < C' < oo such that |f.(¢) — f.(&)| < Cd(¢,§) for all
zel'and (,€ € Q.

Proposition 6.6. For every bounded operator A on L?(Q), we have LOC(A) C D(A).

Proof. Let A be a bounded operator on L2(2), and consider a T given by (6.11). To prove
that T' € D(A), by Lemma 2.11, we may assume that I' is 1-separated. For convenience,
let us define the product measure v = i X i on Q x . By (6.1), for each z € I we have

(6.12) Ty ATy, = // hy(u,v)ky ® kydv(u,v),
where
(6.13) hy(u,v) = fo(u)f2(v)(Aky, ku).

By condition (1) above, h, vanishes on the complement of D(z,p) x D(z,p). It follows
from Proposition 4.6 and condition (3) above that for any a > 0, there is a b > 0 such that

(6.14) sup |h, (u,v) — h,(u',v")| <a if d(u,uv’) <b and d(v,v") <0.
zel

The rest of the proof is divided into two steps.

Step 1. We first show that for any € > 0, there is a 0 < § < p such that the following
holds true: Suppose that A is a subset of I'. For each z € A, let ¢(2),1(2) € D(z,p).
For each z € A, suppose that we have a Borel set E, = F, x G, with F, C D(¢(2),9),
G, CD(y(z ),5) and v(E,) > 0. Finally, for each z € A, let a, € [0,2]. Then

(6.15) ‘ ko ® kydv(u,v) = azha(9(2),1(2) k() @ kyp(z)
zZEN
To prove this, denote
// u @ kydv(u,v) and
Z = Z azh (2))k(z) @ ky(z)-

zEN
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Note that for each z € A, {xg./v(F.)}dv is a probability measure concentrated on E..
Thus it is in the weak-* closure of convex combinations of unit point masses on E,. Con-
sequently W is in the closure in weak operator topology of operators of the form

k
1 . |
"k DN aha(u(z5), 0(25 ) k() @ kuge),

j=1z€A

where k£ € N and, for each 1 < j < k, we have (u(z;7),v(z;7)) € E,, i.e., u(z;j) € F, and
v(z;7) € G, z € A. Tt is easy to see that

k
1
where

Xj - Zaz{hz(u(z;j)7v(z;j)) - hZ(QD(Z),w(Z))}ku(z;j) ® k”(zéj) and

zEA
Y Z az ))ku(z i7) & kv(z 39) Z CLZ ))k<p(z) ® kw(z)
z€A z€A

From (6.14) and Lemmas 2.11 and 5.1 we see that there is a §; > 0 such that ||.X;|| < e/2
for every 1 < j <k if § < 4. By Corollary 5.3, there is a d2 > 0 such that ||Y;|| < e/2 for
every 1 < j < kif 6 < d2. Hence for any 0 < 6 < min{dy, 02, p}, we have |[W' — Z|| < e.
Since W — Z is the weak limit of operators of the form W’ — Z, we have |[W — Z|| < € for
any choice of 0 < § < min{dy, d2, p}. This proves (6.15) and completes Step I.

Step II. Recall that v = i X i. By (4.1) and Proposition 2.6, there is an N € N such
that N > v(D(w,2p) x D(w,2p)) for every w € Q. Let € > 0 be given. We will now find
a B € span(Dy(A)) such that

(6.16) |T — BJ| < Ne.

Since € > 0 is arbitrary, this will imply the membership 7' € D(A). To find such a
B € span(Dy(A)), let § be the number provided for this e in Step I. For each z € T", there
is a subset S, in D(z, p) that is maximal with respect to the property

D(z,6/2)ND(y,0/2) =0 forall z#y in S,.

By Proposition 2.6 and the fact that u(D(z,2p)) < oo, we see that S, is a finite set, and
consequently we can represent it in the form S, = {p(z;1),...,¢(2;m(z))} with some

m(z) € N. The maximality of S, implies that Um(z)D(go(z;j), d) D D(z,p). Thus for each
z € I', a standard set-theoretical argument gives us Borel sets

F(z1),...,F(z;m(2))
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with the following properties:
() D((2:9),6/2) C F(2 ) C D(p(#:).,6) for each j € {1,...,m(2)}.
(i) F(z;49) N F(z;5) =0 for all i # j in {1,...,m(2)}.
(iii) D(z, p) C U} F(z: 5) € D(z,2p).

We now define E..; ; = F'(2;1) X F(z;j) for z € I'and ¢,j € {1,...,m(z)}.

Let z € T'. Since h, vanishes on (2 x Q)\(D(z, p) x D(z,p)), (iii) and (ii) imply

(6.17) Ty ATy, = Y > // v ® kydv(u,v).

i=1 j=1

By (i) and Proposition 2.6, there is a k € N such that 1/k < v(E,,; ;) for all z € T
and i,7 € {1,...,m(2)}. For such a triple of z,4,j, we let p(z;1,j) be the largest natural
number satisfying the condition p(z;1i,j)/k < v(E., ;). Define

a(z;i,j) =
for z € T and 4,7 € {1,...,m(2)}. Then 0 < a(z;7,5) < 2, because the definition of
p(z;1,7) ensures that {p(z;¢,7) +1}/k > v(E,, ;). We can now rewrite (6.17) in the form
m(z) m(z) CL 2 i j
(6.18) Ty ATy, = Z Z 234, 7) EZ” // u @ kydv(u,v).

’Lljl Z’L]

On the other hand, for every z € I', we have

m(z) m(z) m(z) m(z) m(z) m(z)
IDWEIHETD IS DE=ETD S ST
=1 j=1 =1 j=1 =1 j=1

< kv(D(z,2p) x D(z,2p)) < kN.

We can regard p(z; i, j) as the “multiplicity” with which the triple (z, 1, j) appears in (6.18).
The above estimate shows that for a fixed z € T', all the multiplicities add up to something
less than or equal to kN. Thus there are subsets I'y,I's, ..., 'y n of I' such that

(6.19) ZszAsz = Z Z (22, 0), // (u, v)ky @kydv(u,v),
E.. 1i(2,2),5(=,£)

z€l e 1 z€l'y E; i(2,0),3 (2, Z)

where for each pair of £ € {1,...,kN} and z € I'y we have i(z,¢),j(z,0) € {1,...,m(z)}.
For each ¢ € {1,...,kN}, deﬁne

Bﬁ = Z a(z Z(’Z E) (Z g))h ( (Z;i(zvg)%@(z;j(z’€)>)ktp(z;i(z,€)) ®k<p(z;j(z,€))-
z€el'y
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Since p(z;i(z,¢)), p(2;7(2,¢)) € D(z,p) for every z € T'y, recalling Definition 6.3(c) and
(6.13), we have By € Dy(A). Therefore the operator

1 kN
6.20 B=-Y"B
(6.20) k; !

belongs to the linear span of Dy(A). By the choice of § and Step I, we have

),
Za(zzz // hy(u,v)ky @ kydv(u,v) — By
zz(z@)j(zl)

= V( z;1(2,0),j(z, E)

<e

Y

1 < ¢ < kN. Combining this with (6.19) and (6.20), we see that ||T"— B|| does not exceed

1 a(z;i(z,0), 7
—Z Z // h(u,v)ky @ kydv(u,v) — Byl| < Ne.
ki z€Ty V(Eziz,0),(2.0) E.i(2,0),4(=,0)

This proves (6.16) and completes the proof of the proposition.

It follows from Lemma 2.11 that D(A) C D for every A € B(L2(Q)) (cf. Definition
6.3). Thus from Propositions 6.6 and 6.4 we immediately obtain

Corollary 6.7. For every bounded operator A on L2(Q), we have LOC(A) C T.
To conclude this section, we recall

Lemma 6.8. Let {fi1,..., f¢} be a finite set of functions in L>°(Q2) with the property that
[ife =0 forall j # k in {1,...,£}. Let A be any bounded operator on the Bergman space
L2()). Then there exist complex numbers {v1,...,ve} with|y,| = 1 for everyk € {1,...,¢}
and a subset E of {1,...,¢} such that if we define

F = ka, G = Z fr, F' = Z%fk and G' = Z Vi fres

keE ke{l,.. .0}\E keE ke{l,.. 00\E

then
STy, ATy || < 4(|Te ATgl| + | Ter AT ).

itk

This lemma was proved in the case of the unit ball as Lemma 5.1 in [28]. But the proof
in the case of a general € is exactly the same. The only property of Toeplitz operators that
was used in the proof of [28, Lemma 5.1] was that a Toeplitz operator is the compression
to a subspace of a multiplication operator on an L2. Thus not only does Lemma 6.8 hold,
its analogue also holds, for example, in the setting of Hardy spaces. For that reason we
will not repeat the proof of Lemma 6.8 here.

7. Oscillation and compactness

36



For a continuous function f on €2, we define
diff(f) = sup{|f(2) — f(w)| : d(z,w) < 1}.

Lemma 7.1. For any continuous function f on 2 and any k € N, we have

(7.1) 1f(z) = f(w)| < (k + 1)diff(f)

for any pair of z,w € Q satisfying the condition d(z,w) < k.

Proof. Let z,w € Q be such that d(z,w) < k. By (2.4), there is a C! map ~ : [0,1] — Q
such that v(0) = z, v(1) = w and

(7.2) / VBOOW O @)dt < k+ 1.

There are 0 = xg < x1 < --- <z < 241 = 1 such that

wa [ VRO = e [V RO

for 0 < j < k. Define z; = y(z;), 7 =0,1,...,k+1. Then zp = z and 241 = w. It follows
from (7.2), (7.3) and (2.4) that d(z;, zj41) < 1, consequently

() = f(z542)] < diff(f)

for j =0,1,..., k. With this inequality, (7.1) follows from a standard telescoping sum. [
Recall that P denotes the orthogonal projection from L?(2) onto L2(9).

Lemma 7.2. There is a constant 0 < C7.o < 0o such that ||[My, P]|| < Cr.odiff(f) for
every bounded continuous function f on €.

Proof. Let T be the integral operator on L?(Q) with the function

{d(z,w) + 2}|K (2, w)|
as its integral kernel. We know that |K(z,w)| = |K(w, z)|. Recall that the Bergman kernel
K is bounded on (2 x Q)\Rs for any § > 0 [14]. Thus it follows from Theorem 4.1 and
Lemma 3.1 that |K(z,w)| < C1F(z,w)™""! for all z,w € Q. Combining this fact with

Lemmas 3.9 and 3.2, and with the Schur test, we see that the operator T' is bounded on
L?(Q). Let f be a bounded continuous function on Q. It follows from Lemma 7.1 that

[(f(2) = f(w) K (2, w)| < diff(f){d(z,w) + 2} K (2, w)]
for all z,w € Q. Hence ||[My, P]|| < diff(f)||7]|. O
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Recall that a continuous function f on €2 is said to have vanishing oscillation if
lim_sup{|f(z) — f(w)| : d(z,w) <1} = 0.
z—082

We denote by VOyqq the collection of continuous functions of vanishing oscillation on €2
that are also bounded.

Proposition 7.3. For each f € VOyqq, the commutator [My, P] is compact.

Proof. 1t suffices to consider f € VOypgqq with [[f|lcc < 1. For each R > 0, we will
decompose f in the form f = gr 4+ hr, where gr has a compact support and hg satisfies
the conditions diff(hg) < R~! and ||hr|le < 1. Since gr has a compact support, [M,,,, P]

gRr»

is compact. On the other hand, Lemma 7.2 tells us that ||[M},, P]|| = 0 as R — oo. Thus
such a general decomposition implies the compactness of [M¢, P].

To decompose f, let R > 0 be given. Since f € VOyqq, there is a ¢ > 0 such that
(7.4) 1f(2) = f(w)| < 2R)™' if z€ H, and d(z,w) < 1,
where Hy = {( € Q: —r(¢) < t}, and we may assume H; # ). Define

(2R)"'z if 0<xz<2R
pr(z) =
1 if r>2R

Then g satisfies the Lipschitz condition |pgr(z) —or(y)| < (2R) "tz —y| for z,y € [0, 00).
For a non-empty set £ C ) and z € ), we denote d(z E) =inf{d(z,() : ( € E} as usual.
By the triangle inequality for d, |d(z, E) d(w, E)| < d(z,w) for all z,w € . Hence

(7.5) [or(d(z, B)) = or(d(w, E))| < (2R)'|d(2, E) — d(w, E)| < (2R)™"d(2, w)
for all z,w € 2. We now define

9r(2) = f(2)(1 = or(d(z,€%))) and  hgr(z) = f(2)er(d(z, ),

where Q; = {( € Q: —r(¢) > t}. Since ||f|lcc <1 and ||¢r||c = 1, we have

hr(2) = hr(w)] < [f(2) = f(w)| + lpr(d(z, ) — er(d(w, Q)]

If hr(2) — hr(w) # 0, then either z € Hy or w € H;. Thus if d(z,w) < 1 and hr(z) —
hr(w) # 0, then it follows from (7.4) and (7.5) that |hg(z) — hgr(w)| < 1/R. That is,
diff(hg) < 1/R as promised. On the other hand, if gr(z) # 0, then d(z,€;) < 2R. By
Lemma 2.1, this means that —r(z) > ¢(R)t, where ¢(R) > 0 is a constant determined by
R. Hence the support of gr is a compact set contained in 2. This completes the proof. [J

Lemma 7.4. Let f1,..., fr... be a sequence of continuous functions on §2 satisfying the
following four conditions:
(1) There is a 0 < C < oo such that || fx|lco < C for every k € N.
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(2) For every k € N, there exist a, > by, > 0 such that f, =0 on Q,, U Hp, .
(3) hmk_mo ap = 0.
Then there is an infinite subset I of N such that f; € VOpaq for every J C I, where

fr=> I

keJ

Proof. By condition (3) and Lemma 2.1, we can inductively pick a sequence of natural
numbers k(1) < k(2) <--- < k(j) <--- such that ag11) < by(;) and

(7.6) d(z,w) >2 if —r(z) <agyyry and —r(w) > by,

for every j € N. Let I = {k(1),k(2),...,k(j),...}.

For each k € N, define Ry = {z € Q: by < —r(2) < ar}. Then (2) says that fr, =0
on Q\Ry. It follows from (7.6) that

(7.7) if z € Ry(;) and w € Ry(jry for j # 7 in N, then d(z,w) > 2.

This immediately implies that if J C I, then f; is continuous on ). Moreover, since
Rij) N Riy = 0 whenever j # j, it follows from (1) and (2) that || fs]/c < C for every
J C I. That is, such an f; is bounded on €.

Let jo € N, and let z,w € € satisfy the conditions —r(2) < ay(j,) and d(z,w) < 1.
Then it follows from (7.7) that there is at most one j € N such that f;(;)(2) — fi)(w) # 0.
Furthermore, by (7.6), if such a j exist, then it must satisfy the condition j > jo. Thus
for z,w € €1 satisfying the conditions —r(z) < ay(;,) and d(z,w) < 1, we have

|fr(2) = fr(w)] < sup{diff(fr(;)) : J > Jo}

for every J C I. Applying conditions (3) and (4), this means that for every J C I, f; has
vanishing oscillation. [J

Definition 7.5. (a) For each ¢ > 0, the symbol A(¢) denotes the collection of continuous
functions g on 2 satisfying the following three conditions:

(1) 0 < g(2) <1 for every z € Q.

(2) g(2) =1 when 2 € Q; = {( € Q: —r(¢) > t}.

(3) There is a t’ = t'(g) € (0,t) such that g(z) = 0 whenever —r(z) < t'.
(b) Let t > 0 and 6 > 0. Then A(¢; ) denotes the collection of functions g € A(t) satisfying
the additional condition diff(g) < .

Lemma 7.6. For allt > 0 and 6 > 0, we have A(t;0) # 0.

Proof. This is similar to the proof of Proposition 7.3. Let 1 : [0,00) — [0, 1] be a Lipschitz
function with Lipschitz constant §. Furthermore, suppose that ¢)(0) = 1 and that ¢ = 0 on
[R,0) for a sufficiently large R. Let ¢ > 0 be such that Q; # () (otherwise, (2) is trivial).
By Lemma 2.1, the function f(z) = ¢(d(z,£;)) is in A(¢;0). O

39



Lemma 7.7. Given any pair of f € L>(Q) and h € L2(Q2), we have

(7.8) ltiﬁ)lSUP{Hngh —Tth|| g€ A(t)} =0.

Proof. Denote Hy = {z € Q: —r(z) < t} as before. By Definition 7.5(a), we have

I Trgh = Th|* < | fgh — fhl* < ||f||io/ [n(2)[*dv (=)

H,

for all g € A(t), f € L>=(Q) and h € L2(Q). This obviously implies (7.8). OJ

For a bounded operator A on a Hilbert space H, denote
|Allg = inf{||A + K|| : K is any compact operator on H},

which is the essential norm of A.

Lemma 7.8. [16,Lemma 2.1] Let {B;} be a sequence of compact operators on a Hilbert
space H satisfying the following conditions:

(a) Both sequences {B;} and {B}} converge to 0 in the strong operator topology.

(b) The limit lim;_,, || B;|| exists.

Then there exist natural numbers i(1) < i(2) < --- <i(m) < --- such that the sum

N

> Bim) = Aim ) | Bign)
m=1 1

m=

exists in the strong operator topology and we have

o

= lim ||B;|.
o) 1—>00

Definition 7.9. For t > 0 and § > 0, the symbol ®(¢;0) denotes the collection of
continuous functions f on € satisfying the following three conditions:

(1) 0 < f(z) <1 for every z € Q.

(2) f(2) = 0 whenever —r(z) > t.

(3) diff(f) < 6.

In analogy with [28,Proposition 3.7], every operator in EssCom({T} : ¢ € VOpda})
satisfies the following “e-6” condition:

Proposition 7.10. Let X be an operator in the essential commutant of {Ty : g € VOpqa}-
Then for every e > 0, there is a 6 = 6(X,€) > 0 such that

1E£SUP{H[X, Tylll - f € ®(£;0)} <.
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Using 7.4-7.9 above, the proof of Proposition 7.10 is a repeat of the proof of Propo-
sition 3.7 in [28], modified in the obvious way. For that reason we will omit the proof of
Proposition 7.10 here.

Lemma 7.11. Let hy,...,hg ... be a sequence of continuous functions on €, and denote
Up ={z € Q: hg(z) # 0}, k € N. Suppose that this sequence has the property that there
is an a > 1 such that inf{d(z,w) : z € Uj,w € Ui} > a for every pair of j # k in N. Then
the function h =Y hy has the property that diff(h) < supyen diff(hy).

Proof. Observe that, under the assumption, for any pair of z, w € () satisfying the condition
d(z,w) <1, the cardinality of the set {k € N : hy(z) — hy(w) # 0} is at most 1. [
8. Approximate partition of unity

In this section the boundary 02 of the domain plays a prominent role. It will be
beneficial to make a simplification of notation: for { € 092 and t > 0, let us write

Q¢ ) ={£ € [C =& +[{¢ =& (Ir)(Q))] < t}.
In other words, in terms of the notation in Section 2, we have Q((,t) = Qo((,t). Similarly,
we will write do for dog. That is, do is the surface measure on 0f).

Lemma 8.1. There is a constant 1 < Cg 1 < 0o such that for any triple of (,& € 082 and
t>0,if Q¢ 1) NQ(E ) # 0, then Q(&,t) C Q(¢, Csat).

Proof. By the assumption on the defining function r, there is an L such that [(9r)(z) —
(0r)(y)| < L|x — y| for all z,y € 0. Suppose that there is a w € Q({,t) N Q(§,t). Then

C—wP +[{{ —w, (9r)(Q))| <t and [€—w|*+[{&—w,(Or)(©))] <t.
From this it is elementary to obtain | — &|* < 2(|¢ — w]? + |€ — w|?) < 2¢. Further,

(¢ =& (O] < < = w, (Ir)(O)] + [w = & (Ir) ()]
< ¢ —w, () ()] + [w =& (0r)(€)] + [w — & - L|§ — ¢
<2t +t-LV2t = (2+V2L)t.

Therefore if we set C; = 4 4+ v/2L, then the condition Q) NQE,t) # () implies £ €
Q(¢, C1t). Suppose that z € Q(&, 1), i.e., |€ — 2|? + [(€ — 2, (0r)(€))] < t. Then

(€ — 2, (Or)(2))] < [{€ — 2, (@) () + 1€ — 2] - LI — 2| < (1 + L)t

That is, if z € Q(&,t), then £ € Q(z,(2+ L)t) C Q(z,C1t). Thus the condition Q({,t) N
Q(&,t) # 0 implies Q(¢, C1t) NQ(z, C1t) # O for every z € Q(&,t). By the first conclusion,
we have z € Q(¢, C?t). Thus the lemma holds for Cg; = C? = (4 4+ v/2L)%. O

Corollary 8.2. Consider any ¢ € 022 and t > 0. If z,y € 9 are such that x € Q((,t)
and Yy ¢ Q(<708.1t)7 then Yy ¢ Q(Cﬁ,t)
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Proof. It x € Q((,t), then Q(z,t) N Q((,t) # 0. By Lemma 8.1, we have Q(z,t) C
Q(C,Csrt). Therefore if y ¢ Q(C, s 11), then y ¢ Q(z. ). O

Lemma 8.3. There is a constant 0 < Cs.3 < 0o such that the following bound holds: Let
t >0, and let E be a subset of O that has the property Q(x,t) N Q(y,t) =0 for all x # y
in E. Then for any R > 1 and any ¢ € 011,

card{z € F: Q(z, Rt) N Q(¢, Rt) # 0} < Cs 3R".

Proof. It t > T} (see Proposition 2.8), then the property of E implies card(E) < 1. Suppose
that 0 <t < Tp. If Q(x, Rt) N Q(¢, Rt) # B, then Q(z, Rt) C Q(¢,Cs.1Rt) by Lemma 8.1.
Let Eg ={z € E: Q(z, Rt)NQ(¢, Rt) # 0}. Since Q(x,t)NQ(y,t) =0 for all x # y in E,

we have

card(Ey) inf o(Q(z,1) < Y o(Q(x,t)) = o—( U Q(:z:,t)) < o(Q(¢, Cs. 1 Rt)).

.CCGEO
zeEy €l
Applying Proposition 2.8 to the case p = 0, we have
Cal"d(Eo)Cglgtn S CZg(C&lRt)n.
Cancelling out t"™ and simplifying, we see that the lemma holds for the constant Cg 3 =
(Ca.8/c28)Cg 1. O

The first order Taylor expansion for r reads

r(z 4+ u) = r(z) + 2Re(u, (0r)(2)) + /o 2Re(u, (0r)(z + zu) — (0r)(2))dx.

Thus r(z + t(0r)(2)) = 7(2) + 2t|(0r)(2)|?> + O(t?) when |t| is small. Recall that dr does
not vanish on 0€2. Hence when z is close to 02 and t is positive and small, we have

r(z +(0r)(2)) = r(z) + t|(9r)(2)]*.

Thus for each z € 2 near 99, there is a t, > 0, t, ~ |r(z)|, such that r(z +¢,(0r)(z)) = 0.
Let us restate this fact more precisely: There exist a J € N and a 0 < C}, < oo such that
for every z € Hy—s = {¢ € Q: —r(¢) < 277}, there is a p(z) € 9Q such that

(8.1) |2 = p(2)] < Gplr(2)]-

In other words, there is a map p : Hy-s — 9€2 such that the above bound holds for every
z € Hy-5. Note that our choice above does not promise any kind of continuity for the map
p, but that does not matter for our purpose.

This p and the defining function r together allow us to decompose Hy-s in a manner
that is analogous to the radial-spherical decomposition for the unit ball in [28]. More
specifically, p plays the role of “spherical coordinates”, while —r is the analogue of “radial
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coordinate”. Because we only need a large-scale, or “coarse”, decomposition, (8.1) is all
that we need to know about p.

Lemma 8.4. There is a constant 0 < Cg4 < 0o such that

[ —w P+ [ =, G
< 3]z — wf* +1(z — w, (Br) (D} + Coaflz — 2| + fw — ']}

for all z,w, 2", w' € Q= QUIN.

Proof. Tt is elementary that |2/ — w'[* < 3|z — w]? + 3|z — 2'|* + 3w — w'[*. Since Q is
bounded, there is a C; such that |( — &| < Cy for all (,£ € 2. Hence

(8.2) 12 —w'|? <3|z —w* +3C 1 {|z — | + |w —w'|}.

Similarly, since Or is bounded and satisfies a Lipschitz condition on 2, we have

(2" = w',(9r)(2")] < (|2 = 2| + |w - w'|)|(57”)(f')\ + [{z —w, (5T)EZ')>| .
< Colz = [+ [w —w']) + [{z — w, @r) ()] + [z = wl|(9r)(2") — (9r)(2)]
(8.3) <Oy(lz = 2|+ |lw =)+ [{z —w, (Or)(2))| + Cs|z — 2|.

Obviously, the lemma follows from (8.2) and (8.3). O

We begin the decomposition with natural numbers m > J and j > 1. Define
(84) dm,j = m2_jm, Am, 5 = C8.1m2—jm and bm,j = C§.1m2_jm,

where Cg; is the constant in Lemma 8.1. That is, a,, ; = Cs.1d,,,; and by, ; = C’g.ldm’j.
Let E,, ; be a subset of 0€) that is mazimal with respect to the property

(8.5) Q(u,dm ;) NQ(v,dy, ;) =0 forall u#vekE,;.

By the maximality of F,, ; and Lemma 8.1, we have

(8.6) U Q(u, ap, ;) = 0.

uGEm,j

Fix a natural number Ny such that Ng > 08,3(03,1)”, where Csg 3 is the constant in Lemma
8.3. Since by, j = CZ 1dpm,j, it follows from (8.5) and Lemma 8.3 that

(8.7) card{v € Ey, ; : Q(v, by ;) N Q(u, by ) # 0} < N
for every u € E,, ;. Now, given any m > J, j > 1 and u € E,, ;, we define the sets

Apiw=1{2€Q:p(2) € Qu,a, ;) and 2= U+Dm —r(z) > 2_(j+2)m} and
Bmju=1{2€Q:p(2) € Q(u,by ;) and 277" > —r(z) > 9~ H3)my
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It follows from (8.6) that

(8.8) [j U Amju=Hy2m ={2€Q:—r(z) < 272"},

7j=1 uGEmJ‘
Note that even though we have (8.8), we do not know that every A,, ;. is non-empty from
its definition. Nevertheless, we have

Lemma 8.5. There is a constant J < Mss < 0o such that if m > Mg, then Ay, ju # 0
forall j > 1 and u € E,, ;.

Proof By the Taylor expansion for r, there are constants J < M; < oo and 0 < C; < o©
such that if m > M, then for every pair of j > 1 and u € E,, ; there is a u’ such that
—r(u') = 270+6/2)m and |u — /| < C1(—r(v')). By Lemma 8.4, we have

=/ + (=, () ()] < Cuau— /| < Cs4C1(=r(u)) = CeaCr2~T+EDm,
Applying Lemma 8.4 again and recalling (8.1), we have

= p(u) 2+ = p(e), (Fr) ()] < 3 — o2 + (= o, (Br) @)1} + Coalu’ = p(us)
< 3C4C127UT@/2m 4 g 0 2~ (GHE/2)m.
Let Mgs > M, be such that Mg s > 3Cs 4Cy + Cg.4Cp. If m > Mg 5, then v/ € Ay . O

Lemma 8.6. There is a constant Mg s+ 100 < Mg g < oo such that form > Msgg,j > 1,
and u € Ey, j, if 2 € Ay ju and w € Q\By, j 4, then d(z,w) > (1/13)m

Proof. Set M; = max{Msg 5 + 100,10Cs 4}, where Cs4 and Mg 5 are the constants in
Lemmas 8.4 and 8.5 respectively. Consider any m > M, j > 1 and u € F,, ;. For a pair
of z € Ay, ju and w € Q\B,, j., there are three possibilities, depending on the value of
r(w).

(1) Suppose that —r(w) > 277, Then 7(2)/r(w) < 2-U+tDm/2=im — 2-m  Com-
bining this with Lemma 2.1, we have ¢y 127442 < r(z)/r(w) < 27™. Hence

d(z,w) = (1/4)m + (1/4){log 2.1/ log 2}.

Let My > My be such that (1/2)Ms > |logca.1/log2|. Thus if m > My, then for all j > 1,
uwe Eyj,z2€ A iy and w € Q\B,, j.., we have

(8.9) d(z,w) > (1/8)m

under the condition —r(w) > 2779™.

(2) Suppose that —r(w) < 2-U+3)™  Then r(w)/r(z) < 2-0G+3Im /9=0G+2)m — 9=m,
From Lemma 2.1 we now deduce cp 127 4%*%) < r(w)/r(z) <27™. Thus (8.9) again holds
under the condition —r(w) < 2=U+3)™ when m > Mo.
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(3) Suppose that 2=0+3)™ < —p(w) < 277, Then by the definition of B, ;. we have
p(w) ¢ Q(u,by, ;). In contrast, since z € Ay, j., we have p(z) € Q(u, @y, ;). Since by, ; =
Cs.1am, j, by Corollary 8.2 we have p(w) ¢ Q(p(z), am. ;). Recall that a,, ; = Cg1m277™
and that Cg; > 1. Thus it follows from Lemma 8.4 and (8.1) that

M2 < g < [p(z) = pw) P + [(p(2) — p(w), (1) (p(=))]
< 3{Jz — wf +1(z — w, (A (ED]} + CoaCy{lr(2)] + r(w)]}
< 3{Jz — wf +1(z — w, () ()]} + CeaCyp{2THO™ 4 279m),

z

z

)
)
Now we pick an Mg > My such that Mz > 4Cs4C), ie., (1/2)Ms > 2Cs4C,. When
m > M3, elementary manipulations turn the above into the inequality
(1/6)m2™™ < |z — w|* + [(z — w, (9r)(2))|.
Combining this with Lemma 2.2, we obtain
(1/6)m2™™ < Cyof{d(z,w) + d?(z, w)}2122=) (—r(2)).
Since —7(z) < 2-U+D™ this implies
(1/6)m2™ < Cyo{d(z,w) + d?(z, w)}2124=w),

From this inequality it is elementary to deduce that there is an Mg g > Mjz such that if
m > Mg g, then d(z,w) > (1/13)m. Combining this with (8.9), the proof is complete. [J

By Lemma 8.5, for every triple of m > Mg, j > 1 and u € E,, ;, we can pick a

(810) Zm,ju € Am,j,u-

This pick will be fixed for the rest of the paper.

Lemma 8.7. There is a constant Mg g < Mg 7 < oo such that if m > Mg 7, then there is
an 0 < R,, < oo which has the property that

(811) Bm,j,u C D(Zmd',u,Rm)

forallj>1 and u € E,, ;.

Proof. Suppose that m > Mgs. Given any j > 1 and u € E,, ;, we have 2-U+2m <
—1(Zmju) < 270FD™ by (8.10). Now let w € By, ju. Then 2703 < —p(w) < 279m
which means —272"7(2p, ;) < —r(w) < =227 (2, ;). In other words, we have

(8.12) Zk_l(—r(zmyj,u)) < —r(w) < 2k(—r(zm,j,u)) for some k € Z with |k| < 2m.

We have p(w) € Q(u, by, ;). Since p(zm ;) € Q(u, am ;) C Q(u, by, j), Lemma 8.1 gives us
Q(u; bm,j) C QP(2m,j,u)s Cs.1bm,5). Hence p(w) € Q(p(2m,j,u); Cs.1bm,;). That is,

[p(2m.5,u) = P(W)[* + 1{p(2m,5,0) = P(W), (97) (P(2m,j.u))] < Cs.1bm,;-
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Applying Lemma 8.4 and (8.1), we obtain

|2m. g = WA (Zm g = w5 (O7) (Zm, )| < 3C810m,5 + Cs.aCp(|r(2m,j,u)| + |r(w)])
<303 1m279™ + 205 4C,277™ < (3C3 ym + 2C5 4Cp) 2% (=1 (2mjun))-

Let Ms7 > Mg be such that (3C3, Mg + 2Cs4C,)2 " Ms7 < 1. When m > Mg 7, the
above inequality gives us

|Zm,j,u - w|2 + |<Zm,j,u —w, <5T)(zm,j,u)>| < 23m(_r(2m7j,U))

(8.13) < I (2 5))-

Combining (8.12) and (8.13) with Lemma 3.7, we obtain d(2y, j.u, w) < C3.7(1+4 k| +3m+
|k]) < C5.7(1 4+ 7m). Thus when m > Mg 7, (8.11) holds for R, = C37(1 4+ 7m). O

In the above we picked constants such that Mg 7 > Mg g > Mg s+ 100 and Mg 5 > J.
Thus if m > Mg 7, then m/13 > 7. Now, for every m > Mg 7, we define the function

1—{(m/13) =4}tz for 0<x<(m/13)—4
(8.14) fm(x) = :
0 for (m/13) —4 < x < o0

Obviously, f,, satisfies the Lipschitz condition |f,(z) — fm(y)| < {(m/13) — 4}~z — |,
x,y € [0,00). For every triple of m > Mg 7, j € N and u € E,, ;, we define

Fiu(2) = fm(d(2, Apja)) for z € Q.

Lemma 8.8. For every triple of m > Mgz, j € N and u € E,, ;, the function fy, ;.
defined above has the following five properties:

(a) The inequality 0 < fy, ju <1 holds on B.

(b) fim,ju =1 on the set Ay, j u.

(©) | fmju(2) = frmju(w)| < {(m/13) — 4} td(z,w) for all z,w € Q.

(d) If frm,ju(2) #0 and w € Q\By, j ., then d(z,w) > 4.

(e) We have diff(fpm ju) < {(m/13) —4}~1.

Proof. (a) and (b) follow directly from the definitions of f,, and f,, ;.. Then note that

fingau(2) = fmga ()] = [fn(d(z, Amj)) = Fn(d(w, Am )|

1 d(z,w)

< WW(Z,Am,j,u) —d(w, Ay ju)| < (m/13) -4’

which proves (c). For (d), observe that if f,, j.(2) # 0, then d(z, Ay, ju) < (Mm/13) — 4.
This means that there is a 2’ € A,, ;. such that d(z,2’) < (m/13) —4. If w € O\ B, ju,
then Lemma 8.6 tells us that d(z’, w) > m/13. By the triangle inequality,

d(z,w) > d(2',w) — d(z,2") > (m/13) — {(m/13) — 4} = 4.
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Hence (d) holds. Finally, note that (e) is an immediate consequence of (c). O

By (8.7) and a standard maximality argument, each E,, ; admits a partition
1 N,
(8.15) Epmj=E). U UELY

such that for every v € {1,..., Ny}, we have Q(u, by, ;) N Q(v, by, ;) = 0 for all u # v in

ET(nV)J Therefore for each v € {1,..., Ny}, the conditions u,v € E,(:)J and u # v imply
B ju 0 Bm,jw = 0.

Definition 8.9. Let m > Mg, be given. (a) For each pair of k € {1,2,3} and v €

{1,..., No}, where Ny is the integer that appears in (8.7) and (8.15), let 18%) denote the
v)

m,3)+K"
(b) For k € {1,2,3}, v € {1,...,Np} and ¢ € N, let IT(,'L/,’;) denote the collection of all
triples m, 35 + K, u satisfying the conditions 0 < 7 < g and u € EW

m,3j+kK"
(c) Denote I,,, = U3_, UNo, ("),

collection of all triples m, 35 + k, u satisfying the conditions j € Z, and u € E

The elements in I,,, equivalently the subscripts in A, ju, Bm ju and fm, ju, are
obviously quite cumbersome to write as triples. For this we have the following remedy:

Notation 8.10. (1) We will use the symbol w to represent the triple m, j, u.
(2) For any subset I of I,,,, denote f; =3 ; fo and Fr =%, f2.

Lemma 8.11. Let m > Mgy, k € {1,2,3} and v € {1,...,No}. Then for any w # W' in
L(,'f’n), we have B, N B, = (.

Proof. f w = (m,3j + k,u) and w' = (m,3j + k,v) for a pair of u # v in Efrlj’)gfm,

then by the property of the partition (8.15) we already know that B, N B,, = (). The
other possibility is that w = (m,3j + k,u) and w’ = (m, 35" + k,v) with u € EY)

m,3j+K
v € Eg7)3j,+m, where j # j'. If j # 7', then |(3j + k) — (35 + k)| > 3, which ensures

B, N B, = 0 by the values of —r on B,, and B,,. [

Lemma 8.12. Let m > Mg 7, k € {1,2,3} and v € {1,...,No}. Then for every subset I
of I we have f; € D(27™; ((m/13) — 4)71).

and

Proof. Let I C L(ny **) For each w € T , f. is continuous on €2 and satisfies the condition
0 < f, <1. Lemma 8.11 tells us that for w # ' in I, we have B, N B, = (). By Lemma
8.8(d), if z,w € Q are such that f,(z) # 0 and f./(w) # 0, then d(z,w) > 4. It follows
that f7 is continuous on B and that 0 < f; < 1. Furthermore, we can invoke Lemma 7.11
to obtain diff(f;) < sup,c; diff(f.) < ((m/13) —4)~!, where the second < follows from
Lemma 8.8(e).

Since I C I, if w € I, then By, C Ho-wm = {C € Q1 —r(¢) < 27*™}. Since
Lemma 8.8(d) says that f, = 0 on Q\B,, we conclude that fr =0 on {¢ € Q: —r(¢) >

27rm1. Recalling Definition 7.9, this completes the verification of the membership f; €
H(27™; ((m/13) —4)~1). O
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Lemma 8.13. Letm > Mg 7, k € {1,2,3} andv € {1,..., No}, and let I be any subset of
1) Then for every bounded operator A on L2()), we have

> Ty, ATy, € LOC(A).

wel

Proof. Given any I C I,(,'f"{), consider the set I' = {z, : w € I}, where z, was picked in
(8.10). By Lemmas 8.11 and 8.6, I' is an (m/26)-separated set in €. Define f, = f,
for each w € I. We need to verify that the functions {f, : z, € I'} satisfy conditions
(1)-(3) in Definition 6.5. First of all, (2) follows from Lemma 8.8(a). Lemma 8.7 tells us
that for each w € I, we have B, C D(z,, R,,). By Lemma 8.8(d), we have f,, = 0 on
O\D(zy, Ry,), verifying (1). Finally, condition (3) follows from Lemma 8.8(c). O

9. The essential commutant of {7} : f € VOpq4q}

Recall that we write I for the collection of compact operators on the Bergman space
L2()). Furthermore, Proposition 6.2 tells us that X C 7. Also recall that for each
f € L>(€2), we have the Hankel operator H¢ defined by the formula

Hih = (1— P)(fh), heL2(Q).

Proof of Theorem 1.1(i). Obviously, Proposition 7.3 implies that EssCom{T} : f € VOpqq}
D T. Thus we only need to prove that EssCom{T : f € VOpqq} C T.

Let X € EssCom{T} : f € VOpqq} be given. To show that X € T, pick any € > 0. It
suffices to produce a decomposition X =Y + Z such that Y € T and

(9-1) 1Z]] < 3No{16(2 + [ X)) + [ X[ + 2}e,

where Ny is the constant that appears in (8.7) and (8.15).
First, we apply Proposition 7.10, which provides a § > 0 and a t* > 0 such that

(9.2) I[X, T¢]|| <2€¢ for every f e ®(t%;0).
Then we apply Lemma 7.2, which tells us that there is a 6’ > 0 such that
(9-3) [Hgll < €

for every bounded continuous function g on Q with diff(g) < ¢’. With §, t* and ¢’ so fixed,
we pick an integer m > Mg 7 satisfying the conditions

(9.4) ((m/13) —4)™! <min{e 6,0’} and 27™ < t*.
With m so fixed, let us consider the function F7, given in Notation 8.10(2). Since

3 Ny
(9.5) Fr, =Y ZFI%@

r=1v=1
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and since by Lemma 8.12 each FI@,@ satisfies the inequality 0 < FI(,,,@ 1 on Q, we
have 0 < Fj, < 3Np on Q. By Lemma 8.8(b) and (8.8), we have Fj_(z)

—7r(z) < 272™, Thus we have shown that the function

IV IA

1 whenever

(9.6) h=xa, sm + F1,

satisfies the inequality 1 < h < 3Ny + 1 on €, where Qy-2m = {{ € Q: —r(¢) > 272m}.
This guarantees that the positive Toeplitz operator 7} is both bounded and invertible on
L2(Q). Moreover, ||T, '|| < 1. Since T}, € T and T is a C*-algebra, we have 7}, ' € T

By (9.6) and (9.5), we have the decomposition

3 Np
(9.7) X=XT,T,' =Xo+ > ) X,
r=1v=1
where

Xo=XDy, , Ty' and X,p=XTp, T,

for 1 <k <3and 1< v < Ny. Obviously, the Toeplitz operator Ty, is compact.
2— m
Hence, by Proposition 6.2, Xqg € K C 7.

We further decompose each X, ... To do that, define the operators

(9.8) Y= > Ty XTp,T,;' and A,,.= Y Ty XTy T, "
well™ w,w' eIV
wHw’

Obviously, Yy, s + Avx =T¢ , ., X1t , N)Th_1 (cf. Notation 8.10). We further define
Im’ Im’

— -1 * -1
(9.9) Buw = (X T 0 Tt T+ XHG H 0 T
It follows from Lemmas 8.8(d) and 8.11 that Fju.x = f12<yy,€>. For any real-valued f €

L>(Q), we have Ty> = T7 + HjHy. Therefore
(9.10) Xow=Y, o +A, .+ By
Since T} e T, it follows from Lemma 8.13 and Corollary 6.7 that Y,.eT.

To estimate || A, .||, first observe that on L?*(£2), we have the strong convergence

> My XPMy,— > M XPMj;, as q— oo,
w,wlelﬁ,f”;) w,w'EI,(,’L””)

wHw’ w#w'’
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where IV ’q) was given by Definition 8.9(b). Compressing this strong convergence to L2 ()
and using the bound || T}, !|| < 1, we see that there is a ¢ € N such that

(9.11) 1A, .|l < 22, where Z,.= » Ty XTy,,.
w,w/GIfrf,’;)
wHw’

Since f, for =0 for w # W' in L(Tlfq ), by Lemma 6.8, there are complex numbers {7, : w €
I8N of modulus 1 and a subset I of I§°%) such that if we define

F=Y fo. G= Y foo F'=) qfo ad &= Y ufe,

wel UJGI(V H)\I wel wEI(V ”)\I
then
(9.12) 1Z,xll < 4| Te X T || + | Tar X Tr|))-

Note that T XTr = T/ [X,Tr) + Te:TrX. We have F € ®(27™;((m/13) — 4)~1) by
Lemma 8.12. Hence it follows from (9.4) and (9.2) that

(9.13) [ Te [X, Trll < |[X, Tr]l| < 2e.

Since B, N B, = 0 for all w # w’ in 1% we have G'F = 0 on ©, and consequently
TeTp = —HZ:Hp. Since diff(F) < ((m/13) —4)~ L by (9.4) and (9.3), we have

[Te Tr X[l < [He[||X]] < [|Xe.
Combining this with (9.13), we see that |Te' XTr| < (24 || X||)e. The same argument
also shows that ||Tw XT¢|| < (2+ || X]|)e. Substituting these in (9.12) and recalling (9.11),
we obtain

(9.14) [Av,ll < 16(2 4[| X]])e.

Next we estimate || B, .||

Lemma 8.12 tells us that diff(f,w.») < ((m/13) —4)~'. Combining this with (9.4)
and (9.3), and with the fact ||T, '|| < 1, we obtain

IXHF o Hr o Ty < IXMH o < X e

Again, Lemma 8.12 says that f;o.. € ®(27™: ((m/13)—4)~1). Hence it follows from (9.4)

and (9.2) that
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Recalling (9.9), from the above two inequalities we obtain
(9.15) 1Bu.sll < (1X[] +2)e.

To summarize, we have shown that for each pair of 1 < kx < 3 and 1 < v < Ny, we have
the decomposition (9.10) where Y, ,, € T and where A, .., B, . satisfy estimates (9.14) and
(9.15) respectively. Combining (9.10) with (9.7), we have X =Y + Z, where

3 No 3 No
(9.16) Y=Xo+3 Y Vi and Z=3 Y (Aye+ By

k=1v=1 r=1lv=1

Now, (9.1) follows from (9.14) and (9.15), and we have shown that Y € 7. This completes
the proof of part (i) in Theorem 1.1. [J

Proposition 9.1. For X € T, if LOC(X) C K, then X is compact.

Proof. Let X € T and suppose that LOC(X) C K. As we showed above, for every ¢ > 0,
X admits a decomposition X =Y +Z, where Y and Z are given by (9.16), with Xy known
to be compact. By (9.8) and Lemma 8.13, the condition LOC(X) C K implies Y, , € K.
Thus Y is compact. Since Z satisfies (9.1), this shows that X is compact. O

Proposition 9.2. Let X € T. Suppose that X has the property that for every 0 < R < oo,

(9.17) lim sup{|[{(Xkuy,k.)|:d(z,w) < R} =0.
z—00

Then X s a compact operator.

Proof. Recall from Proposition 6.6 that LOC(X) C D(X). Combining this with Propo-
sition 9.1, it suffices to prove the inclusion Dy(X) C K under the assumption that (9.17)
holds for every 0 < R < co. By Definition 6.3(c), we need to show that the operator

T =" e Xky(a), kip(z)kip(s) ® kyz)

zel

is compact, where I' is a separated set in €, {c, : z € I'} is a bounded set of coefficients,
and @, : I' — Q are maps for which there is a 0 < C' < oo such that d(z,¢(z)) < C and
d(z,19(z)) < C for every z € T'.

By the assumption on ¢, ¥ and Lemma 2.11, there is a partition I' = I'; U- - -UI'y, such
that for each 1 < j <k, the conditions z,w € I'; and z # w imply d(¢(2), ¢(w)) > 2 and
d(¢(z),¢¥(w)) > 2. Hence for each 1 < j <k, the sets {p(z) : z € I';} and {¢(2) : 2 € T}
are 1-separated. This leads to the decomposition T'=T; + - - - + T}, where

Ty =Y e Xky(a)s k() k() ® kyz)
ZGFJ'
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for every 1 < j < k. Thus it suffices to show that T; € K for every 1 < j < k. Fix such a
j for the moment. For each § > 0, denote I'; 5 = {z € I'; : —r(z) < d}. Using an obvious
finite-rank approximation and applying Lemma 5.1, for each § > 0, we have

1T5]le <

D e Xky(a)s k) ko) © k)

< C3 e sup [(Xky(y, ko),
= z€l; 5

where ¢ = sup,cr |c.|. Since d(z,¢(z)) < C and d(z,9(z)) < C for every z € I, it follows
from (9.17) that the right-hand side tends to 0 as 6 | 0. Thus ||T}||g = 0, i.e., Tj is a
compact operator. This completes the proof. [

As an immediate consequence of Proposition 9.2, we have

Corollary 9.3. Let X € T. Then X is compact if and only if

lim || Xk.| = 0.
z— 00

10. The essential commutant of the Toeplitz algebra
We now turn to the proof of part (ii) in Theorem 1.1.

Proposition 10.1. If f € VOyqq, then

(f = f(2))k[| = 0.

lim ||
z2—0%2
Proof. Let f € VOpqq and consider a large R > 0. We have

I(f = f)E:N* = / [f(w) = £(2) |k (w) [*dv(w)

D(z,R)

" /Q\D(Z,R) = FETl ol dve)

r(z)|mtL
< swp (5w - JOP+ Gl | T gy w).

d(z,w)<R O\D(z,r) F(z,w)?n+2

Applying Lemma 3.8, there are constants 0 < Cy < co and s > 0 such that

(10.1) I(F = FDk:IP < sup [f(w) = f(2)] + Cal 527"

d(z,w)<R

Now we use the fact that f has vanishing oscillation: Using the cutoff functions provided
by Lemma 7.6, for any § > 0, we can write f = f; + fo, where f; has a compact support
in  and diff(f3) < 6. Combining this fact with Lemma 7.1, we see that

lm s |f(w)— f(2)] =0
2=08 q(2 w)<R
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once an R > 01is given. This and (10.1) together imply that ||(f— f(2))k:|| — 0 as z — 0N
This completes the proof. []

Proposition 10.2. Suppose that {z;} and {w;} are sequences in Q satisfying the following
two conditions:

(1) im0 7(2;) = O.

(2) There is a constant 0 < C' < oo such that d(zj,w;) < C for every j € N.
Then for every A € EssCom(T) we have

(10.2) lim [|[4, k2, ® ku, ]| = 0.
j—oo

Proof. For the given {z;}, {w;} and A, suppose that (10.2) did not hold. Then, replacing
{z;}, {w;} by subsequences if necessary, we may assume that there is a ¢ > 0 such that

(10.3) lim ||[A, k., @k, ]| =c.
]—)OO

We will show that this leads to a contradiction.

By condition (1) and Lemma 2.1, there is a sequence j; < jo < -++ < j, < --- of
natural numbers such that —r(z;,.,) < —r(z;,) for every v € N and such that the set
{#;, : v € N} is 1-separated. For each v € N, we now define the operator

Bl/ - [Aa ijy ® k/i'LUj,/L

whose rank is at most 2. By conditions (1), (2) and Lemma 2.1, we also have that r(w;) — 0
as j — oo. Thus both sequences of vectors {k., } and {k,, } converge to 0 weakly in L2(Q2).
Consequently we have the convergence

lim B, =0 and lim B, =0

V—00 V—00

in the strong operator topology. Thus by (10.3) and Lemma 7.8, there is a subsequence
v(l) <v(2) <---<v(m) < --- of natural numbers such that the sum

B =) Bym
m=1

converges strongly with ||B||g = ¢ > 0. Thus B is not compact. Now define the operator
o0
Y - Z kz]l/(m) ® kw]l/(m) '
m=1

Since the set {z;, : ¥ € N} is 1-separated and since condition (2) holds, by Proposition 6.4
we have Y € T. Since A € EssCom(7 ), the commutator [A,Y] is compact. On the other
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hand, we clearly have [A,Y] = B, which is not compact because ||B||g > 0. This gives us
the contradiction promised earlier. [

Lemma 10.3. [27,Lemma 5.1] Let T be a bounded, self-adjoint operator on a Hilbert space
H. Then for each unit vector x € H we have ||[T,z @ z]|| = ||(T — (Tx,x))x|.

Lemma 10.4. [27,Lemma 5.2] Let T be a bounded, self-adjoint operator on a Hilbert space
H. Then for every pair of unit vectors x,y € H we have

[(Tx,z) = (Ty,y)| < [T,z @yl + [T,z © ][] + [T, y @yl

For a bounded operator A on L2(Q), we define the function
A(z) = (Ak., k), zeQ.

Recall that A is commonly called the Berezin transform of the operator A.
Proposition 10.5. If A € EssCom(T ), then its Berezin transform A is in VOip44.

Proof. Tt suffices to consider a self-adjoint A € EssCom(7). Obviously, Nfl is bounded, and
Proposition 4.6 tells us that it is continuous on Q. If it were true that A ¢ VO, then there
would be a ¢ > 0 and sequences {z;}, {w;} in Q with

(10.4) lim r(z;) =0

Jj—o00
such that for every j € N, we have d(z;,w;) <1 and
(10.5) (A ey} = (A, Ro)| = |A() = Alw))] = e
But on the other hand, it follows from Lemma 10.4 that
(10.6) [{Aksy, ey} = (A, o)) < 1A, Ky © o+ 1A by © o 1+ 1A, Ry B
By (10.4) and the condition d(z;,w;) <1, j € N, we can apply Proposition 10.2 to obtain

(10.7) lim [|[A k., @k, ]| =0 and lim ||[A k. @k ]| =0.
Jj—o0 Jj—00

By Lemma 2.1, conditions (10.4) and d(z;,w;) <1, j € N, also imply lim;_, 7(w;) = 0.
Thus Proposition 10.2 also provides that

(10.8) lim [|[A, Ky, ® Ey,]|| = 0.

J—00 X
Obviously, (10.6), (10.7) and (10.8) together contradict (10.5). O
Lemma 10.6. If A € EssCom(T), then

i (A~ Tk = 0.
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Proof. Again, it suffices to consider a self-adjoint A € EssCom(7). Then it follows from
Lemma 10.3 and Proposition 10.2 that

lim (A= Akl = lim 14,k © k)] = 0.

Therefore it suffices to show that

im ([T — A(2))ke| = 0.

Since ||(T; — A(2))k.| < [|(A — A(2))k.||, this follows from Propositions 10.5 and 10.1. O
Finally, we are ready to determine the essential commutant of 7.

Proof of Theorem 1.1(ii). Again, it follows from Proposition 7.3 that EssCom(7) D {T} :
fe VObdd} + K.

For the reverse inclusion, consider any A € EssCom(7). We need to show that A €
{Tt : f € VOpaq} + K. We know that A € VOyp,qq from Proposition 10.5. Hence it suffices
to show that A —T'; is compact. For this we apply Lemma 10.6, which gives us

(10.9) (A—T3)k.| = 0.

lim_||
z—002

The membership A € EssCom(7) implies, of course, that A € EssCom{T} : f € VOpqga}-
Hence Theorem 1.1(i) tells us that A € 7. Consequently, A —T; € T. By Corollary 9.3,
the membership A —T; € T and (10.9) together imply that A —T'; is compact. O

11. Berezin transform near the boundary

The purpose of this section is to show that condition (9.17) is implied by the vanishing
of Berezin transform near 0€). This along with Proposition 9.2 will give us the proof of
Theorem 1.2. To begin, we need to fix some necessary constants:

Lemma 11.1. (1) There is a 0 < co < 1 such that z+P((0r)(2); 2cor/—7(z), —2cor(2)) C
D(z,1) for every z € Q satisfying the condition —r(z) < 6.

(2) There is a by > 0 such that D(z,3by) C z + P((0r)(2); con/—7(2), —cor(2)) for every
z € Q satisfying the condition —r(z) < 0.

(3) There is an ag > 0 such that z + P((0r)(2); ao\/—r(z), —aor(z)) C D(z,by) for every
z € Q satisfying the condition —r(z) < 6.

Proof. By Proposition 2.4, thereis a 0 < ¢ < 1 such that z+P((9r)(z); c\/—r(z), —cr(z)) C
D(z,1) for every z € Q satisfying the condition —r(z) < 6. Then ¢y = ¢/2 will do for (1).

To prove (2), take any 0 < b < 1/2 such that Cy 5b < ¢g. By Proposition 2.5, we have
D(z,b) C z +P((0r)(2); cor/—7(2), —cor(2))
whenever —r(z) < 6. Thus (2) holds for the constant by = b/3.
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Finally, note that (3) is a direct consequence of Proposition 2.4. OJ
Once the above constants are fixed, we can introduce the following “polyballs”:

Definition 11.2. (1) Let

P = {(u1,uz,...,u,) € C": Jus| < ag and (Jug|® + - + |un)?)Y? < ao},
Q= {(u1,uz...,u,) € C": |uy| < co and (fug|* + -+ + un[*)"/* < o} and
R ={(ur,uz...,uy) € C" : Jug| < 2¢0 and (Jug|? 4+ - -+ + Jun )2 < 2¢0}.

(2) For each z € Q satisfying the condition —r(z) < 6, let S, be the linear transformation
on C" given by the formula

S.(uy,ug,...uy) = 2ur, \ —r(2)ug, ...,/ —r(2)uy), (up,ug,...u,) € C™.

(3) For each 2 € Q satisfying the condition —r(z) < 0, let U, be a unitary transformation
on C" such that U, {(0,ug,...,uy,) : ua,...,u, € C} = {u e C": (u,(0r)(z)) = 0}.
(4) For each z € Q satisfying the condition —r(z) < 6, denote V, =U.S..

Proposition 11.3. Suppose that U is a connected open set in C™ that is symmetric with
respect to conjugation. That is, (w1,...,w,) € U if and only if (w1,...,w,) € U. Let F
be an analytic function on the domain U x U in C™ x C™. If F(z,2z) =0 for every z € U,
then F' is identically zero on U x U.

Proof. For each j € {1,...,n}, let e; denote the vector in C™ whose j-th component is 1
and whose other components are 0. We then define

0 0

(d; F)(w,z) = %(% +1 ay)F(w + (z + ey, 2+ (x + 1y)e;) and

r=0=y

@) w.2) = 3 (5~ i )Flw+ (@t igles,

;L‘:():y

for j € {1,...,n} and w,z € U. It is straightforward to verify that for every multi-index
a € 727, we have d*F = 0“F. Since F(Z,z) = 0 for every z € U, an easy induction on |o/|
yields (d*F)(z,z) = 0 for every z € U and every a € Z,. Thus if we fix any z € U, then
(0“F)(Z,2z) = 0 for every a € Z. By the standard power-series expansion, this means
that the analytic function f.(¢) = F((, 2), ¢ € U, vanishes on a small open ball containing
Z. Since U is connected, we conclude that f, = 0 on U. Since this is true for every z € U,
it follows that F'is identically zero on U x U. [J

Proposition 11.4. Let A be a bounded operator on the Bergman space L%(2). If

(11.1) lim (Ak., k) =0,

then for every given 0 < R < oo we have

(11.2) lim sup{|(Aky,k.)| : w € D(z,R)} = 0.
z—0Q
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Proof. Given (11.1), suppose that (11.2) failed for some 0 < R < co. We will show that
this results in a contradiction. First of all, the failure of (11.2) for this particular R means
that there is an € > 0 and sequences {z;}, {w;} in Q such that

(11.3) lim r(z;) =0

Jj—o00
and at the same time, d(z;,w;) < R and

(11.4) ( Ak, k)| > €

for every j > 1. Since d(zj,w;) < R, for every j > 1 we have a C* map g; : [0,1] = Q
such that g;(0) = z;, g;(1) = w; and

(11.5) | B0 0.5 0 < R,

By (11.3), (11.5) and Lemma 2.1, discarding a finite number of j’s if necessary, we may
assume that —r(g;(t)) < @ for all j and ¢t € [0,1]. Thus Lemma 11.1 can be applied
on all these paths. With the by provided by Lemma 11.1, we pick an m € N such that
(R+1)/m < by. Thus for every j > 1, there is a partition

0=2;0) <z;(1) < - <zj(m)=1

of the interval [0, 1] such that

z; (%)
(11.6) L/“ﬂ¢w@@mmmmMﬁgR;1<%

for every 1 < i < m. Now, for every pair of j > 1 and 0 < ¢ < m, we define

AV = g;(5(0)).

In particular, we have z§0) = zj and z](.m) = w; for all j.

Recall that we write K, ({) = K((, z), which is the (unnormalized) reproducing kernel
for L2(€)). Let us denote
O(w,z) = (AK,, K,),

w, z € ). For every pair of 7 > 1 and 0 <17 < m, we define the function
(1L.7) FP (G = N1 (47 + V082" +V,06)

J

(, &£ € R. A review of Definitions 11.2 and 2.3 gives us the identity

(11.8) zj(-i) +V.oR = z](-i) + P((ér)(zj(-i)); 2¢01\/ —r(zj(.i)), —2cor(z§i))).
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Therefore Lemma 11.1 ensures that each F j(i) is well defined, and it is obviously an analytic
function of R x R. By (11.8), Lemma 11.1(1) and (11.5), if w = zj(i) + VZ@Z for some

¢ € R, then d(w, zﬁo)) < R+2. Thus by (4.1) and Lemma 2.1, there is a C; = C1(R) such
that _
E (ol < Gl

forall (,£ € R,7>1and 0 <7 < m. Hence for each 0 <1i < m, {Fj(i) :j > 1} is a normal
family of analytic functions on R x R. Consequently there is a sequence

j1<j2<...<jy<...

in N such that for every 0 < ¢ < m, the sequence {F j(j)}VGN is uniformly convergent on
each compact subset of R x R. For every 0 < i < m, define the function

(11.9) F9 = lim F"

V—00

on R x R. Next we show that every F() is identically zero on R x R.

We will accomplish this by an induction on . First, let us show that F(©) is the zero
function. For j > 1 and ¢ € R, we have

FOC,0) = In(=N)" @ (47 + V0 ¢, 2 +V,0¢)
As we explained above, (4.1) and Lemma 2.1 together guarantee that

IFO(C,0) < Oy

Ak k .
(A0 0005917
J J

By (11.3) and Lemmas 11.1(1) and 2.1, for each ¢ € R we have r(zj(.o) + VZ@)C) — 0

as j — o0o. Thus, combining the above inequality with (11.1) and (11.9), we find that
FO)(¢,¢) = 0 for every ¢ € R. By Proposition 11.3, F(?) is identically zero on R x R.

Now suppose that 0 < i < m and that we have shown that F'() is identically zero on

R x R. We need to show that F(+1) is also identically zero on R x R. By (11.6), we have
d(z(i) i)

;525 ) <bo. A review of Definition 11.2 and Lemma 11.1 gives us

(11.10) Z§i+1) + Vzgi+1)73 C D(Z](H—l), by) C D(Zj(i), 3by) C Zj(i) + Vz(i) Q.
Let £ € R be given. By (11.7) and (11.10), for any ¢ € P, there is an 1;(¢) € Q such that

(11.11) FiY(¢,6) = V(0 (0), ).
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Since Q is a compact set in R and since F(?) = 0, by (11.9) we have
Tim sup{|F} (n,€)| :n € Q} = 0.

Combining this with (11.11) and (11.9), we find that FOTD((,€) = 0 for every ¢ € P.
Since P is a non-empty open subset of R, this implies that FU+tD (¢ &) = 0 for every
¢ € R. Since this is true for every £ € R, we conclude that F(+1 is identically zero on
R x R. This completes the induction on 1.

In particular, the above tells us that F(™) =0 on R x R, and consequently

(11.12) lim F"™(0,0) = F™(0,0) = 0.

v—oo Jv

Recalling (11.7), we have
m 0 n m 0 n
F(0,0) = [r(z ) e (™, %) = ()" AR, K, ).
Since d(wj,, 2z;,) < R, from (4.1) and Lemma 2.1 we obtain
[(Aku,, k=, )| < ColES™(0,0)].

This and (11.12) together contradict (11.4). This completes the proof. [J
Proof of Theorem 1.2. This follows immediately from Propositions 11.4 and 9.2. [J
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