GEOMETRIC ARVESON-DOUGLAS CONJECTURE FOR
THE DRURY-ARVESON SPACE:
THE CASE OF ONE-DIMENSIONAL VARIETY

Jingbo Xia

Abstract. We consider a class of analytic subsets M of an open neighborhood of the
closed unit ball in C™. Such an M gives rise to a submodule R and a quotient module Q of
the Drury-Arveson module H? in n variables. The geometric Arveson-Douglas conjecture
predicts that the quotient module Q is p-essentially normal for p > d = dimc M. We prove
this conjecture for the case of dimension d = 1. In fact, we prove that if d = 1, then Q is
1-essentially normal, which is a stronger result than the original prediction.

1. Introduction

Let B denote the open unit ball {z € C" : |z|] < 1} in C". Throughout the paper,
the complex dimension n is always assumed to be greater than or equal to 2. Recall that
the Drury-Arveson space H?2 is the Hilbert space of analytic functions on B that has the
function

1

(1.1) K.(¢)= )

as its reproducing kernel [1,16]. Equivalently, H2 can be described as the Hilbert space of
analytic functions on B where the inner product is given by

al  —
(hog) =Y W%ba

aEZi

for

h(¢)= Y aaC® and g(¢)= ) bal™.

a€eZl acZ’
Here and throughout, we follow the standard multi-index notation [26, page 3.

Nowadays, it is common to view H?2 as a Hilbert module over the polynomial ring
Cl¢1,--+,¢n] [6,12]. Thus H?2 has submodules and quotient modules.

Suppose that A is either a submodule or a quotient module of the Drury-Arveson
module H2. Let Py : H2 — N be the orthogonal projection. Then we have the module
operators

Zyn;=PvMg|N, j=1,...,n,
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on N. Recall that N is said to be p-essentially normal if all commutators [Zx i, ZX; ],
1 <4,j < n, are in the Schatten class C,,.

The famous Arveson Conjecture [2-4] predicts that every graded submodule of H2®C"
is p-essentially normal for p > n. To date, the best results on the Arveson Conjecture are
due to Guo and K. Wang [20].

In addition to graded submodules, quotient modules of the form H?2/[I], where I is a
homogeneous ideal in C[(3, . .., (,], were also studied in [20]. Motived by the results in [20],
Douglas observed in [10] that for quotient modules the essential normality should really
be p > d, where d is the complex dimension of the variety involved. This more refined
conjecture is now called Arveson-Douglas Conjecture. See [5,11,13-15,17,19,20-22,27-29]
for the tremendous progress that has been made in this direction.

In this paper we consider a very specific class of submodules and the corresponding
quotient modules. Our focus is on the quotient modules, because that is where things
become really interesting. Let M be an analytic subset [8] of an open neighborhood of B
with 1 < dimgM < n — 1. We will assume that M has no singular points on the sphere
S ={z e C":|z| =1} and that M intersects S transversely. Denote M = B N M. Then
we have a submodule

R={f€H?: f=00on M}

of H2. The corresponding quotient module is
Q=H2oR.

In this setting, we have

Geometric Arveson-Douglas Conjecture. The quotient module Q is p-essentially
normal for every p > d = dimc M.

Since the Drury-Arverson module H? itself is known to be p-essentially normal for
p > n [1], by a well-known result of Arveson [2], the geometric Arveson-Douglas conjecture
implies that the submodule R is p-essentially normal for p > n.

The analogous problems for the Bergman module L2 (B) and the Hardy module H?(S)
were recently solved [15,27,28]. Thus it is logical for us to consider the Arveson-Douglas
conjecture for H2. But the case of the Drury-Arverson space H? poses significant chal-
lenges. In fact, it is very easy to describe the main difficulty. Note that the power for the
denominator on the right-hand side of (1.1) is only 1. By contrast, the reproducing kernels
for Bergman space L2(B) and the Hardy space H?(S) are

1 1
(1—(¢ )"t (1= z)"

which have powers n+ 1 and n for the denominator respectively. Because of the necessary
estimates involved, the smaller the power of the reproducing kernel, the harder it is to
prove essential normality. Indeed by a comparison of [15,27] with [28], we can already see
a significant rise of the level of difficulty when that power is reduced from n + 1 to n.

KPerE(() = and K1 (¢) =
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The challenge we face in this paper is to reduce the power of the reproducing kernel
from n all the way to 1 and still prove essential normality. As of this writing, we have
managed to overcome this challenge only in the case d = 1. But the case d = 1 is also
arguably the most interesting one, for in this case we have a stronger result than the
prediction of the Arveson-Douglas conjecture:

Theorem 1.1. Suppose that dimcM = 1. Then the quotient module Q is 1-essentially
normal, i.e., every commutator [ZQJ-,ZEJ] is in the trace class Cy, i,j € {1,...,n}.

The rest of the paper is devoted to the long proof of this result. We conclude the
Introduction with a brief discussion of the main steps in the proof and the organization of
the paper, which should give the reader some idea why the proof is as long as it is.

Our proof of Theorem 1.1 begins with the preliminaries in Section 2. Specifically, in
Section 2 we first record the precise definitions of M, R, Q, etc, and then we collect a
number of previously-established results that will be needed in the subsequent sections.

As we have already mentioned, a major difficulty we face is that the power in (1.1) is
too small. Our main idea of dealing with this is to increase the power of the denominator
by differentiation. Since we only consider the case d = 1 in the proof of Theorem 1.1,
one order of derivative will increase the power of the denominator to 2, which should be
enough based on dimensional considerations. But derivative has to be taken very carefully
in the following sense. For z € M, we have K, € Q, and differentiation modifies the kernel
K,. We must make sure that the modified kernel still belongs to the quotient module Q.
Thus we can only differentiate in the directions tangential to M.

To carry out the idea explained above, starting Section 3 we assume d = 1. We
consider a smooth part M of M near S. For each w € M, let p,, be the orthogonal
projection of w on the tangent space T,,. The transversality of M implies that p,, # 0 if
w e MNS. Thus if M is a part of M sufficiently near S, then p,, # 0 for every w € M.
This gives us a non-vanishing cross section w — p,, of the complex tangent bundle of M.
For w € M N B, the kernel
(¢ Puw)

(1= (¢, w))?
reproduces the derivative in the direction of p,,. That is, (f, Ky p,) = (Op, f)(w) for

f € H2. Moreover, because p,, € Ty, we have K,, , € Q. Specific to the case d = 1, we
introduce the measure

Kw,pw (C) =

dp(w) = (1 = [w]*)dvas (w)

on M. This naturally leads to the operator

Ti= [ Ko ® Kupdu(w
M (to)

on H?2, where M) is a carefully chosen subset of M N B. A major step in the proof of
Theorem 1.1 is Theorem 3.5, which says that the spectrum of the positive operator T; does

not intersect the interval (0, c) for some ¢ > 0. Note that even though the cross section
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W > Py 18 non-vanishing on M, in general it is not analytic. But the condition d = 1
means that, locally, w — p,, is an analytic cross section multiplied by a scalar function.
We will use this fact in the proof of Theorem 3.5.

In addition to 77, in Section 4 we introduce the more conventional operator

T, = / K, ® Kydu(w).
M (to)

For our purpose, the operator that really matters is T' = T} 4+ T5. Theorem 3.5 allows us
to show that there is a ¢’ > 0 such that the spectrum of 7" does not intersect (0,c’), and
that Q, the orthogonal projection from H?2 onto Q, equals the spectral projection of T
corresponding to the interval [¢/,00). In other words, we have a practical control of the
orthogonal projection @Q : H2 — Q through the operators T} and T, which are given by
explicit formulas.

We then introduce a particular Hilbert space £ in Section 4, which can be thought of

as a collection of functions on M) with a particular norm || - || 4. Let P be the closure
of the analytic polynomials C[(1,...,(,] in £. The norm || - |4 has the property that
(Tf. f)=I11%

for every f € H2. This leads to the operator J, which take each f € H2 to the same
function f in P. We think of J as restricting each f € H2 to the set M) The above

identity means that
J*J=T.

Thus it follows from the properties of T" that J : @ — P is invertible. We call P the range
space of the restriction operator J. One can think of P as a representation of the quotient
module Q that is more accessible.

Accordingly, the operators 77 and T3 also have their representations Ty and 75 on L.
Individually, the operators T1 and T2 are not self-adjoint on L. It is, therefore, something
of a miracle that the sum T = Ty + T% actually is self-adjoint on £. From this self-
adjointness it follows that, with respect to the space decomposition £ = P @ P, we have
the operator decomposition T=Ta 0, where T = JJ*. This means that the orthogonal
projection P : L — P can be expressed in the form P = ﬁ(T) for some ¢ € C°(R).
This converts the proof of the 1-essential normality in Theorem 1.1 to a problem in terms
of commutators and double commutators on £ that are much more accessible than the
ones on the Drury-Arveson space H2. But the actual handling of these commutators and
double commutators on L is quite tedious: it takes the work in Sections 5, 6 and 7 to
finally obtain the 1-essential normality promised in Theorem 1.1.

There is a major difference between proving essential normality in the case of H2 and
the corresponding task in the case of the Bergman space L2(B) or the Hardy space H?(S).
In the two latter cases, the commuting tuple (M, ,..., M, ) is jointly subnormal, i.e., it
extends to a tuple of multiplication operators (M,,..., M., ) on an L?-space. On the
L2-space, we have Mc*j = M¢,, 1 <j < n. More to the point, M, commutes with M on
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the L2-space, which is a fact heavily involved in [27,28]. In contrast, on the Drury-Arveson
space H2, the tuple (Mc,, ..., M., ) is known not to be jointly subnormal [1]. This creates
an additional obstacle to the proof of essential normality on H2.

Because (M¢,,...,M,) is not jointly subnormal on H2, the only way to obtain the
desired essential normality for Q is through the pair of spaces P C L. We have the tuple
of multiplication operators (M, ..., M., ) on P with the relation

M, J=JZg;,

1 < i < n. The tuple (M¢,,...,M¢,) on P naturally extends to the commuting tuple
(Mcl, cees ]\chn) on L. On L, we still have M&i # ]\Zf@_, but the difference Mgt - M@, can be
computed explicitly. In fact, the handling of this difference is a significant part of Sections
5, 6 and 7. But what matters is the fact that in the end, this approach does lead to a
proof of Theorem 1.1.

Acknowledgement. The author wishes to thank Yi Wang for discussions related to this
work. The author thanks the referee for the careful reading of the manuscript and for the
valuable suggestions.

2. Preliminaries

Although the actual work of this paper only concerns the case dimcM = 1, due to the
need to cite a number of existing results, it is necessary to introduce the general technical
framework. Much of the material in this section is cited from [28, Section 2.

We begin with the precise definitions of the analytic sets, submodules and quotient
modules that we consider in this paper.

Definition 2.1. [8] Let 2 be a complex manifold. A set A C Q is called a complex
analytic subset of Q if for each point a € () there are a neighborhood U of a and functions
f1,+++, fn analytic in this neighborhood such that

ANU={z€U: fi(z)=--- = fn(z) = 0}.
A point a € A is called regular if there is a neighborhood U of a in €2 such that ANU is a

complex submanifold of 2. A point a € A is called a singular point of A if it is not regular.

Definition 2.2. Let Y be a manifold and let X, Z be submanifolds of Y. We say that the
submanifolds X and Z intersect transversely if for every x € XNZ, T, (X)+Tx(Z) = T (Y').

Assumption 2.3. Let M be an analytic subset in an open neighborhood of the closed
ball B. Furthermore, M satisfies the following conditions:

(1) M intersects OB transversely.

(2) M has no singular points on OB.

(3) M is of pure dimension d, where 1 < d < n — 1.

Note that condition (3) implies that M has no isolated singularities in B.
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We emphasize that Assumption 2.3 will always be in force for the rest of the paper.
Given such an M, we fix M, R, Q and @ as follows.

Notation 2.4. (a) Let M = M N B.
(b) Denote R = {f € H2: f =0 on M}.
(c) Denote Q = H2 O R.
(d) Let @ be the orthogonal projection from H2 onto Q.

In addition, we will simplify the notation for module operators used in the Introduc-
tion. Namely, we will write Q¢, = Z¢ ; for j = 1,...,n. That is,

QCJ’ = QMCJ‘ { Q,

7 =1,...,n. Thus the goal of the paper is to show that under the condition d = 1, we
have [Qgi,sz] € Cy for all 4,5 € {1,...,n}. But this will take a very long journey.

Denote S = {z € C" : |z| = 1}, the unit sphere in C". For z € C" and r > 0, denote
B(z,r)={w e C": |z —w| <r}.
By Assumption 2.3, there is an s € (0, 1) such that
(2.1) M={zeM:1-s5<|z| <1+s}

is a complex manifold of complex dimension d and of finite volume.

For each z € M, let T, be the tangent space to M at the point z, viewed as a natural
subspace of C™. For each z € M, let p, be the orthogonal projection of z on T,. Condition
(1) in Assumption 2.3 says that if z € M NS, then p, # 0. Thus, reducing the value of
s € (0,1) if necessary, we may assume that there is a v > 0 such that

(2.2) |p.| >~ for every z e M.
Denote
(2.3) K={zeM:1-(s/2) <|z| <1}.

Then K is a compact subset of the complex manifold M. By the standard facts known
about such a pair of M and K [23-25], the statements below hold true with constants that
are independent of z € K.

There are a > 0 and b > 0 such that for each z € K, there is a map
(2.4) G,:T.NnB(0,a) > M

that biholomorphically maps 7, N B(0,a) onto an open subset of M with the properties
that G.(0) = z and that

(2.5) {G.(w):weT,NB(0,a)} DMnNB(z,b).
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Let DG, be the complex derivative of G.. For each w € T, N B(0,a), we have the local
Taylor expansion

G.(w+u) =G, (w)+ (DG,)(w)u + /0 {(DG,)(w + tu) — (DG,)(w)}udt,

w+u € T,NB(0,a). In particular, at the point w = 0 we have
T, = (DG,)(0)T,

and
G.(u) =z+ (DG.)(0)u + /1{(DGZ)(tu) — (DG,)(0)}udt for weT,Nn B(0,a).

Reducing the values of a and b if necessary, we may assume that there are constants
0 < a < B < oo such that for w € T, N B(0, a), the linear transformation inequality

a < (DG.)"(w)(DG:)(w) < S

holds on T3,.

For each z € K,
Tt ={ueT, : (up,) =0}

is a linear subspace of T, of dimension d — 1. As a subspace of C", T:- is orthogonal to z.

Definition 2.5. (a) For each z € K, we define
Tl = T g €21 ¢ € CY,
which we consider as the modified complex tangent space at z.

(b) For each z € K, let P, be the orthogonal projection from C™ onto T™°4.

Lemma 2.6. [28, Lemma 2.7| There exist by > 0 and co > 0 such that for every z € K,

P, is a biholomorphic map from M N B(z,by) onto an open set in T™°Y that contains
Tmod N B(z, cp).

For z € K, let I, : T™°4N B(z,co) — M be the inverse of P,. For x € T™NB(z, cp),
the relation P,I,(x) = = leads to

(2.6) I.(x) =x+ h,(x), where h,(z)=1.(z)— P.I.(x).
That is, for each z € K, h, maps T™°4N B(z, cp) into C*oT™°4. We now fix a ¢; € (0, ¢p).

By the analysis on page 8 in [28], there are constants 0 < a(c;) < S(c1) < oo such that
the operator inequality

(2.7) a(er) < (D) (x)(DI)(x) < B(er)
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holds on the linear space 7° for all z € K and € T™°Y N B(z,c1). Applying the
standard open mapping theorem, there is a 0 < by < bg such that

(2.8) {L(z): 2 € T™ N B(z,¢1)} D MN B(z,b).

Our analysis also involves the Bergman-metric structure of the ball. As usual, we
write 8 for the Bergman metric on B. That is,

1+ |z (w)]

, z,w € B.
1 - |90z(w)|

8(z,w) = 5 log

We recall that the Mobius transform ¢, is given by the formula

ps(w) = ﬁ{z - <1|L:|zz> 2= (1= [2P)'2 (w N <T:|22> Z) }

when z # 0, and po(w) = —w. For each z € B and each a > 0, we define the corresponding
p-ball D(z,a) ={w € B: f(z,w) < a}.

Lemma 2.7. [28, Lemma 2.9] (1) Let r > 0 be given. For each € > 0, there is a § = §(r,¢)
€ (0,1) such that if z € K satisfies the condition 1 — 0 < |z| < 1, then the inequality

B(w, P,w) < €

holds for every w € D(z,r) N M.
(2) Let z € M N K and r > 0 be such that D(z,r/2) C B(z,co) and B(w, P,w) < r/3 for
every w € D(z,2r) N M. Then I, (D(z,7/2) N T™°4) C D(z,7) N M.

For every z € K, T™°4 is a d-dimensional linear subspace of C™. For convenience we
will write v for the natural volume measure on 7™°¢, even though for different z € K this
may be a different linear subspace of C™. But since volume depends only on the Euclidean
metric, which T™°? inherits from C", such a simplification of notation is justified.

For each z € K, we have the Jacobian
(2.9) J2(2) = det{(DI.)"(2)(DL:)(2)},
r € T™°4N B(z,c1). Let vy denote the natural volume measure on M. Suppose that

z € K and U is an open set in M N B(z,b1). By (2.8), we have P,U C T™°4 N B(z,¢1).
For any positive, continuous function f on U, we have

(2.10) /Uf(w)de(w) = . f(I:(x))J.(z)dv(x).

Recall that this is in fact how volume is defined on M.

In addition to the volume measure v on M, we define the measure vy, on M = MNB
by the formula vy, (E) = v (E N M) for Borel sets E C M.

8



Lemma 2.8. [28, Lemma 2.10] Given any a > 0 and k > —1, there is a 0 < Cyg < 00

such that , 2
(1 —[2[*)*(1 — |w|*)"
d <
/M 11 — (w, z)|dt1tats vp(w) < Ca

for every z € M.

Moreover, it is known that if kK > —1, then
/ (1 — W) dvns (w) < 00
M

28, page 15]. This finiteness is due to the fact that we can use the function p(w) = 1—|w|?
as one of the 2d real coordinates on M for w € M near S.

Lemma 2.9. [28, Lemma 2.11] Given any a > 0 and k > —1, there are § > 0 and
0 < C29(0) < 0o such that

(L~ =) (1 — Jul?)" a0
<
/M\D(z,r) 11— (w, 2)|dt1tatn dvpy(w) < Cag(d)e

for all z € M and r > 0.

Following [28], we use a subscript d to indicate a set in C?. For example, By = {w €
C?: |w| < 1} and Dy(z,7) = {w € By : B(2,w) < r}. Similarly, dvg denotes the volume
measure on C?. In particular, dv; is just the area measure on C.

Lemma 2.10. Let 0 < r < oo. If f is a bounded analytic function on Dy(z,r), z € By,
then

1 — ‘w|2 = T ya
(2.11) /D @ ) = 20 )

where

B(r) = /D AP )

Proof. Let w = ¢.((¢). By the formulas from [26, Theorem 2.2.2], we have

1— o)1 - %)

n - 2:(
and 1 — |2 (Q)] 1—(z,Q)]?

1- <Z, @Z(C» = 11%2’0

Therefore the left-hand side of (2.11) equals

(L= i) (1= O)B PG}

/Dlm,,n)f(“’z“” 1-Gop \i-pp ) T=tmop®



After the obvious cancellation, we find that

g (w) = D) et
/Dl(z,r)f(w) 1- <ij>)3d 1(w) /Dl(O,r) (1= (C,2)) (1 —[¢]%)dv1(C).

With respect to the Euclidean metric on C, D1(0,r) is a disc centered at 0. Hence the
above equals ®(r) f(.(0))(1 — (0,2))73 = ®(r)f(2). O

Lemma 2.11. [28, Lemma 3.2] For each given 0 < r < oo, we have

I T
111 Su e ——
i P 1—|L(z)]

x| >t zeM andxeD(z,r)ﬂT;nOd}:()

and
lg%lllsup{\Jz(z) —L(2)|:|2| >t, z€ M and x € D(z,r) N T™9} = 0.

Lemma 2.12. Let —1 < 17 < o0o. Then
dQ(w) = (1 — [w[*)"~ " dvp (w)

is a Carleson measure for the weighted Bergman space L2 . = L2(B, (1 — |z|*)"dv(2)).

Proof. For each pair of ¢ € S and r > 0, define Q(¢,7) = {z € B: |1 — (2,()| < r}. By
the well-known [7, Theorem 1], to show that Q is a Carleson measure for L7 _, it suffices
to find a C4 such that

(2.12) Q¢ 7)) < CrrHHT
for all ( € S and r > 0. To prove this, note that
(1 —Jw)" =7 = (1 — w7 (1 = |w[?)" 171

If we Q(¢,r)N M, then 1 — |w|? < 2r. Since 1 + 7 > 0, we have

QQ(Cr)) = / (L Jwf2)" 4 dus (w) < (2047 / (1 [w]2)™ gy (w).
Q(¢,r)NM Q(¢,r)NM

By inequality (2.26) in [28],
/Q(g | M(l — w]?)" Ty (w) < Cr
,7)N

for all ( € S and r > 0. Thus (2.12) indeed holds. [

Under the usual identification of C with R?, we can also view T, as a subspace of
R>" of real dimension 2d, equipped with the real inner product. Thus if 2 € M and h is
a real-valued C'-function on an open neighborhood U of z in C™ = R2", then we define
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(Vah)(2) to be the orthogonal projection of the real vector (Vh)(z) onto the real subspace
T.. If h is complex-valued, we can write h = hy + ihs, where hy and ho are real valued.
In this case, we define (Vh)(z) = (Vah1)(2) +i(Varhe)(2). This defines the operation
V am. We think of Vo, as the gradient in the directions tangent to M.

For each 0 < t <1, we define the sets
(2.13) M® ={zeM:1—|z><t} and N® ={zeM:1—|z?>t},
which will appear frequently in the sequel. For each —1 < 7 < 0o, we denote

dv-(w) = (1 — |w]?)"dvas (w).

Lemma 2.13. Given any —1 < 7 <00 and 0 <t < 1, there are constants 0 < a < b < t
and 0 < C < oo such that the inequality

/ | w) Pdvr (w) < C / (V) () B(1 — [w]2)2d (w)
M)

M)

ve [ i), w)
N@NM®)

holds for every C function f on any open set containing the closure of M®).

The proof of this lemma is essentially the same as the proof of [29, Lemma 3.1]. For
that reason we leave the proof of Lemma 2.13 to Appendix 1.

As usual, we write 0 = (01, ...,0,), the analytic gradient on C". By the multi-index
convention that we follow, for o = (a,...,ap) € Z7, 0% denotes 07" - - - O5™.

Lemma 2.14. Let —1 < 7 < 00 and k € N be given. There are constants 0 < a < b < 1
and 0 < C < oo such that if f is any analytic function on an open set containing the
closure of M, then

| rwpanw e 3 [0 p)P - ) v o)

|a|=k

B w2l/w.
D N B CICIA

0<|8|<k—1

Proof. This follows from Lemma 2.13 by an obvious induction on k. [J

Let us recall the family of spaces H(*) introduced in [19]. For each —n < t < oo, let
H® be the Hilbert space of analytic functions on B which has the function

1
t _
KW (z) = 0= (e wy) it z,w € B,
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as its reproducing kernel. Equivalently, H® is the completion of Clzy, ..., z,] with respect
to the norm || - ||; arising from the inner product (-,-); defined according to the following
rules: (2%, z%); = 0 whenever o # 3,

a!
1 (n+t+ )

(2.14) (2%, 2%) =

if « € Z"\{0}, and (1,1); = 1. It is well known that H2 = H(=™ and that for each
—1 <t < o0, H® is a weighted Bergman space on B.

Recall that the formula
R=2z01+ 4 2,0,

defines the radial derivative on B. Let m € N and —n < t < oo satisfy the condition
2m +t > —1. For such a pair of m and ¢, we define

£ 1, = 1F(O) +/B (R™ ) (2)](1 = [2]*)*"+ d(z)

whenever f is an analytic function on B. The following is well known:

Lemma 2.15. Letm € N and —n <t < oo satisfy the condition 2m+t > —1. Then there
exist constants 0 < ¢ < C' < oo such that

A fllme < WFlle < Clifllme

for every analytic function f on B.

Proof. When a # 3, we have (2%, 2°); = 0 by definition. When « # 3, it is easy to see that
(2%, 2P),,+ = 0, where (-, -),,; is the inner product that corresponds to the norm || - ||+
defined above. Thus it suffices to find constants 0 < ¢ < C < oo such that

(2.15) cllzllm.e < 12 < Cl[2%[lm.e

for every a € Z7}. We have R™z% = |a|™2“. Therefore, for any o # 0,

I = o™ [ [0 = P ()

2 1

|O(é| m L ‘ )|‘)a|2n/ T2|a\+2n—1(1 . T2)2m+td7°
n — (6% 0

2 | 1
_ ( 1 1’”J7:!|a.|)' / leltn=1(1 _ py2mtt gy

n— a)! Jo

la|*™nla! (lof +n =1 la|?™nlal

(2.16) = : - .
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By Stirling’s asymptotic formula (see, e.g., identity (3.3) in [18]), we have

|l
H (2m 4+t +7) ~ (2m +t + |a| + n)?mHtHlelnt1/2) e=lal - whereas
j=1

||

[T+t +3) & (n+t 4 [afrtHel+0/2) o,
j=1

Combining these formulas with (2.14) and (2.16), we obtain (2.15). O

Lemma 2.16. Given m € N andt > —1, there is a constant 0 < C' < oo such that
@1 [0 DER =) o) < © [ 1R HER -4 vz

for every B € Z satisfying the condition |3| = m and every analytic function f on B.

Proof. Similar to what happened in the previous proof, it suffices to find a 0 < C' < o
such that

(2.18) /B 107 2%2(1 — |22 du(z) < C/B |[R™2%12(1 — |2]?) dv(2)

for every av € Z7.. Write 8 = (B1,...,08,). Note that for any a = (a1,...,ay) € Z7, the
left-hand side of (2.18) is 0 unless a; > B; for every j € {1,...,n}. Suppose that this
condition is satisfied. Then a — 3 € Z"} and we have

Bv
B =z B H H (v, — By +1y).

B, >014,=1
Therefore
/ 0721 - [P dv(z) = ] ] H — By +1i)? / 22 B(1 — |2 du(z)
" BV>OZV—1 B
Bv Voo
=TI Il —Bo+i)* — = %ﬁin@' |
B,>0i,=1 [T:Z (t+7)
m TTlel+n
(2.19) nlaljo] HJ lo— 5|+n+1<t+‘7).
- [T+ )

On the other hand, since R™z% = |a|™z“, we have

nlal|al?™

(2.20) /ByRmza\Qu ) du(z) = e 5
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Since || = m, we have |a| = |a — | +m, and consequently H'Jr;" Bl4n 4 (E+7) < Claf™.

Combining this inequality with (2.19) and (2.20), we obtain (2.18). O

We end the section with one more notation. For any u = (uq,...,u,) € C", we write

(2.21) Oy =101 + -+ +un0, and O, =10y + -+ UyOy.

3. Spectral gap

For the rest of the paper, we assume d = 1. Accordingly, we define the measure
(3.1) dpu(w) = (1 = [w]?)dvas (w).
We fix a tg € (0,1) such that
(3.2) M) ¢ K

(see (2.3) and (2.13)). Recall that for z € M, p, is the orthogonal projection of z on T’,.

Definition 3.1. For any C! function f on an open set containing M, we define

={ [ o nwPaw)

Proposition 3.2. There is a 0 < C < oo such that
(3.3) /M |9;.f)(w)Pdu(w) < C|lf|?

for all f € H2 and 1 < j <n.

Proof. We pick a natural number m > 2 such that 2m —n > 0. Given an f € H2, define
the function f.(w) = f(rw) for each 0 < r < 1. Each f, is analytic on an open ball
containing B. By Lemma 2.14, we have

Jlemwratm e 3 [ 1005w = P2t

ron [ 000 w)Pdutw)

0<[B|<m—2

By the definition of N(®) the second term is dominated by Cs||f,[|> < Cs|f||?. It follows
from Lemma 2.12 that for each o € Z% with |a| =m — 1,

/M(b) [(0%0; fr) (w) (1 = [w]*)*™ 2 dp(w)
< Ca [ @08 )P~ ) " dow) < Gl < Cal P
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where the second < follows from Lemmas 2.15 and 2.16. Thus

/ 103 ) () Pdpu(w) < Cs| £
M

Applying Fatou’s lemma,

[ 1039w Pdptw) < timint [ 10, w)Pdutw) < Csl 1|

This completes the proof. [

We will now try to modify the reproducing kernel for H2 given by (1.1). For each pair
of w € B and u € C™, we define

(34) Kw,u(() = %
For w € B, u € C" and f € H2, it is easy to see that
d d
(35) (oK) = 2 K| g = 2 fw+ )]y = (0uF)(w).

That is, K, , is the reproducing kernel for the directional derivative 0,,.
Lemma 3.3. Let w € M), [fu € Ty, then K, € Q.

Proof. Since u € T,,, there is a smooth path v : (—c,¢) — M) such that v(0) = w and
7'(0) = u. Thus
d
Kuwu = %K’Y(t)‘t:U

Let f € R. Since the range of v is contained in M, we have (f, K,)) = 0 for every
t € (—c,c). Therefore

d d
(f, Kwu) = EU’ Kv(t)>|t=0 = Eo}tzo = 0.

This shows that K, , L R. That is, Ky, € Q. U

We now define the operator
(3'6) Tl = / Kw7pw ® Kw7pwd/‘l/(w)'
M (to)

Proposition 3.4. The operator T defined above is bounded on the Drury-Arveson space
H?2. Moreover, Ty maps H2 into the quotient module Q.

Proof. By (3.5), for f € H2 we have (T1 f, f) = ||f||?>. Hence the boundedness of T} follows
from Proposition 3.2. For w € M®), since p,, € T,,, Lemma 3.3 tells us that Ky p, € 9.
Therefore 77 maps H? into Q. O

15



Obviously, T} is a positive operator on H2. The main goal of this section is to prove
that there is an important gap in the spectrum of T7:

Theorem 3.5. There is a ¢ > 0 such that the spectrum of Ty does not intersect (0, c).
The proof of Theorem 3.5 requires some preparations.

Since we now assume d = 1, B1(0,7) = {{ € C: [{| < r}, r > 0. Since M is a complex
manifold with dimcM = 1, for each y € M, there is an open subset V,, of M containing
y and a biholomorphic map

py : B1(0,2) =V,

such that p,(0) = y. For each § € B1(0,2), py,(§) is obviously a complex tangent vec-
tor to M at the point p,(£), and we have p; (§) # 0 since p, is biholomorphic. Since
dimc(7T), ¢)) = 1, we have T, () = Cp),(§) for every £ € B1(0,2). Define

ny(w) = py(p, " (W), weV,

Then T,, = Cny(w) for every w € V,,. The important fact to keep in mind is that n, is
analytic on Vj,. Since p,, is the orthogonal projection of w onto T),, there is a continuous
function s, : V,, — C such that

(3.7) Pw = Sy(w)ny(w) for every w € V,.

This identity embodies one of our main observations: modulo continuous scalar multiples,
Pw is locally analytic. This fact will be crucial for the proof of Theorem 3.5.

We now define U, = p, B1(0, 1), which is an open subset of M containing y. Obviously,
U, is a compact subset of V;,. Thus s, is uniformly continuous on U,,. By (2.2), the infimum
of |s,| on the set U, is greater than 0. Since K is a compact subset of M, there is a finite
subset F' of K such that
Uu, ok

yeF
By general topology, this implies

Lemma 3.6. There is an € > 0 such that for each ( € K, there is ay = y(() € F for
which the containment {w € M : | —w| < e} C U, holds.

Lemma 3.7. For each y € M®) there is an open neighborhood Ny of y in M®0) which

has the following property. Let {fr} be a sequence in H?2. If the sequence {Tll/ka} weakly
converges to 0, then

Tim sup{|(0, fi)(w)| - w € Ny} =0.

Proof. For each y € M), consider the biholomorphic map p, : B1(0,2) — V,, introduced
above. Recall that p,(0) = y. Since y is now in M) there are ¢ = ¢(y) > 0 and
r =r(y) € (0,1) such that p,(B1(0,7)) C {w € M) : 1 — |w? > ¢}. We will show that
the lemma holds for the open set N, = p,(B1(0,7/2)).

16



We begin with the Bergman space L2(B1(0,7),dvy). For each f € H2, define

(GHIE) = (B, &) /) py(E)), € € Bi(0,7).

Using the conditions r < 1 and (3.7), we have

/ (GF)(E)Pdvi () < 01/ |55 (0 () 21Dy () ) Py (€)1, (E) [P (€)
B+ (0,7)

Bl(O,r)

e / @y, 1) (w) Pduar(w)
py(B1(0,7))
< Cre! / (B 1) (@) P(1 — [w]?)dvas (w)
py(B1(0,7))

e / (O £) (w) [2dpa(w)
py(B1(0,7))
(3.8) < Cie (T f, f) = Cre Y|P 112,

Thus there is a bounded operator W : H2 — L2(B1(0,r),dv;) such that G = WT11/2.

Now let {fx} be any sequence in H2 such that {Tll/ ? £} weakly converges to 0. Since

G = WT11/2, the sequence {Gfy} weakly converges to 0 in L2(B;(0,7),dv;). Using the
reproducing kernel for the Bergman space, we have

Tim sup{[(9, /1) (0 ()] : € € Bi(0.7/2)} =0.
By (3.7) and the boundedness of s, o p, on B(0,7/2), the above limit implies
T sup{[(8p, i) ()] s w € Ny} =0

as promised. [

Lemma 3.8. Define the operators B and B, on L?*(M,du) by the formulas

(Bf)(2) = /M %du(w) and

B = [ f(w) ()

M\D(z,r) |1 - <Zaw

for f € L>(M,du), r > 0. Then ||B|| < oo and ||B.|| = 0 as r — oo.
Proof. We set a = 1/2 and k = 1/2. Define h(w) = (1 — |w|?)~"/2, w € M. Then

(1 —wf)"
B.h)(z :/
B = [ e

17
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By Lemma 2.9, we have (B,h)(z) < Ca9(6)e™27(1 — [2]?)7 = Ca.9(6)e™2"h(z), z € M.
Since the kernel function |1 — (z,w)|~3 is symmetric with respect to z and w, we can now
apply the Schur test to conclude that || B,|| < Ca.9(0)e™2°". Hence ||B,|| — 0 as r — oo.

Similarly, by Lemma 2.8 we have (Bh)(z) < Cash(z), z € M. Thus it follows from
the Schur test that ||B|| < Cs.5. This completes the proof. [

For each f € H2, define

(X9 = /M(to) (apwf()f“i)ipz’ >;§Z pw>d“(w>’ Z€B.

Lemma 3.9. Given any § > 0, there exist constants 0 < 17 < tg and 0 < C' < oo such that

[ 10npG@ PG <0 [ 1000 Rdutz) + a1
M® M®

for all0 <t <7 and f € H2.

Proof. We begin with a large 1 < r < oo, whose exact value will be determined below.
With such an r, there is a 0 < 7 < tg such that if 0 < ¢ < 7y, then for z € M® we have
D(z,2r) C B(z,min{bi,c1}) (see (2.8)). By Lemma 2.7(1), there is a 0 < 72 < 73 such
that if 0 < ¢ < 7o, then for z € M® and w € D(z,7) " M we have B(w, P,w) < r. Thus
Pow € D(2,2r)NTmed and I, (P,w) = w € D(z,7) N M. That is, if 0 < t < 72, then

(3.9) L(D(z,2r) N T™Y) 5 D(z,r) N M for every ze€ MW,
By (2.7), there is a constant 1 < Cy < oo such that the inequality
(3.10) |I.(z) — I.(z")] < Cy|z — 2’|

holds for every triple of z € K and z, 2" € T™°YNB(z,c;). Therefore thereisa 0 < 73 < 7
such that

(3.11) L(D(z,2r)nTmod)y ¢ M) if 2 e M),
Let us write U(z) = I, (D(z,2r) N T™°) for z € M (™).
Let f € H2 be given. By (3.11), for z € M (™) we have

(X[)(2) = (p=; 2)A(2) + B(2) + C(2),

where
- ® B Sl
U() O D) b (1= (z,w))? oa (),
- — 2){z i v (w)  an
= /U(Z) apwf pza >< ,pw> (1_ <Z,w>)3d M( ) d
- w w)(z i onr (W
_/ (tO)\U(z) 8pwf)( )<pZ7 >< 7p’w> (1 _ <Z’w>)3d M( )
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Since P,U(z) = D(z,2r) NTm°d, z ¢ M) by (2.10) we have

= i z 1= |IZ($)|2 Ir)avi\x
A = [ B DU P 7 Gy @)

Recall from (2.6) that (z,I,(x)) = (z,z). Writing

-z J.(2)

Feo) =197 0r T.e)

we have A(z) = A1(z) + Az(z), where

ABP ) an
1 Gap @
= X z 1- ’IZ(LE)’Q zZ, T xTr)avi\x
)= [ O DU o) T g Gy ) @ ),

M@=k [ O D@ )

Let us first consider A;(z).

There is a 0 < 74 < 73 such that if 0 < ¢t < 74, then for each z € MY, D(z,3r) C
B(z,min{ci, Cy 'e}), where € is the constant in Lemma 3.6. Recall that I.(z) = z. Thus
by (3.10) and Lemma 3.6, if 0 < t < 74 and z € M® | then there is a y(2) in the finite set
F such that I.(D(z,3r) N T™°%) C Uy(,). Applying (3.7), we now have

(3.12) Pr1.(x) = Sy(z) (Iz($>)77y(z) (Iz(z))
for every x € D(z,3r) N T™°4, Define

A () = sy(z) (L (2))(2, Pr.(2) — Sy(2)(2) (2, D2)
= [sy() (L (2)) (2, 0y (o) (1= () = I8y(2) (2)P (2, (2),

x € D(z,2r) N TM°4. By the uniform continuity of 1, and s, on U,, y € F, if we denote

5(r,t) = sup sup X, ()],
2€M ) zeD(z,2r)NTmod
then
(3.13) limd(r,t) =0

10

for every given 1 < r < oo.

By (3.12) and the definition of A\, (x), we have A;(z) = A11(2) + A12(z), where

1 — |x|?
A= e B r) /Du,zrmmd(8%<z><’z<l‘>>f M <l, L>)3d”1(m) .
_ 1— |x|?
Ar2(z) = J.(2) /D(Z’Zr)mszod /\z(w)(any(z>(1z(m))f)(fz(x))del(x)-
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Being a local inverse of P, the map I, is analytic. Thus the map = +— n,.)(I.(2)) is
analytic on D(z,3r) N Tm°d, Therefore it follows from Lemma 2.10 that

A11(2) = @(2r) T (2)8y(2) (2)(2,22) Oy, ., (1. (2)) ) (12(2))
(2r)J2(2)8y(2) (2)(2: =) (On, .y (2) ) (2)

(2r)J.(2)(2, p2) (O, f)(2),

where the last = follows from (3.12). Recalling (2.2), (2.9) and (2.7), we see that there is

a 0 < Uy < oo such that

I
s

(3.14) |(0p. f)(2)] < Cal(pz, 2)A11(2)]
for z € M(t), 0<t <7y
By Lemma 2.11, there is a 0 < 75 < 74 such that if z € M (™) then
1—|z|?> <201 — |I(2)|*) for every x € D(z,2r)NTMm,

Thus, applying (2.7) and the bounds for |s,| on U,, for z € M(™) we have

Al < Cadtrt) [ By 1o YU ()| 2]

dvi(x
D(z,2r)nTmed ’1_< >|3 1( )

| L () [?
< Cyd(r,t) /D(Z S ’(any(z>(1z(w))f)( =(2))] 11— <z,IZ(x)>|3JZ(x>dvl(x)

a2
= Cub01) | 100 o)

1

<C(r0) [ O ) ()

Using the operator B in Lemma 3.8, for 0 < ¢t < 75 we have

/ Asa(2) Pduz) < {Csd(r. 1) B} / (O £) () Pdp(w)
M () to)

M (to

(3.15) = {Cso(r, )| BIVIIfII3-

Denote

= s L s Gl

2zeM® \ zeD(z,2r)NTmed

0 < t < 13. By the definition of F'(z,x), we can rewrite it in the form

o, 1— |z]? 1— |x|? 1 ) — T (s
) = (1= TR * T )

20



From (2.7) and (2.9) we obtain an upper bound for 1/.J,(x). Therefore it follows from
Lemma 2.11 that

(3.16) ltlﬁ)l e(r,t) =0

for every 1 <r < oo. Applying (2.10) again, we have

1- |Iz(l')’2 J (x)dvl(a:)

4] < ) [ L

D(z,2r)NTmed

(Bp, (o) )I=())| i

< e(r,t) /M<t0) |(8pwf)(w)||1_;

d
Gop )
for z € M®, 0 <t < 3. Thus it follows from Lemma 3.8 that if 0 < ¢ < 73, then

[ 1A Putz) < (01BN [ (@ f) ) Pdte)
M@) (to)

M (to

(3.17) = {e(r, OIBIYIIfI-

For 1 <r < oo and 0 <t < 73, we define

o(r,t) = sup sup{|jw —z|:w € L,(D(z,2r) N T™°)}.
zeM @)

Recalling (2.7), we have

3.18 I t)=0
(3.18) im o (r, ?)

for any given 1 < r < oo. By (3.11), we have

BEI<otu0) [ 100w L=l du(w)

U(z) ’1_ <Z7w>’3

dvy(w) < o(r, t)/ [(p,, £)(w)|

Mo [1=(z,w)[?

for z € M® 0 <t < 73. Applying Lemma 3.8, for each 0 < t < 73 we now have

| B < o nIBIR [ 10, ) Pdut)

M (o)

(3.19) = {o(r, OBl I3

Finally, from (3.9) we obtain

1
L N 8 e e L)
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z € M), Using the operator B, in Lemma 3.8, for 0 < t < 73 we have
(3.20) / C()Pdu(z) < |1B, I / 1@y, F)(w)Pdu(w) = | B[22
M(t) M (to)

Retracing the above steps, we have

(P2, 2) A1 (2) = (XF)(2) = (p2; 2)(Ar2(2) + A2(2)) — B(z) — C(2).

Thus, for 0 < t < 73, it follows from (3.14), (3.15), (3.17), (3.19) and (3.20) that

/ (0. f)(2)[2dp(z) < 5C2 / (X F)(2) Pdpz)
M) M ()
(3.21) T+ 5C2({Cod(r DB + {er ) B} + {o(r. DIBIY + 1B, I)F11

Let a § > 0 be given. By Lemma 3.8, we can first pick an r € [1, 00) such that 5C%|| B,.||? <
d/2. With r so fixed, by (3.13), (3.16) and (3.18), we can pick a 0 < 7 < 75 such that

5C({C50(r, O)IBIY? + {e(r, | B} + {o(r, )| B]|}*) < 6/2

for every 0 < t < 7. Substituting these bounds in (3.21), the lemma is proved. [
For each f € H2, define

_ (Op, ) (W) (P2 Pw)
(Yf)(z)_/Mum (0 )2 du(w), ze€B.

Lemma 3.10. Given any 6 > 0, there is a 0 < p <ty such that
(322 [ D@PAE) <5 [ 10, 0w Pdut:)
M) M(to)
for all0 <t <pand f € H2.
Proof. On the Hilbert space L?(M,dpu), define the operator
p(w)(pz, Pw)
Ly)(z) = ———————du(w
o)) = [ APl )

o € L*(M,dp). It follows from Lemma 2.8 that

// |1— Z,w) |4 // 1—|1|Z_| le—||4w| )dUM(w)dUM(Z) < 00.

Hence L is a Hilbert-Schmidt operator on L?(M,du). Thus for any given & > 0, there is

a 0 < p <to such that M,  L| < 6172, where M, /(18 the operator of multiplication

by the function y ;¢ on L?(M,du). Obviously, (3. 22) holds for this p. O
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Corollary 3.11. Given any ¢ > 0, there exist 0 <t <ty and 0 < C' < oo such that
(323 | 100G Pdn(e) < CITLFIE + 811

for every f € H2.

Proof. Let 6 > 0 be given. Applying Lemma 3.9 to 4/2, we obtain constants 0 < 7 < ¢
and 0 < C < oo such that

o
G20 [ J@pEPwE <C [ (XDEEuE) + 51
M®) M®)
for all 0 <t < 7 and f € H2. For each f € H2, we have

(T1.f)(2) :/ (apwf)(w><zapw>d'u(w)’ . cB.

Mt (1= (z,w))?

By straightforward differentiation,

(0p. T1f)(2) = 2(X ) (2) + (Y [)(2)-

Thus from (3.24) we obtain the inequality

62) [ 10 NEPD <CIBAEC [ HEEE) + I

for all 0 <t < 7 and f € H2. By Lemma 3.10, there is a 0 < p < tg such that

(3:20 ¢ [ rpEPaue) < 3IrE

for all 0 <t < p and f € H2. Combining (3.25) and (3.26), we see that (3.23) holds for
every 0 < t < min{r, p}. O

Lemma 3.12. There exist a finite number of open subsets Wi, ..., Wy, of M) such that
WiU---UW,, > M®)

for some 0 < t* < ty and such that the following hold true for every 1 < j < m:
(1) Wj = Gj((O,Cj) X (—bj,bj)), where 0 < c; < to, bj > 0, and
Gj : (0,¢j) x (=bj,b;) = C" is a one-to-one C™ map.
(2) There are 0 < €¢; < M; < oo such that DGj, the derivative of G, satisfies the
inequality €; < (DG;)*(z,y)(DG;)(z,y) < M; for all (x,y) € (0,¢;) x (=bj,b;).
(3) If w = G(z,y) for some (z,y) € (0,¢j) x (—bj,b;), then x = 1—|w|?. Equivalently,
for each w € W;, there is a unique y,, € (—b;,b;) such that w = G;(1 — |w|?, yu).
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Proof. Consider the function p(w) = 1 — |w|?. Since M intersects OB transversely, the
vector V p(p does not vanish near MNOB. Thus we can use p as one of the real coordinates
on M near OB. More precisely, if ( € M N 0B, then ¢ has an open neighborhood N¢ in
M that has the following properties:

(a) Ne = G((—c,c) x (=b,b)), where 0 < ¢ < tp, b > 0 and

G :(—c,c) X (=b,b) — C" is a one-to-one C'*° map.

(B8) There are 0 < € < M < oo such that DG, the derivative of GG, satisfies the matrix

inequality € < (DG)*(z,y)(DG)(z,y) < M for all (z,y) € (—c,c) x (=b,b).

(v) If w = G(x,y) for some (z,y) € (—c,c) x (=b,b), then z = 1 — |w|?. Equivalently,

for each w € N¢, there is a unique y,, € (—b,b) such that w = G(1 — |w|?,y,).
We then define W = N: N B. By (v) and (a), we have W, = G((0,¢) x (—b,b)) C M),
Since MNJB is compact, there is a finite subset Z of MNIB such that UsczNe D MNOB.
Since Ucez N¢ is an open subset of M, there is a 0 < t* < ¢y such that UcezN¢e D ME),
Obviously, if we re-enumerate the finite family of sets {W¢ : ¢ € Z} as {W1,..., Wy, },
then the lemma holds. [J

Proposition 3.13. The dimension of {f € Q:T1f =0} is finite.
Proof. Let g € H2. If Tyg = 0, then

[ 109 w)Pautu) =0,
M (to)

Let y € M), By the argument in the proof of Lemma 3.7 (see (3.8)), the above equality
implies that (g o p,)’ = 0 on B;(0,r) for some r = r(y) > 0. That is, g o p, is a constant
on B1(0,r). Equivalently, g is a constant on an open subset of M (to) containing v.

Let Wh,...,W,, be the open subsets of M) provided by Lemma 3.12. For each
1 < j < m, since W; is homeomorphic to (0,c;) x (=bj,b;), it is a connected subset of
M @) Thus by the conclusion of the preceding paragraph, if g € H2 and Tyg = 0, then g
is a constant on W; for every 1 < j < m.

Thus we can define a linear map L : {f € Q : T f = 0} — C™ by the formula
Lf = (f}Wla,f’Wm)a

where f |Wj means the constant value of f on W;, 1 < j < m. If h is in the kernel of L,

then h =0 on Wy U---UW,,. By the fact Wy U---UW,, D M®) and the maximum
modulus principle [8, pages 72,73], we have h = 0 on M. That is, h L Q. Since h € Q,
this means h = 0. Hence dim{f € Q:T1f =0} <m. O

Proof of Theorem 3.5. Let t* € (0,t9) be the number provided by Lemma 3.12. By
Corollary 3.11, there are 0 < ¢t < t* and 0 < C' < oo such that

| 1@ ) Pdutz) < CITE + 51712
M®)
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for every f € H2. After the obvious cancellation, we obtain the inequality

1 2 2 1 2
B0 5 e pEPwE SO g [ 6 )E)Rd)

for every f € H2.

Pick a positive number t; > 0 satisfying the condition t; < min{¢t, ¢1,..., ¢y}, where
c1,...,Cn are the same as in Lemma 3.12. With this ¢;, we define the operator

o = K, ® Kydu(w)
N (1)

(see (2.13)). Then @ is obviously a positive operator, and we have

(@) = [ dute) < [ 1dvitw) < oo,

i 1= Juf?
Thus @ is in the trace class, but here we only need the compactness of ®. Define
S =1+ .

We claim that there is an a > 0 such that the spectrum of S; does not intersect the
interval (0,a). Postponing the proof of this claim for a moment, we first show that this
claim implies the conclusion of Theorem 3.5.

Of course, both T} and ® map Q into itself. Since T} and ® are both positive, we
have {f € Q: S1f =0} C {f € Q: Ty f = 0}. Thus it follows from Proposition 3.13 that
dim{f € Q: S1f =0} < co. If the spectrum of S; does not intersect (0, a) for some a > 0,
then 0 is not in the essential spectrum of the restricted operator Sy | Q. Since P is compact,
this means that 0 is not in the essential spectrum of the restricted operator T} ! Q. Thus
there is a ¢ > 0 such that the spectrum of T1|Q does not intersect (0,c). Since T} = 0 on
Q-+, it follows that the spectrum of T} does not intersect (0, c).

Thus we have reduced the proof of Theorem 3.5 to the proof of the claim that there
is an a > 0 such that the spectrum of S; does not intersect (0,a). To prove this claim, let
dFE be the spectral measure for the positive operator S;. That is,

[EAl
Sy = / AE()).
0

Suppose that E(0,a) # 0 for every a > 0. We will complete the proof by showing that this
leads to a contradiction. For each k € N, since E(0,1/k) # 0, we pick an fi € E(0,1/k)H?2
such that (S7 fx, fr) = 1. That is,

(329 | (0w Pdutw) + [

| fro(w) Pdpp(w) = 1
N (1)
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for every k. Obviously, the sequence {Sl1 /2 fr} weakly converges to 0 in H2. Since T} < Si,
there is a contraction A such that Tl1 /2 = ASll /2 Hence the sequence {Tll/ 2 fr} also weakly
converges to 0.

Let 0 < € < min{t;,top — t;1}. Then the closure of N(1=¢) 0 M(*1+€) is a compact
subset of M (%), By Lemma 3.7 and a usual covering argument, the weak convergence to
0 of the sequence {T} /2 fr} implies

(3.29) klggo sup{|(9p. fr)(2)| : z € N1=9) n ppltitay — o,

Denote A = {z € M :1— |z|> =t; + (¢/2)}. By the choices of t; and € above, A is a
compact set in {w € M : 1—|w|?> > t;}. Thus A can be covered by a finite number of open
sets D1, ..., Dyin {w € M : 1—|w|? > t1} in such a way that each D; is biholomorphically
equivalent to the unit disc D = {£ € C: [¢| < 1}. By the Bergman integral formula, there
is a constant 0 < C; < oo such that

(330 suplg(2) < €1 [ la(w) )

for every g € H2. Combining this with (3.28), we see that

(3.31) sup | fx(2)|? < Cy  for every k.
z€EA

For ke N, 1<j<m,sec (=bj,b;)and u € [t; — (¢/2),t1 + (€/2)], we can write

hH(e/2) g

(3.32) fe(Gj(u, s)) = fr(Gj(t1 + (¢/2),5)) —/ %fk(Gj(Ta s))dr,

u

where G and b; are the same as in Lemma 3.12. Taking the derivative in the integral,
combining (3.32) with (3.31), (3.29) and Lemma 3.12, and using the fact dimc7, = 1 and
lower bound (2.2), we deduce that there is a 0 < Cs < oo such that

sup{|fr(2)| : z € NG (&/2) q (/201 < 0y for every k.
By the maximum modulus principle, this implies that
(3.33) sup{|fr(2)| : z € N2V < 0y for every k.

If ¢ is a bounded analytic function on D, then

1 ™ 1 ) )
©'(0) = —/ / o(re?Ye=drds.
T™J_xJo

Using this identity and (3.33), and using the bounds for s,, y € F, again, we obtain a
0 < (3 < oo such that

(3.34) sup{| (9. fx)(2)] : z € N3 q ppltoy < Oy for every k.
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Since the sequence {7 11 /2 fr} weakly converges to 0, Lemma 3.7 tells us that

(8, fr)(w) =0 for every w e M),

lim

k— o0
Combining this pointwise convergence with (3.34) and with the dominated convergence
theorem, we have

(3.35) lim (0., fr) (W) [Pdp(w) = 0.
k=00 Jprto)\ pr(o

Similar to (3.30), for each t; < u < to there is a 0 < C'(u) < oo such that
sup{lg(2)|*: 2z € M and 1 — |z]* = u} < CO(u) /N( ) lg(w)[*du(w) for every g € H2.
t
Again by the maximum modulus principle, the above implies that for each t; < u < tg,
sup{|lg(z)]*:z € M and 1 — |2]*> > u} < C(u) /N( ) lg(w)|*dp(w)  for every g € H2.
t

Let H be the closure of H? in L?(N() du). The above bound means that for each

z € N the map g — ¢(2) extends to a bounded linear functional on H. Since {S%/ka}
weakly converges to 0 and ® < S;, the sequence {®/2f,} also weakly converges to 0 in
H2. For any h € H2, we have

[ AR)du(w) = @2 5,81%), keN,

N (1)

Thus in the Hilbert space H, the sequence {fx} weakly converges to 0. Hence
lim fx(2)=0
k—o0

for every z € N®). Combining this pointwise convergence with (3.33) and with the
dominated convergence theorem, we obtain

lim [ |fe(w)Pdu(w) = 0.

k—oco J (1)

From this limit and (3.28), (3.35) it follows that

(3.36) Jim |(p,, fi) (w)*dp(w) = 1.
— 00 M(t)

Next we show that

(3.37) 17 fillZ = 0.

lim
k— o0
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Indeed for each £ € N, we have
(3.38) || Tufull? = (TuTh fu, Th ) = (T1S1frs S1fu) — (T1®@ fio, Ti fie) — (T1S1 fi, @ f)-
Since Ty < S1, fr € E(0,1/k)H? and HS%/kaH = 1, we have

(3.39) (Ty S frs S1fr) < (S151 fis S1fi) = 1552 fll? < k218172 ful | = k2

Since the sequence {<I>1/ 2fx} weakly converges to 0 and ®'/2 is compact, the sequence
{® fr} converges to 0 strongly, i.e.,

(3.40) lim [|®f,] = 0.
k— o0

By (3.39), the first term on the right-hand side of (3.38) tends to 0 as k — oo. Since ||77 f||
< HT11/2H |]T11/2fk\| < HTll/zH, it follows from (3.40) that the second term on the right-hand

side of (3.38) tends to 0 as k — oo. Since ||y fx|| < |51 211512 £l = [1S1%], (3.40) also
implies that the third term on the right-hand side of (3.38) tends to 0 as kK — oo. This
proves (3.37).

Now, recalling (3.27), we have

1 1
(341) 5 /M(t) |(9p. 1) (2)Pdpa(2) < CIT el + 5 /M<t0)\M(t) |(Bp. fi) (2)*dp(2)

for every £ € N. But the combination of (3.41), (3.35), (3.36) and (3.37) gives us the
contradiction 1/2 < 0. This proves our claim that there is an a > 0 such that the spectrum
of S7 does not intersect (0, a), which in turn completes the proof of Theorem 3.5. [J

4. The range space

In addition to the operator T3 given by (3.6), we define the operator

(4.1) T, = / K, @ Kydp(w).
M (to)

Again, T is a positive operator on the Drury-Arveson space H2. We have

1
tr(1s) = — du(w) = 1dvp (w) < oo.
(Ty) /Mw e /M(to) ar(w)

This shows that T5 belongs to the trace class C;. Obviously, 7o maps H?2 into Q. We now
define the operator

(4.2) T=T+Ts
on HTQL Then T maps HTQL into Q.
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Proposition 4.1. There is a ¢ > 0 such that the spectrum of T does not intersect the
interval (0,c"). Moreover, Q) equals the spectral projection of T corresponding to the interval
[/, 00).

Proof. It will be convenient to use the following notation for this proof: If A is an operator
on Hfl such that AQ C Q, we write A| Q for the restriction of A to Q.

Theorem 3.5 tells us that the spectrum of 77 does not intersect (0, ¢) for some ¢ > 0.
By Proposition 3.13, dim{f € Q@ : T1 f = 0} < co. Thus 0 is not in the essential spectrum
of Th | Q. Since Ts } Q is in the trace class, we conclude that 0 is not in the essential spectrum
of T |Q. Consequently, there is a ¢’ > 0 such that the spectrum of T‘ Q does not intersect
the interval (0,c¢’). With respect to the orthogonal decomposition H2 = R & Q, we have
T=0a(T |Q) Therefore the spectrum of T does not intersect (0,¢’). Once this fact is
established, the assertion that () equals the spectral projection of T' corresponding to the
interval [/, 00) is equivalent to the assertion that ker(T'|Q) = {0}.

To prove this last assertion, let f € Q be such that T'f = 0. Since both T} and T, are
positive operators, the condition T'f = 0 implies T f = 0, i.e.,

/ | () Pdpu(w) = 0.
M (to)

This means that f = 0 on M), By the maximum modulus principle, we have f = 0 on
M. Thus f L Q. Since f € Q, f is the zero element. This completes the proof. [

Let f be a C! function on an open set containing the closure of M. We define

e ={ [ 10 n@Pat)+ [ @ @R+ [ f(wﬂzdu(w)}”z

M (to)

(see (2.21)). Let Lo be the collection of all such f with the property || f|l4 < oo. Then ||-|/4
is a norm on Ly. This norm is designed to have the symmetric property || f|lx = ||f]|,
which will be important later on.

Obviously, the norm || - |4 is induced by the inner product

G = [ O D@ wldntw) + [ G0 w) Gy (w)duw)

(to)

[ g,

f,9 € Lo. Let £ denote the completion of £y with respect to the norm || - [|x. Then £ is
a Hilbert space.

Definition 4.2. (a) Let P be the closure of the analytic polynomials Cl[z1, ..., z,] in L.
(b) Let P denote the orthogonal projection from £ onto P.

Obviously, if f € H2, then
(4.3) IF11% = (T, £) = IT2 511,
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Since Clz1, ..., 2] is dense in H?2, every f € H?2 is naturally an element in P.
Definition 4.3. Let J denote the operator that takes each f € H2 to the same f in P.

Thus we can rewrite (4.3) in the form of the operator identity
(4.4) JJ=T.

Intuitively, we think of J as restricting each f € H?2 to the set M (to) . We call P the range
space for the restriction operator J. If f € R, then we obviously have Jf = 0. On the
other hand, by Proposition 4.1,

1T fll = IT2Fl = V| fIl - for every f e Q.

Thus J is an invertible operator that maps Q onto P.

We define the operators

(Tyf)(2) = / Lﬁ%@pw £ (w)dp(w) and

Mo (1= (z,w))

(T = [

M (to) 1-— <va>

fw)dp(w),

f e L.

Lemma 4.4. The operators Tl and Tg are bounded on Ly. Therefore Tl and TQ naturally
extend to bounded operators on L.

Proof. By Lemma 2.8 and the Schur test, the kernels

(P2, w) (2, pw) (2, Pw) (pyw) 1

1= (zw)*" (1=(zw)* (1-(zw)? 1= (z,w)

define bounded operators on L2(M () du). Let us verify the details for the case

(P2, W) (2, Pu)
B el

the other cases are similar.

Define the function h(z) = (1 — |2|?)7'/2 on M), By (3.1) and Lemma 2.8,

K (2, w)|h(w)dp(w) < (= )2 d < Cih
A7(t0) | (va)| (w) /L(U)) = Jurco |1 _ <Z,U}>|1+1+(1/2)+(1/2) UM(w) = Vi1 (Z)

Similarly,

/M(to) ‘K<Z’w)|h(z)dﬂ<z) < Clh(w),
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Thus by the Schur test, the kernel K (z,w) represents a bounded operator on L?(M (), dy).
Let f € Ly. Then

A B 2z, )z, pu) (D, f)(w) (P2, Pw) (Op,, f)(w)
(0p. T11)(2) = /M<to> (1= (z,w))3 dp(w) + /M(t()) (1—(z,w))?

Note that a_pzT} f = 0. By the boundedness of the kernels mentioned in the first paragraph,
T is bounded on L. Similarly, Ty is also bounded on £y. O

dp(w).

On the Hilbert space £ we now define the operator
T="1,+1T,.
Our next lemma is crucial to the proof of the 1-essential normality of Q. It deals with a
rarity in operator theory: a situation where self-adjointness is not so obvious.
Lemma 4.5. With respect to the inner product (-,-)4, the operator T is self-adjoint.
Proof. For any f € Ly, straightforward differentiation gives us

(apzflf)(z) — / 2<pzaw><27pw>(apwf)(w) d,UJ(UJ) + /M(to) <pZ7pw>(apwf)2(w) d,u(w),

M (o) (1 — (z,w>)3

O 1)) = [ ) ).

Mo (1= (z,w))?

Also, (9,.T1f)(2) = 0 and (9,_T>f)(z) = 0. Thus for f,g € Lo, we have

@904 = |

M (to

(0p. T1.f)(2)(Dy. 9) (2)dps(2) +/ (8p. T2f)(2)(0p. 9) (z)du(2)
) M (to)

(4.5) + / (T1£)(2)g(z)dp(2) +/ (T2£)(2)g(z)du(=).
M (to) M (to)
By the integral formula for 0, T f and a change of order of integration, we have

@0 [ OANEGDENE = [ @ w)Op Tia) widn(w)

M (o)

It is obvious that

(4.7 | @O = [ ) F)w)dnto)
Finally, by the formula for 9, T5f, we have
(4.8)
| 0 BNEE @ = [ ) Fig))dut) and
(4.9) | @DEEEMC) = [ (0 )0, Tag) w)diw).

31



~

Combining (4.5)-(4.9) with the fact that (8,, Tg)(w) = 0, we see that (T'f, g} = (f,Tg) 4.
This completes the proof. [

From the above proof we see that the individual operators Ty and T5 are not self-
adjoint on £. But miraculously, somehow the sum T=T+Tis self-adjoint.

Proposition 4.6. (a) T maps L into P.

(b) Let T denote the restriction ofT to the subspace P. Then T = JJ*. In particular, T
1s tnvertible on P.

(c) With respect to the orthogonal decomposition L = P @© P, we have T=Ta0.

Proof. (a) Recall that the kernels listed in the proof of Lemma 4.4 define bounded operators
on L?(M ) dy). Therefore for any f € Lo, we have

lim
tl0

/. (8pwf)(w)JKw’pwdu(w)H# .

Since we already know that JH2 C P, we have

[ BT Kup,duw) € P
MEO\M®)

for every 0 < t < tg. Therefore

Tvf = Op, ) (W) K, p,, dpp(w) € P.

M (to)

A similar argument shows that Tof € P for f € Ly. Thus TLy C P. Since L is dense in
L and since T is a bounded operator, it follows that T'L C P.

(b) For each f € Q, it is easy to see that TJf = JT f. Combining this with (4.4), w
have TJf=JTf=JJ*Jf. Since JQ = P, this implies T" = JJ*. Since J : Q@ — P and
: P — Q are invertible, so is T.

(¢) This follows from (a) and the self-adjointness of 7', which is provided by Lemma
4.5. 0

In what follows, we write (1, ..., (, for the coordinate functions on C”.

Definition 4.7. For ¢ € C[(1,(1,- -, Cn, Cnl, M¢ denotes the operator of multiplication
by the function ¢ on L.

Proposition 4.8. For each j € {1,...,n}, P is an invariant subspace for ]\}[gj.

Proof. Let f € Q. Then Q¢, f = (;f — g; for some g; € R. It follows from (4.4) that
Jg; = 0. Therefore

(4.10) JQ¢ f = J¢if = f = M, Jf.
That is, for each f € Q, we have ng Jf € JQ =P, which proves the proposition. [
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Proposition 4.8 makes it possible for us to introduce

Definition 4.9. For each j € {1,...,n}, let M., denote the restriction of the operator
ng to the invariant subspace P.

Thus we can restate (4.10) in the form
Corollary 4.10. We have JQ¢;, = Mc,J for every j € {1,...,n}.

We end the section with two crucial technical results, whose proofs will have to wait
until Section 6.

Proposition 4.11. For every ¢ € C[C1,(1,. .-, Cn, Ca], we have [M@,T] € Cs.
Proposition 4.12. For analytic polynomials q,r € C[(y, - .., (], we have

NIy, [N, TP € Cy.

5. Operators on L?(M,dpu)
First, we recall the following:

Proposition 5.1. [29, Proposition 11.1] Under the assumption d = 1, there is a 0 < C' <
oo such that

¢ —w| < O1 = (¢ w)]
for all (,w € M.
Lemma 5.2. If G(z,w) is a bounded Borel function on M x M, then the operator

(5.1) (oo = [ %w(w)dmw, o € L*(M, ),

is bounded on L*(M, ).
Proof. Consider the function h(w) = (1 — |w|?)*/2 on M. Recalling (3.1), we have

IRE =

e 0wy
pw) <Gl | G i amram m (w)

< Gi|Glloch(2),

where the last step is an application of Lemma 2.8 in the case d = 1. Similarly,

fro

Thus the Schur test gives us ||Ag| < C1||Glloo- O
On the Hilbert space L*(M,du), we define the operator

G(z,w)

TR du(z) < C1|Glloch(w).

(20)(:) = | Gemewdutu), ¢ € 0L ).
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Lemma 5.3. If f is a Lipschitz function on M, then the commutator [My, Z] is a Hilbert-
Schmidt operator on L*(M,dy).

Proof. Obviously, the kernel of [My, Z] equals (1 — (z,w))73(f(z) — f(w)). If f is Lipschitz
on M, then it follows from Proposition 5.1 that

[[1E2E
Note that

21/2
// |1_ o) de Ydvps (2 // T |1+1+(1/2)de(w)de(z)

< CQ/WCZ’UM<Z) < 00,

2

dp(w)du(z) < Cy // ’1_ a0 (2),

where the second < is an application of Lemma 2.8. Hence [My, Z] € Co. O

By Lemma 5.2, Z is a bounded operator on L?(M,du). Obviously, Z is self-adjoint.
What is less obvious is the following;:

Lemma 5.4. We have Z > 0 on L*(M,dpu).

Proof. To prove this we need the Hilbert space H®~™ (see, e.g., [19]). Recall that, since
3=n+1+(2—-n), #(2—") is the Hilbert space of analytic functions on B which has

(5.2) K2 (z) = m, z,w € B,

as its reproducing kernel. That is, the space H(2~™) has “

weight” 2 —n [19].

For each 0 < aa < 1,

Yy = K2 @ K2~ du(w)
N (@)

is obviously a positive operator on H(Z~™ (see (2.13)). For each 0 < a < 1, let I, be
the operator that maps each f € H(~™ to the function f|N(O‘) in L2(N®) du). Then

1. f||? = (Yo f, f) for every f € HZ~™). Therefore Y,, = I*1,.
Given an f € H2™™) we have (f, Kff_n))g_n = f(w), w € B. Therefore

(I.Yof)(2) = /N(a) %du(w) for z e N,

On the other hand, by the definitions of Z and I,

(My () Z1af)(2) = /N(a) %du(w) for z € N,
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Thus under the natural identification of L*(N(®) du) with {p € L*(M,du) : ¢ = 0 on
M\N®} we have

1,Y, = MXN(Q) Z1,.
Therefore for each analytic polynomial g € C[zy, ..., z,],

<ZIaQ7IaQ> = <MXN(a) ZIaQ7[OzQ> = <IaYOzQ7IaQ> = <YQQ7I* > ||YaQ||2 > 0.

Since this holds for every 0 < a < 1, we have (Zq, q) > 0 for every q € C|z1, ..., z,]. Since
the range of Z is obviously contained in the closure of C[z1, ..., 2,] in L?(M, du) and since
Z is self-adjoint, we conclude that Z is positive on L?(M,du). O

Definition 5.5. (a) Let & denote the closure of C[z1,...,z2,] in L?(M,dpu).
(b) Let E denote the orthogonal projection from L?(M,du) onto &.

Proposition 5.6. There is a v > 0 such that the spectrum of Z does not intersect the
interval (0,7). Moreover, the range of Z equals E.

The proof of Proposition 5.6 is similar to the work in Section 3, in particular to the
proof of Theorem 3.5. For this reason we will present the proof of Proposition 5.6 in
Appendix 2.

An immediate consequence of Lemma 5.4 and Proposition 5.6 is that we can write
the orthogonal projection E in the form E = h(Z) for some h € C°(R). Applying the
standard smooth functional calculus [9], from Lemma 5.3 we obtain

Corollary 5.7. If f is a Lipschitz function on M, then the commutator [My, E] is a
Hilbert-Schmidt operator on L?(M, du).

We again need the function p(z) =1 — |2|?, z € B.
Lemma 5.8. Ifr > 1/2, then M, E is a Hilbert-Schmidt operator on L*(M,dp).

Proof. We know that Z > 0 from Lemma 5.4. Let Z denote the restriction of~ 7 to its
range £. Then Proposition 5.6 implies that Z is invertible and that £ = Z(Z~! @ 0).
Therefore it suffices to show that M,Z € Cy for 1/2 <r < 1.

For each f € L?(M,du), we have

(i, 20)() = [ =120 ) dya(uw).

m (1= (zw))?

Moreover,

1 — |z 22+27’
//‘ \ \ // T gy o (@) ()
22+2r Cl
// 1= (, wyrraa— 4o (w)dva (2) < / = ez 2om (2)
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where the second < follows from Lemma 2.8. For r > 1/2, we have 2(1 —r) < 1, and the
above is finite. Therefore M,-Z € Cy. O

Lemma 5.9. For all f,g € Lip(M) and 0 < r < 1, we have M,—-[My,[M,, Z]] € C,.
Proof. 1t suffices to show that

() = F) ((2) — g(w))?
/ ("(2) T

By the Lipschitz condition for f, g and Proposition 5.1, the left-hand side does not exceed
11— (z,w)|* (1 — |2[*)dvar (w)dvn (2)
o) // ey L e < 20 //
1= (z,w)[° — [2[?)?"|1 = (z, w)|
—[2*)'”
=201 // de(w)de(z)
1—IZ\ |1—<Z w)
dUM dUM( )
< 4C //
1—[22)r(1 = [wf?)"’
which is finite because r < 1. This completes the proof. [

Lemma 5.10. For f,g € Lip(M), the operators E[My,[My, Z]| and [My,[My, Z||E are in
the trace class C.

dp(w)dp(z) < oo.

Proof. Take any 1/2 < r < 1. We have the factorization
E[My,[My,Z])] = EMyr - M, [My, [Mgy, Z]].

Applying Lemmas 5.8 and 5.9, we obtain the membership E[My, [M, Z]] € C;. Then note
that [My, [M,, Z)E = {E[[Z, My}, Mf]}* € 1. O

Proposition 5.11. For all f,g € Lip(M), the double commutator [My,[My, Z]] is in the
trace class.

Proof. Let us write A ~; B if A— B € C;. By Lemma 5.10, we have
[My, [Mg, Z]] ~1 (1 = E)[Mj, [My, Z]| ~1 (1 = E)[My, [My, Z]|(1 — E).
Then note that (1 — E)Z =0 and Z(1 — E) = 0. Therefore

(1= E)[My,[Mg, Z]|(1 = E) = —(1 = E)M;ZMy(1 — E) — (1 = E)M,ZM;(1 — E)
—[1— B, M| Z|M,,1— E| —[1 — E, M,]Z[My,1 — E|
= [My, E\Z[My, E] + [My, E]Z[ My, EJ,

which, according to Corollary 5.7, is in the trace class. [

On the Hilbert space L?(M,du), we also define the operator
1
Ap)(z :/ ———o(w)du(w), e L*(M,du).
(Ap)(2) M(1_<Z,w>)2() (w) ( )
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Lemma 5.12. We have A € Co. Moreover, E[M;,A] € C; and [My,AlE € Cy for every
f € Lip(M).

Proof. We have

// m // 11— (z i3/|i+1+(1/2) dvpy (w)dvp (2)
/ dez\/[(z) < oo,

where the second < is an application of Lemma 2.8. Therefore A € Cy. Similar to what
we saw in the proof of Lemma 5.9, we have

Mp—'r’[Mf,A] € C2
for f € Lip(M) and 1/2 < r < 1. Combining this membership with the factorization
EM¢, Al = EM,- - Mp—r[Mf7A]

and with Lemma 5.8, we obtain the membership E[M, A] € C;. By the relation [My, A]E
= {E[A, Mf]}*, we also have [My, AJE € Cy. O
Proposition 5.13. For every f € Lip(M) we have [My,A] € C;.

Proof. Note that (1 — E)A =0 and A(1 — E) = 0. Applying Lemma 5.12, we have
[My, A] ~1 (1= E)[My,A] ~1 (1= E)[My, A](1 - E) =0,

l.e., [Mf,A] eC.

Lemma 5.14. Write ||-|lo—n for the norm on the reproducing-kernel Hilbert space H~™).
There is a 0 < C' < oo such that

/ | (w)2du(w) < C|FI3,
M

for every f € HZ=™) . In other words, du is a Carleson measure for HZ=™).

Proof. This is an easier version of Proposition 3.2. We pick a natural number m > 2 such
that 2m —n > 0. By Lemma 2.14, we have

| 1) Pt <6 ¥ o (D@ )
oy /(@ 0" P)w)Pdu(w),

0<|BI<m
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f € H?~™) . Recalling (2.13), the second term is dominated by Cy| f||3_,,. It follows from
Lemma 2.12 that for each a € Z%} with |a| =m — 1,

[ 1@ )P = P dutw)
M®)

< Cs [ 10° )P~ ol "dow) < CallF 150,
where the second < follows from Lemmas 2.15 and 2.16. [

6. Proofs of Propositions 4.11 and 4.12
Let T: £ — L?>(M(®) du) be the natural embedding. Obviously, ||Z]| < 1.

As usual, we identify L?(M ) dy) with the subspace {f € L?*(M,du) : f = 0 on
M\M @)Y of L2(M, dy).
Lemma 6.1. If r <1, then the operator M,--T is bounded.

Proof. Denote 7 =1 —2r. If r < 1, then 7 > —1, and therefore we can apply Lemma 2.13
to the measure dr,. By that lemma, there are 0 < a < b < tyg and 0 < C' < oo such that
for each f € Ly, we have

J b7 @) = [ V)P0

M (to)

<C [ UTMD@PO = uPRdvw)+C [ )P )

(@) M (o)

It follows from (2.2) that if f is real-valued, then |(Vaf)(w)| < (2/9)(0p,, f)(w)], w €
M (o) Substituting this in the above and noting that 2 +7 > 1, we have

/ 1o (w) f (w) 2dpa(w)
M (to)
< (2/7)%C /

M®)

(O ) (w)Pdp(w) + a~*C / [ () [Pdpa(aw)

N@ M (to)

for real-valued f € Ly. Hence there is a 0 < C < oo such that ||M,—+Zf] < Cy| f|| for
real-valued f € L.

Now we use the fact that the norm || - |4 has the symmetry ||g|l4+ = ||g||4 for every
g € L. Thus if g = fi + ifs, where f; and fo are real-valued, then | fi]|x < |/g|l4 and
| f2ll < llgll%. Combining this fact with the conclusion of the preceding paragraph, we
see that ||M,--Zg| < 2C||g||x for every g € £. O

Lemma 6.2. If p € LOO(M(tO), dp), then EM,T is a Hilbert-Schmidt operator.
Proof. Take any 1/2 < r < 1 and factor EM,Z in the form

EM,T = EM,- - M, - M, . T.
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Since EM,» = (M,-E)*, it follows from Lemmas 5.8 and 6.1 that EM,Z is a Hilbert-
Schmidt operator. [

We will write I for the restriction of Z to the subspace P.
Lemma 6.3. The embedding I : P — L?(M) du) is a Hilbert-Schmidt operator.

Proof. Recall from Section 4 that the operator J : Q — P is invertible. Thus it suffices to
show that I.J : @ — L*(M®) dy) is a Hilbert-Schmidt operator. By Lemma 2.13, there
are 0 <a <b<1and 0 < C < oo such that

| 1rwPaw) <€ [ (Tan @R - 0kt +0 [ 1) Pduto)

M (®)

for every f € H?2. Therefore

/ | () Pdpa(ao)
M

(61) <202 [ SO @I = ante + 5 [ 1P 0P Pauo).

Write || - |[2—n for the norm on H(2~™). Then it is well known that ||0;g|l2—n < Ci]g| for
all g € H2 and 1 < j < n. Moreover, ||g|la_n < ||g]| for g € H2. Combining these bounds
with Lemma 5.14, we see that

Af:(alf7"'aanf7f)a fGQ,

is a bounded operator that maps Q into E"T!, the orthogonal sum of n + 1 copies of &.
Let {MpE}["“] denote the orthogonal sum of n + 1 copies of M,E. By (6.1), there is a
bounded operator B : {L?(M, du)}" 1 — L2(M®) du) such that

1J = B{M,E}r+1 4,
By Lemma 5.8, {M,E}["*1 is a Hilbert-Schmidt operator. Therefore so is I.J : Q —
L?(M®) dy). This completes the proof. [
For each f € Ly, we define

(Df)(2) = (8p.f)(2) and (Df)(2) = (9. f)(2).

We consider D and D as operators from L into_L2(M(t0), dp). By the definition of || - || 4,
D and D are contractions on Ly. Thus D and D naturally extend to contractions form £
to L2(M®) dp).

~ We will write D for the restriction of D to the subspace P. Note that the restriction
of D to P is 0.

Notation 6.4. For the rest of the paper, 1;(¢) denotes the i-the component of the vector
pe, (€Mand 1 <i<n.
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Lemma 6.5. If o € L®(M®) du), then T* M,DTy € Cy and T* M DT € Ca.

Proof. For f € Ly, straightforward differentiation gives us

(DT1f)(2) = 2(Af)(2) + (Bf)(2),

where
pz, (2, Pw
= [ eBR g pw)dste) and
M) w))?
pz,pw
:/ > s Oy ) i),
o) (1= (z,w))?
Thus
A= "My 0 My, Me, ZMg Mg D and B=Y M, . My AMD.
j=11i=1 i=1

Since Z = EZ, for 1 < 1,7 <n we have

T*MyMy o My M, Z =T Mgy .y EZ=(EM 1) Z.

QZXM(tO)TLjEi

Thus from Lemma 6.2 we see that Z*M,A is a Hilbert-Schmidt operator. On the other
hand, it follows from Lemma 5.12 that B is a Hilbert-Schmidt operator. Therefore
I*M,DIy = IT*M,(2A + B) is a Hilbert-Schmidt operator.

Straightforward differentiation gives us

(DTQf)(Z) = /M(to) (1 Epz,w

f € Ly. That is,

DIy =Y My AM;T
i=1

By Lemma 5.12, DTy is a Hilbert-Schmidt operator, and so is I*MLPDT 5. This completes
the proof. [J

Since £ is not an L?-space, the adjoint of ]\ngj is not ng, 1 < 7 < n. But using the

operators Z, D and D, we can give a formula for M C*j:
Proposition 6.6. For each 1 < j < n, we have MSJ = ng +I*M1;jD —5*M1;jl'.
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Proof. For all f,g € Lo and j € {1,...,n}, we have

NG9 = (e gl = [ (O, P)0) By g) ()

o @ )Gy o) + [, gl

M (to)

— /MW w; (Bp,, 1) (w)(Dy,, g)(w)dp(w) + / w; (B ) (W) (D 9) (w)dpa(w)

M (to)

[ G + [ i)
= | @n D) 3 9))w) + [

M (to)

(B (@) Dy M, 9) () da(w)
[ R (g () duw)
[ )@ widute) - [ )@ Hw)s@da()

M (to) M

(to)
= (f, Mz, 9)4 + (My,Zf,Dg) — (My,Df, Ig)
= (f, Mg, g)p + (f.T"My Dg)y — (f,D My Lg)4.
This completes the proof. [J
Lemma 6.7. If o € L=(M®) du), then [Z*M,D,T] € C; and [D° M,Z,T] € Ca.

Proof. We have I*M@DT € Cy by Lemma 6.5. On the other hand, by Lemma 6.3, TZ* =
(IT)* = (ZPT)* € Cy. Therefore [I*M,D,T] € Cy.

Similarly, ZT' = ZPT € C5 by Lemma 6.3. Then note that 7D~ = (DT)* = 0. Hence
[D"M,Z,T] € Cy. O

Lemma 6.8. For every 1 < j < n, we have [MEJ_,TA](l — P) € Cs.
Proof. 1t follows from Proposition 6.6 that

[Mg,, T)(1 — P) = [M{ , T)(1 — P) — [Z*My,D,T)(1 — P) + [D" My Z,7)(1 - P).
By Lemma 6.7, the last two terms on the right-hand side are in C5. Then note that
(Mg, T)(1 = P) = {(1 = P)[T, M, ]}* = 0.

This completes the proof. [

Lemma 6.9. Let A € B(L). For any 1 < p < oo, if the operators DA, DA, ZA : L —
LQ(M(tO), du) are in the Schatten p-class, then A is in the Schatten p-class.

Proof. By the definition of || - ||, the formula
Vf=DfoDf & 1f,
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f € L, defines an isometry that maps £ into L?(M*0) du)@ L2(M ) dp)® L2 (M) dy).
Thus we can factor any operator A on £ in the form

A=V*(DA® DA®TAW,
where W : L — L& L & L is the operator defined by the formula Wf = fa fa f, fe L.
Obviously, the desire conclusion follows from this factorization. [J

Lemma 6.10. For each ¢ € C[(1,(1,- .. ,Cn, Cal, the operator TZMSOP is in the trace class.

Proof. Let ¢ € C[(1, Ciyevos Cny Cal By Lemma 6.9, it suffices to show that the operators
DIyM, : P — L2(M®) dy) and TToM,, : P — L2(M ) dyu) are in the trace class.

For each f € P, we have
LN = [ o) ()
meo) (1= (z,w))?
This obviously translates to the operator identity

My, AMg M,1.

M (to)

DI M,P =) M,
=1

Thus it follows from Lemmas 5.12 and 6.3 that DT 2M¢P is in the trace class. On the
other hand, since (1 — (z,w))™! = (1 — (z,w)) "2 - (1 — (2,w)), we have

AM,T = My M AMg M,I.

=1

IT,MyP = My
By Lemmas 5.12 and 6.3, IT2M¢P is also in the trace class. [
Proof of Proposition 4.11. We begin with a sequence of reductions of our task.

By the linearity of commutators, to prove that [M@,T] € Cy for an arbitrary ¢ €
Cl(1, (- Cny Gul, it suffices to show that [MCQEB,T] € Cy for all o, 8 € Z7;. Since

A

[A1A2 AIMT] — [Alaf]AQ"'AV +A1[A27T]A3"'AV + - +A1 "'AV—I[AV7T]7

our task is reduced to the proof of the fact that [Mc,,T] € C, and [Mfk,T] € Cy for each
1 < k < n. By Proposition 6.6, we have

[T, M, )" = [M;,,T] = [M,, 1)+ [Z* My, D,T] — [D My, Z,T).

Lemma 6.7 tells us that the last two terms on the right-hand side are in C5. Therefore, to
prove Proposition 4.11, it suffices to show that [Mg, ,T] € Cy for every 1 < k < n. Lemma

6.8 further reduces this task to the proof of the membership [Mgk,T]P €Cy 1<k <n.
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By Lemma 6.10, we actually have [Mgk,TQ]P € (1,1 <k<n. Since T = Tl +T2, we only
need to show that [Mgk,Tl] € Cy for every 1 < k < n.

By Lemma 6.9, to prove that [MEwTﬂ € Co, it suffices to show that D[Mgk,fl],
5[M5k,f’1] and Z [Mgk,fl] are Hilbert-Schmidt operators. For f € Ly, we have

(WL, 1] £)(2) = / POk e ) (O f) (w)dpa(uw).

meo) (1= (z,w))?

By straightforward differentiation,

(DM, T1]f)(2) = (V1)(2) + (Yaf)(2),

where
N =2 [ o ) ) O () and
0BNE) = [ G ) Oy ) (),

It is easy to see that

Yi=2) Y M MMM, Z)M; My D and
i=1 j=1

Y, = Z Mo, e Muy [Me, s A]M 5 D.
j=1

By Lemma 5.3, Y7 is a Hilbert-Schmidt operator. By Lemma 5.12, Y5 is also a Hilbert-
Schmidt operator. Hence D[Mgk,Tl] =Y; + Y5 is a Hilbert-Schmidt operator.

Again by differentiation,

DU TN = [ ) O D w)dn(w)

—(z,w))?

for f € Ly. That is,

DM, Ti] =Y My . Mg, M, AMy D.
j=1
Thus it follows from Lemma 5.12 that Y_D[Mgk,f 1] is a Hilbert-Schmidt operator.
It is easy to see that

TIMe,, Ty) = My ., Mc,[Me,, A]My,D,

=1
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which is in Cy according to Lemma 5.12. Combining this with the results of the previous
two paragraphs, we obtain the membership [Mgk,Tl] € Cy. This completes the proof. [

Corollary 6.11. For every ¢ € C[¢1,(1, ... ,Cn, Cal, we have [MW P] € Cs.

Proof. By Proposition 4.6, there is an h € C2°(R) such that P = h(T). Thus the mem-
bership [M,, P] € Cy follows from Proposition 4.11 and the standard smooth functional
calculus. [

The proof of Proposition 4.11 gives us a taste of what is to come. For Proposition
4.12, because it involves double commutators, the proof will be more tedious for an obvious
reason: more terms will have to be examined.

Proof of Proposition 4.12. Let q,r € Cl[(1,...,(,] be given. By the relation T =T + 1%
and Lemma 6.10, it suffices to prove that [Mz, [M,, T1]]P € C;.

For f € Ly, we have

(Mg, T1)f)(2) = (X1)(2) = (X2 f)(2),

where

= —q(z) nw z w w) an
e = [ A e ) 0 ) (w)du(w) and

@) = [ A ) (),

Denote A7 = [M;,Xl]P. For f € P, we have

) = [ OIS ) 0 w)du(w).

We again use the operators D, D and Z. By differentiation, we have

(DALf)(2) = (Y11 f)(2) + (Y12 f)(2) + (Y13 £)(2),

where

o)) =2 [ IEZHEDTEZID () ) o) 0, ) w)dn(w),

(z,0)
(0p.9)(2)(r(2) — T(w))
2

= [, PR
iaf)e) = [ DA T G )@, ) w)du(w),

(2, pw) (Op,, f)(w)dp(w) and




f € P. Denote n(z) = (9p,q)(z). We can rewrite the above as the operator identities

Yii = QZZMXM(to)MCjMﬂ% (M5, [My, Z]]M&M%D’

i=1 j=1

Yis=> M, ., MM [MzAJM; D and
j=1

Yis =Y My . My, [M;z, [My, Al|M D.
j=1

It follows from Proposition 5.11 that Y;; € C;. By Proposition 5.13, we have Yi5 € C; and
Yi3 € C1. Hence DA, is in the trace class.

On the other hand,
DanE) = [ A GG ) @y ) w)dutw)

for f € P. Denote {(z) = (0p,r)(z). Then the above translates to the operator identity

DAy =) M, . MM [My, AJM D.
j=1
Applying Proposition 5.13, we conclude that DA; is in the trace class.

It is easy to see that

TA = My . M, [M;z, [My, Al|Mg D.

j=1

Applying Proposition 5.13 again, we see that ZA; is in the trace class. Lemma 6.9 now
allows us to conclude that [M;, X1|P = A; € C;.

Let us now consider Ay = [M;, X,]P. For each f € P,
(Aof)(2) = / (r(z) — 7(w))(0p, a) (w)

M) (1 — <z,w))2

(2, pw) f(w)dp(w).

Thus
(DA2f)(2) = (Yar f)(2) + (Yo f)(2),

where

Van)e) =2 [ (1(2) = ()G, 0) ) i ) flw)dia(w)  and

M<fo)_ (1_ <Z7w>)3
D= [ ST b p ) (o),
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It is easy to see that

Yor =2 ) My, M, My, [Mz, Z)Mg, My M,T and
i=1 j=1

1/22 - Z MXM(to) M'lpy [MF7 A]M&J MUI
7j=1

Thus it follows from Lemmas 5.3 and 6.3 that Y5, € C;. Applying Proposition 5.13 again,
we have Yoy € C;. Hence DA, € C;.

On the other hand,

(DA2f)(2) = / . (0p.7)(2)(0p,, @) (w)(2; pu) f (w)dpu(w),

meo (1= (z,w))?
f € P. Thus
DAy = My . MM AMy M,I.

j=1
Applying Lemmas 5.12 and 6.3, we obtain the membership DA, € C;.
Finally, it is easy to see that

TAx = Z MXM(tO) M, [M5, A]Mw‘j M,]I.
j=1

Thus we have TAs € Cq by Proposition 5.13. Having proved the memberships of DAy,
DAy, TAs in C;, Lemma 6.9 allows us to conclude that [My, Xo]P = Ay € Cy. Since
X1 — Xo = [M,, T1], we have [Mz, [M,,T1]]P € C; as promised. [

7. Proof of Theorem 1.1

Recall from Section 4 that we write M¢,, ..., M, for the restrictions of Mgl,
M, to P. Thus for each 1 < j < n, Mgfj means the adjoint of M., on P.

Lemma 7.1. (a) For each 1 < j <n, M = PM P+ I*M; D.
(b) For each 1 < j <n, we have szj - PMEJ,P € Cs.

Proof. Since M? = PM;J,P and PD" = (DP)* = 0, (a) follows from Proposition 6.6.
Lemma 6.3 tells us that I € Co. Thus (b) follows from (a). [

Proposition 7.2. For every pair of i,j € {1,...,n}, we have [MCi’Mg*j — PM@,P] €.

Proof. By Lemma 7.1, this is equivalent to the assertion that [Mc,, I*My D] € C; for all
i,j €{1,...,n}. Note that DM, = M¢,D + My, I. Therefore

[M¢,, I* My, D] = (M, I* — I*M¢,)My D — "My My,I.

46



It follows from Lemma 6.3 that I*Mj My, I € C;. Thus it suffices to show that M, I* —
I*M¢, is in the trace class. Equivalently, it suffices to show that IM C* — Mz, I is in the

trace class. By Lemmas 7.1 and 6.3, I(MC* — PM@ P) is in the trace class. Hence our task
is reduced to the proof that IPM@P — Mg, 1 is in the trace class.

Then note that Mz I = Mz 1P = IM@P. Hence
IPM¢ P — Mg I = —I(1 — P)Mg, P = —I[Mp,, P]P.

To prove that this is in the trace class, we recall Proposition 4.6, which implies that
P=T(T"'®0). Thus

(7.1) I[Me, P)P = I[Mg,, T)(T~" & 0)P +IT[Mg,, T~ & 0] P.

Let us first consider the second term on the right-hand side. Since the range of T is
contained in P, it follows from Lemma 6.3 that ZT' is a Hilbert-Schmidt operator. By
Proposition 4.6, there is a ¢ € C°(R) such that T-! & 0 = £(T). Therefore it follows

from Proposition 4.11 and smooth functional calculus that [M@’ T~'® 0] € Co. Thus the
second term on the right-hand side of (7.1) is in the trace class.

The remaining task is to show that the first term on the right-hand side of (7.1) is in
the trace class. Since T' =T} + T3, the proof of the proposition will be complete once we
show that both Z[M¢,, T1] and Z[M¢,, T5] are in the trace class.

For this purpose, we define

T = [ ) and

T30 = [ e reludutn),

@ € L*(M "), dp), which are operators on the space L?(M ("), du). Note that 1T, = T?D.
Since (; is conjugate analytic, we have DMC = M;,D. Also, IMC = Mg Z. Thus

I[M@,Tl] = [M¢,, T7]D.

It is easy to see that

Xar(to) *

(Mg, TP = My . Mc,[Mg, AJM g, M
=1

Since [Mg,,A] = [A, Mc,]*, it follows from these identities and Proposition 5.13 that
T [M@,Tl] is in the trace class. It is also easy to see that

I[M@'?T?] [MC ’TQ ]Z MX 2w (t0) [Mg“ 7A]I ZMX (tO)MQ [MC :A]MQI
=1
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By Proposition 5.13, Z [M@,T b] is also in the trace class. This completes the proof. [J

After so much preparation, we are finally able to deal with essential normality.
Proposition 7.3. On the space P, the commuting tuple (Mc,,..., M, ) is 1-essentially
normal. That is, for alli,j € {1,...,n}, we have [MCwng] € (.

Proof. In view of Proposition 7.2, it suffices to show that [MCHPM@ P] € Cy for i,j €
{1,...,n}. Since M, commutes with M@,, we have

[M¢,, PMg, P) = [PM, P, PM;, P] = PM; (1 — P)M, P — PMc, (1 — P)M; P
= [P, Mg, )(1 — P)[Mc,, P] — [P, M,)(1 — P)[Mg,, P].
By Corollary 6.11, this is in the trace class. [
Lemma 7.4. We have [M,,T] € Cy for every 1 <i < n.

Proof. Obviously, we have [M¢,, T] = P[M¢,, T]P. Thus the membership [Mc,,T] € Cy is
a consequence of Proposition 4.11. [J

Proposition 7.5. For alli,j € {1,...,n}, we have [M¢,, [Mg‘j,f]] € (.

Proof. 1t follows from Proposition 7.2 and Lemmas 7.1 and 7.4 that [M,, [M¢, _PMEj P,T]]

€ C for all 4,5 € {1,...,n}. Therefore it suffices to show that [M,,, [PM@_P, T)] € ¢y,
i,7 €{1,...,n}. Again, let us write A ~; B when A — B € C;. We have

[M¢,,[PMg P,T)| = P[M,, P[M; , T|P|P ~y P[M,, [M¢,, T)|P = P[M;,, [Mc,, T)|P,

where the ~; follows from Proposition 4.11 and Corollary 6.11. Now an application of
Proposition 4.12 completes the proof. [

Corollary 7.6. For alli,j € {1,...,n}, we have [M,, [Mg‘j,flp]] € (.

Proof. By Proposition 4.6, there are 0 < ¢ < C' < oo such that the spectrum of 7T is
contained in the interval [c, C]. Consider Hy = {\ € C: Re(\) > 0}, the right half-plane.
Let v be a simple Jordan curve in H, \[¢, C] whose winding number about every z € ¢, C]
is 1. Taking advantage of the fact that the square-root function A!/? is analytic on H.,
from the Riesz functional calculus we obtain

(7.2) T2 = %/AW(A —T)"tdA.
Therefore )
(M [, T2 = o [ N2AQ) + BO) + CO)JaA
where
AN = (A =T) M, T)(A = T) 7 [ME, TY(A = T)
B(\) = (A =T)'[M,, [M¢, TI[(A=T)""  and

CA) = (A =T) M TIN = T) " [Me,, TI(A = T)
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Applying Proposition 7.5 to B(A) and Lemma 7.4 to A(A) and C'(\), we obtain the mem-
bership [M,, [M¢, T?)] € €. O

Corollary 7.7. We have [M¢,, T"/?] € Cy for every 1 <i < n.
Proof. This follows obviously from Lemma 7.4 and identity (7.2). O

Finally, we can accomplish the main goal of the paper:

Proof of Theorem 1.1. Recall from Section 4 that the operator J : Q — P is invertible.
Therefore the operator J* : P — Q is also invertible. By the standard polarization,

J* =U|J*,

where U : P — Q is a unitary operator and |.J*| = (JJ*)*/2 = T'/2 (see Proposition 4.6).
Recall from Corollary 4.10 that JQ¢, = M¢,J for every j € {1,...,n}. Therefore

Qc, = J "M, J =UT V2 M TV?*U* = UM, U* + K,
je{l,...,n}, where . .
K; =UT'?[M,,, TY?|U".

Thus for any 4,5 € {1,...,n}, we have
[Qc,, Q¢ = UlMc,, M JU™ + [UM, U™, K3] + [K;, UMZ U] + [ K5, K]

By Proposition 7.3 and Corollary 7.7, the first term and the last term on the right-hand
side are in the trace class. What remains is to show that the two middle terms on the
right-hand side are also in the trace class.

We have

(UM U* K}| = UM, {T?[Mc,, T2} U = UM, [T/?, MET~/2U™
= UM, [T"?, Mz |\ T~2U + U[TYV?, MZ )T 2(TV2, M, )TV 2U
= A+ B.
By Corollary 7.6, we have A € C;. By Corollary 7.7, we have B € C1. Hence [UM¢,U*, K]
€ Ci. Since [K;, UM U*| = [UM,U", K7]*, we also have [K;, UM U"] € Cy. This
completes the proof of Theorem 1.1. [J
Appendix 1

The purpose of this appendix is to give a proof for Lemma 2.13. With minor changes
of details, this is essentially the same as the proof of [29, Lemma 3.1].

Let —1 < 7 < oo be given. Then for any f € C[0,0), we have

(AL1) /OOO ()2 d < <L)2/m wf (2) 22" da.

T+ 1 0
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See inequality (3.1) in [29].

Let 0 < b < t < 1 be such that M(® c M. Consider the function p(w) = 1 — |w|?.
Since M intersects S = {¢ € C™ : |(| = 1} transversely, V o(p does not vanish near M NS.
Thus we can use p as one of the real coordinates on M near S. More precisely, if { € MN.S,
then ¢ has an open neighborhood U in M that has the following properties:

(1) Us = G((—c¢,c) x V), where 0 < ¢ < b, V is a bounded open set in R??~! and

G:(—c,c) x V. — C" is a one-to-one C'™° map.

(2) there are 0 < 6 < C' < oo such that DG, the derivative of G, satisfies the matrix

inequality § < (DG)*(x,y)(DG)(z,y) < C for all x € (—¢,c) and y € V.

(3) If w = G(z,y) for some z € (—¢,c) and y € V, then z = 1 — |w|?. Equivalently,

for each w € Uy, there is a unique y,, € V such that w = G(1 — |w|?, yu).
Obviously, (3) implies Us N M = G((0,¢) x V) € M®).

Once we have this ¢, by the standard technique of using a smooth cutoff function, we
can truncate inequality (Al.1) to the interval [0, ¢|]. That is, there are C; and C5 such that

(A1.2) / |h(x)]2:c7dx§6’1/ ]xh’(:z:)|2:1:Td:U+C’2/ |h(z) > 2" dx
0 0 c/2

for every h € C'[0,c]. Let f be any C* function on an open set containing the closure of
M® . By the definition of dv, and property (3) above,

/ |f(w)|2dl/7-(w) = / |f(w)|2(1 o |w’2)7de(w)
UcnM Uenr
:/V/O |f(G($,y))|2$TJ(x,y)dxdySCg/v/o |f(G(z,y)) |22 dwdy

(A13) <af | C

where the second < is an application of (A1.2). By the chain rule for differentiation,

v §(Gl,y))

2 c
wrdedy+ Cs [ [ |f(G(wy))Padudy,
V Je/2

%f(g(a;’ y)) = (V(G(z,y)), T(x,y)),

where 7(z,y) is a (real) tangent vector to M at the point G(z,y). Moreover, (2) implies
the bound |7(z,y)| < C*/2. Hence |df (G(x,y))/dz| < CY/2|(V i f)(G(x,y))|. Thus

I

2

o (G| adnty <C [ [ (Tad)(Glo) P dody

< Gy /V / (Van ) (Gl ) P>+ I () dwdy

_ / (Vaa F) )21 = []2)2+7 dupy (w)
UenM

—Co [ (Vah) )1~ v, ),
UcnM
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where the third step uses property (3). Combining this with (A1.3), we find that

[ if@Pan@) <Cr [ [(Tap @B - wf v, ()
U(ﬁM UCﬂM
(AL4) e / [ (w) 2dvr (w).

N(/2)AM®)
Since M N S is compact, there are (,...,(x € M NS such that the corresponding open
sets U¢,, ..., Ue, have the property Us, U---UU;, D MNS ={weM:1-|w?=0}

Thus Ug, U---UU;, D M) for some 0 < ¢ < 1. Combining this containment with (A1.4),
Lemma 2.13 is proved.

Appendix 2

The purpose of this appendix is to give a proof of Proposition 5.6. One can characterize
the material in this appendix as an easier version of parts of Sections 3 and 4.

Recall that H(?~™) is the Hilbert space of analytic functions on B which has (5.2) as
its reproducing kernel. We begin with an easier version of Lemma 3.9:

Lemma A2.1. Given any 6 > 0, there exist 0 < 7 < ty and 0 < C < oo such that

| PG < [ @pEPe w8 [ eRwue)

M (t) M (to)

for all0 <t <7 and f € HZ™.

Proof. As in the proof of Lemma 3.9, we begin with a large 1 < r < oo, whose exact value
will be determined later. For such an r, let 0 < 73 < 75 < 71 <ty be the same as in the
proof of Lemma 3.9. Thus if 0 < ¢t < 75, then

(A2.1) L(D(z,2r)NT™Y) > D(z,7) N M for every z e MW,

And if 0 < t < 73, then

(A2.2) L(D(z,2r)nT™d) ¢ M®)  for every z e M®.

Write U(z) = I.(D(z,2r) N T™°9) as before, z € M (™). Let f € H(~™ be given. Then
(Z1)(z) = A(2) + B(2),

where

1— |wf?

Az) = /U I g e () and

= w —1 — |w‘2 v w
B(z) /Mum\U(z)f( ) o ()
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z € M3), Since P,U(z) = D(z,2r)NT™49 by (2.10) we have

= xr 1= |IZ($)|2 xr)avi\x
A= [, g DT T )

Recall from (2.6) that (z,I,(x)) = (z,x). Writing

1—|z|? J2(2)
L= |L(@)]? J.(x)

F(z,z)=1-
we have A(z) = A1(z) + Az(z), where

= z xr —1 |x|2 V1T an
A1(z) = J( )/ I f(I.(x)) (1 (z,x>)3d 1() d
A = xr 1 |Iz($)|2 Z, I )avi\xr
2(2) / (2.20) o f(Iz( )) (1 <Z,IZ(I)>)3F( ) )Jz( )d 1( )

Let us analyze A;(z), and A3(z) and B(z).

Being a local inverse of P,, the map I, is analytic. Thus the function x — f(I,(x)) is
analytic on D(z,3r) N Tm°d, Therefore it follows from Lemma 2.10 that

Ai(2) = ©(2r)J.(2) f(1.(2)) = (2r) J.(2) f (2).
Recalling (2.9) and (2.7), we see that there is a 0 < C7 < oo such that
(A2.3) 1f(2)| < C1|A1(2)] for ze MY, 0<t <73

Denote

e(r,t) = sup{ sup \F(z,x)|}.

2eM® \ zeD(z,2r)NTmed

As we explained in the proof of Lemma 3.9,

(A2.4) ltlﬂ)l e(r,t) =0

for every 1 <r < co. Applying (2.10) again, we have

Ae2)| < etrt) [ L) o o - w)da)

D(z,2r)NTmod

1
<) [ 1) (o)

Thus it follows from Lemma 3.8 that

(A25) | Aa@Pdnte) < el 0PIBIE [ 1) Pduto)

M (to
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Finally, from (A2.1) we obtain

1
B(2)| < /M%)\D(z’r) @)l =)

for z € M® 0 <t < r5. Using the operator B, in Lemma 3.8, we have
(A26) [ B <18 [ fw)Pdat),
M@®) M (to)

Retracing the above steps, we have

Ai(z) = (Z21)(2) = (A2(2) + B(2)).

Thus it follows from (A2.3), (A2.5) and (A2.6) that

| 1fGIPdu) <363 [ (20 Pdutz)
M@

M®)

(A2.7) + 30T ({e(r, ) }I1B]* + IIBr|!2)/ |f(2)]du(z).

M (to

Let any 6 > 0 be given. By Lemma 3.8, we can first pick an r € [1,00) such that
3C?||B,||* < §/2. With r so fixed, by (A2.4), we can pick a 0 < 7 < 73 such that

3CHe(r,t)}?[1B]* < /2

for every 0 < ¢ < 7. Substitution these bounds in (A2.7), the lemma is proved. [J

On the space H2~™) | we now define the operator
T = / K2 @ KE=™du(w).
M

)

By (5.2) and the reproducing property of K& , we have
(A2.8) (TTf)(2) = (Zf)(z) for ze€ M,

f e HZ=™) Write (-, )a_, for the inner product on (2=, Then
(A2.9) (TTf. flan = /M | (w) 2dpu(w),

f € HZ ). Thus it follows from Lemma 5.14 that
(TYf, fla—n < CfIZ, forevery feHE™.
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In other words, T is a bounded operator on H(2~™). Obviously, Tt > 0.

Lemma A2.2. For eachy € MNM = MNB, there is an open neighborhood N, of y in
MNOM which has the following property. Let {fi} be a sequence in H?~™). If the sequence
{(THY? £} weakly converges to 0, then

lim sup{|fi(w)|: w e N,} =0.
k—o0

Proof. This is very similar to the proof of Lemma 3.7. Indeed we again use the bi-
holomorphic map p, : B1(0,2) — V, introduced in Section 3, y € M. Recall that
py(0) = y. For each y € M N M, there are € = ¢(y) > 0 and r = r(y) € (0,2) such
that p,(B1(0,7)) C {fw € M N M :1— |w|? > e}. We will show that the lemma holds for
the open set N, = p,(B1(0,7/2)).

Again, consider the Bergman space L2(B1(0,7),dv). This time, we define
(GI)E) = f(py(8)), &€ Ba(0,r),

f € 12" By the condition r < 2, we have

/ [(GF)(E)Pdui(§) < Cl/ | (py ()12 10, (&) P (€)
B1(0,r)

B1 (O,’f‘)

=a/ £ (w)[2dvar (w)

py(B1(0,r))

< et / F(0) 21 — Jw])dvgs (w)
py(B1(0,r))

=aw/ |F(w)[2dp(w)
py(B1(0,r))
< Cre NI L, flomn = Cre (T2 113,

Thus G = W(T1)'/2, where W : H?~™) — L2(B;(0,r),dv;) is a bounded operator.

Now let {fx} be any sequence in H (=™ such that {(TT)'/2f} weakly converges to
0. Since G = W(T1)'/2, the sequence {Gf,} weakly converges to 0 in L2(B1(0,7r),dv;).
Using the reproducing kernel for the Bergman space, we have

T sup{| (o, ()] € € Ba(0,7/2)} = 0.

Since N, = py(B1(0,7/2)), the proof is complete. O

Proposition A2.3. There is a v > 0 such that the spectrum of TT does not intersect the
interval (0,7).

Proof. By Lemma A2.1, there are 0 < t < ty and 0 < C' < oo such that

| PG <c [ (@pEPe +g [ 1R

o4



for every f € H(2=™). After the obvious cancellation, we have

1 1
3 [ r@Pwe <o [ j@n@kae g [ jfEPu),
2 M@ M®) 2 M (to)\ M (D)
Combining this with (A2.8) and (A2.9), we find that
1 1
210) 5 [ P < Ol 5 [ 1£(2)Pd(2)
2 M@ 2 M (to)\ M ()

for every f € HZ—™).

Let dE be the spectral measure for the positive operator TT. Suppose that E(0,v) # 0
for every v > 0. We will complete the proof by showing that this leads to a contradic-
tion. For each k € N, since E(0,1/k) # 0, we pick an f, € E(0,1/k)H~™ such that
(TT fr, fr)oa—n = 1. By (A2.9). this means

(A2.11) [ 1w Pntw) =1

for every k. Obviously, the sequence {(T7)Y/2f,} weakly converges to 0 in HZ~™).

Let H be the closure of M#)\M® . Then H is a compact subset of M N M. By
Lemma A2.2 and a usual covering argument, the weak convergence to 0 of the sequence
{(THV/2 .} implies

kli_)rgosup{]fk(z)] :z€ Hy =0.

By the maximum modulus principle, this implies
klim sup{|fr(2)| : z € M\M®} = 0.
—00
Therefore

(A2.12) lim | fe(2)[Pdu(z) = 0.
k—o0 M\M(t)

Combining this with (A2.11), we find that

(A2.13) lim | fu(2)[Pdu(z) = 1.
k— oo M@

Since fr € F(0,1/k)H?~™) we have
(A2.14) T2 FI5 0 < kAT i fr) = K2,
k € N. On the other hand, specializing (A2.10) to each fi, we see that

1 1

4215 5 [ IR@PG) <ClEh a5 [ (o) Pdu(z),
M (t) M(to)\M(t)

55



k € N. Obviously, the combination of (A2.15) with (A2.12), (A2.13) and (A2.14) leads to
the contradiction 1/2 < 0. This completes the proof. [J

Define
RE™ = {fecHE™ . f=0 on M}.

Then R~ is a submodule of the Hilbert module H(2~™ just as R is a submodule of
the Drury-Arveson module H?2.

Proof of Proposition 5.6. Define
Q(Q—n) _ H(Q—n) o R(Q—n),

which is the quotient module of HZ~™ corresponding to the submodule R~ Let
J(2=") denote the operator that takes each f € H(~™ to the same f in L?(M,dp). That
is, J(=™) f is the restriction of f € H(2~™) to the subset M of B. Then (A2.9) translates
to the operator identity

(A2.16) (JE=m)yr g@=n) — 7t

If f € R(>~™) then we obviously have J2~™) f = 0. By (A2.9) and the maximum modulus
principle, we have ker(T1) = R(Z=") Therefore it follows from Proposition A2.3 that

[ 0 @) Pdu() = (TS, flam 2 AT o every £ € QB

Thus J2~™) is an invertible operator that maps Q=™ onto &.

Obviously, £ contains the range of the self-adjoint operator Z. Therefore Z = 0 on
E+ = L3(M,du) © &. Let Z denote the restriction of Z to the invariant subspace £. Then
we have the operator decomposition

(A2.17) Z=2%0

corresponding to the space decomposition L?(M,dy) = E@E*. For each f € Q=) it is
obvious that ZJ?~™) f = J@="T1f Combining this with (A2.16), we have

ZJ(Q—n)f _ J(Q—n)TTf _ J(Q—n)(J(Z—n))*J(Q—n) f

Since J?= QR = £ this implies Z = J~) (JE=))* Since J@=™) : Q=) 5 £ and

(JE=m)* . £ Q=) are invertible, Z is invertible on £. Combining this invertibility
with (A2.17), the proof of Proposition 5.6 is complete. [J
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