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Abstract. Let u be a regular Borel measure on the open unit ball B in C". By a natural
formula, it gives rise to a Toeplitz operator 7}, on the Hardy space H?(S). We characterize
the membership of T;;, 0 < s < 1, in any norm ideal Cg that satisfies condition (DQK).

The same techniques allow us to compute the Dixmier trace of T}, when T}, € Cf’ .

1. Introduction

Toeplitz operators are usually associated with symbols that are functions. But in this
paper we only consider Toeplitz operators whose symbols are measures. Moreover, the
underlying space will be the Hardy space on the sphere.

Let S denote the unit sphere {z € C" : |z|] = 1} in C". Write do for the standard
spherical measure on S with the normalization ¢(S) = 1. Recall that the Hardy space
H?(S) is simply the norm closure of the analytic polynomials C|[z1,..., z,] in L(S,do).
Suppose that p is a regular Borel measure on the open unit ball B = {z € C™ : |z| < 1}.
On the Hardy space H?(S), we define the Toeplitz operator T}, by the formula

(1.1) T = [ %dmm, [ e H(S).

It is well known that the Toeplitz operator T}, is bounded on H?(S) if and only if x is a
Carleson measure for the Hardy space. In the case where n = 1, Luecking characterized
the membership of 7}, in the Schatten class C, for all 0 < p < oo [12]. Recently in [13],
Pau and Perala generalized this Schatten-class characterization to cover all n > 1.

There are, however, many more important operator ideals other than the Schatten
classes. For example, if one is interested in the Dixmier trace [1,5,6,16], one considers the
ideal C;", which is strictly larger than the trace class C; but contained in every Cy.., € > 0.
In this paper we will take up the task of determining the membership of T, in some of
these other operator ideals. But, as the reader will see, the techniques required to handle
these other ideals are completely different from those employed in [12,13].

First, let us discuss general operator ideals, and the standard reference for these ideals
is [11]. Let ¢ denote the linear space of sequences {a;};cn, where a; € R and for every
sequence the set {j € N : a; # 0} is finite. A symmetric gauge function is a map
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that has the following properties:
(a) ® is a norm on ¢.
(b) ®({1,0,...,0,...})=1.
(c) ®({a;}jen) = ®({|ar(;) |} jen) for every bijection 7 : N — N.
See [11,page 71]. Each symmetric gauge function ® gives rise to the symmetric norm

IAlle = §1>111)<I>({31(A), ...,85(A),0,...,0,...})

for bounded operators, where s1(A),...,s;(A),... are the singular numbers of A. On any
separable Hilbert space H, the set of operators

(1.2) Co={A€BH): |Als < o0}

is a norm ideal [11,page 68]. That is, Cs has the following properties:
e For any B, C € B(H) and A € Cy, BAC € Cy and | BAC||le < ||B]|||Alla||C]|-
o If A e Cyp, then A* € Co and ||A*||e = || Al|a-
e For any A € Cs, ||A|| < ||A||¢, and the equality holds when rank(A4) = 1.
e Cy is complete with respect to ||.| .

Now an obvious question is, how do we characterize the membership
(1.3) T, €Co
for the Toeplitz operator defined by (1.1)? Before we discuss this membership problem,

let us first look at some classes of examples of Cg.

There are many familiar examples of symmetric gauge functions. For each 1 < p < o0,
the formula ®,({a;}jen) = (Z;’;l la;|P)}/P defines a symmetric gauge function on ¢, and
the corresponding ideal Cg, defined by (1.2) is just the Schatten class C,,.

But there are plenty of important ideals C¢ beyond the Schatten classes. For each
1 < p < oo, we have the symmetric gauge function @ defined by the formula

- = |a7r j | A
o, ({aj}jen) =Y j(l’—%’ {aj}jen € ¢,
i=1
where m : N — N is any bijection such that |a,)| > |ax2)| = -+ > |ax@)| = ---, which

exists because each {a;};en € ¢ only has a finite number of nonzero terms. In this case,
the ideal Cg- defined by (1.2) is called a Lorentz ideal and often simply denoted by the
p

symbol C,;. When p =1, C; is just the trace class C;. But when 1 < p < oo, €, is strictly
smaller than the Schatten class C,.

Similarly, for each 1 < p < co we have the symmetric gauge function

T U |axl +lar@)| + -+ lax()|
@y ({a;}jen) = ?gll) 1-1/p 4 2-1/p ... 4 j=1/p

) {aj}jGN € ¢,
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where, again, 7 : N — N is any bijection such that |a,| > |ax(+1)| for every j €
N. Then Cq4+ is usually denoted by the symbol Cf, and we will write || - ||} for || - ||+

p p
Moreover, for 1 < p < oo we have

C, cC,CC,

and, with the only exception C;” = C;, these inclusions are all strict. Furthermore, for each
1<p<oo, C;r/(p_l) is the dual of C; [11]. Also, it is well known that for each 1 < p < oo,

the ideal C/I" is not separable with respect to the norm || - [|f.

Because of the structure of the Hardy space H?(S), it does not appear easy to answer
the membership question (1.3) for all symmetric gauge functions ®. We need to impose a
condition on ®. But this condition is satisfied by ®,, ® ; and (I)]‘gF . Thus we will characterize
the memberships 7, € C; and T, € C;' , and we will do even more. Note that T}, is a
positive operator, so we can consider its powers. Thus, in addition to the membership
problem (1.3), we can more generally consider the problem T;€Cp for 0<s <1

The reader will see that our techniques are so general that if we consider the analogue
of the membership problem T); € Cs on the Bergman space L?(B, dv), then no condition
needs to be imposed on ®. In other words, in the Bergman space case our techniques can
handle all symmetric gauge functions ®. This is due to the structural difference between
L2(B,dv) and H?(S), which will be further explained later. But first let us discuss the
condition that we do need to impose in the Hardy-space case.

For any a = {a;}jen and N € N, define the sequence alNl = {aﬁ-v}jeN by the formula

(1.4) af =a; if (i-1)N+1<j<iN,ieN.

In other words, al¥! is obtained from a by repeating each term N times. Alternately, we
can think of al™¥ as a @ - -- @ a, the “direct sum” of N copies of a.

Definition 1.1. [17,Definition 2.2] A symmetric gauge function & is said to satisfy con-
dition (DQK) if there exist constants 0 < § < 1 and 0 < o < oo such that

®(aM) > aN?®(a)

for every a € ¢ and every N € N.

Obviously, the symmetric gauge functions ®,, 1 < p < oo, and ®; = ®] satisfy
condition (DQK). In fact, one can think of (DQK) as an inherent property of the Schatten
classes. But this is one property that is shared by many other classes:

Proposition 1.2. [17,Proposition 5.1] (Also see [9,Section 6].) For each 1 < p < 0o, both
symmetric gauge functions @, and @; satisfy condition (DQK).

The case of CfL and Dixmier trace will be considered separately in Sections 7 and 8.

We will determine the membership T; € Cq for ® satisfying condition (DQK). Next
we discuss the membership criterion, which involves the Bergman-metric structure of B.
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Throughout the paper, 5 denotes the Bergman metric on B. That is,

1+ | (2)]
1~ [pw(2)]’

where ¢, is the Mdbius transform of B [14,Section 2.2]. For each z € B and each a > 0,
we define the corresponding S-ball D(z,a) = {w € B : f(z,w) < a}.

1
B(z,w) = §log z,w € B,

Definition 1.3. (i) Let a be a positive number. A subset I' of B is said to be a-separated
if D(z,a) N D(w,a) = for all distinct elements z, w in T.

(ii) Let 0 < a < b < co. A subset I' of B is said to be an a, b-lattice if it is a-separated
and has the property U.erD(z,b) = B.

(iii) A subset I' of B is simply said to be separated if it is a-separated for some a > 0.

Our investigation fits nicely in the following broader context. Given an operator
A, particularly an operator on a reproducing-kernel Hilbert space, one is always inter-
ested in formulas for its set of singular numbers. But as a practical matter, a formula
that is both explicit and exact, is usually not available. Thus one is frequently forced to
search for alternatives: are there quantities given by simple formulas that are equivalent
to {s1(A4),s2(A),...,s;(A),...} in some clearly-defined sense?

Intuitively, for the Toeplitz operator T, defined by (1.1), if I is an a, b-lattice in B,
then the set of scalar quantities

= VA T

should be equivalent to the set of singular numbers {s1(7},), s2(T}.),...,s;(Ty),...}. The
main results of the paper confirm our intuition in two different ways. First, we have

Theorem 1.4. Suppose that ® is a symmetric gauge function satisfying condition (DQK).
Let0 < s <1, and let0 < a < b < oo be given such that b > 2a. Then there exist constants
0 < ¢ < C < oo which depend only on ®, s, a, b and the complex dimension n such that

*({(6550) ) = e =en({ (52550 1)

for every regular Borel measure p on B and every a, b-lattice T C B.

Second, the connection between (1.5) and {s1(7},), s2(1}.), ..., s;(1}),... } can be seen
through Dixmier trace. As it turns out, the techniques that allow us to prove Theorem 1.4,
also allow us to compute the Dixmier trace of T}, when T}, € C;". In fact, to compute the
Dixmier trace of T},, we just need a more refined version of (1.5), which is understandable
because computation is more precise than general estimates. Suppose that I' is an a, b-
lattice in B with b > 2a. Then B admits a partition B = U,cp E, such that E, C D(z,b)
for every z € I'. We will show that T}, has the same Dixmier trace as the diagonal operator

E Cz€x & €y,
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where {e, : z € I'} is any orthonormal set and

(1.6) cs :/E dpw)

. (1= fw?)™

z € I'. In other words, Dixmier trace cannot distinguish between the singular numbers
{s;(T,) : j € N} and the scalar quantities {c, : z € I'} explicitly given by (1.6). This fits
nicely in our broader context mentioned earlier.

Let us explain a little more of the underlying intuition for both Theorem 1.4 and
the computation of Dixmier trace mentioned above. The determining factor here is the
behavior of the normalized reproducing kernel k. for the Hardy space H2(S). We have

17 bk (L=~ JwP) 2\
z,w € B. The most important thing in the above is the power n, which is what distinguishes
the Hardy space from other reproducing-kernel Hilbert spaces on B. To prove a result
such as Theorem 1.4, one needs control in both radial and spherical directions of a certain
decomposition. Of the two, the radial direction is more problematic. If we had a power
n+e€in (1.7) for some € > 0, then it would give us enough control in the radial direction to
handle all norm ideals Cg. But n itself just misses being enough of a power, if we consider
® unconditionally. Then came the realization that in the case where ® satisfies condition
(DQK), we can “manufacture” an additional power e for control in the necessary estimates.
That is why we are able to prove what we prove in this paper.

In the Bergman-space analogue of (1.7), the corresponding power is n + 1. That, as
we explained above, makes the Bergman-space case a much easier case. More to the point,
condition (DQK) is not needed for the analogue of Theorem 1.4 on L2 (B, dv).

To conclude the Introduction, let us briefly describe the rest of the paper. Section 2
contains a number of preliminaries concerning the Bergman metric and related estimates.
In Section 3, we state an operator form of the atomic decomposition on H?(S). Since we
need a more precise statement than what can be found in standard references, we work
out the details in Section 3.

In Section 4 we present a number of properties of symmetric gauge functions and
symmetric norms. We would like to call particular attention to Proposition 4.6, which is
how condition (DQK) enters our estimates.

With the above preparations, the upper bound in Theorem 1.4 is proved in Section
5, and the lower bound is proved in Section 6. The proofs of these two bounds are based
on various decompositions in terms of radial and spherical coordinates, and judicious re-
grouping of the terms, which ultimately produce “small factors”. The best way to explain
this is to take a look at (5.24), where we see two small factors on the right-hand side,

2—2(s(n—|—t)—n)p and g—2ent.



The factor 27 2((*+)=1)P which represents decay in the spherical direction, is obtained
through the use of the modified kernel v, ;, whereas the factor 2727t wwhich represents
decay in the radial direction, is obtained through condition (DQK). But it takes the long,
tedious work up to (5.24) to actually produce these small factors.

Sections 7 and 8 contain calculations of the Dixmier trace of T,, when T}, € C;". More
specifically, in Section 7 we deal with the case where T}, is a discrete sum. As it turns out,
this discrete case embodies most of the difficulties and is more tedious than the estimates in
Section 5. For example, it requires not one, but two applications of Proposition 4.6, which
take quite a bit of work to set up. The reason for the added difficulty is that computation
of Dixmier trace does not allow the use of the modified kernel 1, ;. Then in Section 8, we
deduce the Dixmier trace of a general T,, € C;" from the discrete case in Section 7, which
also takes some work.

Finally, in Section 9 we show that the membership criterion in Theorem 1.4 is equiv-
alent to a condition stated in terms of modified Berezin transform.

2. Preliminaries

The work in this paper relies heavily on the Bergman-metric structure of the ball. Let
d)\ denote the standard Mobius invariant measure on B. That is,

dv(¢)

dA() = ———2——.
O = ey

Lemma 2.1. (1) For any pair of 0 < a < 0o and 0 < R < oo, there is a natural number

N = N(a, R) such that for every a-separated set I' in B and every z € B, we have

card{u € I': B(u,z) < R} < N.

(2) For any pair of 0 < a < R < oo, there is a natural number m = m(a, R) such that
every a-separated set I' in B admits a partition I' = T'y U --- U T, with the property that
each I'; is R-separated, j = 1,...,m.

Proof. (1) is a simple consequence of the fact that, for any 0 < r < oo, the value of
A(D(w,r)) is independent of w € B. Then, by (1), for any 0 < a < R < oo, there is an
m € N such that if I is any a-separated set in B, then card{u € I" : B(u,v) < 2R} < m for
every v € I'. By a standard maximality argument, I' admits a partition ' =T; U---UT,,
such that for every j € {1,...,m}, the conditions u,v € I'; and u # v imply S(u,v) > 2R.
Thus each I'; is R-separated, proving (2). O

Lemma 2.2. Given any pair of 0 < Ri < 0o and 0 < Ry < oo, there is an m € N
which has the following property: Suppose that I' is a 1-separated set in B. Then for each
z € D(0, Ry), there is a partition T' =11 U--- UL, such that for every j € {1,...,m}, if
u,v € I'; and if u # v, then B(py(2), pu(2)) > Ra.

Proof. 1t suffices to note that for all z,u,v € B we have

Bu,v) < B(u, pu(2)) + Blpu(2), pu(2)) + Blpu(2),v) = 28(0, 2) + B(pu(2), pu(2)).
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Then the desired conclusion follows from Lemma 2.1(2). O
Lemma 2.3. [20,Lemma 2.3] For all u,v,z,y € B we have

(L= lpu(@) )21 = leu@)I)? _ ) sora0 L= [ul*) 20— [v)!72
|1_<§0u(x>7§0v<y)>| N ‘1_<va>‘ .

Lemma 2.4. [10,Lemma 3.9] The inequality 1 — |z|?> < 4e2P=%) (1 — |w|?) holds for all
z,w € B.

Lemma 2.5. For each t > 0, there is a constant Cy 5 = C5(t) such that the inequality

C1e12V1/2(1 _ |12)1/2\ "t
Z ((1 |£’|1)_ <(€1’ U>|‘U| ) ) (1 . |v|2)n/2 < Cz.seitRm(l - |€|2>n/2

vel
B(v,§)>R

holds for every 1-separated set I in B, every & € B and every R > 0.

Proof. This is similar to [20,Lemma 2.4], but we include the details here for the convenience
of the reader. If w € D(v,1), then v € D(w,1) = ¢, (D(0,1)). Thus if w € D(v,1), then
v = @y, (y) for some y € D(0,1). Let £ € B. Since £ = ¢¢(0), from Lemma 2.3 we obtain
(L leP) 2 o) (L= [g)2 (0 = |w]?)!/?
< 2e
’1_<§7U>‘ ’1_<£7w>‘

for every w € D(v,1). Similarly, for w € D(v, 1), Lemma 2.4 gives us

1— |v]* <4e*(1 — |w]?).
Set C; = (2¢)"*(4¢?)™2. Then the above two inequalities lead to

(1 2120 — )2\
( =16, >“"“')/

(2.1) <0 (

_1E12)1/2(1 — |qw]2)1/2 n+t
(1 |§||1)_<(£1w>|’ %) ) (1= Jw[2)"/?

for every w € D(v,1). Suppose that I' is a 1-separated set in B. Then by definition
D(v,1)ND(v',1) =0 for v # v in T. Hence for all £ € B and R > 0 we have

—1€12)1/2(1 — |p]2)1/2 n+t
Z ((1 |£| ) (1 | ’ ) ) (1_ ‘U‘Z)n/2

vel ‘1_<£’U>|
B, )>R
_a (L= €A = ) 2N™ ey
= Z ND(v, 1)) /D@,U( 1= (g w)l ) (1= )™ dAw)
B(w,§)>R
(2.2)
Gi (1= g2 (1 = w]?)!/? e — w2 2d\(w
= XD0,1)) /ﬁ(w@ZRl( 1= (&, w)| ) (1 = [w[*)"ZdA(w).
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To estimate the last integral, note that

(1 [g*)!2(1 — Jee(Q1)!?
11— (&, ¢ (O)

Thus, making the substitution w = ¢¢(¢) and using the Mobius invariance of d, we obtain

(1—[€]2)Y2(1 — |w|?)/2\"* e
/ﬁ(w,E)ZR—l( 11— (€, w)] ) (1= |w[*)""dA(w)

- / (1= [¢[2)™HD72(1 — e (€)2)"2dA(C)
B8(0,()>R—-1

_ i 2\n/2 dU(C) = (k%
(1—1¢1) /8(0,§)2R—1 11— (&, O (1 — |¢[2)- /2 ().

It follows from [14,Proposition 1.4.10] that there is a Cy = Co(t) such that

(2.3) / do(z) _ G

1= (zx)* = (1= [22)/4

= (1 [¢)V2.

for every z € B. The condition 3(0,¢) > R— 1 implies 1 —[(| < 2¢ 722, Combining (2.3)
with the decomposition dv = 2nr?"~tdrdo of the volume measure, we have

dv(¢) ! Co2nr?"~tdr
NI (/2 = 2\1—(t/4
80,0)>r—111 — (£, Q)" (1 = [¢]2)1=/2) max{1—2e—2r+2 0} (1 —72)1=(t/4)

1
dy 4 —2R+2
= nC — < —-nC5%(2 + t/4'
<n Q/max{lge—ZR+270} (1 _y)l—(t/4) > tn 2( e )

Therefore

(#%) < =(262)/AnCre /2 (1 — |€2)"/2.

Substituting this in (2.2), we conclude that the lemma holds for the constant

SIS

4n(262)t/40102
Cos =
tA(D(0,1))

This completes the proof. [

The proofs in Sections 5-8 rely on a standard radial-spherical decomposition of the
ball introduced in [19], which we now review. First of all, the formula

(24) d(u,§) = 1= ("%, uges,
defines a metric on the unit sphere S [14]. Denote
Blu,r) ={¢€8: 1= (u,g)[* <r}
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for u € S and r > 0. There is a constant Ay € (27", 00) such that
(2.5) min{2™", 71 }r?" < o(B(u,r)) < Agr®"

for all u € S and 0 < r < /2 [14,Proposition 5.1.4].

For each integer k > 0, let {ug,1,..., Uk m)} be a subset of S which is mazimal with
respect to the property

(2.6) B(ur, 27 " YN Bug ;7,27 =0 forall 1<j<j <m(k).
The maximality of {ug,1,. .., Uk mx)} implies that
(2.7) UMY B(uy,;,27%) = 8.

For each pair of £ > 0 and 1 < j < m(k), define the subset

(2.8) Thj={ru:1-2"2% <r <1272k 4 ¢ By, ;,27%)}
of B. Let us also introduce the index set

(2.9) I={(k,j): k>0,1<j<m(k)}.

However cumbersome the above system is, it is essential for the proofs in Sections 5-8.

Lemma 2.6. [19,Lemma 2.4] Given any 0 < a < oo, there ezists a natural number K
such that every a-separated set I' in B admits a partition I’ =T1'y U--- Uk which has the
property that card(I'; N Ty ;) <1 for alli e {1,..., K} and (k,j) € 1.

Last but not least, we remind the reader of the following counting lemma:

Lemma 2.7. [18,Lemma 4.1] Let X be a set and let E be a subset of X x X. Suppose that
m 1s a natural number such that

card{y € X : (z,y) € E} <m and card{ye X : (y,z) € E} <m
for every x € X. Then there exist pairwise disjoint subsets E1, Es, ..., Ea,, of E such that
E=F UFEU..UEFEy,

and such that for each 1 < j < 2m, the conditions (z,y), (z',y’) € E; and (z,y) # (2, y)
imply both x # 2’ and y # y'.
3. Discrete sums on the Hardy space

The proof of Theorem 1.4 requires a class of operators on the Hardy space H?(S) that
are constructed from separated sequences and modified kernel functions. One can view
this section as an operator form of atomic decomposition [21].
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First, recall that the formula

(1= Jw[*)"?
(1= {Gw))"

gives us the normalized reproducing kernel for the Hardy space H?(S). With that in mind,
for each pair of 0 <t < oo and w € B, we define

kw (C) =

(1= )/t

(3.1) Yu,t(C) = (1 — (C,w))ntt

¢ € B. In terms of the multiplier

(32 mald) = T,

and the normalized reproducing kernel k,,, we have the relation
ww,t - miu kw-

In particular, ¢, o = k. For t > 0, we think of v,,; as a modified version of k,,. This
modification improves the “decaying rate” of the kernel, as can be seen below:

Proposition 3.1. [8,Proposition 3.1] Given any t > 0, there is a constant 0 < C31 < 00
that depends only on t and the complex dimension n such that

n+t

(1= )20 = )2

[(%2,t5 Yw,e)] < Caa (
for all z,w € B.

The main purpose of the section is to establish Propositions 3.2 and 3.8 below.

Proposition 3.2. Given any t > 0, there is a constant 0 < Cs3.2 < 0o that depends only
on t and the complexr dimension n such that

Z ww,t & Cw

wel

< (3

for every 1-separated set T' in B, where {e,, : w € T'} is any orthonormal set.
Proof. Given a 1-separated set I' and an orthonormal set {e,, : w € '}, let us write
B = Z ww,t & Eqp-
wel’

Then
B*B = Z <T/}w,t7¢u,t>€u®ew,

u,wel
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Consider any vector h = > CwCw- We have

wel

(3.3) B*Bh = yueu,
uel’

where

= Z <¢w,t7 ¢u,t>cw7

wel’

u € I'. Applying Proposition 3.1, the Cauchy-Schwarz inequality and the case R = 0 in
Lemma 2.5, we have

R

werl
1—Juf?)!/2(1 — |w|2>1/2)““

< 02 <( (1 . ’w’2)n/2

3'111)261_‘ |1_<wau>‘
« 3 ((1 — [u)!/2(1 - |w|2>1/2>““ cwl®

P 1= (w,u)] (1 — |w[2)"/?
1—Juf2)!/2(1 - 1w|2>1/2>"“ (1 — Jul? )”/2

< C2.Cy (( |cwl?

wZ 1= (w,u)] 1—Jwl?

for every u € I'. Applying Lemma 2.5 again with R = 0, we have

5 Ty 1 [ul?)/2(1 = [w]) 2\ 1= a2\
2< I et O 2
|yu| C’3 1025 ( |1_<w U>| 1 — |’U)|2 |Cw|

uel wel uel’
<3035 ) lewl.
wel’
By (3.3), this means ||B*Bh|*> < C3,C3;||h[|*. Since the vector h = Y, 1 Cweqw Is

arbitrary, it follows that || B|| < (C3.1C2.5)'/2. This completes the proof. [

Proposition 3.3. Given anyt > 0, consider the positive operator

Ry = /?/)z,t ® P 1dA(2)
on the Hardy space H?(S). There are constants 0 < a < b < oo such that al|h||* < (R;h, h)
< b||h||? for every h € H?(S).

Proof. The upper bound was explicitly stated in [7,Proposition 3.1]. The lower bound was
not explicitly stated there, because it was not need in [7]. But the proof of [7,Proposition
3.1] clearly contains the lower bound. Indeed identity (3.6) in [7] gives us

[ -atwit@an:) Zb ) =3 by Y e (w)en (),

k=0 |a|=k

11



(n—14k)! }1/2 «

where e, (w) = {m w®, o € Z'}, and

(TSt (n—1+k)!
b’”_n( > I

when k£ > 1. By standard asymptotic expansion (see, e.g., (3.3) in [7]), there is an a > 0
such that by ¢ > a for every k > 0. Recall that {e, : a € Z" } is the standard orthonormal
basis in H?(S). Therefore the lower bound R; > a holds. [J

Let £ be a subset of B that is maximal with respect to the property of being 1-
separated. This £ will be fixed for the rest of the section. Define the function

F=> Xpun2

uel

on B. By Lemma 2.1, there is a natural number N' € N such that

card{v € L : D(u,2) N D(v,2) # 0} <N
for every u € L. The maximality of £ implies U, e, D(u,2) = B. Hence the inequality
(3.4) I<F<N

holds on the unit ball B. For each ¢t > 0, define the operator

Ré = /F(w)¢w,t ®¢w,td)\(w).
By Proposition 3.3 and (3.4), the operator inequality
(3:5) a <R, <N

holds on H?(S). By the definition of F' and the Mébius invariance of d,

R; — Z /( )ww,t & ww,tdA(w) = Z/ wapu(z),t ® wcpu(z),td)‘(z)
D(u,2 D

ueLl ueLl (0,2)

Now, for each z € B, define

Yz,t = Z wgpu(z),t ® w@u(z)vt'

u€eL

Thus we have
(3.6) m:/ Y, 1dA(2).
D(0,2)
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Definition 3.4. For any ¢ > 0 and any separated set I' in B, we denote

El",t = Z ";bw,t ® djw,t-

wel’

Lemma 3.5. (1) Given any 0 < R < oo, there is an N = N(R) € N which has the
following property: For every pair of t > 0 and £ € D(0, R), there are 1-separated sets
I',....,I'ny in B such that

Yet =FEr, ¢+ -+ Eryt

(2) For every 0 <r <1, we have sup|, <, [|Yz¢| < oc.

Proof. For (1), it suffices to take the m provided by Lemma 2.2 for the case where Ry = R
and Rs = 2 to be the N(R). Then (2) follows from (1) and Proposition 3.2. [J

Lemma 3.6. Lett > 0 be given. Then there is a constant Cs.g = C3.6(t) such that
(3.7) V2,6 — Yuw,ell < C3.68(2,w)
for all z,w € B. Similarly, there is a constant Cy 4 = C% 4(t) such that

(3-8) (a0 kz — k)| < C36B8(z,w) (L= [21)"2[1hs,4(2))

for every v € B and all z,w € B satisfying the condition (z,w) < 1.
Proof. First of all, by elementary analysis, there is a C = C(n, t) such that

(3.9) ‘1_(%)(n/2)+t(%)n+t

for all u € D(0,1), z € B and y € B.

< Clul

We have ||m.||cc =1+ |z] < 2, consequently [|1, || < 2¢, z € B. Thus, to prove (3.7),
it suffices to consider z,w € B satisfying the condition f(z,w) < 1. For such a pair of
z,w, we can write w = ¢, (&) with 8(0,£) = B(z,w) < 1. Then

1— o (PP 12 "
1—|z\2) (1—<C,so_z(£)>> '

By [14,Theorem 2.2.2], if we write x = ¢,((), then { = . (z) and

1—<C,Z> _ 1_<§Dz(x)790z(0)> — 1_<27€> — 1—<Z,£>
1— <C7902<§)> 1— <CPZ(CU), cpz(ﬁ)> 1- <x7§> 1- <902(C)7£> .

butlC) = Yo o4 () = wz,t@)(

Similarl
. L@ 1—|¢P
e e R

13



Thus we can represent 1, + as the following “multiplicative perturbation” of 1), ;:
Lo g N\ 1z
0 = ) (A0 Y
(340 (O =l T e 1= (0.(0.6
Since |1, +|| < 2%, combining this identity with (3.9), we find that
”d’z,t - ¢w,t|| < 2tC|€|-

We have
14 ¢ |

1
—log ——.
I—¢l —2 7 1=
From this it is elementary to derive that |¢| < 1 —e~28(0:8) < 25(0,¢). Hence

92,6 = tuell <2°C-25(0,€) = 271 CB(z, w),

1

>

5(0,6) = 3 log

which proves (3.7).
To prove (3.8), note that

(s ks = ko) = (1= [2[)2hs,4(2) = (1 = [w]*)" 24 o (w).

Writing w = ¢.(§) as in the proof of (3.10), we have

(1—|w!2)“/2%,t(w):(1—|z|2)n/2¢w(z)(M)W(%)m

1-— |Z|2 1- <Q0z(§)a
= — z2 n/2 z 1_—|£‘2 " & "
(1= [2[7)"™ by )(|1—(§,z>|2> (1—<§790z(7)>) .

Combining these identities with an obvious variant of (3.9), (3.8) follows. [

Proposition 3.7. For any given value t > 0, the map z — Y, ; from B into B(H?(S)) is
continuous with respect to the operator norm.

Proof. Let z € B and consider w € U = D(2,1). By Lemma 3.5(2), we have supq¢; || Yz ¢l
< 00. To estimate ||Y, ; — Yy +||, we pick an orthonormal set {f, : © € L} and define

XCJ = Z w«,Ou(C),t ® fu

ueL

for each ¢ € U. Since Y¢; = X¢ X[, we have sup.¢s || X¢¢[| < oo. Thus it suffices to
2 - ||(XZ,t - X’U},t)*(XZ,t - Xw7t)||'

To do this, we write p = 5(z,0). Since w € D(z,1), we have w € D(0,p + 1). Then
by Lemma 2.2, there is an m € N determined by p + 1 such that || X, ; — Xy ¢|? is less
than or equal to the sum of at most 2m terms of the form ||A(X.: — Xy ¢)||, where

A= Zev ®¢v,t7

vel’

estimate || X, ; — Xy ¢
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I" is a 1-separated set in B, and {e, : v € I'} is an orthonormal set. Note that

A(Xop — Xut) = Z (Vg ()t = Voo (w),t5 Vu,t) €0 @ fu

(v,u)erx L
Thus for each R > 0, we can write
(3.11) A(X.t — Xwit) = Szwsr + 12 wiR,
where

S.wiR = Z (Vg ().t = Voo (w) t5 Yu,t) €0 @ fu  and
(vu)elx L
B(v,u)<R

Tz,w;R = Z <w<pu(z),t - wgou(w),ta wv,t>ev ® fu-
(v,u)er'x L
B(v,u)>R

Let € > 0 be given. We first show that there is an R > 0 such that
(3.12) | Tsw:r| <e€/2 forevery weU=D(z1).

To prove this, note that since f(w,0) < p+ 1, Lemma 2.3 gives us

(0= lou(@)DV20 — )2 _
1= (pu(w),0)] =2 1= {u,0)

for v eI and u € £. A similar inequality holds with ¢, (2) in place of ¢, (w). Combining
these facts with Proposition 3.1, we obtain

|<¢(pu(z),t - d&pu(w),tvwv,tﬂ < ’<w<pu(z),t7 ¢v,t>| + ‘(djwu(w),ta ¢v,t>‘

(L= [u?)!72(1 = [of?)72\ "
<a("“Maar)

where C = 2(2e#T1)" (3 ;. Consider an arbitrary vector h =Y, - ¢y fu. Then

(313) Tz,w;Rh = Zyvem
vel

where each y, satisfies the estimate
1— lul2)1/2(1 — |p|2)t/2\ "
ECERS (( Ll G Ll ) .

uGE |]' - <u7 U>|
B(v,u)>R
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Applying Lemma 2.5 and the Schur-test as in the proof of Proposition 3.2, we obtain

D lyl? < CRCE e Y eu]?.

vel ueLl

By (3.13), this means ||T .,.rh||?> < C2C3 e~tE||h||?. Since the vector h is arbitrary, we
conclude that || T ,.r|| < C1C2 5 #/2. Hence there is an R > 0 such that (3.12) holds.

Fix such an R. Next we show that for this fixed R, there is a 0 < § < 1 such that
if 5(z,w) < 6, then [|S; :r| < €/2. By (3.11) and (3.12), this will complete our proof.
Since I' and £ are 1-separated, by Lemma 2.1, there is an N € N such that

card{v €' : f(v,2) < R} <N and card{u€ L:f(u,z) < R} <N
for every x € B. By a standard maximality argument similar to Lemma 2.7, the set
E={(v,u) el x L:B(v,u) < R}

admits a partition £ = Fy U --- U Eyn with the property that for every j € {1,...,2N},
the conditions (v,u), (v,v') € E; and (v,u) # (v',u) imply both v # v and u # v’
Accordingly, we have the decomposition

(314) Sz,w;R =S+ + S2N7

where

Sj = Z (Vo ()t = Vo (w),ts Vu,t) €0 @ fu

(v,u)€E;

for each j € {1,...,2N}. The property of E; ensures that

(3.15) 1S5l = sup  [(Vy, (2)t = Vu (w),ts Po,t)|-

(v,u)€EE;

On the other hand, it follows from Lemma 3.6 that

‘(@bcpu(z),t - ¢¢1L(w),ta wv,tﬂ < ngou(z),t - wgou(w),tH va,tH
< 2'C3.6B(0u(2), pu(w)) = 2°C5.68(z, w).

Combining this with (3.14) and (3.15), we find that [|S, gl < 2N2'C566(2, w). Thus if
we choose 0 < § < 1 such that 2N2¢C5.66 < €/2, then for every w satisfying the condition
B(z,w) < 4§, we have ||S;.u:r| < €/2. This completes the proof. [J

Proposition 3.8. Given anyt > 0, there exists a constant 6 > 0 and a finite number of
1-separated sets I'1,...,T",, in B such that

(Er, of f) + -+ (Er, +f, f) > 8|l fII?

for every f € H?(S).

16



Proof. The closure of D(0,2) is, of course, a compact subset of B. Recall that we have the
integral formula (3.6) for R;. It follows from the norm-continuity provided by Proposition
3.7 that the integral on the right-hand side of (3.6) is the limit in operator norm of Riemann
sums. In particular, for the a > 0 that appears in (3.5), there is a Riemann sum S such
that ||R, — S|| < a/2. Then, by (3.5), the operator inequality

(3.16) S>a/?

holds on H?(S). Since S is a Riemann sum for the integral in (3.6), there are pairwise
disjoint Borel subsets G1,...,G, in D(0,2) and z; € G, j =1,...,v, such that

(3.17) S=MG)Y. 0+ -+ AMG)Y2, 1.

If we set § = a/{2X(D(0,2))}, then from (3.16) and (3.17) we obtain
Yot 4 Y >0

Now an application of Lemma 3.5(1) completes the proof. [J

4. Norm ideals and condition (DQK)
We need a number of basic facts about || - ||¢.

Lemma 4.1. [19,Lemma 3.1] Suppose that Aq,..., A, are finite-rank operators on a
Hilbert space H and let A = Ay + -+ + Ap,. Then for each symmetric gauge function ®
and each 0 < s <1,

AP le <2 (llA1l e + - + [ Am|*ll0)-

Lemma 4.2. [10,Lemma 3.3] Let A and B be two bounded operators. Then the inequalities
IIAB*le < [ BI°[[|A[*le and [|BA[*|la < [|B[I*I|A]°]lo

hold for every symmetric gauge function ® and every 0 < s < 1.

Lemma 4.3. [19,Lemma 5.1] Let {Ax} be a sequence of bounded operators on a separable
Hilbert space H. If {Ar} weakly converges to an operator A, then the inequality

14l < sup [ Axllo

holds for each symmetric gauge function ®.

Recall from [11,page 125] that given a symmetric gauge function ®, the formula

" ({by }hjen) = sup{

{aj}jen € ¢, ®({a;}jen) < 1}, {bj}jen € ¢,

17



defines the symmetric gauge function that is dual to ®. Moreover, we have the relation
®** = & [11,page 125]. This relation implies that for every {a;};en € ¢, we have

@) e{aghen) = sup{

(b }jen € & @ ({b;}jen) < 1}

Lemma 4.4. Let ® be a symmetric gauge function. Suppose that A and B are operators
such that A*A € Ce and B*B € Co. Then AB € Cy. Moreover,

|AB||s < {||A*Al|s]|B*B|ls}"">.

Proof. Let ®* be the symmetric gauge function that is dual to ®. Consider any finite-rank
operator F'. We have the polar decomposition F' = U|F|, where U is a partial isometry
and |F| = (F*F)'/2. We can factor F in the form F = FyFy, where Fy = U|F|'/? and
F, = |F|"/2. Note that |[F1Ff|e- = |F|lex = ||F} Fs|/g-. Write || - ||2 for the Hilbert-
Schmidt norm. By (7.9) on page 63 in [11] and the duality between ® and ®*, we have

tr(ABF)| = |tr(ABF, Fy)| = |tr(F, ABF))| < || F2All2|| BF: ||
= {tr(A*F} Fy At (Ff B*BF)YY? = {tr(F} Fy AA*)tr(B* BF FF)} /2
< {|IF5 Falle- [ AA™ ||| B Bllo||Fy FY o= }'/? = {|[AA"|lo]|B" Bllo}""* || Fl| o

@*
Since this holds for every finite-rank operator F, the lemma now follows from (4.1). [J

Suppose that ® is a symmetric gauge function. For each 1 < p < oo, we define

) ({aj}en) = {({Jasl hien)} "

for {a;};en € ¢é. Using the duality mentioned above, it is easy to verify that ®(®) satisfies
the triangle inequality and is, therefore, a symmetric gauge function.

Lemma 4.5. Let ® be a symmetric gauge function that satisfies condition (DQK). Then
for every 1 < p < 0o, the ®®) defined above also satisfies condition (DQK).

Proof. By Definition 1.1, there are a and  such that ®(hIN) > aN?®(h) for all h € ¢ and

N € N. Let 1 <p < oo. Given an a = {a;};en € ¢, denote b = {|a;j|P};en. Then
q;(p)( ) {®(b [N])}l/p > {aN%®(b )}l/p - al/pNt‘)/pq)(p)(a)

for every N € N. Thus &) satisfies condition (DQK) with constants a'/? and 6/p. O

An obvious question is, how do we actually use condition (DQK) in the proof of
Theorem 1.4 and in calculation of Dixmier trace? It will be used in the following way:

Proposition 4.6. Suppose that ® is a symmetric gauge function satisfying condition
(DQK), and let 0 < s < 1. Then there exist constants 0 < e < 1 and 1 < C < oo which
depend only on ® and s such that the following estimate holds: Let N € N. Suppose that

Ay, Ay, AL
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are pairwise disjoint subsets of N satisfying the condition card(A;) < N for every j > 1.
Given a sequence a = {a;}ien of complex numbers, define

1 1/2
_ 2
b= (5 X loi?)
’LEA]'
for every j € N. Then we have

O({bj}jen) < N™°CO({las|" }ien)-

Proof. By definition, there are 0 < # < 1 and 0 < C' < oo such that
(4.2) ®(a) < Cm~®(al™) forall acé and m e N.
Given any N € N, let M € N be such that N*/2 < M < N%2 4 1. Given any sequence
a = {a;}ien of complex numbers, define b; as above, j € N. Let E = {j € N : b; # 0}.
Obviously, ®({bj}jen) = ®({bj}jecr). For each j € E, define
Bj = {Z S Aj . |6Li|2 Z b?/2}

Finally, define

Ji={j€eE:card(B;) >M} and Jy={je€ E:card(B;) < M}.

Write 8 = {bj}jes,. Since b < 2%/2)a,|* for every i € B; and since B; N By = () when
§ # j', we have ®(BIM) < 25/2®({|a;|*}sen). Combining this with (4.2), we find that

(43)  @(8) < CM oM < 222CM 0 ({|a; " Vien) < 27PCN20({|ail* }iew)-
On the other hand, if i € A;\By, then |a;|> < b3/2. Since card(A4;) < N, we have
1 b?
N Z ’CLZ‘|2 < EJ
i€ A;\B;
Consequently, for each j € F,

1 M, o 1 2 b
a2yl =g > el =5
1€B; 1€B;

For each j € Js, since card(B;) < M, the above implies that there is an i(j) € B; such
that (M/N)|a;;[* > b?/Q. Obviously, for j # j’ in Jo we have i(j) # i(j'). Hence

(4.4) D({b3}jes) < 272 (M/N)*20({|aij)| }ies) < 2°N /4 ({|a;|*}ien),
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where for the second < we use the fact that M < N2 + 1. Since E = J; U J, the
proposition follows from (4.3) and (4.4). O

We conclude the section with two basic lemmas.

Lemma 4.7. [19,Lemma 6.2] If Ay, ..., Ay, ... are trace-class operators, then the inequal-
ity

A1 @ @ An & [lo < O({[[Arllr,- - [Amll1, - })
holds for every symmetric gauge function ®, where || - ||1 is the norm of the trace class.

Lemma 4.8. [19,Lemma 2.2] Suppose that X and Y are countable sets and that N is a
natural number. Suppose that T : X — Y is a map that is at most N-to-1. That is, for
everyy € Y, card{x € X : T(x) = y} < N. Then for every set of real numbers {b,},cy
and every symmetric gauge function ®, we have ®({br(z)}eex) < NO({by}yey)-

5. Proof of Theorem 1.4 — the upper bound

To prove the upper bound in Theorem 1.4, consider a regular Borel measure p on B.
Given such a p, we define the measure i on B by the formula

dp(w)

(5.1) di(w) = oy

It is straightforward to verify that we have the integral representation

n:/m®m@w)

for the Toeplitz operator T}, defined by (1.1). Let 0 < a < b < co. Suppose that I' is an
a, b-lattice in B. We define

Tr=>_ /D ko @ kydfi(w).

zell (Zab)

Since U.erD(z,b) = B, the operator inequality 7, < Tt holds on H?(S). It follows from
this operator inequality that for every 0 < s < 1 and every symmetric gauge function ®,

1T e < (|77 |-

Thus it suffices to estimate ||T{||s. But this estimate can be further reduced.

Consider any finite subset F' of I' that has the property fi(D(z,b)) # 0 for every z € F.
For such an F', we define



Lemma 4.3 implies that |73/ is the supremum of ||T5||¢ over all such possible F’s. Thus
it suffices to consider an individual TF.

To estimate || 15| ¢, by Lemmas 2.6 and 4.1, partitioning F' by a fixed number of
subsets if necessary, we may assume that F' has the additional property that

(5.2) card(FN Ty ;) <1 forevery (k,j)el,

where T}, ; and I are given by (2.8) and (2.9) respectively. For convenience, let us write
¢, = ji(D(z,b)) for each z € F. Define the measure

XD(z,b) (w)

v ) = 2" Xp(e (w)dpw) = 27 o du(w)

for each z € F. Then

(5.3) Tp =) c /kw @ kopdv, (w).

zeF

Obviously, dv, is a probability measure concentrated on D(z,b). Therefore each dv, is in
the weak-* closure of the convex hull of unit point masses on D(z,b). Consequently, T is
in the closure in strong operator topology of operators of the form

d
1
(54) T = E Z Cz Z kw(z;i) & kw(z;i)v
zeF =1

where d € N and for each z € F, we have w(z;i) € D(z,b) for every i € {1,...,d}. Thus,
for any given 0 < s < 1, it suffices to estimate ||T%||¢.

Now we factor T'. Pick an orthonormal set {e(z;i) : z € F,1 < ¢ < d} and define
(5.5) W:izcmik B ®€(z;4).
Vd z€F = v 7
Obviously, we have T'= WW*. Denote ¥ = ®®2). Then
(5.6)  ITlle = [(WW*) o = (W W) lle = W [*[lo = W[5 = IV

This reduces the problem to the estimate of |||V ]*||.

To estimate |||WW]*|w, pick a t such that st > n. By Proposition 3.8, there are 1-
separated sets I'1,...,I",, in B such that the operator

(5.7) A=Epr, ¢+ +EBr,.
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satisfies the inequality A > § on H?(S) for some § > 0. By Lemma 4.2, we have
Wl = AT AW [lo < 67 [[[AW]* |-

For each 1 < r < m, we pick an orthonormal set {e(r;w) : w € I',.} and factor Er_; in the
form Er_ , = B, B, where

B, = Z Y.t @ e(r;w).

wel,.

Since A is given by (5.7), applying Lemmas 4.1, 4.2 and Proposition 3.2, we obtain

(5.8) W] g < 28 C5y masc [IBIWP .

To summarize, we have now reduced the proof of the upper bound in Theorem 1.4 to the
estimate of |||B*W|*||w, where

B = Zw’y,t@)ew

yeG

G is a l-separated set in B and {e, : 7 € G} is an orthonormal set. Invoking Lemma 2.6
again, we may further assume that G has the additional property

(5.9) card(GNTy ;) <1 forevery (k,j)e€l,

which, along with (5.2), will be needed for our counting argument below.

Recalling (5.5) and using the reproducing property of k,,, we have

d
B'W = Z Z Ci/Q% 2(1 — |w(z; i)|2)n/2¢fy,t(w(z; i))ey ® €(z;1)

vEG z€F

(510) = Z Z Ci/267 & fz;'y;

YyEG z€F

where
1 < o 1o . .
(5.11) fer = 7 ;u — w(z;1)|?)™ 21y (w23 9))e(z;9)

for v € G and z € F. For each pair of z € F and i € {1,...,d}, we have w(z;i) € D(z,b).
Thus there is an x(z;4) € D(0,b) such that w(z;i) = ¢,(x(z;4)). By Lemmas 2.3 and 2.4,
there is a constant C; such that

(1= Jw(z8) )" |¢y i (w(z50)] < Cr(1 = |2*)" 2]y 4(2)]
forally € G,z € Fand i€ {1,...,k}. Hence

(5.12) 1ol < Cr(L = [21)"2 [y 0(2)]
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for all vy € G and z € F.
At this point, we need to organize the pairs (v, z) € G x F using the decomposition
scheme in Section 2. First of all, for each integer £k > 0 we define
Hy={weB:1-27% < |y| <1—2720k+1},

The point is that Hy = U;n:(]f)

Gr,=GNH, and F,=FnNH,..

Tk, ;. Then, for each k > 0, define

By (5.10), we have

(5.13) BW =) Yi+)Y Z,
£=0 (=1
where
Yy = Z Z c?e, @ f.., and Z, = Z Z c2e, @ f....
k=0 (’y,z)EGkXFk_;'_g k=0 (’Y,Z)GGk+[XFIg

Next, from (2.7) we see that there exist Borel sets {Sj ; : (k,j) € I} in the sphere S that
satisfy the following three conditions:
(1) For every (k,j) € I, we have Sy ; C B(ug ;,27").
(2) For every k > 0 and every pair of j # j" in {1,...,m(k)}, we have S; ;NS ; = 0.
(3) For every k > 0, we have U;ﬁ:(]f)Sk,j =5.
We will use these sets to further decompose Y.
We write each z € F' in the form z = |z|¢, with £, € S. For each pair of £ > 0 and
¢ > 0, we have a partition

(5.14) Fryo=Fre1U--UFgpmk)
where
(5.15) Frpj =12 € Frye: & € Skjl,

1 < j < m(k). By (5.9), for each k > 0 there is a Ji C {1,...,m(k)} such that G, =
{Vk,; : 7 € Jx} and such that for each j € Ji, v, € Ty ;. For k>0, >0, j € J; and
j e{1,...,m(k)}, we now define

¢
(5.16) k(:;J)',j’: Z Ci/2fz;7k,j'
ZEFk,Z,j’
Then
m(k)

Ye=3 3 > e, @ fi e

k=0j€J) j'=1
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We further decompose Y, according to spherical separation. For each k > 0, define

Qro=1{(4,5) 1 j € Ju, 1 <’ <m(k),d(ur,j,ur;) <2772} and
Qrp ={0,5") 5 € Je, 1 <G <m(k), 27F P <d(up g, up ) < 27¥PF2) p> 1

Accordingly, we define

v = Y D, ew,®f Iiéa)y

k=0 (j?j/)EQk,p

for p=0,1,2,.... Then, of course,
(5.17) V=Y +vV+v® 4. 1y® 4

By (2.6), the definition of Q, and (2.5), there is a constant M € N such that for each
pair of £ > 0, p > 0 and each j € Ji, we have

(5.18) card{j’ : (j,7') € Qup} < M2*"P.
Similarly, for £ >0, p > 0 and j’ € {1,...,m(k)}, we have
(5.19) card{j : (j,5) € Qrp} < M2?"?.

By Lemma 2.7, each @)y, admits a partition

2np
Qk,p Q(l) ‘U Q(2M2 )

such that for every 1 < i < 2M22"P, the conditions (j, ), (h, ') € Q,(f’)p and (j,7') # (h,h)
imply both j # h and j' # h’. Accordingly, for every p > 0 we have

(520) }/é(p) — Y'E(I’vl) R }/Z(p,2M22”P),

where -
(pi) _ (0)
Y= > ens @l
k=0 (j,in€Q?
i =1,...,2M2%"  If k; # ko, then obviously €y, L €y, for all j1 € Ji, and

J2 € Ji,. Similarly, when ky # ko, a chase of definitions shows that f,i?jl o 4 flg?yz .

all j; € J/ﬁ, Jo € Jiy, j1 € {1,...,m(k1)} and ]2 e {1,...,m(k2)}. Now the property of
each Qkp guarantees that if (7, j ) (h,n") € Qkp and (7, j ) # (h,h'), then we have both

()
o Ley,, and fk” kh.h! -

Because of all this orthogonality, for each pair of p > 0 and 1 < i < 2M 22" we have

31: S Z S
(5.21) MYl = S 51 )
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where

) = U {tkdd): G.ih e @l
k=0

Our next task is to estimate the vector norm ||fk(:gj) il (k. 4,5") € Lg).

By (5.11), for z # 2’ in F, we have (f..,, f../) = 0 for all 7,7" € G. Therefore it
follows from (5.16) and (5.12) that

4 n
Hflg;;,j/HZ = Z CZHfz§’Yk,jH2 < C(12 Z c(1— ‘2‘2) |ka,j,t(z)|2-

z€Fy 4 5 2€Fy ¢ 51

For 2 € Fir, we have (1 |y [2)7thy, , o(2)[2 = lmoy, ()22 (cf. (3.1), (3.2)) and

1412 n _ n —2(k+O)\ "
1 |Z| S on 1 |Z| S on 2 — 022—2718.
1= |yl 1 — [k, 2-2(k+1)

Writing C3 = C#C5, this gives us

(5.22) IF0 2 < 03272 3T calma,  (2)Pr 20
ZeFk,z,j’

Since yx.; € Tk, there is a (i ; € B(ug,;,27%) such that v, ; = |Vk,;|Ck.j- For z € Fy v,
we have £, € Sy j/, consequently d(&,, ug, ;) < 2% Hence

{2’1 - <Z’7k,j>‘}1/2 Z |1 - <£Z7<k,j>’1/2 - d(fzygk,])
> d(ug,jr, uk,j) — d(&z, ur jr) — d(Cr.js Uk 5)
Z d(uk,j/,uk,j) - 2_k+1.

Thus if (k, j,j') € Lg) for some p > 1 and z € F}, 4 j, then
{2|1 - <Z,’Y]g7]>|}1/2 Z 2*k+p+1 o 2*k+1 2 271’(34’]9.

Since 1— |7yj|2 < 2-272, we have |m., ,(2)] < 4-272P for 2 € Fypj and (k,j,j') € LY,
p > 0. Substituting this in (5.22), we find that

(5.23) ||f1£;ej)',j/||2 < 0,2~ Anttpg—2nL Z c.
ZeFk,Z,j/
for (k, j,j') € Ly, p > 0.

Recall that Fy ¢y C Fyy¢ C Hpqy. Thus if 2 € Fy 5/, then by (2.8) there is an h
€ {1, . ,m(k‘ + E)} such that &, € B(uk+g,h,2_k_£). We have Sk,j/ - B(uk,j/,z_k) by
choice. Combining these facts with (5.2) and (5.15), we find that

card(Fy, ;1) < card{h : B(upsen,2" ") N Bluy j,27%) # 0} < 0522,
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where the second < is justified by (2.6) and (2.5). Also, the definition of Lg) ensures that
Fry 0,1 N Fiy 0,5 = 0 for any pair of (ki, j, 1) # (ka, jo, j3) in LY.

Suppose that our symmetric gauge function ® satisfies condition (DQK). By Lemma
4.5, & = ®®) also satisfies condition (DQK). We now continue with (5.21) and (5.23).

An application of Proposition 4.6 (for which the necessary verification of conditions was
carried out in the preceding paragraph) to ¥ and s gives us

s/2
s”q/ < 02/22—2s(n—|—t)p\:[1 ({ (2—2n€ Z Cz) }

|HY£(1M) 0)
z€Fy 4 5 (k.j.g")ELy

< Cz/22—2s(n+t)pc(1 + 05)5/2<0522n€)_6\11({62/2}2617)
— 062_28(n+t)p2_26n£{®<{ci}ZGF)}1/2‘

Recalling (5.20) and applying Lemma 4.1, we obtain

2M22nP
|| D/g(p) |S||\1; <2 Z ” |Ye(p’l) |S||\I/ < 4M062*2(8(n+t)*n)p2726n£{(I)({Ci}ZGF)}l/Q
i=1
(5-24) = Cr2 ey 2 ({2} } 2.

Proposition 4.6 guarantees that e > 0. Also, we have s(n +t) —n > 0 by the choice of t.
Recalling (5.17) and applying Lemma 4.1 again, we now have

DoYil || =23 YTl 267 3 3 2ty e e (el 12
£=0

v =0 p=0 =0 p=0
(5.25) = Cs{@({c }zer)}/2.

Next we turn to the operators Z,, which are much easier to handle because condition
(DQK) will not be needed.

S

First of all, recall that Gry¢ = {Vkten : B € Jiye}, where Yiiop € Thoye,p for every
h € Jgre. By (5.2), for each k > 0 there is an I, C {1,...,m(k)} such that Fj, =
{#k,; : j € I;} and such that for each j € I}, 2 ; € T} ;. For convenience, let us write

(0) )

€ = Cyren WA QG o= Fo e

(cf. (5.11)). With this new notation we have

(o)
B 12 (0 o ()
Ze=y, Y, Alen®ein
k=0 (h,j)EJptex I

Now define

Qr.e:o = {(h,3) € Jeye ¥ I+ d(up g, upren) < 2772} and
Qr.ep = {(h,5) € Tope X I, : 278 P < d(uy g upqen) < 277PF21 0 p> 1.
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Accordingly, we define
-3 ¥ apdledl,
k=0 (h,j)€Qk, e:p
for p=0,1,2,.... Then, of course,
(5.26) Zy=2"+2"+ 27+ + 2 +
As in (5.18) and (5.19), from (2.6) and (2.5) we deduce

card{h € Jxyo: (h,J) € Qruep} < M22HP) - for every j € I, and
card{j € I : (h,J) € Qrep} < M2?"P  for every h € Jyiq.

Thus, as in Lemma 2.7, a standard maximality argument gives us a partition
1 2M22n(¢+P)
Qk Lp — Ql(c 2]9 U Ql(ﬁ,ﬁ;p :

such that for every ¢ € {1,.. 2M22”(f+p)} the conditions (h,j), (R, ") € Q,(j)ep
(h,7) # (I,3") imply both h 75 B and J # j'. Accordingly,

n(L+p)
(5.21) 2O _ g .4 g

where

)4 I4 J4
A0-3 ¥ drdiedi,
k=0 (h,)eQy",.,

1,...,2M22"(+P)  Define

(

Lgf; = {(k,h,j) (h,j) € Qkﬁp}

k=0

The property on(i) ensures that for (k, h,j) # (K',h/,j’) in Qk 1.p» We have both gogf)h 5L

go,(j)h, ;- and e(e) 1 e,(j)h, Moreover, the projection (k,h,j) — (k,j) is injective on L(l)

Therefore

1) |s s Y/
112791 e = ({2 o)

2, i Wk, h,j }(k,h,j)eL,gf;)
J4 S S £ S S
(5.28) < sup ol PP P er) = sup (ol IR aer) Y2
(k,h,j)ELY) (k,h,g)EL)

Obviously, we need to estimate ||<,0,C njll- By (5.12), for each (k, h,j) € Lgf; we have

1— (n/2)+t

1 — (k,j, Yet+e,n)

V4
HSOEC,L,J‘H = Hfzk,j§7k+£,h|’ < Cl(l_ |Zk7j’2)n/2’¢7k+z,h,t(zk,j)| < C'9
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. . o . _k_é
Since Yi1e,n € Thro,n, We Write Viron = |Vere,n|Cypp, With Gy € B(Ugte,n, 2 ) as
before. Similarly, 2y ; = |21,;/¢z, ;, where &, , € B(uy,j, 27F). We have

2’1 - <Zk,j,”)’k—|—£,h>’ > |1 - <£zk,j7<7k+e,h>’ = d2(£zk,j’<'7k+£,h)

and
d(fzk,j, <'Yk+é,h) 2 d(ukz,j; Uk+e,h) — 97k 9=kt

Thus in the case p > 1, we have

1
< < 4 .92(k=p)
11— (Zh,js Veren)| — (27FFP)2 —

Since z, ; € T} j, the conclusion also holds in the case p = 0. Therefore

lofh Il < Crof22* PV (1 — |yppen])} WD+ < Oo{2207P) . 7200y (n/2)

= (g2~ (n 20 +0)

for every (k,h,j) € LZ;. Substituting this in (5.28), we obtain

IZF Pl < G270 (@ (et oep) /2.
Applying Lemma 4.1 to (5.27), we have

2 M22n(p+L)
(5290  ZPPlle <2 > ZPV P e < 4AMC527 O D({cs}aer) Y,
=1

where k = s(n + 2t) — 2n. The choice st > n ensures that x > 0. Recalling (5.26), another
application of Lemma 4.1 leads to

‘ Sz | <23 2P Il <8MC3 Y > 2 T {B({es}aep) )
=1 v

{=1 p=0 ¢=1 p=0
(5.30) = Cu{®({c}oem)}/?

Recalling (5.25) and applying Lemma 4.1 to (5.13), we find that

S

B Wy < Crof@({cl}zer) 2,
where C12 = 2(Cs 4+ Cy1). This and (5.8) together give us
WP lle < Cra{@({ct}oer)} .
Substituting the above in (5.6), we obtain
IT%]e = [IW[I[y < Cts@({ci}zer)-

28



Since T approximates T (cf. (5.3) and (5.4)), Lemma 4.3 allows us to conclude that

ITlle < CEs®({ci}cr).

As we recall, F' is an arbitrary finite subset of I' satisfying (5.2) and the condition that
¢, = fi(D(z,b)) # 0 for every z € F. Thus it follows from Lemmas 2.6, 4.1 and 4.3 that

1T lle < 2KCT3@({fa(D(2,b))}zer).

We know that i(D(z,b)) < Cia(1 — |2[?)""u(D(2,b)) from Lemma 2.4. Since ||T}|e <
7% ||, this proves the upper bound for ||T};||¢ in Theorem 1.4. [J

Denote K,,(¢) = (1—((,w))~ ™. Having proved the upper bound in Theorem 1.4, next
we state a consequence of it, which will be convenient for application in Section 8.

Proposition 5.1. Let 0 < a < o0 and 0 < b < 0o be positive numbers. Suppose that ® is a
symmetric gauge function satisfying condition (DQK). Then for any reqular Borel measure
won B and any a-separated set I' in B, we have

% oy it < enao( 2 )

ZEF (Z b)
where Cs.1 is a constant that depends only on a, b, ® and the complex dimension n.

Proof. Obviously,

Z/ K, ® Kydp(w) =T,
D

ZEF (Z b)

where v is the measure defined by the formula

dv = Z XD(z,b) AW

zel

Since I' is a-separated, there is a I containing I' that is maximal with respect to the
property of being a-separated. Thus I is an a,2a-lattice in B. By the upper bound in
Theorem 1.4, the proposition will follow if we can find a constant C' such that

oo (U ) (R )

Since I' is a-separated, by Lemma 2.1, there is an N € N determined by a, b such that for
any w € IV, card{z € T : D(w,2a) N D(z,b) # 0} < N. Let I = {w € I : v(D(w, 2a)) #
0}. Then for each w € T, there is a z(w) € I" such that

V(D(w,20)) < Nu(D(2(w),b)) and  Blw, 2(w)) < b+ 2a.

Combining these two conditions with Lemma 2.4, we see that

o) ee({s2ei) )
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If w,& € T” are such that z(w) = 2(£), then S(w, &) < 2b+ 4a. Thus, by Lemma 2.1, there
is an M € N such that the map w — z(w) from I'” to T" is at most M-to-1. Applying
Lemma 4.8, we have

({62 ;)}w) <ve({§2 0 3)}>

Combining this inequality with (5.32), (5.31) follows. [J

6. Proof of Theorem 1.4 — the lower bound

The main part of the proof of the lower bound consists of estimates similar to those
in Section 5. Therefore many of the notations below are the same as in Section 5. But
some modifications and new ideas are necessary for the lower bound.

To prove the lower bound in Theorem 1.4, we again define fi by (5.1) when a measure
wis given. Let 0 < a < b < co. In contrast to Section 5, we now need the inequality

p(D(z,0)
(1 —=12?)

z € B, which also follows from Lemma 2.4. Suppose that I' is an a, b-lattice in B. As in
Section 5, we again write ¢, = i(D(z,b)) for z € T.

wPED) gDz, by),

Consider any finite subset F' of I' satisfying the following three conditions:
(a) ¢, # 0 for every z € F.
(b) F'is R-separated for a sufficiently large R > max{1,2b}, to be determined later.
(c) F satisfies (5.2).
With such an F; we again define the operator T by (5.3). Let 0 < s < 1 be given. Pick
a t > 0 such that st > n. But instead of the operator B in Section 5, here we need

E=) ¢.:®e,

zeF

where {e, : z € F'} is an orthonormal set. Then ||E|| < C35 by Proposition 3.2. For any
symmetric gauge function ®, it follows from Lemma 4.2 that

I(E*TrE)[le < C35|TEle < C35]T, o,

where the second < holds because Tr < T),, which is guaranteed by the condition R > 2b.

Recall from Section 5 that operators T given by (5.4) strongly approximate Tr. Con-
sider H = span{e, : z € F'}, which is a finite-dimensional Hilbert space. We can regard
E*TrE as an operator on H. Since dim(#) < oo, all operator topologies on H are equiv-
alent. Therefore there is a T' given by (5.4) such that

I(E*TE)|lo < 2[(E*TrE)*||lo < 2C55|T;]|o-
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Once we have this T', we again factor it in the form 7' = WW™*, where W is given by (5.5).
Writing U = @) as in Section 5, we have

I(B*TE)*|ls = [{E*W(E* W) }llo = [|EW[*|e = [I|1E*W|[|5.
Writing C; = {2C%%}1/2, the above gives us
* S S 1/2
(6.1) IIE W v < CuIT; 15

Similar to (5.10), we have
E'W = Z ci/%ey ® fupy,

v,2EF

where f,., is given by (5.11). Thus E*W = D + X, where

D= Z Ci/2€z ® fzz and X = Z Ci/Qev ® fay-
zeF v,2€F
VF#Z
Since D = E*W — X, it follows from Lemma 4.1 and (6.1) that
S S 1/2 S
(6.2) IIDPlle < 2CHIT3 1l + 201X |-

First, let us look at the operator D.

Because {e, : z € F'} and {e(z;i) : z € F,1 < i < d} are orthonormal sets, we have
IDPlle = w({e2/?] fizl|*} e p)-

We need a lower bound for || f...||. By (5.11), we have

el > min (1= f: )P 21 ().

Recall that w(z;i) € D(z,b) for every 1 <14 < d. Thus it follows from Lemmas 2.3 and 2.4
that there is a 6 > 0 which is determined by b, n and t such that

(1= Jw(z; D)) 2z (w(z; )| = 6(1 = |2*)"2[¢h. 4 (2)| = 6
for every 1 < i < d and every z € F. Hence
(6.3) 0°U({c*}oer) < [IDI |-

Next we consider X, which will be handled in a way similar to the B*W in Section 5.

Similar to (5.13), we have the decomposition

X=Yo+ ) Yi+ > Z,
/=1 /=1
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where

Yo = i Z ey ® frn and Zp = f: Z ci/?ey ® fupy

k=0 (’y,Z)EFkXFk+g k=0 (’Y,Z)EFk+gXFk

for £ > 1, and where

Yo = Z Z c?ey @ fon.

k=0 (v,z)EFy X F},
V#z

As in Section 5, we first consider Y.

By (5.2), for each k > 0 there is a Ji C {1,...,m(k)} such that Fy, = {v4; : j € Ji}
and such that for each j € Ji, vi,; € Tk,;. Recall (5.15) for the definition of Fj ;. For

k>0,0>0,j¢€ J,and j € {l,...,m(k)}, we now define f,ifj).,j, by the formula

L
(6-4) k(ﬂj)}j' - Z Ci/2f2;'}’k:,j’

ZeFk,E,j’
2FYk,

which is a necessary modification of (5.16). (Here, we would like to remind the reader of
the common convention that a summation over the empty index set means 0.) Then

Yo=Y 33 en, ©fin =2 V"

k=0j€J, j'=1 p=0

as in Section 5, where

= ¢
(6.5) Y =3 3 e 00

k=0 (jvjl)er,p
for p=0,1,2,..., where @), is the same as in Section 5.

Lemma 6.1. Let L € N. If R > 3L + 13, then Yg(p) = 0 whenever we have both ¢ < L and
p<L.

Proof. Consider any pair of v, ; € Fj, and z € Fy, ¢ j/, 2 # Y,j. Furthermore, suppose that
(7,7") € Qk,p, which, as we recall from Section 5, implies

d(u;w-, uk,j/) < 2_k+p+2.

We have z = |2[€. and v ; = |Vk,5/&y,. - The membership z € Fy ¢ j» means 2—2(k+t+1) <
1—|z| <272+0 and ¢, € Sy v, ie., d(&,up, /) < 27%. Similarly, since i ; € T, we
have 272+ <1 — | ;| < 272% and d(&,, ;, uk,;) < 27%. Hence

1= (€ar &y ) = d2(€ar &y ) < (27MHPT2 497k 9o k)2 < 9 2kt 2048,
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This leads to

1= () < 1= (&8 )+ 1= [zl + 1 = |yl < 9~ 2k+2p+10,

Therefore
1—1212)(1 — 12 2—2(l€+£—|—1) X 2—2(k+1) 3
1 |¢z(7k,j)’ _ ( | | )( |/7]€7]| ) > — —9 (2€—|—4p+24).
1= )P (2o
Consequently
1
<=1 </l+2 13.
Aleg) < g loa = oalg) P =T

Thus if we have both ¢ < L and p < L, then f(z,7,;) < 3L+ 13. But if R > 3L + 13,
then there is no such a pair of z # 7 ; in F, because F' is supposed to be R-separated.

By (6.4) and (6.5), this means that Yg(p) = 0 under the conditions R > 3L+ 13, ¢ < L and
p < L. This completes the proof. [J

Now let L € N, whose value will be determined momentarily. We choose R such that
R > max{3L + 13,2b}. By (5.24), for all £ > 0 and p > 0,

H|Yg(p)|SH\I/ < 072_2(8(n+t)_n)p2_2eneq]({ci/2}ZGF)?

where, as we recall, the € > 0 resulted from the (DQK) condition for ¥. Taking Lemma
6.1 into account and applying Lemma 4.1, we obtain

<2 3 Y PPle

v L,pEZ
max{¢,p}>L

< 207 Z 2—2(s(n—|—t)—n)p2—26n€qj({ci/2}ZGF) < 082_WL\I]({C§;/2}Z€F)7

LpEZ
max{{,p}>L

where w = 2min{s(n + t) — n,en}.

For Z,;, we similarly retrace the second half of Section 5. In particular, (5.29) still

holds. Then, similar to Lemma 6.1, we find that Z, (®) — 0 if we have both ¢ < L and
p < L, because R > 3L + 13 and F is R-separated. Thus

>
=1

where k = s(n + 2t) — 2n. Then another application of Lemma 4.1 gives us

< Co27 "W ({3} er),
\\

11X e < 2 + 2 < 2(Ce27 9L + Co27 " YU ({32} Lep).

)
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Combining this with (6.2) and (6.3), we obtain
W ({e/?Yoer) < 201 T3 ||g? +4(Cs27L + Co2 "B W ({c3/*}cer).

We pick L large enough so that 4(Cg2 %L+ Cy27%F) < §%/2, and set R > max{3L+13,2b}
accordingly. Then the obvious cancellation and simplification in the above leads to

V({2 er) <45°CH||TS)5>
Since ¥ = ®2) this implies that
O({c}oer) < {46°C1Y2 TS o

Recall that F' is any finite subset of I' satisfying conditions (a), (b), (¢). Combining this
inequality with Lemmas 2.1 and 2.6, the desired lower bound in Theorem 1.4 follows. [J
7. Dixmier trace — the case of discrete sums

In addition to Proposition 1.2, ® is another example of symmetric gauge function
that satisfies condition (DQK). To see this, consider an a = {a;};en € ¢ It suffices to
consider the case where a; > 0 for every j and we have the descending arrangement

4 >ay > >a; >

Since a; = 0 for all but a finite number of j’s, there is a k € N such that

. a1+...+ak_
S e DI e

1 (a)

On the other hand, by (1.4), for any N € N we have

@+(a[N])> aY +---+al, _ Nal—i—---—f—Nak‘
! “ 1l 4 4 (NE)"L 17l 4. 4 (NE)!

Obviously, for any 0 <e <1, 17t + ... + (Nk)"! < C.N¢(171 +--- + k~1). Therefore

ar+ -+

@—I— [N} > 71N17€
1(& )—Ce 1_1+"'+/{7_1

= C7INY <0 (a).

This shows that ®] satisfies condition (DQK), and we can take any value less than 1 to
be its “¢”. In particular, Theorem 1.4 determines the membership T}; € CH0o<s<l.

This enables us to consider the Dixmier trace of T),. But before we do that, let us
briefly review the definition of Dixmier trace for the benefit of the reader. First of all, we
cite [2,4,15] as general references. To define the Dixmier trace, one starts with a Banach
limit w on ¢*°(IN). But in addition to the properties that Banach limits [3,Section I11.7]
possess in general, w is required to have the following “doubling” property:
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(D) For each {a}ren € L°(N), w({ar}tren) = w({a1,a1,a2,az,...,ak,ak,...}).
Such an w can be easily constructed. For example, one can start with the doubling operator

D : 0>°(N) — ¢°°(N). That is,
D{ay,az2,...,ak,...} ={a1,a1,a2,a9,...,a5, a5, ...}

for {ax}ren € €°°(IN). Take any Banach limits L; and Lo, distinct or identical. Then an
elementary exercise shows that the formula

w(a) = Lo <{%Z:L1(Dja)}keN),

a € {*°(N), defines a Banach limit that has the doubling property (D).

With such an w, for any positive operator A € C;, its Dixmier trace is defined to be

mio(agtn 50},

le

The doubling property of w ensures the additivity Tr, (A + B) = Tr,(A) + Tr,(B) for
positive operators A, B € C;{". Thus Tr, naturally extends to a linear functional on C; .
This definition guarantees unitary invariance: Tr,, (U*TU) = Tr,,(T) for every T € C; and
every unitary operator U. Since UT is unitarily equivalent to TU, we have Tr,(UT) =
Tr,(TU). From this it follows that Tr,(XT) = Tr,(TX) for every T € C; and every
bounded operator X, which is what one expects of a trace.

Previous calculations of Dixmier trace (see, e.g., [1,5,6,16]) relied heavily on the prin-
ciple that if A is in the trace class, then Tr,(A) = 0. In this paper, our calculation of
Dixmier trace will be based on two different vanishing principles.

Lemma 7.1. Let A € C". If the kernel of A contains its range, then Tr,(A) = 0.

Proof. Let P be the orthogonal projection onto the range of A. If the kernel of A contains
the range of A, then Tr,(A) = Tr,(PA) = Tr,(AP) = Tr,,(0) = 0. O

Even though our next lemma is trivial, we would like to state it for the record anyway.
We remind the reader that we write || - | for || - || 4+
1

Lemma 7.2. Let Yi,...,Y;,... be operators in Ci such that Py |Y;I7 < oo. Define
Y = Z;‘;l Y;. If Tr,,(Y;) = 0 for every j € N, then Tr,(Y) = 0.

Lemmas 7.1 and 7.2 will guide our calculation of Dixmier trace. Our task is to extract
non-trivial results from these seemingly trivial principles.

Lemma 7.3. Suppose that B is a set and that A is a subset of B. Let h : A — B be
an injective map which has the property that h(a) # a for every a € A. Then there is a
partition A = Ey U Ey U E3 such that for every i € {1,2,3}, we have h(E;) N E; = ().
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Proof. By Zorn’s lemma, there is a subset F; of A that is maximal with respect to the
property h(FE1) N E; = 0. If By # A, then there is a subset Ey of A\E; that is maximal
with respect to the property h(E2) N Ex = (. Similarly, if F1 U Ey # A, then there is a
subset F5 of A\{F; U Ey} that is maximal with respect to the property h(F3) N E5 = 0.

To complete the proof, it suffices to show that £; U Ey U E3 = A. Suppose that there
were some x € A\{E; U Ey U E5}. It follows from the maximality of Ey, Fy and E5 that
for each i € {1,2,3}, if we define F; = E; U{z}, then h(F;) N F; # 0. Since h(x) # x, this
means that we have either x € h(E;) or h(x) € E; for each i € {1,2,3}. Our construction
ensures that E; N E; = () when i # j. Therefore there is at most one ¢ € {1, 2,3} such that
h(x) € E;. This leaves a pair of j # k in {1,2,3} such that x € h(E;) and x € h(Ey).
Since E; N Ej, = 0, this contradicts the injectivity of h. Hence no such z exists. O

The computation of Dixmier trace is trivial when the operator in question is explicitly
given as a diagonal operator with respect to an orthonormal set. Even though it is trivial,
we state the case as a proposition below, which will serve as a convenient reference:

Proposition 7.4. Let E be a countable index set and consider an operator of the form

D= ZCZeZ R e,,

zEE

where {c.}.cE are non-negative numbers such that ®F ({c.}.cr) < 0o, and, most important,
{e. : z € E} is an orthonormal set. Let E' = {z € E : ¢, # 0}. If card(E’) = oo, then

Tr“(D):w({logk+ Zk: }keN)’

J:1

where z1,29,...,2,... are an enumeration of the elements in E' such that Czi = Cojpy

for every j € N (the condition ®] ({c.}.cr) < 0o ensures that such an enumeration is
possible). If card(E') < oo, then, of course, Tr,, (D) = 0.

We first consider T}, where p is discrete. Our computation shows that for any separated
set I' in B, Dixmier trace cannot distinguish {k, : z € I'} from an orthonormal set.

Theorem 7.5. Suppose that T is an a-separated set in B for some a > 0. Let {c,},er be
non-negative numbers such that ® ({c.}.er) < oo. Then the operator

T=> ck.®k.

zel

15 in the ideal CfL . Moreover, its Dixmier trace is explicitly given by the formula

(7.1) Tr, (T) = (Zczezeaez)

zel

where {e, : z € I'} is any orthonormal set.
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Proof. Obviously, the membership 7" € C{~ follows from Proposition 5.1 by applying it
to the symmetric gauge function ® and the discrete measure v = > c.(1 — |2]?)"4.,
where ¢, denotes the unit point mass at z. Next we compute the Dixmier trace Tr, (7).

Since this calculation is quite long, let us first explain the main idea involved. Consider
an arbitrary positive operator A in C. Let {u; : 7 € N} be an orthonormal basis for the
underlying Hilbert space, and define the operator

oo

A/ = Z<AUj,u]'>Uj ® Uj.

j=1

It follows from [11,Lemma II1.3.1] that ||A’||7 < ||A||. Hence A’ € C{". Note that A — A’
is an operator whose diagonal with respect to the orthonormal basis {u; : j € N} vanishes.
Therefore one’s first instinct is to say

(7.2) Tro (A — A') =0,

and consequently Tr,, (A) = Tr,(A’). But unfortunately, in such generality this is a wrong
argument for the Dixmier trace [15,Section 7.5]. The main effort below amounts to proving
(7.2) for our particular A and A’, using the specifics of the operators.

Let {Sk,; : (k,j) € I} be the Borel sets introduced in Section 5, satisfying conditions
(1), (2), (3) there. Again, we write each z € T in the form z = |z|¢, with £, € S. Define
(7.3) Dp={zel:1-2"% <|z] <1—272k+

for each k£ > 0. Since the Dixmier trace is linear, decomposing I" by a finite partition if
necessary, Lemma 2.6 allows us to assume that

(7.4) card{z €'y : {, € S ;} <1

for every (k,j) € I. We pick an orthonormal set {e, : z € I'} and define

B = Zci/ka R e,.

zel

Obviously, T' = BB*. Define A = B*B. Since B*B and BB* have identical singular
numbers, we have Tr,(T") = Tr,(A). Thus our task becomes the computation of Tr, (A).
Then note that

A=A+,

where
A = Zczez ®e, and Y = Z 2 2k, ky)ew Qe

zel w,zel’
w#z

Obviously, A’ € C;” and Tr,(4’) is the right-hand side of (7.1). Thus, as we explained
earlier, our main task is to show that Tr,(Y) = 0.
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The proof of Tr,, (V) = 0 requires two applications of Proposition 4.6 to the symmetric

gauge function ¥ = @f(z) , which produce two “small factors”, which in turn allow Lemma

7.2 to be applied. This involves a decomposition scheme similar to the one in Section 5,
but only more complicated. To begin, we have

(7.5) Y =Yo+ ) (Yi+Y/),
=1
where

Yo=Y Y cci/* (k.. ke, ®e. and

k=0 w,zel
wH#z

(7.6) =) > APk kw)ew @6, L1

k=0 (’UJ,Z)GFk; er_i_g

For each pair of kK > 0 and ¢ > 0, we have a partition

Thpe =The1 U ULk 0 mk)s

where

(7.7) Fkvg’j = {Z & Fk+g : fz € Sk,j},

1 <j < m(k). By (7.4), for each k > 0 there is a J; C {1,...,m(k)} such that Ty =
{Vk,j : 7 € Ji} and such that &,, = € Sy ; for each j € Jj.

For k>0,0>0,j€ Jyand j' € {1,...,m(k)}, define

l
(7.8) wg = 0 Pk ke

zeFk,M/

Then

Z Z Z 0%2] €k, gj)d

k=0j€J; /=1

for £ > 1. By (7.4), (7.7) and (7.8), we have

oo
_ 1/2 (0)
Yo=> > e s @ frsj o
k=0 (5,5 eJp x{1,....m(k)}
3#5’
Now we further decompose Y, according to spherical separation. For each k > 0, define

Qro=1{0,7):j € Jp,1 <5 <m(k),d(upj,ux ;) <273} and
Qup =1{04,7") 1§ € Ju, 1 < 5" <m(k), 27 "2 < d(ug j,up ) <27¥PF3 0 p>1
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Accordingly, we define

£
(7.9) YW=3 > e, @ hiy
k=0 (5,5')EQk,p

if either p > 1 or £ > 1. In the case p = 0 and ¢ = 0, we define YO(O) by the above sum
with the extra constraint that the inner sum be taken over all (4, ;") € Qo satisfying the
condition j # j’. Then, of course,

(7.10) )Q:YZ(O)_|_YE(1)+Y£(2)_|_..._|_Y£(p)_|_... ,

¢ > 0. So far, this resembles a portion of Section 5. Next we will decompose each Yg(p ),
Because we no longer have the benefit of the modified kernel v, ;, the decomposition of

Yg(p ) here is much more complicated than the corresponding part in Section 5.

For each pair of £ > 0 and p > 0, let F},, be a subset of S that is maximal with
respect to the property

(7.11) B, 27" )N B¢, 275 P) =0 forall £#¢ in Fi,.

From this we obtain Borel sets {E,ip : £ € Fy.p } with the following three properties:
(a) UéeFk;pE;E;p =5
(b) E}, C B(&,27FPF1) for every & € Fyy.
(c) Bf, NES =0 forall £ #¢ in Fyy,.

Now we define the operator

(7_12) Z}E,E.l — Z Cl/2 e ® f(ﬁ)

Lip Tk, j L
cE$ ) Eé/
Uk, € k;p,um/e kip
(jvjl)er»P

if either p > 1 or £ > 1. Also, in the case where we have both ¢/ = 0 and p = 0, define
£ _ 1/2 (0)
2560 = ) s ® Ty -

cE¢ ) E-El
Wk, €F 00Uk, 5 € P o
(3:3")€QxK,0, 377’

Furthermore, define the set
Grp = {(£, &) € Fip X Fp : there is at least one (4, j') € Qrp such that
U, € Eg;p and uy ;o € Eé/p}
This allows us to rewrite (7.9) as

oo

W= 3 Zie

k=0 (576/)6Gk;p

39



Now suppose that the conditions (§,¢') € Fip X Fip, ug,; € E,E,p, ug o € E,ifp and
(4,7") € Qu,p are simultaneously satisfied. Then

d(€,€") < d(&,upj) + d(up,j, ur,j) + d(ugj, £)
< 9—k+p+1 + 9—k+p+3 + 9—k+p+l  9—k+p+d

Combining this with (7.11) and (2.5), we see that there is a constant N € N such that
card{¢' : (£,¢') € Grp} < N and card{¢ : (¢,¢) € Gp} < N
for all k> 0, p > 0 and £ € Fy,. Thus for each Gy, Lemma 2.7 provides a partition
_ M (2N)

such that for every i € {1,...,2N}, the conditions (§,&'), (n,1') € G,(;L and (&,&') # (n,7)
imply both & # n and £’ # n'. Accordingly, we have

(713) Y'e(p) _ Y'E(pvl) 4ot Yve(p,QN)7
where
10 =S Y g,

k=0 (i)
(e.£)eG)

for each i € {1,...,2N}.

Now define
) ! ¢
(7.15) Wt = > ey ® Jig g
ukyjeEg;p,ukyj/ GEEZP
(j:j/)er,P

if either p > 1 or £ > 1, and impose the extra condition j # j' in the sum when £ =0=p
(the same will be assumed below). It is clear from (7.12) that Yg(p %) = VWK(p ) where

o0 (e )
. 1/2 (pyi) _ £¢
V= Z Z Cvé,j €y ® ey, and Wy = Z Z Wiy
k=0 ]GJk k=0 (&-’5/)€G§€1)
P

Applying Lemma 4.4, we have

Y, PN < (Vv HIIw e w sy
(7.16) = (@] ({ez}oer) [WPIWEPI | FY2,
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Thus we need to estimate ||We(p’z)W(p’Z)*||+-

For any given k£ > 0 and (&,¢’), the range of W,ff;p is contained in the linear span
of {e,,, : uk; € E,ip}, whereas the range of W,ff;: is contained in the linear span of
{e.:z €T and ug v € E,ilp} Thus for each i € {1,...,2N}, by the property of Gt
the conditions (&£,¢'), (n,n') € G(Z) and (&,&") # (n,n’) imply both

k;p’

range(W]ff;p) 1 range(Wgﬂ;) and range(W,ff;;) 1 range(Wg”Z;).
If k£ # kK, then, of course, we have
range(W,f”f;;) 1 range(W::Z;J) and range(W,f”f;;k) L range(W]! p*)
for all (£,¢') e G ( ) and (n,n') € G,(.f;)p. From the above orthogonality it follows that
eSS Wi

k=0 / (%)
(c.neal)

and that the right-hand side is an orthogonal sum. Thus Lemma 4.7 gives us

(7.17) ||Wg(p’l) (;D,z)*H—i— < (1)4— ({H £ Zpr & *H } (e )eG’(” k>0)

On the other hand, it follows from (7.15), (7.7) and (7.8) that

£ &g _ (£) (0)
Wee oW, = (Frchjrs Tog i) €vi; © €y
/ ’
ukajeElﬁ;p’uk,jleEi;p uk,heEg;p,udeeEg;p
(jvj/)er,p (h:jl)er,p
Consequently
8 6 . _ £8" ir6E ) 2
||Wk,f;ka,K;p ||1 - tr(Wk,é;ka},Z;p) - ||fk,j,j’ || .
Uk JEEk p Uk, j/EE
(4,3 EQk,p

Similar to the proof of (5.22), in the current situation we have

V4 n 1—|Z|2 n -
I = DT =)y, ()P = Y e (—) s, (2)2

]_ _
ZGFk,Z,j’ zEFk,Z,j’ |’yk’]

<G Y el ()

Z€L0 ¢ 50
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For any (j,j') € Qkp and z € Ty, we have [m,, (z)| < C1272P as the argument
(5.22) shows. (We emphasize that this includes the case where p = 0.) Define

following
1/2
(7.18) dy), = (2—2”4 3 cz)
zEFk’Lj/
for (k,j’) € I. Then the above estimates tell us that
2
€.&" €€ —4 ()
IWeepWiiip ln < C22771 > (dk,j’> :
“k,jEEi;p’“k,j/ GE’EZP
(7,0 ) EQk,p

By (b), (2.6) and (2.5), we have card{j : uy ; € Eg;p} < C322"P. Thus

2 2
a/ a/ -2 Y/ -2 YA
IWEEWEEs i< ca2™ 3 (d) =ca2 3 (d))
ukyj/EE,i:p (k,j’)eAi';p

where Ai:p ={(k,7) rur; € E,E/p} This suggests that we should define

7/ —4in £ 2
o= (2 X (4)))

. /7
(k.J)EAL,,

1/2

for (¢,¢') € GEJ; The above now becomes
£.8" &g ee’ \2
||Wk:£;ka:£;p H1 < 04 (Sokiﬂ;p>

Denote ¥ = CDIF(Q). Since ®] satisfies condition (DQK), Lemma 4.5 says that ¥ also
satisfies condition (DQK), which enables us to apply Proposition 4.6 here.

For (£,&) # (n,7) in G,(;’;L, since £’ # ', we have Ai;p NAjJ., = 0. Also, card(Ai;p) <
(C32?™P as we explained above. Applying Proposition 4.6 to ¥, we have

+ €8 11EE + e )
Dy <{HW]€,’£;ka‘:€;p 11} (¢ ey e ,kzo) < Cy®] ({ (‘pk:’,ﬁ;p) } : )
kip (£,6)€GY) k>0
, 2 o 2
(7.19) =Cy (‘I’({SDi’,i;p}(g,g')eG;g,kzo)) < Cy <052—26np\11({dk7j,}(k,j,)ef)) .

From (7.7) and the properties of {Sj ; : (k,j) € I} stated in Section 5 we see that 'y, ; N
Liejo =0if j # 5. For k # k, we have I'y ¢ ; NT'x o = 0 for all possible j and h.
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Furthermore, from (7.7), (7.3), (7.4), (2.6) and (2.5) we obtain card(['y /) < Cg22"*.
Recalling (7.18) and applying Proposition 4.6 again, we have

£ —2en
U({d Y wgner) < Cr27 2 W ({2} er).

Substituting this in (7.19) and recalling the relation ¥ = <I>IL(2), we find that

N3 3L —4enpo—4dent
of ({||W,f,2pw§,2p\|1}(5,E,>€G;;L k) < Cg2 424Dl ({e}eer).

Combining this with (7.17) and (7.16), we obtain
)2 1/26—2en

VPOl < G222t 0 ({c. }oer).

Recalling (7.13), we now have
1/26—2en

VPNl < 2NCg*2 20 ({c. ) er)
for all £ > 0 and p > 0. Thus

SOV IS I < oo,

£=0 p=0 {=1 p=0

Combining this fact with (7.5), (7.10) and with Lemma 7.2, the conclusion Tr,(Y) = 0
will follow if we can show that Trw(Ye(p )) = 0 for every pair of £ > 0 and p > 0.

To prove that Trw(Ye(p)) =0, let a pair of £ > 0 and p > 0 be given. By (7.9), (7.8) and
(7.7), we need to consider v ; = |Vk,j[&y,;, € Tk and z = |2|€, € Trqy, where &, ; € Sy 5,
&, € Sk and (4,7") € Qg p. For such a pair of 74 ; and 2z, we have

A&y ;5 €2) S d(&q, s un,g) + d(up g, ug ) +d(ug, i, &) < 2~k 4 9=ktpt3 4 o=k < 9—ktptd
Therefore
1= (2, )] S 1= (Ear €y M+ 1 = [z + 1 — |y ] < 3 2728420F8,

Consequently

(1= A =12 2—2(k+1) . g=2(k+i1) 1

2 _ _
1— |907k,j (Z)| - |1 _ <Z7%j>‘2 = (3 . 2—2k+2p+8)2 ©32.920.9204+4p”

This implies that there is a constant 0 < Ry, < oo such that for v4 ; = |v&,; §yi; € Ik and
z = |2|€. € Ty satistying the conditions &,, ; € Sy ;, & € Sk j and (4, 7') € Qk,p, we have
B(Yk,j,%) < Rep. Thus another look at (7.9) and (7.8) gives us the new representation

Ye(p) = Z Ci/zciu/Q (k2 kw)ew @ e,
(’w,Z)EQLp
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where ), is a subset of the set
(7.20) {(w,2) eI'xI': B(w,2) < Ryp and w # z}.

Since I is a-separated and Ry, < co, Lemma 2.1 provides an M, , € N such that card{w :
(w,2) € Qup} < My, for every z and card{z : (w,2) € Q,} < M,, for every w. By
Lemma 2.7, we have a partition

Q= QD U U Q)

such that for each i € {1,.. 2Mgp} the conditions (w, z), (w', 2’) € Q() and (w,z) #
(w', 2") imply both w # w’ and z # z'. Accordingly, we have

) _ O (2Me)
(7.21) YV =Y Y

where

Yo = Y APtk ku)es ®e.

U;p
(4)
(w,z)eQe’p

for each i € {1,...,2M, ,}. Obviously, we have Ye(;) eC.

Fix an i € {1,...,2M,,} for the moment. The property of Qgi; ensures that the
membership (w, z) € Qéi])o defines z as a function of w, and vice versa. Thus there is a

subset E of ' and an injective map h : E — I" such that Qg; = {(w,h(w)) : w € E}.
Hence

Yy =3% 0}42) ol * (kn(w) kw)ew @ engw)-
werR

By (7.20) we have h(w) # w for every w € E. Applying Lemma 7.3, we obtain a partition
E = Ey U Ey U E5 such that h(E,) N E, =0 for v = 1,2,3. For each v € {1,2,3}, define
the orthogonal projection

P, = Z Cw R ey

weklk,
The property h(FE,) N E, = () obviously translates to P, Y(i)P = 0. Hence Tr, (P, Y(i)) =
Trw<Per(;2P ) = 0. Since Y( D= (P + P+ Pg)Y( ) we conclude that Trw(Y(l)) =0.

Combining the last conclusion with (7.21), we now have Tr, (Yg(p )) =0foral¢>0
and p > 0. As we explained earlier, this completes the proof of Theorem 7.5. [J

8. Dixmier trace — the general case

Having computed the Dixmier trace for the discrete sum 7" in Theorem 7.5, we will
now use that result to compute the Dixmier trace for a general Toeplitz operator 7}, defined
by (1.1). The gap between T and T}, concerns “small perturbations of I'”, which is handled
by the same techniques that proved the upper bound in Theorem 1.4.
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Proposition 8.1. Let ® be a symmetric gauge function satisfying condition (DQK). Then
there is a constant 0 < Cg1 < oo such that the following holds: Let 0 < a < 1. IfT is
any 1-separated set in B and if we have a set {w(z) : z € I'} C B satisfying the condition
B(z,w(z)) < a for every z € I', then

S CS.IGQ({CZ}ZGF)
P

Z ck, @k, — Z Czkw(z) ® kw(z)
zel zel

for every set of non-negative coefficients {c,}.cr.

Proof. By Lemma 2.6, we may assume that I' satisfies the additional condition
(8.1) card(I'N Ty ;) <1 for every (k,j) € 1.

Let us write

D = Zczk‘z Rk, — Zczk‘w(z) & k‘w(z).

zel zell

Then D = D1 + D5, where

D, = Zcz(kz - kw(z)) ® k. and Dy = Zczkw(z) ® (kz - kw(z))

zel zel

Since the estimates of ||D1]|¢ and ||D2||¢ are similar, we will only consider the former.

To estimate ||D1||s, we pick an orthonormal set {é, : z € I'} and factor D; in the
form Dy = WL, where

W =Y c?(k. —ky)®é and  L=Y ci/?e @k,
zel zel

By Lemma 4.4, |D1le < [|[W*W|i/*|L*L|y/*. Note that

L'L=) ¢k, ®k.,

zell

the Toeplitz operator associated with the discrete measure v = Y e (1 — |2]*)"..
Applying Proposition 5.1 to v, we obtain

(8.2) IL*Llle < CP({cz}zer)-

To complete the proof, we need to estimate ||W*W||(1I)/2.

For the given ®, we again have the symmetric gauge function ¥ = &) defined in
Section 4. Furthermore, ||T/V*VV||<11,/2 = |[|[W||y as before. Thus it suffices to estimate |W||g.
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We again take advantage of the fact that the operator A given by (5.7) is invertible on
H?(S). By Propositions 3.8 and 3.2, it suffices to estimate |B*W ||y, where

B = Zw'y,t@)ew

vyEG

t >n, G is a 1-separated set in B and {e, : v € G} is an orthonormal set. By Lemma 2.6,
we can further assume that the 1-separated set GG has the property that

card(GNTy ;) <1 forevery (k,j)el,

which, along with (8.1), allows us to repeat the counting argument in Section 5. But now
(8:3) B'W = Z Z ci%ey ® fupy,
vyeG zel

where
fz;'y = <w7,t7 k. — kw(z)>éz
for v € G and z € I'. Since B(z,w(z)) < a, Lemma 3.6 gives us

(8.4) 1F2ll < C36a(l = 22" [1hs4(2)],

v € G and z € I'. Obviously, the main difference between this and (5.12) is the factor a.

Following Section 5, for each integer k > 0 we define H, = {w € B: 1 -272%F < |w| <
1—272k+ Gy = G N Hy and Fj, = T'N Hg. By (8.3), we have

(8.5) BW =) Yi+ )Y Z,
=0 =1
where
Y, = Z Z ci/Qe7 ® fzy and Z; = Z Z ci/Qe7 ® faiy-
k=0 (v,2)EGr X Fi4¢ k=0 (,2)€Gr+e X Fy

We then decompose Yy and Z; as in Section 5, using the same sets {Si ; : (k,j) € I}, Qg p
and Qp ¢,p introduced there. Taking s = 1, the argument that precedes (5.25) gives us

>V
=0

where the factor a comes from the fact that here we use (8.4) in place of (5.12). Similarly,
the proof of (5.30) now gives us

> 2
=1

(8.6) < Csa{®({c:}.er)}/?,

\

(8.7) < Criaf{®({c:}eer) '/,

0\
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where a appears for the same reason. Combining (8.5), (8.6) and (8.7), we have || B*W ||y <
Craa{®({c.}.er)}'/2. As we explained in the third paragraph of the proof, we can remove
the B* from || B*W || by applying Propositions 3.8 and 3.2. Hence

W e < Craa{®({es}aer)} /2.

Recall that | W]y = ||[W*W||¥/? and that || Dy ||e < [|[W*W||5/?|L*L||5/*. Thus the desired
bound on ||D;]|¢ follows from the above inequality and (8.2). O

Finally, we will show that for a general Toeplitz operator 7, defined by (1.1) on the
Hardy space H?(S), we also have a formula for its Dixmier trace in the style of (7.1).

Theorem 8.2. Let pn be a reqular Borel measure on B such that T), € Ci. LetT be an
a, b-lattice in B, where 0 < a < b < oo and b > 2a. (Since b > 2a, such a T always exists.)
By Theorem 1.4, we have

Since I is an a, b-lattice in B, there is a partition B = U,cr E, such that for every z € T,
we have E, C D(z,b). For each z € T, define

(5.9 e [

(1= fw?)™

By (8.8) and Lemma 2.4, we have ® ({c,}.er) < oo. The Dizmier trace of the Toeplitz
operator T}, is given by the formula

(8.10) Tr,(T,,) = Tr,, ( D e ® ez) ,

zel

where {e, : z € I'} is any orthonormal set.

Proof. Let IV = {z € T : ¢, # 0}. Given a partition IV = Wy F’(Q), for i = 1,2 we
can define BV = U__p, ) E,. Accordingly, p = p® + p® | where u(A) = p(An EW)
for Borel sets A C B, i = 1,2. Obviously, both sides of (8.10) are additive with respect
to such a decomposition. Therefore, by Lemma 2.1, it suffices to prove (8.10) under the
additional assumption that I is 2b+ 2-separated. This implies that if we pick an arbitrary
((z) € D(z,b) for each z € T”, then the set {((z) : z € I} is 1-separated.

We will prove (8.10) by using Theorem 7.5 and approximation in the ideal C;". This
scheme proceeds as follows. Let an € > 0 be given. Then by the above-mentioned property
of IV and Proposition 8.1, there is a § > 0 such that if {(z) € D(z,b) for every z € I"", and
if a set {w(z) : z € '} has the property that 5({(z),w(z)) < ¢ for every z € I, then

+

(811) Z Czkg(z) X k((z) - Z Czkw(z) ® kw(z) < Eq)—l‘r({CZ}zEF)

zeG zeG

1

47



for every G C I'. For each z € T”, we define the measure v, by the formula v,(A) =
c; i(ANE,), where A is any Borel set in B and the relation between /i and p was given
by (5.1). By (8.9), each v, is a probability measure on B. Furthermore,

T, _Zcz/ kw @ kydv, (w).

zeIl

By Lemma 2.1(1), for the § chosen above, there is an N € N that has the following property:
For each z € I”, there are &, 1,...,& v € D(z,b) such that UY ,D(£, ;,6/2) D D(z,b).
Thus for each z € IV, E, admits a partition £, = E, 1 U--- U E, y such that

(8.12) sup  B(u,v) <9,
uaveEz,i

1 <4 < N. Accordingly, we rewrite the Toeplitz operator 7}, in the form

(8.13) T, = ZZcz/ kw @ kwdv, (w).

zel i=1
With this N so fixed, we pick a k € N such that N/k < e.

For each z € IV, denote J, = {i € {1,...,N} : v,(E,;) # 0}. Then for every pair
of z € IV and i € J,, define the probability measure dv, ; = {Vz(Ez,i)}AXEz,ide- This
allows us to rewrite (8.13) in the form

=> ) czy(Ez,i)/ kw @ kydv, i (w).
zelVied, B

For every pair of z € IV and i € J,, there is an m(z,i) € Z, such that m(z,i)/k <
vy(E, ;) < (m(z,i) + 1)/k. Thus for every such pair of 2,7 we have

m(z,1)
k

(8.14) vy (E, ) = +a(z,1), where 0<ua(zi)<1/k.

Accordingly, we have T, = T} + T3, where

1
(8.15) T, = z Z Z c.m(z,1) /Ez’i ky @ kydv, ;(w) and

2T ied,
Ty = Z Z cza(z,i)/ ky @ kywdv, ;(w).
z€T icJ, Bz

We will show that Tr,,(7}) is close to the right-hand side of (8.10) and that || T||{ is small.

To estimate Tr,, (T} ), observe that for every z € I, we have

Z zz—k’z <I€ZZ/Z E.;)=kv,(Uics. E, ;) =kv,(E,) = k.

i€, i€J, 1€J,
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That is, there is a natural number & < k such that
Z m(z,i) <k for every z €T’
=

We can think of m(z,i) as the “multiplicity” with which E,; appears in the sum (8.15).
Once this is clear, we see that there are subsets I'y O --- D I'ys of I such that

(8.16) Ty = (1/k)(S1+ -+ Sw),

where, for each 1 < 7 < K/,
Sj = Z CZ/ ]{Jw [ kwduzyL(j’Z)(w)

with «(j, 2) € J, for every z € I';. Furthermore, to match multiplicities, for every pair of
ze€ I and i € J, we have

(8.17) card{j € {1,...,k'} : z € I'; and 1(j, z) = i} = m(z,17).

For each pair of 1 < j <k’ and z € 'y, we pick a ((2,7) € E. ,(;). Accordingly, we define
the operators
Dj= ) cke(zg) ® Koz

ZEFJ
1 <j <k'. We need to estimate ||S; — D,||{.

Fixa j € {1,...,k'} for the moment. For each z € I';, v, ,(; ») is a probability measure
concentrated on E, ,(;.). It is, therefore, in the weak-* closure of convex combinations of
unit point masses on E, ,(; »). Consequently, S; is the weak limit of operators of the form

1 d

r=1 zel';

where d € N and w(z,7) € E, () for every pair of 2 € I'; and r € {1,...,d}. For a
given r € {1,...,d}, since w(z,7) € E, ;) and ((2,j) € E. (), by (8.12) we have
B(¢(z,75),w(z,1)) <9 for every z € I';. Applying (8.11), we find that

+

d
1
1, = Dyl < 5> < @7 ({ez}ser).

D k) @ kury — D ceke(ag) ® ke(z)

z€l'; zel';

1

Since S; — D; is in the weak closure of operators of the form H; — D;, combining the above
estimate with Lemma 4.3, we obtain ||S; — D;||{ < €®] ({c.}.er). Recalling (8.16) and
the fact that k' < k, we now have ||Ty — (1/k)(Dy + - -+ + Dw/)||7 < e®] ({c.}.er). Thus

(8.18) [ Tro(T1) — Tro((1/k)(D1 + -+ + Di))| < €@ ({c: }zer)-
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Recall that for each pair of 1 < j <k’ and z € I, we have ((z,j) € E, ,(;,»). Thus, by the
assumption on I, every {((z,j) : z € I';} is a 1-separated set, 1 < j < k’. Hence Theorem
7.5 can be applied to every D;. Pick an orthonormal set {e, : z € I'}. By Theorem 7.5,

we have
1 1
Tr,, (E(Dl +-+ Dk’)) = TM(E E E Cz€: Q@ QZ>-

j=1z€T;

Applying (8.17) on the right-hand side, we obtain

Trw@(p1 +-~~+Dk/)) = Trw< >y czwez ®ez>.

zel” 1€Jz

Combining the above with (8.14) and with the fact that >, ; v.(E,;) = v.(E,) =1 for
every z € IV, we have

1
(819) Trw<E(D1_|_+Dk,)) :Trw(Zczez(g)ez) —57

zel”

where

£ = Trw< Y coalz e @ )

zelVied,

We have 0 < a(z,i) < 1/k for every pair of z € IV and ¢ € J,. Since card(J,) < N for
every z € I, it is easy to see that & < (N/k)®] ({c.}.er). Recall that k was chosen so
that N/k < e. Combining these facts with (8.18) and (8.19), we conclude that

(520 (1) - T (e me )| < 2607 (e en)

zel”
Next we estimate ||T3|].

A retrace of the definitions of the measures v, and v, ; gives us T, = T, where

o= Y Y G

zelieJ,

Recall that I is 2b + 2-separated. This guarantees that D(z,b) N D(z',b) = 0 for z # 2’
in IV, Therefore it follows from Proposition 5.1 that

(3:21) 1Tl = ITlif < cﬂ{%})

Furthermore, for each z € IV we have

a(D(2,h) = a(E.) = 3 alz, i);‘(EZ’?) —e. Y a(z,i)z(EZ%).

ieJ, i€J,



Since E,; C E, C D(z,b), Lemma 2.4 tells us that u(E, ;) < Ci(1—|z*)"u(E,,;). Thus

a(D(z,b)) < C1(1 —|z/*)"c, Z a(z,1) < C1(1 — |2|*)"c.(N/k) < C1(1 — |2]*)"c.e

i€d,

for every z € IV, where the second < follows from the facts that 0 < a(z,i) < 1/k and that
J., C {1,..., N}. Substituting this in (8.21), we obtain

(8.22) ITallf < C1C50e@f ({e:}zer).
Since T, = T + T> and since € > 0 is arbitrary, (8.10) follows from (8.20) and (8.22). O

9. Modified Berezin transforms and an equivalent condition

Recall that for an operator A on the Hardy space H?(S), the function
A(z) = (Ak.,k.), ze€B,
is called the Berezin transform of A. But for our purpose we need the scalar quantity

(A, 4,1, ) with t > 0, which is really a modified version of Berezin transform. If p is a
Borel measure on B, then for the Toeplitz operator T}, defined by (1.1) we have

|Z| n+2t d
< H¢Zt7wzt |1_ w, z |2n—|—2t /,L(U))

This quantity gives us a condition that is equivalent to the condition in Theorem 1.4:

Theorem 9.1. Let 0 < s <1 be given. Pick at > 0 such that s(n+ 2t) > n. Suppose that
® is a symmetric gauge function satisfying condition (DQK). Let 0 < a < b < 0o also be
given such that b > 2a. Then there exist constants 0 < ¢ < C' < oo which depend only on
s, t, a, b, ® and the complex dimension n such that

(Tt Veer) <o ({ (HEED) L) < 00Tt eer)

for every regular Borel measure p on B and every a, b-lattice T' C B.

The proof of Theorem 9.1 will take a few steps. First of all, we need to introduce
more sets based on the radial-spherical decomposition in Section 2, which proved valuable
n [10,19]. Let (k,j) € I. In addition to the T}, ; given by (2.8), we define
(9.1) Qrj={ru:1-2"2% <pr < 1272042 4 € B(uy;,9-279)}.

For each (k, j) € I, we define the subset
Fr;={(,4):€>k1<i<m(l),Buri,27") N Bluy,;,3-27") # 0}
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of I. We then define
(9.2) Wi = Qr.j U{Uier, ,Qe.i}

(k,7) € I. By (2.7) and (9.1), we have Wy ; D {ru:1—-272* <r < 1,u € B(uy;,3-27%)}.
As before, i will always be defined in terms of p by (5.1).

Lemma 9.2. Let ® be a symmetric gauge function satisfying condition (DQK) and let
0 < s < 1. Then there is constant 0 < Cg.o < 00 such that

O({2%™ 1 (Wi j) Ywjyer) < Coa®({°(Qr.g)}kjrer)
for every regular Borel measure p on B.

Proof. From (9.1) and (9.2) it is obvious that

(9.3) 22 (Wi j) < Crj(@Qug) +Cr - Y 272" B (Qy).
(evi)eFkyj

We then repurpose the symbol ¢. For ¢ > 0 and (k, j) € I, define the set
Gy = {(k+6,h): 1< h<m(k+0),Blurron, 2757 N Bluy,,3-27%) £ 0}
as in [19]. By (2.6) and (2.5), there is a natural number M such that
(9.4) card(G,(:g) < M2t
for all (k,j) € I and ¢ > 0. Similarly, there is an N € N such that
card{j’ € {1,...,m(k)} : G}, NG\, #0} < N

for all (k,j) € I and £ > 0. By a standard maximality argument, for each ¢ > 0, there is
a partition
r=1"u...ur™

such that for every v € {1,..., N}, the conditions (k,j), (k',j’) € Iéy) and (k,7) # (kK', ")
imply G,(f;;- N ng)’j/ = (.

For (k,j) € I and ¢ > 0, define

(9.5) Ber; =272 > UQkien)
(k+6,h) G

Continuing with (9.3), we have

22" (Wi ;) < C1 > Epgje
=0
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Since 0 < s/2 < 1, this leads to
snk s s/2 s/2
(9.6) 2 (W) < OF2 3B
=0

Again we write ¥ = ®?). Since ® satisfies condition (DQK), Lemma 4.5 tells us that
U also satisfies condition (DQK). For each pair of £ > 0 and v € {1,..., N}, the sets in

the family {G,(fz :(k,j) € Iéy)} are pairwise disjoint. By (9.4) and (9.5), we can apply
Proposition 4.6 in the present situation to obtain

s/2 S —2en ~S
v <{Ee;/k,j}<k,j>ef§”)> < CM P2 (5@ Y er).

Thus, writing C3 = NCoM*/2, for every ¢ > 0 we have

N
s/2 s/2 —2en ~3
v ({Ee;/k,j}(k,j)ef> <y v (‘{Ee;/k,j}(k,j)efy)) < G327 (‘{M /Q(Qk,j)}(k,j)61> :

v=1

Combining this with (9.6), we find that

snk s s/2 s/2
VU ({2 k,u /Q(Wk,j)}(k,j)el> < 01/ Z v <{E£;é€,j}(k,j)61>
£=0

< 07703y 27ty ({ﬁs/ 2<Qk,j)}<k,a’>61> '
=0

Since Proposition 4.6 guarantees € > 0, the above can be rewritten as
v ({ZSnkMSp(Wk,j)}(k,j)el> < Cy¥ ({ﬂsm(Qk,j)}(k,j)GI) :

Squaring both sides and using the relation ¥ = ®®2) we now have

@ ({2271 (Wi i)Y wjper) < O3 ({2°(Qr,) Y kjer) »
proving the lemma. [J

As on page 996 in [19], for each (k,j) € I we define

9.7 Hy,;={(,h) €T:0<0<k,1<h<m(l),B(ugn, 2% N Blug;,27%) # 0}.

Lemma 9.3. Given any t > 0, there is a constant Cg 3 which depends only on t and
n such that the following estimate holds: Let (k,j) € I and z € Ty ;. Then there exist
(¢,v(0)) € Hy ; for £ =0,...,k such that for every Borel measure n on B, we have

k
(Tuthzt,2) < Coz 22_2("+2t)(k_£) 22 (W o))-
=0
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Proof. Let (k,j) € I and z € Ty ; be given. Then z = |2|¢ for some ¢ € B(uy j,27%).
Set v(k) = j. If 0 < ¢ < k, by (2.7), there is a v(¢) € {1,...,m(¢)} such that & €
B(ug (e, 27%). Then the lemma will follow if we can prove that the inequality

k
(9.8) [oal? < Cy Y 272200920ty
=0

holds on B, where C depends only on n and t.

To prove (9.8), first observe that W, (o) = B. By the argument on the bottom of page
996 in [19], we have |1 — (w,z)| 71 < 422D for w € Wy_y ,0—1)\Wr.(e)- On the other
hand, the definition of T}, ; gives us 1 — |z] < 272k Combining these two inequalities, we
see that (9.8) holds on B\W}, ,,(x) = B\W} ;. But on the set Wy ;, (9.8) follows from the
simple fact that |1 — (w, z)| > 1 — |z| > 272(+1) = (1/4)272F since 2 € Ty, ;. O

Lemma 9.4. Let 0 < s < 1 be given, and let t > 0 satisfy the condition s(n + 2t) > n.
Suppose that ® is a symmetric gauge function satisfying condition (DQK). Then there
exists a constant 0 < Cg4 < 00 such that for every regular Borel measure i on B and
every set of points z(k, j) € Ty j, (k,j) € I, we have

STz (k,j),t> aheui) ) Ykjyer) < Coa®({i°(Qk.j) }k,jyer)-
Proof. By Lemma 9.2, it suffices to show that

(9-9) ‘I)({<Tu¢z(k,j),ta l/)z(k,j),t)S}(k,j)eI) < C‘I)({228nkﬂs(Wk,j)}(k,j)el)-

To prove this, in addition to the Hy ; given by (9.7), we also need the set
HY) = {(¢,h) : (¢,h) € Hy;}

for each integer ¢ € {0,...,k}.

Let o be a regular Borel measure on B. For each triple of integers 0 < ¢ < k and
1 < j <m(k), there is an element (¢, h(k,j;{)) € ngej) such that

tWen(k,j0)) = w(Wepn)  for every (€,h) € ng;

Let 0 < s <1 be given. Let z(k,j) € Ty, (k,j) € I. Lemma 9.3 implies that

k
<Tu¢z(k‘,j),t> wz(k,j),t>s < CSS Z 2_25(n+2t)(k_€)22sn€NS(W£,h(k,j;£))
£=0
k
(9'10) = Z 2725(n+2t)u22sn(kfv)ﬂs(Wk_yyh(k’j;k_y))
v=0
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for each (k,j) € I, where C1 = C§ 5. Define
22n(k_y)M(Wk—u,h(k,j;k—u)) if v < k
Ak 50 =
0 if v>k
for all (k,j) € I and all v > 0. Thus we can rewrite (9.10) in the form
(T z(h,g) 6> Yoo,y )’ < Ch Z 2_25(”“’“‘)%27]-”,.
v=0
Consequently, for each symmetric gauge function ® we have

(9.11) Q({(Tutar gyt Vathg)t) Y hyer) < C1 Y 272020 ({ap . Y jyer)-

v=0

Let us denote
(9.12) on; = 22" (Wi ;)

for every (k,j) € I. We obviously have ayj., = ©i—vn(kjk—r) When v < k. Since
ay, j.» = 0 when k < v, for each v > 0 we have

é({az,j;u}(k,j)ef) = Q({(pi—y,h(k,j;k—l/)}(k,j)GI(”))7

where 1) = {(k,j) : k> v,1 < j <m(k)}.
For each v > 0, consider the map G, : I¥) — I defined by the formula

G, (k,§) = (k — v, bk, ji k —v)), (k,5) € I".

If £ # k', then, of course, G, (k,j) # G,(k',j') for all possible j and j’. Now suppose
that integers j and j' are in the set {1,...,m(k)} such that G,(k,j) = G,(k,j’). Then
h(k,j;k —v)=h(k,j';k —v). A chase of definitions gives us

B(ukfu,h(k:,j;kfvﬁ 2—(k—V)) N B(“k,j? 2_k) % @ and

B(uk—u (ke jrib—)s 2~ ) 0 Blug,jr, 27F) # 0.
Since h(k,j;k —v) = h(k,j’;k —v), we have d(ug j,ux ;) < 4-27*=). Thus we conclude
from (2.6) and (2.5) that there is an N € N which depends only on n such that for all
v <kandall 1<j<m(k),

card{j’ € {1,...,m(k)} : G,(k,j") = G,(k,7)} < N2?".
That is, the map G, : I*) — I is at most N22"-to-1. Applying Lemma 4.8, we have
‘I)({az,j;y}(k,j)el) = ‘I)({SOSGV(k,j)}(k,j)eI(W) < N22"”@({wi,j}<k,j>ef).
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Substituting this in (9.11) and recalling (9.12), we find that
Q({{T 2k )t V() t) S (kjyer) < ClNZ2_2{8(n+2t)_n}yq’({902,j}(k,j)el)
v=0

_ ClN Z 2_2{s(n+2t)_n}yq)({22snk,us(Wk,j)}(k,j)61)~

v=0

Since we assume s(n + 2t) > n, (9.9) follows. This completes the proof. [J
For each (k,j) € I, we define the point

wi,; = (1 =272 Ny, ;.

Recalling (2.8) and (9.1), we have wy ; € Tj ; C Qy,; for every (k,j) € I.

Lemma 9.5. [10,Lemma 6.1] There is a 79 > 0 such that D(wy, j,70) N D(wyp,70) = 0 for
all (k,j) # (t,h) in I. In other words, {wy,; : (k,j) € I} is a To-separated set in B.

Proof of Theorem 9.1. It is elementary that there is a bound 0 < R < oo for the Bergman-
metric diameter of every Qy ;, (k,j) € I. Let 0 < a < b < oo be given. By Lemmas 9.5
and 2.1, there is an M € N such that

(9.13) card{(k',7") € I : B(wy j,wir j») <20+ 2R} < M

for every (k,j) € I. Suppose that I' is an a, b-lattice in B. If z, 2’ € T' have the property
that D(z,b) N Qk,; # 0 and D(2',b) N Qy,; # 0 for some (k, j) € I, then

B(z,2') < R+ 2b.
Therefore, by Lemma 2.1, there is an N € N such that
card{z €T : D(2,b) N Qy; #0} <N

for every (k,j7) € I. Let 0 < s < 1 and p be given. Then for every (k,j) € I, there is a
2.5 € I' satisfying the following two conditions:

(1) D(zg,4,b) N Q. ; # 0.
(2) If z €T and D(z,b) N Q,; # 0, then i(D(z,b)) < i(D(zk,5,b)).
Since U,erD(z,b) = B, for every (k,j) € I we have

(Qr,j) < > A(D(z,) < N(D(zk,,b)).
zel
D(va)rng,ﬁéQ)
Thus for any symmetric gauge function ®, we have
(9.14) S{a*(Qrg)}kjyer) < N°@EL° (D (zk,5,0))} (k,jyer)-
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By definition, for any pair of (k, j), (k¥’,j’) € I we have
D(2k,5,0) N Qr; 0 and  D(zg jr,b) N Qpr jr 7 0.
Thus if it happens that z; ; = 21/ j7, then
B(wg,j, wrr j7) < R+b+b+ R=2b+2R.

Combining this with (9.13), we see that the map (k,j) — 2;; from I into I' is at most
M-to-1. Thus an application of Lemma 4.8 gives us

(9.15) O (D(2k,5,0)) }k.jyer) < MO({A°(D(z,0))}zer)-

Since I is a-separated, Lemma 2.6 provides a partition I' = 'y U- - - Ui such that for
alli e {1,...,K} and (k,j) € I, we have card(I'; T}, ;) < 1. Consider any ¢ € {1,..., K}.
Since Uy jyerTk,; = B, for each z € T'y, there is a (k,j) € I such that z € Ty ;. We now
write z(k, j) for this z. Then there is some J; C I such that I'; = {z(k,7) : (k,j) € J;}
and z(k,j) € Ty, ; for every (k,j) € J;. Applying Lemma 9.4, (9.14) and (9.15) we have

P{(Tptrzt, V2t) Yaery) = T2k )60 athog)t) Y kg)e )
< Cos®({i*(Qr.5)} k,jyer) < CoaN*MO({*(D(z,b))}zer)

for every i € {1,..., K'}. Hence

STtz ¥2)" eer) < Coa KN ME({°(D(2, b))} zer)-

Recalling (5.1) and applying Lemma 2.4, the lower bound in Theorem 9.1 follows.

For the upper bound, it suffices to note that for the given b, there is a § > 0 such that
if w € D(z,b), then

— |2 _ 2
&25 and &25'
11— (w,2)| 11— (w,2)|

(This can be seen, for example, by writing w = ¢, (u) with u € D(0,b)). Hence

ﬂ(D(Za b)) S 5—2n—2t <Tu¢z,t7 r‘/’z,t>
for every z € B. This proves the upper bound and completes the proof of Theorem 9.1. [
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