LOCALIZATION AND THE TOEPLITZ ALGEBRA
ON THE BERGMAN SPACE

Jingbo Xia

Abstract. Let Ty denote the Toeplitz operator with symbol function f on the Bergman
space L2(B,dv) of the unit ball in C™. It is a natural problem in the theory of Toeplitz
operators to determine the norm closure of the set {T : f € L>(B,dv)} in B(L2(B,dv)).
We show that the norm closure of {7 : f € L*°(B, dv)} actually coincides with the Toeplitz
algebra T, i.e., the C*-algebra generated by {1y : f € L>(B,dv)}. A key ingredient in the
proof is the class of weakly localized operators recently introduced by Isralowitz, Mitkovski
and Wick. Our approach simultaneously gives us the somewhat surprising result that 7~
also coincides with the C'*-algebra generated by the class of weakly localized operators.

1. Introduction

We begin with a discussion of localized operators. Let B denote the open unit ball
{z € C" : |z| < 1} in C". The Bergman metric on B is given by the formula

1. 14 |e.
B(z,w) = = log + lp=(w)] z,w € B,

2 71— ez (w)]’

where ¢, is the Mébius transform of the ball given on page 25 in [10]. For each z € B and
each r > 0, the corresponding (-ball will be denoted by D(z,r). That is,

D(z,r) ={w e B: p(z,w) < r}.
Let dv be the volume measure on B with the normalization v(B) = 1. Then the formula

dv(z)

PO = T py

gives us the standard Mobius-invariant measure on B.

Recall that the Bergman space L2(B, dv) is the subspace
{h € L*(B,dv) : h is analytic on B}

of L?(B,dv). It is well known that the normalized reproducing kernel for the Bergman
space is given by the formula

(1= a1
(eI
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(1.1) ke (C) = 2, € B.
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It was first discovered in [14] that localization is a powerful tool for analyzing operators
on reproducing-kernel Hilbert spaces (more on this in Section 4). Recently, this idea was
further explored in [6]. More specifically, in [6] Isralowitz, Mitkovski and Wick introduced
the notion of weakly localized operators on the Bergman space. Below we give a slightly
more refined version of their definition. Our refinement lies in the realization that we can
define a class of localized operators for each given localization parameter s.

Definition 1.1. Let a positive number (n — 1)/(n+ 1) < s < 1 be given.
(a) A bounded operator B on the Bergman space L2 (B, dv) is said to be s-weakly localized
if it satisfies the conditions

1— | | s(n+1)/2
Sup/\ Bk, k) < ) d\(w) < oo,
zeB | |
1— | ’ s(n+1)/2
Sgg/| (B*k, ky) ( ]z]2> dA\(w) < oo,
1— |w| s(n+1)/2
lim sup |(Bk,, k)| | ———5 dA\(w) =0 and
1 2
T 2eB JB\D(z,r) — |z
L 2 S D2
lim sup (B, k)| (2212 d\(w) = 0.
P
r=% 2cB JB\D(z,r) 1—|z]

(b) Let A, denote the collection of s-weakly localized operators defined as above.
(c) Let C*(As) denote the C*-algebra generated by As;.

For each (n—1)/(n+1) < s < 1, the simplest examples of s-weakly localized operators
are the Toeplitz operators, which, as we recall, are defined as follows. Let P : L?(B, dv) —
L2(B, dv) be the orthogonal projection. Then for f € L (B, dv), the formula

Tyh = P(fh), he L2(B,dv),

defines the Toeplitz operator T¢. Also recall that the Toeplitz algebra T on L2(B,dv) is
the C*-algebra generated by the collection of Toeplitz operators

(T : f € L™(B, dv)}.

It was shown in [6] that A; D {1y : f € L*°(B,dv)}, hence C*(A;) D T.
In [13], Suarez showed that for A € T, the condition

1.2 lim (Ak,, k.) = 0
(1.2) |1|I?1< ) =

implies that A is compact. In [6], Isralowitz, Mitkovski and Wick showed that for A €
C*(As), condition (1.2) also implies that A is compact. Moreover, the introduction of
the notion of weakly localized operators in [6] has the added virtue that it significantly
simplifies the work necessary to obtain the above result. Indeed the approach in [6] explains
why such results should hold true.



The results in [6,13] certainly inspire further examinations of the inclusion relation
(1.3) T C C*(As).

Given what we know about Toeplitz operators (see, e.g., [1-5,7,9,12,15]), the C*-algebra
T is certainly much better understood than C*(A). It is known, for example, that T
coincides with its commutator ideal [11,8]. Thus an obvious question is, is the C*-algebra
C*(Ay) structurally different from 77 In fact, one may raise the even more basic

Question 1.2. Is the inclusion in (1.3) proper for any (n —1)/(n+ 1) < s < 1?7 Is there
any difference between C*(A) and C*(A;) for s # ¢ in the interval ((n —1)/(n+1),1)?

The answer, as it turns out, is somewhat surprising:
Theorem 1.3. For every (n—1)/(n+1) < s <1 we have C*(A,) =T.

An immediate consequence of Theorem 1.3 is, of course, that C*(As) = C*(A;) for
all s,t € (n—1)/(n+1),1). We emphasize that this equality at the level of C*-algebras
is obtained without knowing whether there is any kind of inclusion relation between the
classes A; and A; in the case s # t.

Although Question 1.2 was the original motivation for this paper, our approach to
this problem naturally leads us to a stronger result, a result that simultaneously settles a
much older question. Let us introduce

Definition 1.4. Let 7(!) denote the closure of {T} : f € L>°(B,dv)} with respect to the
operator norm.

Below is our main result, which not only answers Question 1.2, but also tells us
something significant about the Toeplitz algebra T itself.

Theorem 1.5. For every (n —1)/(n+1) < s < 1 we have T = C*(A,). Consequently,
TO =T = C*(As).

The documented history of interest in 7(!) can be traced at least back to [3,4], where
Englis showed that it contains all the compact operators on L?(B, dv). In retrospect, this
was really a hint at the things to come.

Later in [12], Sudrez took another look at 7). There he introduced a sequence of
higher Berezin transforms By, ..., By, ..., which are generalizations of the original Berezin
transform By. At the end of the paper, Suarez expressed his belief that every operator S
in 7 is the limit in operator norm of the sequence of Toeplitz operators {T’, (5)}. If this
is true, then it certainly implies that 7() = 7. One can only speculate that, perhaps,
the equality 7(!) = 7 was what Sudrez had in mind all along, and the higher Berezin
transforms were his tools to try to prove it. While we still do not know if it is true that

1B, sy = SI =0

lim
k—o0
for every S € T, the equality 7(!) = 7T is now proven using completely different ideas.

From the proof of Theorem 1.5, the reader will see that the approximation of a general
S € T by Toeplitz operators is quite complicated: it takes several stages.
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Let us give an outline for the proof of Theorem 1.5. Since each A is known to be a
s-algebra that contains {T} : f € L>=(B,dv)} [6], it suffices to show that A, C TW. An
elementary C*-algebraic argument further reduces this to the proof of the inclusion

T@Aqup C T(l)

for a suitably chosen Toeplitz operator Ty that is both positive and invertible. We can
pick the function ® in such a way that for every B € A, the operator To BTy is “resolved”
in the form

T BTy — / / Ey BE.d\w)dA(2),
D(0,2)xD(0,2)

where each E, is a sum of rank-one operators over a lattice:

E. =Y kp,(x) ®ky,(2)-
ucLl

A crucial ingredient in the proof is the norm estimate in Lemma 2.6 below. This estimate
has a number of implications, and one of the implications is that the map (w, z) — E,,BE,
is continuous with respect to the operator norm. This norm continuity immediately implies
that Tg BTg is contained in the norm closure of the linear span of

{EwBE, : w,z € B}.

Thus we can complete the proof by showing that E,BE, € T for all z,w € B. One can
think of F,BFE, as an infinite matrix. The localization condition for B ensures that the
terms in F, BE, that are “far from the diagonal” form an operator of small norm. The
rest of the terms in E,, BE, are a linear combination of operators in a special class Dy (see
Definition 3.1). In other words, E,,BE, can be approximated in norm by operators in the
linear span of Dy. Then, with several applications of the estimate in Lemma 2.6, we are
able to show that Dy C 7| accomplishing our goal.

The rest of the paper is organized as follows. In Sections 2 and 3 we give the technical
details of the argument outlined above. In Section 4, we discuss the analogue of Theorem
1.5 on the Fock space.

2. Separated sets and norm estimates

The technical details begin with

Definition 2.1. A subset I' of B is said to be separated if there is a 6 = 6(I") > 0 such
that the inequality S(u,v) > § holds for all u # v in T.

Recall that for each z € B\{0}, the Mdbius transform ¢, is given by the formula

00 = o {2 - s (o B2
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[10,page 25]. Also, we define ¢(¢) = —(. Recall that each ¢, is an involution, i.e.,
v, 0@, =id [10,Theorem 2.2.2]. Let us list some of the elementary properties of separated
sets that will be used repeatedly in the sequel.

Lemma 2.2. Let I' be a separated set in B.

(a) For each 0 < R < o0, there is a natural number N = N(I', R) such that card{v € " :
B(u,v) < R} < N for everyu €T

(b) For every pair of z € B and p > 0, there is a finite partitionT =T U---UT,, such that
for every i € {1,...,m}, the conditions u,v € I'; and u # v imply B(pu(2), pu(2)) > p.

Proof. By definition, there is a 6 > 0 such that S(u,v) > 6 for all u # v in I". Thus
D(u,6/2)ND(v,6/2) =0 forall u#wv in T.

Let R > 0 be given. Then for every pair of u,v € T', the condition S(u,v) < R implies
D(v,0/2) C D(u, R+ (§/2)). By the Mdbius invariance of the Bergman metric 8 and the
the measure d\, we have

A(D(v,0/2)) = A (D(0,6/2))) = A(D(0,6/2)).

Therefore if we write N (u) for the cardinality of the set {v € I' : B(u,v) < R}, then

N(u)A(D(0,5/2)) Z AMD(v,6/2)) < AD(u, R+ (5/2))) = AM(D(0, R+ (6/2))).
B(u,v)SR
That is, N(u) < A(D(0, R+ (§/2)))/A(D(0,6/2)), which proves (a).

To prove (b), let z € B and p > 0 be given, and set r = p + 243(2,0). By (a),
there is an m € N such that card{v € T' : f(u,v) < r} < m for every u € I". By a
standard maximality argument, there is a partition I' =T';y U---UT,, such that for every
i € {1,...,m}, the conditions u,v € I'; and u # v imply S(u,v) > r. But if u,v satisfy
the condition S(u,v) > 7, then by the Mdbius invariance of 5 we have

Blou(2),¢0(2)) 2 Blu,v) = Bleu(2),u) = Bv, pu(2))
= ﬁ(uvv) - ﬁ(@u(z)7 (O)) (@v(o) Pv (Z))
= B(u,v) — (2,0) = B(0,2) > r — 26(2,0) = p.
This completes the proof. [
Lemma 2.3. For all u,v,z,y € B we have

(1= Jou(@)])2(1 = oo (y)[H)/? < 26BE0HB(w0) (1— |uf>)'/2(1 — [v]?)"/?2
11— (@ulx), 00(¥))] 11— (u,v)] '

Proof. For a,b € B, we have 1 — |p,(b)|> = (1 — |a|*)(1 — [b]*)/|1 — (a,b)|? [10,Theorem
2.2.2]. Thus if we write
(1= la)2(1 = )

o = s

1= {a,b)]
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then

1 1 1 a 2
log — < = log + 1a (V)] < log —
a2 71— |pq(b)] a
Consequently
(2.1) e—Blab) < (1- ]a]2)1/2(1 — ‘5‘2)1/2 < 9¢—Blab).

1= (a,b)]

For u,v,z,y € B, by the Mobius invariance of the Bergman metric, we have

Bleu(®), pu(y)) = Bu,v) = Blpu(x),u) — Blpu(y),v) = B(u,v) — B(,0) — B(y,0).
Combining (2.1) with this inequality, we find that

2\1/2 2\1/2
(1- |<P|u(90)|<) /( (>1 - |(<P§§TJ>\ )2 e Blon@0(s) < 9B(.0)+B(0) y—Blus0)
1= (pulx), puly N N

(1= [u)/2(1 = pf?) 2

< 260 +w,0)
|]' - <U, U>|

This proves the lemma. []

Lemma 2.4. Let T be a separated set in B. Then there is a 0 < C(T') < oo such that

_EI2)/2(1 — pl2) /2N
Z ((1 ‘g“l)_ <(€1 U>” ‘ ) ) (1 . ‘,U|2)(4n—|—1)/8 < C(F)(l . |£’2)(4n—|—1)/8

vel
for every £ € B.

Proof. Tf T is a separated set in B, then there is a 6 > 0 such that S(u,v) > ¢ for all
uw # vin I'. Thus D(u,d/2) N D(v,6/2) = 0 for all w # v in I'. If w € D(v,§/2), then
v € D(w,0/2) = ¢w(D(0,5/2)). Thus if w € D(v,0/2), then there is a v’ € D(0,46/2) such
that v = ¢,,(v'). Let £ € B. Since £ = ¢¢(0), we can apply Lemma 2.4 to obtain
(L[ 2 = )'V2 | 5 (= 1€ — w]*)'/?
for every w € D(v,d/2). Also, since v = ¢, (v’) and v’ € D(0,§/2), we have
(1= P)A = |w?) 4
<

1=, w)> 71— 2

(2.3) < 4e2P00) (1 — |w)?) < 1€’ (1 — |w]?).

(2.2)

< 2e

L—Jo]* =1 = pu ()] =

Set Oy = (2e%/2)"+1(4e2)(4n+1)/8  Then it follows from (2.2) and (2.3) that
n+1
<(1 — lg»)'2(1 - !Ulz)l/z) (1 — [o[2)ntD)/8
‘1 - <£7U>|

_ /2(1 /2\ "t
<o ((1 |€||21)1_2<(€1 w>||w|2)1 2) (1 = Jw|?)éntD)/s
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for every w € D(v,0/2). Hence for each £ € B we have

_IEI2)/2(1 — |u]2)1/2 n+l
Z ((1 |£| ) (1 >|| | ) > (1_ |U|2)(4n+1)/8

’UGF |1 - <§7/U

(1— €221 — w)/2\" e
=2 50w/ Do) /D@,w( tea ) 0D aw

e (1— J€2)2(1 — Jw2)/2\" "
< soosm ) < 116w ) (1= )™ dr(w).

To estimate the last integral, note that

(1= €21 — lee Q)2
11— (&, e (O)

Thus, making the substitution w = ¢¢(() and using the Mdbius invariance of d\, we have
n+1
(L= [€>)2( — Jw[*)'/? ani1
[ (= (=)
= [ 1em R~ e O i)

et A2 (dnd1)/8
:/(1_ |<|2)(n+1)/2 <(1 |1|€_| zélcﬂlq )) dA(Q)

2\ (4n+1 dv(¢)
= (1 —|¢] )( * )/8/ 11— (&, O)|n /4 (1 — [([2)3/8 = ().

(2.4)

= (L —[¢)Y>.

To further estimate (%), let do be the standard spherical measure on the unit sphere
{z € C™: |z| = 1}. There is a constant Cy such that

Co
<
11— (z,z) |n+(1/4) (1— |2]2)1/4

for every z € B [10,Proposition 1.4.10]. Combining this with the radial-spherical decom-
position dv = 2nr?"~1drdo of the volume measure, we have

(C) 1 022717‘2" Ldy 1 dt B 8
11— (&, Q)n+/D(1 — [¢[2)3/8 = o (1= r2)I/D+G/) < ncz/o =P 31Ca.

Therefore

(%) < 3nCy(1 — [¢]) /e,
Substituting this in (2.4), we conclude that the desired inequality holds for the constant

3710102
A(D(0,6/2))

7
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This completes the proof. [

Recall that each Toeplitz operator has an “integral representation” in terms of the
normalized reproducing kernel {k,, : w € B}. Indeed for each f € L*°(B, dv), we have

(2.5) @:/ﬂmm®mwmy

This formula is obtained through direct verification.

Let £ be a subset of B which is maximal with respect to the property that
(2.6) D(u,1)ND(v,1) =0 forall u#wv in L.

This £ will be fixed for the rest of the paper. The maximality of £ implies that

(2.7) U D(u,2) =

uel

Now, for each z € B, define

(2.8) E. = kpu() © ko, (2)-
uel

Define the function

(2.9) ¢ = Z XD(u,2)

ueL

on B. By (2.6) and Lemma 2.2(a), there is a natural number A € N such that
card{v € L: D(u,2) N D(v,2) #0} <N

for every w € L. This and (2.7) together tell us that the inequality

(2.10) 1<P<N

holds on the unit ball B. By (2.5) and the Mobius invariance of 8 and d\, we have

T¢:/<I> kv @ kydA(w / kv ® kyd\(w / 2) Rk, (2)dA
(w) ZD(M) ZD(OZ)M pu(z)dA(2)-
That is, we have
(2.11) Ts :/ E.d\(z).

D(0,2)
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Lemma 2.5. There is a constant 0 < Co5 < 0o such that |E,|| < Ca5 for every z €
D(0,2).

Proof. By Lemma 2.3, for u,v, z € B we have

(K (25 K (o)) = ((1 — leu ()| 2 (1 = |sou<z>|2>1/2)"“
wu(2)1 Py (2 1 — (pu(2), vu(2))]

CI2VL/2(1 12172\ T

(2.12) < (2625(z,0))n+1 ((1 ‘u’ ) (1 |U| ) ) .
11— (u,v)|
Let {€, : u € L} be an orthonormal set. For each z € B, define the operator
(2.13) F.=) eu®kg, ()
uel

Since E, = F}F, and ||[F;F,|| = ||F,F7}|, it suffices to estimate the later. We have

FzF; = Z <k¢v(z)7kgou(z)>€u®ev'
u,veL
Now suppose that z € D(0,2) and write C; = (2¢*)"*!. By (2.12), for every vector
T =) ,cr Tu€y We have

<FZF;£C7x>S Z |<k§0v(z)7k¢u(z)>||xu||xv|

u,veL
n+1
(1= Ju®)Y2(1 - !v|2)1/2>
<0 ( @l
’U/,UZGL ’]‘ - </U/,'U>’
(2.14) =C1 ) |zulyu,
ueLl
where .
Y (= L T
= 11— (u,v)] b

for each u € L. Next we apply the Schur test. Indeed by the Cauchy-Schwarz inequality
and Lemma 2.4, we have

ant1 1— |u>)2(1 = |[v]?)/? e |2, |2
2 1,12 2t Z ( .
yu -~ C(ﬁ)(l |'U/‘ ) UEE ( |1 . </U/,'U>’ ( 4n+1

Applying Lemma 2.4 again, we have

. L _ UQ% (1_|“|2)1/2(1—|v|2)1/2 n+1
Sk 00 Y e Sy (SR

ueL vEL ueL
<o)y ey e 2
<Y oy — ) Y e
U€L(1—|v\) 8 veL



Combining this with (2.14), we find that

(F.Ffaz,z) < C10(£) ) |ay|” = (L)||]2.
vel
Since the vector z is arbitrary, we conclude that ||E.| = [|[FLEF}| < C1C(L) for every z €

D(0,2). This completes the proof. [J
Recall that for each z € B, the formula

(2.15) (U:h)(C) = k=(O)h(#:(C)), ¢ €B and he Li(B,dv),

defines a unitary operator. These unitary operators will play an essential role in this paper.

As usual, we write H>°(B) for the collection of bounded analytic functions on B.
Also, we write ||h]|oc = sup;cp |h( )| for h € H>°(B). Naturally, we consider H>*(B) as a
subset of the Bergman space L2 (B, dv).

Lemma 2.6. Given any separated set T' in B, there ezists a constant 0 < B(I') < oo
such that the following estimate holds: Let {h,, : u € I'} be functions in H>*(B) such that
SUPyer ||Pulloc < 00, and let {e, : u € '} be any orthonormal set. Then

Z(Uuhu) X ey

uel’

< B(T) sup ||hy ]| co-
uel’

Proof. Given I, {h,, : uw € I'} and {e, : u € I'} as in the statement, let us write
A=) (Uuhy) @ ey
uel’
for convenience. By (2.10), the self-adjoint Toeplitz operator Ty is invertible with || Ty ||
< 1. Therefore ||A|| = || Ty 'ToA| < |TsA||. Combining this with (2.11), we see that

(2.16) JAl < A(D(0,2)) sup |[E.A].
2€D(0,2)

Thus it suffices to estimate ||E,A| for z € D(0,2). Let F, be the operator defined by
(2.13). Then Lemma 2.5 implies that || F}|| < 021/52 for z € D(0,2). Hence

(2.17) |B-A| < C2|IF.A], =€ D(0,2).

Consequently, we only need to estimate ||F,A|.

To estimate || F, Al|, let us denote

H = sup ||hy]|o-

uel’
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Let z € D(0,2). Then note that

(2.18) FLA=Y " (Ushy, by, (z)eu ® €.
ueL vel

Since Uyhy = ky - hy © ¢y, the reproducing property of k() gives us

(Uyh, kcpu(z)> = hy(po(Pu(2))) kv, kwu(z)>a

which is one of the key facts on which this paper depends. Thus

1— [v]2)/2(1 - Isou(Z)P)l/Q)nH

(
’<thv’ k‘ﬂu(z)ﬂ S H|<kv7 k‘?u('z)>| = H (

11— (pulz),v)]
Since v = ¢, (0) and z € D(0,2), an application of Lemma 2.3 gives us
n+1
(1= o) 2 (1~ Ju)'/?
(2.19) [(Uphy, ky, ()] < C1H ( :
P 1= o,u)

where C; = (2¢2)"*1. Now consider vectors

x:vaev and yzZyueu.

vel ueL

It follows from (2.18) and (2.19) that

(1 — o) /2(1 — |ul2)!/? n+l
|<FAxy|<C1HZZ< L) >|||) ) [0yl

ueL vel |1 - <U u
(2.20) =C1H > bulyul,
ueL
where T
1 — [o2)1/2(1 — |ul2)1/2\"
b = 3 (U220 = 1) ol

u € L. We apply the Schur test as we did in the proof of Lemma 2.5. By the Cauchy-
Schwarz inequality and the bound given in Lemma 2.4, we have

4n+1 — |vl? /201 _ ul? 1/2 n+l %2
B < Or)(1 — Juf) 5 Z(“ Lwhale >|"> ) <'—'_

vel |1 - <U,U

u € L. Applying Lemma 2.4 again, we obtain

n+1
) s (1= [o[2)V/2(1 = [u2)V/2 2 ?
< _ N e
2 =M d (- luh) e ( 1=, 0 o)

ueLl velluel

<CMeL)y (- )= Cm)CL) |«

11

4'n+1 |fL’,U|2



Combining this with (2.20), we obtain
(F.Az,y)| < CH{OTD)C(L)} 2 H] || lyll-
Since the vectors z and y are arbitrary, this means
|FAll < O {Cr)C@)y 21
for z € D(0,2). Recalling (2.16) and (2.17), we see that the lemma holds for the constant
B(T) = M(D(0,2))C35 C{CT)C(L)}/*.

This completes the proof. []
Proposition 2.7. Suppose that ' is a separated set in B. Furthermore, suppose that

{cu : uw € T'} are complex numbers satisfying the condition

(2.21) sup |ey| < oo.
u€el’

Then for each z € B, the operator

(2.22) Y. =) cukp,(z) @ ko 2)
uel’

is bounded on the Bergman space. Moreover, the map z — Y, from B into B(L?(B, dv)) is
continuous with respect to the operator norm.

Proof. For u,z € B, simple computation shows that

= )\
(2.23) Uuk. = ( [ kg, (2)-

Therefore
kpu(z) ® kg, () = (Uuk:) ® (Uuks).

Let {e, : u € T'} be an orthonormal set. Then for every z € B we have the factorization
Yz - AzB :7

where

A, =) cu(Uk:)®ey and B, =Y (Unk.) ® ey
uel uel

Applying Lemma 2.6 to the case h, = cu k., u € ', we see that each A, is a bounded
operator. Similarly, each B, is also bounded. Hence Y, = A, B} is bounded.

To show that the map z +— Y, is continuous with respect to the operator norm, it
suffices to show that the maps z — A, and z — B, are continuous with respect to the
operator norm. Since B, is just a special case of A, it suffices to consider the map z — A,.

12



For any z,w € B, we have

A=Ay =) cu{Uulk: — ku)} @ en.

uel
Applying Lemma 2.6 to the case where h, = ¢, (k. — ky), u € T', we find that
HAz - Aw” < B(F)O”kz - kw”OOa
where C' = sup,,cr |cy|. For each z € B, it is elementary that
lim ||k, — kw|loo = 0.
w—z
Hence the map z — A, is continuous with respect to operator norm. This completes the

proof. [J

Let us recall two known facts about A;. First, for each given (n—1)/(n+1) < s < 1, we
have A; D {1y : f € L>(B,dv)} [6,Proposition 2.2]. Indeed by (2.5), this is a consequence
of the fact

1)

: — |w]?

lim sup/ / (kyy k)| (ks kw) |dA ( dA\(w) = 0.
R ) K )< ) dA(z) SRE (w)

To prove this limit, the idea in [6] is to split the inner x-integral above as the sum of the
part on D(z,r/2) and the part on B\D(z,r/2). With such split, this limit follows from
the Rudin-Forelli estimate [6,Lemma 2.1].

Second, each Aj is a x-algebra [6,Proposition 2.3]. In this case, the gist of the matter
is the limit

1— |w]?

(2.24)  lim sup /B\D(Z T)/|<Tk‘z,kw>||(km,5*k‘w>|d>\(l‘) (W) dA\(w) =0

T—00 ZEB

for S, T € A,. To prove this, [6] splits the inner z-integral in the same way as above. Then
it is easy to see that (2.24) follows from the localization condition for S and 7'

Next comes the most crucial step in the proof of Theorem 1.5:

Proposition 2.8. Let (n —1)/(n+1) < s < 1. If B € A, then E,BE, € T for all
z,w € B.

The proof of Proposition 2.8 will be the task of Section 3. But assuming Proposition
2.8, we have

Proof of Theorem 1.5. Let (n —1)/(n+ 1) < s < 1 be given. By the fact that A is a
x-algebra mentioned above, C*(Ay) is just the norm closure of As. Since we also know
that As D {1} : f € L=(B,dv)}, Theorem 1.5 will follow if we can show that A, C 7).
We prove this inclusion into two steps.

13



(1) Let B € A, be given. As the first step, let us show that T BTy € 7). Indeed it
follows from (2.11) that

(2.25) T BTy — / / By BE.d\(w)dA(2).
D(0,2)x D(0,2)

Consider the map
(2.26) (w,z) —» E,BE,

from B x B into B(L2?(B,dv)). Proposition 2.8 tells us that the range of map (2.26)
is contained in 7(Y). Hence every Riemann sum corresponding to the integral in (2.25)
belongs to 7. On the other hand, by Proposition 2.7, the map z — E, is continuous
with respect to the operator norm. Hence map (2.26) is also continuous with respect to
the operator norm. Since the closure of D(0,2) x D(0,2) is a compact subset of B x B,
the norm continuity of (2.26) means that the integral in (2.25) is the limit with respect to
the operator norm of a sequence of Riemann sums sq, so,..., Sk, .... Since each s belongs
to TW | so does Tp BT p.

(2) Given B € A, we will now show that B € 7. Since Ty € Ay and since A is
an algebra, we have Ty BTk € A; for all j,k € Z. Thus it follows from (1) that
(2.27) TIT'BTE € T for all integers j >0 and k > 0.

Let C*(Tg) be the unital C*-algebra generated by Tg. Since Tg is self-adjoint, (2.27)
implies that
TeXBTsX € T for every X € C*(Ty).

We again use the invertibility of Tg, which is guaranteed by (2.10). It is elementary that
the inverse Ty 1 once it exists, must belong to the C*-algebra C*(Tg). Thus, letting
X =T 1'in the above, we obtain B € T(!). This completes the proof of Theorem 1.5. [J

3. Membership in 7!

As we already mentioned, our goal for this section is to prove Proposition 2.8. For
convenience, let us introduce

Definition 3.1. (a) Let Dy denote the collection of operators of the form

Z Cuky @ kj’y(u)u

uel’

where I' is any separated set in B, {¢, : u € I'} is any bounded set of complex coefficients,
and v : ' — B is any map for which there is a 0 < C' < co such that

(3.1) Blu,v(u) < C

for every u € T.

14



(b) Let D denote the operator-norm closure of the linear span of D.
With Dy and D we can divide the proof of Proposition 2.8 into two independent parts:

Proposition 3.2. Let (n —1)/(n+1) < s < 1. If B € A, then for every pair of z,w €
B we have E,BE, € D.

Proposition 3.3. We have Dy ¢ TW.

Since 7™ is a norm closed linear subspace of B(L2(B,dv)), Proposition 2.8 follows
immediately from Propositions 3.2 and 3.3.

We will see that the proofs of these two propositions are based on different ideas.
More specifically, the proof of Proposition 3.3 relies on the estimate provided by Lemma
2.6, whereas the proof of Proposition 3.2 takes advantage of the localization condition of
the operators in A;. The proof of Proposition 3.2 begins with

Lemma 3.4. Let (n—1)/(n+ 1) < s <1 be given. If B € A, then for every separated
set I' in B and every pair of z,w € B we have

1— |’U‘2 s(n+1)/2
(3.2) Rh_r)noo ilellr) ; [(Bky., (2)) kg, (w))] (1 — |u|2> =0 and
B(u,v)>R
1— |’U‘2 s(n+1)/2
(33) Rh—I>noo 181161113 ; |<kcpu(z)aBksov(w)>| (1 _ |u|2> = 0.
B(u,v)>R
Proof. Given such s and B € Ay, by Definition 1.1 we have
1— |C|2 s(n+1)/2
3.4 lim sup/ Bk, k ( ) dA\(() =0 and
(3:4) 7= 1B JB\D(z,r) : ¢! 1 — [z ©
1— |C|2 s(n+1)/2
3.5 lim sup/ B*k,, k ( ) dA(¢) = 0.
5 Jmeup [ Bk (T (©)

Let I', z and w also be given as in the lemma. Denote G = D(0,1) and G,, = ¢ (G).
Then it is easy to see that G, C D(0,1+ B(w,0)). For h € L2(B,dv) and v € T', we have

1 1

h(pu(w)) = (h o py 0 @,)(0) = G /G h oy 0 pudA = NG /(%O%)(G) hd\

L _ 1 (h, k)
X )/mc:w)]ﬂbdA AG) /%(Gw) A= ez MO

1 1 - |sov<w>|2)<”+”/ i
h, k = — hke) [ — A\ ().
< s cpv(w)> \L1)(GU))< ) C> ( 1 — |<|2 (C)

Thus
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If ¢ € p,(Gy), then ¢ = ¢, (&) for some & € G, C D(0,1 4+ (w,0)), which means
(=]l - |¢*)

-l =1 lpu(©) = > 11— )1~ foP).

|1 - <§7U>|2
On the other hand,
o (=) - Jw?) < 2 2
_ 1-— .

Hence there is a 0 < C; < oo which depends only on n and w such that

Ch

k o 2\s(n+1)/2 e h. k 112 s(n—l—l)/Qd)\
(ko)L= o2y 2 < 5 [ k0 i) ©

for all h € L?(B,dv) and v € T'. Applying this inequality to the case where h = Bk
u € I', we have

pu(z)s

1_ |U|2 s(n+1)/2
|<Bksou(z)7ktpv(w)>| <1 — |u|2>

(n+1)/2
Ch / (1 - |C‘2)
< Bk, (), k dA((),

A= fu)(d =2 _ 2
1= (zwl ~ 11—
there is a 0 < ('3 < oo which depends only on n and z such that

v € I'. Since

1—lpu(2)]* = (1= Jul),

s(n+1)/2
1— vl
|<Bk<pu(z)7k%(w)>| (1 _ |u|2)

C,C,4 1 — |4|2 s(n+1)/2
(3.6) < NG) /%(Gw) [(Bkg, (2 kc)| (W) dA(¢),

u,v €. Set L =1+ B(w,0) + 5(2,0) and consider any R > L. If u,v € T' are such that
B(u,v) > R, then for every ¢ € v,(Gy) C ¢, (D(0,1+ B(w,0))) we have

(37) ﬁ(wu(z%C) > /B(U7'U) - 5(1),4-) - /B(U790u(z)) >R—-1- 5(’(1),0) - B(Z,O) =R-L.
Thus the combination of (3.6) and (3.7) gives us

s(n+1)/2
1 —Jof?

> Bk kel (1)

vell
B(u,v)>R

(3.8)
s(n+1)/2

0102/ ( 1—[¢]? )
< X, (Gu) (O [(Bky, (2), k _— d\((),
NG st s 2o 2@ OB K (771 Ty (
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u € I'. By the Mobius invariance of § and the fact that G, € D(0,1 + S(w,0)), we have
©u(Gy) C D(v,14 S(w,0)). Since I is separated, it follows from Lemma 2.2(a) that there
is an N € N which depends only on I' and w such that the inequality

Z Xepo(Go) SN

vel

holds on B. Substituting this in (3.8), we conclude that

1— |’U’2 s(n+1)/2
Z [(BEg.,(2), K, (w))] (1 _ MQ)

vel’
B(u,v)>R
< C1C3N

B )\(G) B(pu(2),¢)>R-L

1— ’§|2 )s(n+1)/2

Bk, (., k —_—
Bk (775,

dA(C)

for every u € T'. By this inequality, (3.2) follows from (3.4). Since

(kg (2), Bk, (w)) = (B Ky, (2): kg, (w))

(3.3) follows from (3.5) by the same argument. This completes the proof. [J
Proof of Proposition 3.2. Let (n—1)/(n+1) < s < 1. For B € A; and z,w € B, we have

EwBE: = ) kpyw) ®Keu(w) B ke, () @ kg (2)

u,veL

= > (Bkou(z) kg (w) gy (w) @ Koy (2)-

u,vEL

Thus for any R > 0, we can write £, BE, = Vi + Wg, where

Ve= Y (Bl (o) ko) kouw) @ ke, () and
u,veL
Bluw)<R

Wr= > (Bke,()ke,)kp,w) @ k(2.
u,vEL
B(u,v)>R

Obviously, the proposition will follow if we can prove the following two statements:
(2) Vg € span(Dy) for every R > 0.

To prove (1), note that by (2.23) and Lemma 2.6, there are constants C, C5 such that

(3.9) > kg, )P < CUlRIP and > (b kg, () |* < Callh||?
uel veEL
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for every h € L2(B, dv). Given h,g € L?(B,dv), we have

(3.10) |(Wrh, g)| < Z |<Bksou(z)7ksov(w)>|3utvv
u,veL
B(u,v)>R
where

su=[{h kg, )| and 1, = [(kg, (), 9)|-

We apply the Schur test one more time. Indeed for each u € L, let us write

(3.11) yu= Y UBky(o)s ke (w)lte
veL
B(u,v)>R

Then for each u € L, the Cauchy-Schwarz inequality gives us

s(n+1) t%
V< D Bl ko)X= 05 YT Bk, g, ()] )
vEL vEL (1—|v[?)
B(u,v)>R B(u,v)>R
s(n+1)
1 — fuf? © e
<H(R) Y Bk, () kg, (w)l T2 tys
veL
B(u,v)>R
where (oit)
> =
= sup zZ)s v (W
cec <Ps( ) w (w) 1— |2
B(Ev)>R
Therefore
1 ‘ |2 s(n+1)
IRERIT) SRS DRIICEI] = B
ucl ueL veEL
B(u,v)>R
s(n+1)
2 1 — Juf?
R)Y 2 Y [Bky,(2)s kg, w)l T E
vel uel
B(u,v)>R
R)Y 12,
veL
where )

1 — Jul?
_SuP Z Wu(z)7 <P5(w)>|< |£|2)

§EL ueLl
B(u,§)>R

18



By (3.10) and (3.11), we now have

1/2 1/2
(Wrhyg)l < 3 sun < <233> (Zyi)

ueL ueLl uel

1/2 1/2
< {H(R)G(R)}'*? (ZS%) (Zﬁ) :

ueLl ueLl

Combining this with (3.9), we find that
[(Wrh, g)| < {C1CoH(R)G(R)}?|[]ll|g]l
Since h,g € L2(B, dv) are arbitrary, this means
IWrll < {C1C2H(R)G(R)}'/2.

Applying Lemma 3.4, we have limp_,,, H(R) = 0 and limp_,oc G(R) = 0. Therefore
limp o0 [|[Wr]|| = 0 as promised.

We now turn to the proof of (2). First of all, given an R > 0, for each v € £ we define
Fy,={ue L:B(u,v) <R}
By Lemma 2.2(a), there is an N € N such that
card(F,) < N
for every v € L. Also, by Lemma 2.2(b), for the given w € B, there is a partition
L=L1U---UL,

such that for each i € {1,...,m}, if v,v" € L; and v # v’, then S(p,(w), p, (w)) > 1.
That is, for each i € {1,...,m}, the set

K; ={py,(w) :v e L;}

is separated. We have Vp = X7 4+ --- 4+ X,,,, where

Xi= Z Z <Bk¢u(z)’ k<ﬂv(w)>k<ﬂv(w) @ Ko, (2)5
wv(w)GKi ueF,

i€ {1,...,m}. Toprove (2), if suffices to show that X; € span(Dy) of every i € {1,...,m}.
For this purpose we further decompose each K;. Indeed for each pair of i € {1,...,m}
and j € {1,..., N}, we define

Li,j = {’U eL;: CaI'd(FU) = ]} and Ki,j = {gpv(w) V€ Li,j}-
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Then Xl = Xi,l + -+ )(1'7]\]7 where

Xij = Z Z <Bl€%(z), k%(w)>k%(w) 2 k@u(z)7
po(w)EK; j uEF,

ie{l,...,m}and j € {1,...,N}. Thus it suffices to show that X, ; € span(Dy) for every
such pair of i, j. But it is obvious that given a pair of such i, j, we can define maps

1 .

such that '
{pu(2) sue F} = (1 (o)), 27 (g (w))}

for every v € L; ;. Thus X; ; = Xi(’lj) +- 4 Xi(?, where for each v € {1,...,j} we have

(v) _
Xy =2 <Bkw§?}(s)’kf>k5®kv§,”j<f)‘
EeK;,;

Hence the proof will be complete if we can show that X 1(1;) € Dy for every triple of indices
ie{l,....m},je{l,...,Nyandve {1,...,j}.

By the above definitions, for every such triple of i, j,v, if £ € K; ;, then there exist
Ve Li,j and u € Fv such that f = Py (’LU) and ’}/Z(Z) (f) = (pu(z)‘ Therefore

BEA) () = Bleu(w), pu(2))
By (w),v) + B(v,u) + B(u, pu(2)) < B(w,0) + R+ B(0, 2).

IN

This shows that the map ’yi(";-) : K; ; — B satisfies condition (3.1). By Definition 3.1(a),
we have X 2(1;) € Dy. This completes the proof of Proposition 3.2. [J

Next we turn to the proof of Proposition 3.3, which involves a few steps.

Proposition 3.5. Suppose that " is a separated set in B. Furthermore, suppose that
{cu : u € T} are complex numbers for which (2.21) holds. Then for each z € B, the
operator Y, defined by (2.22) belongs to T,

Proof. (1) Let us first show that Yy € 7). Since I' is separated, there is a § > 0 such that
B(u,v) >0 forall u # vinT'. That is, if u,v € I" and u # v, then D(u,d/2)ND(v,0/2) = (.
For each 0 < € < §/2, define the operator

1
4= 3D0.0) /Dm,e) Y2dA(2)

By the norm continuity of the map z +— Y, provided by Proposition 2.7, we have

lim || Yy — A.| = 0.
elg)lll 0 | =0
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Thus to prove the membership Yy € 7!, it suffices to show that each A, is a Toeplitz
operator with a bounded symbol. Indeed by the Mobius invariance of 5 and d\, we have

1
A= ——— cu/ ko, () @ ky, (AN (2)
A(D(0, €)) 2 Do Fu) T el

1
~ XD(0,€)) uz . /D(u,e) i @ hwdA(w) = /fe(w)kw ® kupdA(w),

where

1
D0, 2 e

uel

Since, 0 < € < §/2, we have D(u,e) N D(v,e) = () for u # v in T'. Hence f. € L>°(B,dv).
By (2.5), we have A. = T}.. This proves the membership Y, € 7).

(2) Now consider an arbitrary z € B. By Lemma 2.2(b), there is a partition I' =
'y U---UT,, such that for every i € {1,...,m}, the conditions u,v € I'; and u # v imply
B(pu(z), pu(2)) > 1. That is, for each i € {1,...,m}, the set

G ={pu(z) :uel;}

is separated. Obviusly, Y, =Y, +---+Y, ,,, where

Yz,i = Z Cukgou(z) ® kcpu(z)y
pu(2)€G;
i=1,...,m. By (1) we have Y, ; € TW for every i € {1,...,m}. Hence Y, € 7M. O

In addition to the normalized reproducing kernel k. given by (1.1), it will be convenient
for our next step to use the unnormalized reproducing kernel

1
(1= (¢, 2zt
and other kernel-like functions. This involves monomials in the complex variables (q, ...,

¢n and the standard multi-index convention (see, e.g., [10,page 3]). For each pair of a € Z7}
and z € B, we define

z,6 € B,

CO{
(1= (¢, 2

(3.12) K..o(Q) =

¢ € B. Note that K, = K .o for every z € B.

Proposition 3.6. Let ' be a separated set in B and suppose that {c, : v € T'} is a bounded
set of complex coefficients. Then for every pair of « € 2"} and z € B, we have

Y cu(UnK.) @ (UuKoio) € TV,

uel’
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Proof. We prove the proposition by an induction on |a|. If || = 0, i.e. a =0, then

1
(Uud5) @ (UuK20) = (U K,) @ (UuK) = W’%u) ® Ko, (2)-

Hence the case where |a| = 0 follows from Proposition 3.5. Suppose that k € Z and that
the proposition holds true for every o € Z7 satisfying the condition || < k. Now consider
the case where a € Z7} is such that |a| = k4 1. Then we can decompose « in the form

a=a+b,

where |a|] = k and |b| = 1. That is, there is some v € {1,...,n} such that the v-th
component of b is 1 and the other components of b are all 0. We will also consider b as a
vector in C". By the induction hypothesis, we have

(3.13) Z cu(UuK.) @ (UyK..q) € TV for every z € B.
uel

Let z € B be given. Then there is an € = ¢(z) > 0 such that z 4+ ¢ € B for every ¢ € C"
satisfying the condition |c| < e. For each t € [0, €], define the operators

At — Z Cu(UuKz—l—tb) & (UuKz—i—tb;a) and Bt = Z Cu(UuKz+itb) ® (UuKz—i—itb;a)-
uel uel
Also, we define

X = Z c{(n+14+ k) (U K,) @ (UyK,o) + (n+1)(UuK.p) ® (UyK,,n)} and
uel

Y = Z c{(n+1+k)(UuK2) ® (UuKzia) — (04 1) (UuKp) © (UK i) }-

We will show that

) 1
(3.14) ltlfgl ;(At—AO)—XH—O and
1
q lim||—=(By —Bp) —Y]| =0.
(3.15) tlf(r)l it( f 0) H 0

Before getting to their proofs, let us first see the consequence of these limits. By (3.13)
we have A; € T and B; € T for all t € [0,¢]. Hence it follows from (3.14) and (3.15)
that X, Y € T, Thus

Z Cu(UuKZ) ® (UuKZ;a) = (X + Y) € 7—(1)’

= 2(n+1+k)

completing the induction on |¢|.
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Let us now turn to the proof of (3.14). Note that t*(A; — Ag) = Gy + H;, where

1
Hy = Z Z Cu(UuKz+tb) ® {UU(KZ“‘Hb?a o KZ;a)} and

uel’

1
Gt == E ;Cu{Uu(Kz—&—tb - Kz)} ® (UuKz;a)-

Similarly, we write X =V + W, where

V = Z Cu(n +1+ k)(UuKz) X (UuKz;a) and
uel’

W= cu(n+1)(UuK.p) @ (UuKza).
uel’

Since ||t71(A; — Ao) — X|| < ||Hy — V|| + [|G — W||, (3.14) will follow if we can show
(3.16) lim|H; — V| =0 and
£10

(3.17) lim |Gy — W|| = 0.
£10
To prove (3.16), for 0 < t < e we write H; — V = S; 4+ T}, where

St - Z Cu(UuKz+tb) ® {Uu(t_l(Kz—l—tb;a - Kz;a) - (7’L +1+ k)Kz;a)} and

uel’

Ty =(n+1+k)Y cufUu(Kern — K2)} ® (UuKia).
uel’

Thus the proof of (3.16) is reduced to the proof of the fact that ||S¢|| — 0 and ||T3|| — 0
as t descends to 0. To prove this, we pick an orthonormal set {e, : u € '} and factor S;

in the form S; = St(l)St(z)*, where

S’t(l) = Z cu(Uu K 1p) ® €, and

uel’

uel’
Set C' = sup,cr |cu|. Then it follows from Lemma 2.6 that
5:Vll < CBI)|K-smlloc and
S22 < BOWE (Kapia = Kaa) = (04 14+ ) Keia o
Since a + b = « and k = |al, by (3.12) and elementary algebra, we have

lim 1t (K ottbsa — Kza) = (0 4+ 14 k) Kool = 0.
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Also, it is trivial that || K4 |lcc remains bounded as ¢ descends to 0. Hence

150 < 1SS
< C(BMO)E slloo T E opipa — Koia) = (n+ 1+ k) Koo — 0

as t descends to 0. For T}, we have the factorization T} = Tt(l)T(z)*, where

Tt(l) = (n + 1+ k) Z Cu{Uu(Kz+tb - Kz)} @ ey and

uel’

T =Y (UuK.a) @ €q.
uel

By Lemma 2.6, HTt(l) | < (n+1+Ek)CB@)|K.q— K| oo, and T is a bounded operator.
It is obvious that

lim [| K44 — K. ||co = 0.

i || K. loo =0

Hence || T3] < ||Tt(1)|]||T(2)|| — 0 as t descends to 0. This completes the proof of (3.16).
To prove (3.17), note that

Gt -W = Z Cu{Uu(t_l(Kz+tb - Kz) - (n + 1)Kz,b)} ® (UuKz;a) = ZtT(z)*a
uel

where

Zt = ZCu{Uu(t_l(Kz—i—tb - KZ) - (TL + 1)K257b>} ® Cu-
uel’

Applying Lemma 2.6 again, we have
1Z:]) < B[t (Kapy — K2) = (n+ 1) Koo
Another easy exercise shows that

11:1%1 Htil(Kertb - Kz) - (n + 1)Kz;b||oo = 0.

Hence |Gy — W|| < [|Z:||IT®]| — 0 as t descends to 0, proving (3.17). Thus we have
completed the proof of (3.14).

The proof of (3.15) uses essentially the same argument as above, and the only addi-
tional care that needs to be taken is the following: The rank-one operator f ® g is linear
with respect to f and conjugate linear with respect to g. Moreover, the inner product
(C,z) on C™ is conjugate linear with respect to z. These are the properties that determine
the + and — signs in each term ¢, {---} in the sum that defines the operator Y. This
completes the proof of the proposition. [
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Proposition 3.7. Let T be a separated set in B and let {c, : uw € T} be a bounded set of
complex coefficients. Then for every w € B we have

(3.18) Z Cuku ® k@u(w) € T(l).

uel’

Proof. For each a € Z" , define the monomial function

Pa(C) = ¢*

on B. Given a w € B, let us define

1— (w,u) \"'
|1'_’0Uvu>|)

du(w) = ¢, (

u € I'. Note that Ko, = po for every a € Z%. Also, U, Ky = U,1 = k,, for every u € I'.
Thus, applying Proposition 3.6 to the case where z = 0, we have

(3.19) D du(w)ky @ (Uupa) € TV

uel’

for every oo € Z". Define the function

guw(C) = ((w), (€B.

For each j € Z,, define the operator

A =" du(w)ky ® (Uug,)-
uel

Since each g7, is in the linear span of {p, : a € Z7}, (3.19) implies that A; € T for
every j € Z,. Let {e, : u € I'} be an orthonormal set. Then we have the factorization
Aj =TB;j for each j € Z, where

T = Z du(w)k, ®e, and Bj= Z(ngfu) ® ey.
werl uel

Lemma 2.6 tells us that T is a bounded operator. Define

G = Z(Uqu) ® ey

uel’
It also follows from Lemma 2.6 that
" (n+j)! (n+4)! ,
(3.20) G- Z i B;|| < B(T) || Ky — i oo
Jj=0 J=0

o0



for every k € Z,. By the expansion formula

oo

1 (n+7)! .
(1 _ C)n—l—l = Z TL']' CJ? |C’ < 17

§=0

and the fact that |w| < 1, we have
~ (n+J)!
; — i —
Jm | K Z it el =

J= oo

Combining this with (3.20), we obtain
e S L)L e S )Ly
klglgo TG — jZO ol Ajll = kli)rgo TG" — TjZO ol B || = 0.

Since each A; belongs to TW | we conclude that

> du(w)ky, ® (UKy) =TG € TW.

uel’

Since ky, = (1 — |w|?)®TY/2K,, this implies

(3.21) > du(w)ky ® (Uyky) € T

uel’

Recalling the definition of d, (w) and (2.23), we see that (3.21) implies (3.18). O

Proof of Proposition 3.3. Let I' be a separated set in B, let {c, : u € I'} be a bounded set of
coefficients, and let v : I' — B be a map satisfying (3.1). Let K = {w € B : (0,w) < C},
where C' is the constant that appears in (3.1). We want to show that the operator

T = Z Cuky ® k,y(u)

uel’

belongs to 7. For this purpose, define

I/J(u) = ¢U(7(U)), uel.

Since f(u,y(u)) < C, by the Mobius invariance of § and the fact ¢, (u) = 0, we have
B0, (u)) = B(u,y(u)) < C for every u € I'. That is, ¢(u) € K for every u € I'. Since
ou((u)) = y(u), u € T, by (2.23) we have

T = Z dyky ® (Uuk‘w(u)),

uel’
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where |d,| = |c,| for every u € T'. Let {e, : u € I'} be an orthonormal set. Then we have
the factorization T' = AB™*, where

A=) dyky®e, and B=) (Uskyw)® €.
uel’ u€el

We again use the fact that the map z — k. is || - ||oo-continuous. That is,

lim ||k, — kw|loo =0 for every z € B.
w—rz

Let € > 0 be given. Since K is compact, there are non-empty open sets €21,...,8,, in B
and z; € ;, 1 =1,...,m, such that

(3.22) QU---UQ, DK

and
lk2, — kwlloo < € whenever w € €,

i=1,...,m. From the open cover (3.22) we obtain a partition
K=FU---UE,
such that F; C Q; for every i € {1,...,m}. We now define
Li={uel:y(u) € B},

i=1,...,m. Then [|k., — ky(u)llco < €if u € T';. For every i € {1,...,m}, we also define

Bi =) (Uuk:,)®eq.

’LLGFZ'

For each i € {1,...,m} we have

ABf =) duky @ (Ukz,) = > duika @ kg, (2,),
werl; uel’;

where |d,, ;| = |dy| for u € T';. Thus it follows from Proposition 3.7 that

(3.23) {AB:,.. . AB*} c TW.

m

On the other hand, we have

B — (Bl + -+ Bm) = Z Z {Uu(kzp(u) - kzz)} X ey

=1 uel’;
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Since the sets I'y, ..., Ty, form a partition of I, i.e., I'; N T'; = () whenever ¢ # j, Lemma
2.6 tells us that

IB = (By+ -+ Byl < BIT) max sup [kyc — k=, oo < BI)e.
1<i<m ety

Lemma 2.6 also tells us that A is a bounded operator. Hence

I T—(ABy +---+ AB;, )| = |[AB* — (AB; +--- + AB_ )|
< ANIB" = (Bi + -+ Bi)l = IAIlIB = (By + -+ + Bu)
< | AIB(T)e.
Since € > 0 is arbitrary, combining this inequality with (3.23), we conclude that T € 7).
This completes the proof of Proposition 3.3. [J
4. Analogue on the Fock space

The analogue of Theorem 1.5 also holds in the setting of the Fock space. To discuss
the details, let us first recall the necessary definitions.

Let du be the Gaussian measure on C". It is well known that, in terms of the standard
volume measure dV on C", we have

du(z) = W_"e_"z'QdV(z).

Recall that the Fock space H?(C", du) is defined to be the subspace {h € L?(C",du) : h is
analytic on C"} of L?(C",du). In this section, the symbol k. will denote the normalized
reproducing kernel for H?(C",du). That is,

ko (Q) = el lFP2 4 e o

In [14], the notion of sufficiently localized operators was introduced:

Definition 4.1. A bounded operator B on H2(C",dpu) is said to be sufficiently localized
if there exist constants 2n < f < oo and 0 < C' < oo such that

C
Bk, kw)| <
{ )| AT e—w)?

for all z,w € C".

Let C*(SL) be the C*-algebra generated by the collection of sufficiently localized
operators on H2(C",dp). Combining localization properties with a new approach, it was
shown in [14] that for A € C*(SL),

(4.1) the condition lim (Ak,,k,) =0 implies that A is compact.

|z] =00
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This was the result that motivated Isralowitz, Mitkovski and Wick to introduce the notion
of weakly localized operators in [6]. On the Fock space, weakly localized operators are
defined as follows.

Definition 4.2. [6] A bounded operator T' on H?(C",dpu) is said to be weakly localized
if it satisfies the conditions

sup /|<Tkz,kw>]dV(w) <00,  sup /|(T*kz,kw)|dV(w) <o,
zeCn zeCn

and

T—00 ,eCn T—00 ,cCn

lim sup/ Tk, kyw)|ldV(w) =0, lim sup/ [Tk, ky)|dV (w) = 0.
|z—w|>r |z—w|>r

It is easy to see that any sufficiently localized operator is weakly localized. Moreover,
it was shown in [6] that (4.1) also holds true if A is in the C*-algebra generated by the
weakly localized operators on H2(C", dpu).

Replacing the class Ag by the class of operators defined in Definition 4.2, one can
prove the analogue of Theorem 1.5 on the Fock space H?(C",du). The proof is in fact
easier in the Fock space case. This is because, compared with the Bergman space, the
structure of the Fock space is much simpler, and one generally gets much better “decaying
rate” in estimates.

For example, instead of general separated sets, in the Fock space setting we only need
to be concerned with the standard lattice
27" = {(j1 + ik, din k) S dn R ke € Z)

and its subsets. What replaces D(0,2) is the fundamental cube

S={(x1+iy1,. -, Tn +iYn) : T1y -y Ty Y1y---,Yn € [0,1)}

in C". With Z2" and S we have

(4.2) U {u-s}=cn,

ueZZn

which is a tiling of the space, meaning that there is no overlap between u — S and v — S
for v # v in Z?". Compared with the covering scheme (2.7), the tiling scheme (4.2)
offers considerable advantages. For example, the Toeplitz operator Tg used in the proof of
Theorem 1.5 can simply be replaced by the identity operator 1 in the case of Fock space.

There is, however, one technical issue in the Fock space case that warrants mentioning.
This stems from the fact that there are no bounded analytic functions on C™ other than
constants. Thus the straightforward analogue of Lemma 2.6 on H?(C",du), while true, is
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not very useful. In the Fock-space setting, the supremum norm || - ||, must be replaced
by something else.

Definition 4.3. For an analytic function h on C™, we write

ol = ( |h<<>|2e-<1/2>'d2dv<<>)1/2.

Let H. be the collection of analytic functions h on C™ satisfying the condition |||, < co.

For each z € C™, let U, be the unitary operator defined by the formula

(43) (sz)(C) = f(Z - g)’%(()? ceC,

f € H*(C",du). The following is what replaces Lemma 2.6 in the Fock-space setting:

Lemma 4.4. There is a constant 0 < Cy 4 < oo such that the following estimate holds: Let
{e, : u € Z®"} be any orthonormal set and let h, € H., u € Z*", be functions satisfying
the condition sup,cgzzn ||hy |« < 0o. Then

< Cyq sup |[[hyl
U«EZQ"

> (Uuhu) ® e

ueZQn

Proof. Let us first estimate [(Uyh,, Uyhy)|. By (4.3), for u,v € Z?" we have

(4.4) @hMJ%M>=/ﬁau—OMW—(WﬂO%KE”wﬂNO-
Moreover,
(4.5) ku(g)m‘ e 1< = = (/D) (fu—C P 4o

¢ € C". Observe that

lu — vl]?.

DN | —

(lu = ¢l +v=¢)? >

DN | —

u— P+ o= ([P >
Thus, splitting the 1/2 in (4.5) as (1/4) 4+ (1/4), we find that

e IC? < o= (/8 u=0l® =(1/D)|u—CI2 = (1/4)[v—C 2,

ku (C)ko (Q)

Combining this with (4.4) and applying the Cauchy-Schwarz inequality, we obtain
(4.6) (U, Uho)| < ™1 [y |y | < e/ F R,
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where
H, = sup [|hull..
ueZQn
Write
A= Z (Uuhy) ® ey

u€eZ2m

and consider any vector z = ) Tyey. By (4.6), we have

ueZ2n

— u—v|?
HAC’:HZS Z |<thvaUuhU>||mUHxv|§Hf Z e=(1/8) ‘|xu,|xv|'

u,vEZ2" u,vEZ2n

Applying the Schur test to the right-hand side, we find that

|Az|* < CHZ ) |au|? = CHY||z|?,

ugeZ2n

where C' =3 ;o0 e~/ 8)|z‘2, which is finite. Since the vector z is arbitrary, we conclude
that [|A]| < CY2H,. Thus the lemma holds for the constant Cy , = C1/2. O

In the proof of the Fock-space analogue of Theorem 1.5, the || - || oo-continuities of the
previous sections are replaced by the corresponding || - ||«-continuities. For example, for
the normalized reproducing kernel of the Fock space one easily verifies that

lim ||y — kul|s = 0
w—z

for every z € C". Thus, using Lemma 4.4 in place of Lemma 2.6, the analogue of Theorem
1.5 on the Fock space can be obtained by following the argument in the previous sections.
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