THE HELTON-HOWE TRACE FORMULA FOR SUBMODULES
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Abstract. We consider a class of submodules R of the Bergman module L2 (B) that are
associated with analytic sets M C C" with dimcM = d. In analogue to the usual Toeplitz
operator on LZ(B), we have the “Toeplitz operator for the submodule” R, on R. We show
that the Helton-Howe trace formula holds for the antisymmetric sum [Ry,, Ry,, ..., Ry, ],

fl,fg, .. -;f2n c C[zl,Zl, e ,Zn,gn].

1. Introduction

Given any bounded operators Ay, ..., Ax on a Hilbert space H, one has the antisym-
metric sum

[Ala s 7Ak?] = Z Sgn(U)AU(l) T Aa(k)a

oESk

which naturally generalizes the notion of commutator. This was first introduced by Helton
and Howe in [14], and has since become an important part of non-commutative geometry.
See [5,10] in particular. As it turns out, operators on reproducing-kernel Hilbert spaces
provide some of the particularly interesting examples of antisymmetric sums.

Let B be the unit ball {z € C" : |z| < 1} in C". As usual, we write L?(B) for
the Bergman space. Let P : L?(B) — L2(B) be the orthogonal projection. Given a
¢ € L>°(B), we have the familiar Toeplitz operator T, defined by the formula

(1.1) T,f = P(pf), feLyB).

This paper is mainly motivated by the following classic result of Helton and Howe:

Theorem 1.1. [14, Theorem 7.2] For f1, fa,..., fon € Clz1,21,- .., 2n, Zn], the antisym-

metric sum [Ty, ,T¢,,...,T},,] is in the trace class. Moreover,
n!
(1.2) [Ty, Thse o T, ] = —/ dfs A dfy A -+ A dfon.
(2mi)™ JB

See Roger Howe’s retrospective [19, pages 1678-1679] for the historical context for this
result. More than four decades later, this result still commands considerable interest, for
several reasons.

One of these reasons is the Arveson-Douglas Conjecture [1,2,6,7], which has been the
subject of very active research [3,8,9,11,12,15]. Indeed advances on the Arveson-Douglas

Keywords: Submodule, antisymmetric sum, trace formula.
ISupported in part by National Science Foundation grant DMS-1900076.

1



Conjecture have made it possible for one to consider the analogue of Theorem 1.1 on
submodules or even quotient modules. A first step in that direction was taken in [18].
Although it was not explicitly mentioned in [18], even a casual reader would notice that
[18] left an obvious question unanswered: does the analogue of trace formula (1.2) hold
on the submodules considered in that paper? The purpose of this paper is to report the
affirmative answer to this question.

At this point, it will be helpful to recall the setting in [18]. First of all, we will use the
same notations as those in [18] whenever possible. Let M be an analytic set in Assumption
1.1 in [18]. Throughout the paper, we denote d = dimcM. As in [18], we always assume
1<d<n-1. Denote M = M N B. Then

R={fecLl?B):f=0 on M}
is a submodule of the Bergman module L?(B). Let R : L?(B) — R be the orthogonal
projection. Mimicking (1.1), given a ¢ € L°°(B) we define

R‘Pf = R(Qof)v f €R.

We think of R, as a “Toeplitz operator for the submodule R”. It was proved in [18] that
for any fi, fo, ..., fan € Cl21, 21, ..., 2n, Zn|, the antisymmetric sum [Ry, , Ry,,..., Ry, | is
in the trace class. The question that was not explicitly stated in [18], but was obvious to
even the casual reader, was

Question 1.2. Does the trace formula

n!
tr[Rfl,Rf2,...,Rf2n] = W/Bdfl/\de/\/\den,

fi, fay.-o, fon € Clz1, 21, - -+, 2Zn, Zn], hold on the submodule R?

We were not able to compute tr[Ry,, Ry,, ..., Ry,,] in [18], but, after many attempts,
we are finally able to do this computation now, which is the main result of the paper:

Theorem 1.3. The trace formula

n!
(2mi)"
holds for all f1, fa, ..., fon € Clz1, 21, -, Zn, Zn]-

Although Question 1.2 is about the submodule R, it is the corresponding quotient
module that holds the key to the answer. Recall that

tr[R.f17Rf2’ <. 7Rf2n] -

/df1/\dfz/\---/\df2n
B

Q=IL*B)oR

is the quotient module that corresponds to R. Let Q : L?(B) — Q be the orthogonal
projection. Recall that @ was the focus of both [11] and [18]. Mimicking (1.1), we have
“Toeplitz operators for the quotient module Q”. That is, for each ¢ € L>°(B), we define

Qof =Qlef), feQ
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For f1, fo,..., fon € C[21,Z1, ..., 2n, Zn], the relation P = R + @ leads to

(1.3) [Tf17Tf27""Tf2n] = [Rfl,RfQ,...,Rf%] + [Qfvafm"'ﬂth] + G.

We already know that the antisymmetric sum [Qf,, Qf,, ..., Qy,, ] is in the trace class with
zero trace [18, Theorem 1.8]. Thus to show that Question 1.2 has an affirmative answer,
it suffices to prove that G has zero trace.

The fact that tr(G) = 0 can be directly verified in some particular cases, and direct
verification was how we began our effort to answer Question 1.2. For example, if we either
assume d < (2/3)n or n € {2,3,4}, then we can directly verify that tr(G) = 0, although
such verifications are very tedious. Tedious though direct verifications may be, the results
do suggest that we should try to answer Question 1.2 in the affirmative in general. On the
other hand, the direct-verification method has its limitations. For example, if one tries to
directly verify that tr(G) = 0 in the case where n = 5 and d = 4, one runs into what seem
to be insurmountable obstacles.

We took these obstacles as a hint that, perhaps, the general result tr(G) = 0 needs to
be proved in a round-about way, not by a “frontal assault” in the way of direct verification.
After various attempts, we managed to find a way to show tr(G) = 0 by an indirect route.
The main idea is this: we approximate the orthogonal projection () by a sequence of finite-
rank positive operators in a very specific way. These finite-rank approximations are then
“dilated” to orthogonal projections on L?(B)® L?(B). These dilations and the orthogonal
projection R' = R®0 give rise to various “deformed Toeplitz operators”. Analysis of these
operators eventually leads to the desired result,

tr[Rfuszv <. 7Rf2n] = tr[Tfquw -. ’Ton]

for fl,fg, A ,fgn c C[Zl,gl, .. ,Zn,in].

The rest of the paper is organized as follows. First of all, Section 2 collects a number
of necessary preliminaries for the rest of the paper. Then, with the efforts in Sections 3
and 4, we construct a sequence {A,,}5°_; of finite-rank operators such that

0<A,<Q
and such that they have the right approximation property:

Tim [Q — A, Myl[l, = 0

for 2d < p < oo and f € Clz1, 21, ..., 2n, Zn|, and more. In Section 5, these operators are
dilated to orthogonal projections Q™) on L?(B) @ L?(B). With the projections P(™) =
R + Q) we have “deformed Toeplitz operators” T ;m). In Section 6, we first show that
these “deformed Toeplitz operators” approximate the real ones in the way that matters:

lim te[25", TV, T) = [Ty, Ty, .. T,

m— o0
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for fi1, fo,..., fon € Clz1,21,...,2n, Zn]. The punch line of Section 6 is that in the “de-
formed version” of (1.3), the G does have zero trace, which finishes the proof of Theorem
1.3.

2. Preliminaries

First, let us recall the precise definition of the submodules and quotient modules that
we consider in this paper.

Definition 2.1. [4,16] Let © be a complex manifold. A set A C 2 is called a complez
analytic subset of Q if for each point a € () there are a neighborhood U of a and functions
fi,--+, fnv analytic in this neighborhood such that

ANU ={z€U: fi(z) =--- = fn(z) = 0}.

A point a € A is called regular if there is a neighborhood U of a in €2 such that ANU is a
complex submanifold of 2. A point a € A is called a singular point of A if it is not regular.

Definition 2.2. Let Y be a manifold and let X, Z be submanifolds of Y. We say that the
submanifolds X and Z intersect transverselyif for every x € XNZ, T, (X)+T,(Z) = T,(Y').

Assumption 2.3. [18, Assumption 1.1] Let M be an analytic subset of an open neigh-
borhood of the closed ball B. Furthermore, M satisfies the following conditions:

(1) M intersects OB transversely.

(2) M has no singular points on dB.

(3) dimcM = d, where 1 < d <n — 1.

We emphasize that Assumption 2.3 will always be in force for the rest of the paper.
Given such an M, we fix M, R, R, Q and @ as follows.

Notation 2.4 [18, Notation 1.2] (a) Let M = M N B.

(b) Denote R = {f € L2(B) : f =0 on M}.

(c) Let R be the orthogonal projection from L?(B) onto R.

(d) Denote Q@ = L?2(B) © R.

(e) Let @ be the orthogonal projection from L?(B) onto Q.

As we have already mentioned, the key to what we do in this paper is the projection
Q. We need to use everything we know about @, starting with

Theorem 2.5. [11, Theorem 4.3] There exist a measure pp on M and 0 < ¢ < C' < 0o such
that

(2.1) IfI? < /M |F(w)Pdp(w) < O £

for every f € Q.

For the rest of the paper, the symbol p will be used exclusively for the measure given
in Theorem 2.5. On L2(B), this u defines a Toeplitz operator via the formula

22) TN = [ G dutw).
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The two bounds in Theorem 2.5 translate to the operator inequality
(2.3) Q< T, <CQ

on L2(B). Write K,,(2) = (1 — (z,w))~ "1, the reproducing kernel for the Bergman space
L2(B). Then straightforward verification gives us the formula

(2.4) T, = / K, @ Kydu(w)

on L2(B). By regarding each K, as an element in L?(B), this automatically extends the
Toeplitz operator T), to an operator on the big space L?(B), by exactly the same integral
formula! Moreover, if we consider both @ and T}, as operators on L?(B), then operator
inequality (2.3) holds on the big space L?(B).

Next, we review the operator ideals that will be involved in this paper. Given an
operator A, let s1(A),...,sk(A),... denote its s-numbers [13]. As usual, for 1 < p < oo,
we write C, for the Schatten p-class. That is, C, = {A : ||A||, < oo}, where [|A|, =

(Cri {sk(A)}P) 7.

Compared to the Schatten classes, there is another family of ideals that are more
user-friendly. These are the ideals Cp+ , which are defined as follows. For each 1 < p < o0,

the formula ) 4) 4)
S1 + 89 4+ -+ sk
JAll; = sup 2L 222 S
kzll P42 P4+ ...+ Lk p

defines a symmetric norm for operators. On a Hilbert space H, the set
+ _ . +
C, ={AeB(H):||A|, < oo}
is a norm ideal. See Sections II1.2 and III.14 in [13]. It is well known that C contains the
Schatten class C,, and that C;r # C,. Moreover, we have C;r CCp foralll<p<p <oo.
Lemma 2.6. [18, Lemma 2.8] Suppose T is in the weak operator closure of a set of

operators {Ty}acr. Assume T, € C; and

sup || To ||} < C < 0.
acl

Then T € Cf and |T|} < C.

The reason why the C;' ’s are the preferred ideals in the study of the Arveson-Douglas
conjecture is that norm estimates in these ideals are particularly easy:

Lemma 2.7. [18, Lemma 2.9] Given any positive numbers 0 < a < b < oo, there is a
constant 0 < B(a,b) < 0o such that the following holds true: Let H be a Hilbert space, and
suppose that Fo, Fy, ..., F),... are operators on H such that the following two conditions
are satisfied for every k:

(1) [[Fx] < 277,



(2) rank(Fy) < 2%,
Then the operator F = Y7  Fy satisfies the estimate ||F||”L < B(a,b). In particular,

F ey,

Lemma 2.8. Given any 1 <1 < p < oo, there is a constant Cys = Co5(r,p) such that
-r 3p+r)/(4
1Al < Cosl|AJ|®=7/6P) (|| AJf) PP+ 4P

for every operator A.
Proof. Given any 1 <r <p < oo, weset s = (p+7)/2and t = (p+s)/2 = (3/4)p+ (1/4)r.
Then 1 <r < s <t < p. For any operator A and any k € N, it follows from the definition
of || - ||F that
ksi(A) < s1(A) + - 4 si(A) < AT ATV 4+ BTV < OHl|ATR O
Since ||A]|F < ||A|l;", this implies
si(A) < Crl|Alf R

for every k € N. Consequently,

0o ~ 00 . - .
D sh(A) S AP sk (A) < (AP (Gl Al Zk V= Gl AP (1A
k=1 k=1

Raising both sides to the power 1/p, the lemma is proved. [J
We will need the following basic properties of Schatten classes.

Lemma 2.9. Let A € C,, and B € Cp,, where p1,p2 € [1,00). If pipa/(p1 + p2) > 1, then
AB c Cp1p2/(p1+p2) with

[ABIp1pa/(pi+p2) < [[Allpy 1B, -
prlpg/(pl —|—p2) < 1, then AB € C;.
Proof. By (7.9) on page 63 in [13], for every k € N, the inequality

$1(AB) + -+ sk (AB) < s1(A)s1(B) + -+ - + si(A)sk(B)

holds. By [13, Lemma II1.3.1], this implies that for each 1 < p < oo, we have

D {si(AB)}P <> {s;(A)s
j=1 j=1

Then an application of appropriate Holder’s inequality completes the proof. [J

Our proof of Theorems 1.3 relies on the following vanishing principle for trace:
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Lemma 2.10. [14, Lemma 1.3] Suppose that X is a self-adjoint operator and C is a
compact operator. If [ X, C| is in the trace class, then tr[X,C] = 0.

Recall the following Schatten-class memberships for commutators:

Theorem 2.11. [18, Theorem 3.1] For each f € C|z1,21,...,2n, 2Zn], the commutator
[My,T,] is in the Schatten class Cp, for every p > 2d.

Theorem 2.12. [18, Theorem 3.6] For each f € Clz1,21,...,2n, Zn|, the commutator
[My, Q)] is in the Schatten class C, for every p > 2d.

As in [18], we also have to deal with double commutators:
Proposition 2.13. [18, Proposition 5.11] For f,g € C[z1, 21, . - -, Zn, Zn], the double com-
mutator [My, [Mg, Q]| belongs to C;_d/(1+e) for every 0 < e < 1/n.
3. Restriction of the measure u to subsets of M

For each natural number m € N, we define the subset
MM ={zeM:1-2"2m< |z <1}

of M. Recall that the measure p in Theorem 2.5 is concentrated on M. For each m € N,
by restricting 1 to M (™ and M\M (™ we obtain two measures. That is, we define the
measures 1™ and A" by the formulas

(3.1) pNE) = p(ENM™)) and A(E) = p(En{M\M™?Y)

for Borel sets E. We have, of course, i = u(™ + A(™) for each m. The measures (™ and
™) give rise to Toeplitz operators T, wm) and Tym). More precisely, we have

(Qwﬁ@:/u_gﬁwﬂwmm)wd

(Taom f)(2) = / (1— {;ffl})))n—‘rl d)‘(m)(w)

for f € LZ(B). In this section we will focus on T},tm), and in the next section we will
consider the functional calculus of T (m).

Recall that the proof of Theorem 2.11 relied on the discretization scheme in [18,
Section 3]. We will now use the same scheme to deal with the commutator [Mg,T),m]
for f € Clz1,21,...,%2n,2n] and m € N. More specifically, we need to know how this
commutator behaves as m increases. Fortunately, we can use the techniques from [18,
Section 3] to find the answer.

Let 8 denote the Bergman metric on B. That is,

1+ |pw(2)]
1 —Jpw(z)]’

7

1
B(z,w) = = log z,w € B,
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where ,, is the Mobius transform of B [17, Section 2.2]. For each z € B and each a > 0,
we define the corresponding S-ball D(z,a) = {w € B : f(z,w) < a}.

We choose a subset £ C M that is maximal with respect to the property that
D(z,1)ND(w,1) =0 forall z#w in L.

As in [18], we write it in the form £ = {z;}:2,. It follows from the maximality of £ that

[j D(2,2) D M
=1

There exist Borel sets A1, Ag, ..., A;, ... in B satisfying the following three requirements:
(1) D(z,1) C A; C D(%,2) for every i.
(2) A, N Ay =0 fori#7d.
(3) UX A, =U2D(2,2) D M.

As usual, we write

(1 _ |w|2)(n+1)/2

(1= (zyw))

which is the normalized reproducing kernel for the Bergman space L2 (B).

kw(z) = Z,W € B7

Let m € N. Similar to the ¢; defined on bottom of page 1073 in [18], we now define
&= [ (= ) w),

i > 1. As was explained in [18], because u is a Carleson measure for L2(B), there is a
constant 0 < C' < oo such that cl(.m) < C for all 7 and m.

Define N0™ = {i ¢ N: u(™(A;) #0} ={i e N : (m)>0} For each i € N(™), we

define the measure d,u( ™) to be the restriction of the measure (¢; (m )) T —|w|?)~ (D gy m)
to the set A;. Obviously, E )(A ) =1ifie N Observe that

Ty = /K ® Kopdp™ (w Z/ Ky @ Kypdp™ (w)

Z (m)/ kw @ Ky du(m)(w)

ZGN(TYL)

Since (™ is supported on M) for each i € N(™) the probablhty measure u( ™) can

be approximated in the weak-* topology by measures of the form + x Z =1 0w;, Where w; €

A; N M), Therefore each operator i) A, ko @K d,u( )(w) can be approximated in the
weak operator topology by operators of the form

k
1 m
Ekaj@kwj, ijAiﬂM( )



Hence T),cm) can be weakly approximated by operators of the form

S

k
1EF j=

Z Z Cl('m)kwi,j ® kwi,j?

j=1leF

el e

k
1
Zk“’i’j ® b, ; = %
j=1

where F is a finite subset of N(™) k € N, and w;j €A NM™ . We summarize the above
analysis as follows, which is just [18, Lemma 3.2] restated for the present situation:

Lemma 3.1. For each m € N, the Toeplitz operator T, ) is in the weak closure of the
convex hull of operators of the form

Z Cz('m)kwi ® kwiv

iCF
where F is any finite subset of N™) = {i € N : u(™(A;) # 0}, w; € A; 0 M) and
0< cz(-m) < C. Moreover, the finite bound C' depends only on p.

Proposition 3.2. Given any 0 < € < 1/2, there are constants 0 < C" < 0o and 0 < C”
< 00 such that the following holds true: Let m € N and consider any finite subset F' of
N = {5 e N : u™(A;) # 0}. Suppose that for eachi € F, we have w; € A;NM™) and
0 <¢; <C, where C is the constant in Lemma 3.1. Define v = ZieF ci(1 — |w;|?)" 16,
and

T, =) cikw, @ ku,.
ieF

Then we have ||[Tl,,sz]||;d/(1_2€) < C' and ||[T,, M,]|| < C"270=29™ for every j €
{1,...,n}.

Proof. As in [18], for each k > 0 we define
My={zeM:1-27%F <|z| <1—2720+1

and we define v, to be the restriction of v to My. That is,
Vi = Z Cz'(l — |wi|2)n+15wi-
i€ F,w; €M),

Also, write

Fy =T, M., = Z Cilkw; @ kuw,, M)
1€ F,w; € My,

for k > 0. Let 0 < € < 1/2 be given. As was shown in [18] (see (3.4) and (3.5) in that
paper), there are constants C7 and C5 such that

(3.2) | Fe|| < €2~ (-20)k

and
rank(Fy) < 05227
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for every k > 0. Since w; € A; N M) for each i € F, if 0 < k < m — 1, then v = 0 and,
consequently, T}, = 0. Thus Fy = --- = F,_y =0 and >, F = [T,,, M,]. Tt follows
from the above two estimates and Lemma 2.7 that

||[TV7 MZj]H;_d/(l_QE) S Cl(]- + CQ)B(l - 267 Qd)

Thus the constant C’' = C;(1 + C2)B(1 — 2¢, 2d) suffices for the || - H;rd/(lik)—bound. The
bound on [|[T,, M, ]|| follows from the inequality [T}, M. ]| < >°p—,, IIFk| and (3.2). O

Proposition 3.3. For all2d < p < oo and f € Clz1, 21, ..., 2n, Zn|, we have

(33 Jim [T, My]lp = 0.

Proof. Given any p € (2d, 00), we pick an € € (0,1/2) such that 2d < 2d/(1 — 2¢) < p. For
each m € N, Lemma 3.1 tells us that T L (m) is in the weak closure of the convex hull of the
operators T, given in Proposition 3.2. Therefore by Lemma 2.6 and Proposition 3.2, for
each j € {1,...,n} we have

1T, Ma W00y S € and [Ty, M]|| < €727 02m,

Applying Lemma 2.8 with r = 2d/(1 — 2¢), we find that

||[TM<M>usz]||p < Cyg (C//2—(1—26)m>(P—{2d/(1—26)})/(4p) (C/)(3p+{2d/(1—2€)})/(4p)'

Therefore we have

(3.4 Jim [T, Mzl = 0

for each j € {1,...,n}. Obviously, (3.3) follows from (3.4) and the “product rule” for
commutators, [Tu(m),AB] = [Tu(m),A]B + A[Tu(m),B]. O

4. Functional calculus

Let us recall the standard smooth functional calculus for self-adjoint operators. Sup-
pose that ¢ € C2°(R). Then the Fourier inversion formula reads

1 ~ 1Yyx
p(r) = E/@(y)ey dy, = €R,

where ¢ is the Fourier transform of ¢. Let T be a self-adjoint operator. It follows from
the above formula and the spectral decomposition of T that

o(T) = \/LQ—W / Gy dy.
10



Thus if X is any bounded operator, then

[P(T). X] = —= / €T, X]dy.

Since [T X] = (T Xe T — X)e™T, an application of the fundamental theorem of
calculus leads to

(4.1) [p(T), X] =

. 1
vor [y [ e x0T
0

Recall that for each m € N, the measure A(™) was given in (3.1).

Proposition 4.1. Let ¢ € C°(R). Then for every f € Clz1,21,...,2n, 2n] and every
2d < p < 0o we have

lim |[[p(Ty,), Mf] = [p(Txem), My, = 0.

m— o0

Proof. From (4.1) we obtain the decomposition
[QO(T/J% Mf] - [SO(TA(m)% Mf] = Gm + Hma

where

1
G = — / 2y / (e“yTﬂ[Tu,Mf]e“l—”yTﬂ—e“y%[Tu,Mf]e“l‘“”vw)dtdy,
\/27r

/ / T\ [T}, — Thomy, Myt =DVTaem) dtdy.

Hon \/ 2T

By (3.1) we have T}, — T\(m) = T),m). Therefore ||Hp,||, < C1||[T),om), My]|[p. Since we
assume 2d < p < 00, it follows from Proposition 3.3 that ||H,,|, — 0 as m — 00.

From the definition of M (™) it is clear that T, m) — 0 strongly as m — oo. That is,

m—
in the strong operator topology. This implies the strong convergence

iSTA(m) _ e’L'STH

lim e
m—r00

for every s € R. Since [T),, My] € C,, (cf. Theorem 2.11), this strong convergence leads to

lim ||eztyT [T M ] 1(1—t)yTy, _ eitka(m) [TM,Mf]ei(l_t)yTA<m) ||p -0

m— o0
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for each y € R and each t € [0,1]. Then there is the obvious bound
e T [T,,, My)e!t =0T — e [T, My]e! = Taem |, < 2|[T,,, My

Since
|G llp < / 5(y)yl / e VT T, M)t =0vTu — efuTom [T, M|t DvTNem || dtdy,
0

it now follows from the dominated convergence theorem that ||G,,||, — 0 as m — oco. This
completes the proof. [

For the rest of the paper, ¢ and C' will denote the two scalars in (2.3). It follows from
(2.3) that the spectrum of 7}, is contained in {0} U [¢, C], and that the spectral projection
of T}, corresponding to the interval [c, C] equals Q). Thus we can write Q) = h(7),) for some
smooth function h. Obviously, there are many smooth functions h on R that achieve the
same result, h(T),) = Q. But for the purpose of this paper, a casually picked h will not
do; we must choose our h carefully.

To find the desired h, we begin with a C'*° function n on R satisfying the following
three conditions:

(1)0<n<1lonR.

(2) n=1o0n (—o0,¢/3]U[C + 2,00).

(3) n=0on [¢/2,C +1].
With this 1 so chosen, we define

(4.3) h=1-n%

Obviously, the C'*° function h has the following properties:

() 0<h<1lonR.

(B) h=1on [c/2,C +1].

(v) h=0on (—oo,¢/3|U[C + 2,00).
Combining (f) and () with (2.3), we have h(T,) = Q. Furthermore, () tells us that
h € C*(R). The above care was taken so that the following holds true:
Lemma 4.2. For the h defined above, we have (1 — h?)'/2h € C°(R).
Proof. By (v), what needs to be proved is that (1 — h?)'/2 is a C* function on R. But
1—h%2=1+h)(1—h)=(1+h)n? Hence (1 — h?)'/2 = (1 + h)'/?n, whose smoothness
is ensured by the fact that h > 0 on R. [J

With the function h given by (4.3), we now define
(4.4) Am = MTyom),

m € N. Since the measure A(™) is concentrated on M\M(m), the Toeplitz operator T m)
is compact. Since h = 0 on (—o0, ¢/3], we conclude that

(4.5) rank(A,,) < oo

12



for every m € N. We have 0 < Ty < T, < CQ. Since h vanishes on a neighborhood
of 0, h(T\(m) is the limit in operator norm of operators of the form Tym)q(Ty\m)), where
q are polynomials. Hence for each m € N, the range of A,, is contained in the quotient
module @ = QL2 (B). In particular, we have A,,Q = A,, = QA,, and A,,R =0 = RA,,.
These facts and (4.5) will be important for the next two sections.

Since the range of A,, is contained in @ and since 0 < h < 1 on R, we have the
operator inequality

(4.6) 0< A4, <@

for every m € N. Thus we have a sequence of positive, finite-rank operators {A,,}5°_;
that approximate the projection () in the sense of Proposition 4.1.

5. Projections galore

If the finite-rank operators A, defined by (4.4) were projections, then the proof of
Theorem 1.3 would be much more straightforward. Instead, the best we can construct
are the finite-rank positive contractions A,, that approximate ) from below. It is even
possible that there are obstructions to the existence of finite-rank projections that satisfy
(4.6) and still approximate ) in the sense of Proposition 4.1. In any case, we do not have
at our disposal the kind of finite-rank projections on Q that we wish we had.

Then, came the idea that, perhaps, we can take the operators that are at our disposal
and dilate them to projections on a bigger space. The hope is that that can also lead to a
proof of Theorem 1.3. As luck would have it, this idea works!

First of all, it is easy to dilate a positive contraction to an orthogonal projection.
Observe that for any 0 < z < 1, the 2 x 2 matrix

12 (1 _ 5(:2)1/233
(1—a2)1/2g 1—a2?

is an idempotent. As mentioned earlier, QA,, = A,, = A,,Q for every m € N. Thus by
the spectral decomposition of A,,, the operator

A2 (1- A2)1/24,,

Q(m) — "
(1—A42)Y24,, Q— Az,

is an orthogonal projection on L?(B) @ L?*(B). Alternately, we can write

R (Thew)  (Taom)

(5.1) Q™ = ,
(Taom) Q= h*(Tyom)

where 1) = (1 — h?)/2h, which is in C%°(R) according to Lemma 4.2.

13



Our approach involves more projections. On L?(B) & L?(B), we define

, [R 0 , [Q o , [P o , [0 0
S 3 B | B A R

Since P = R+ Q, we have P’ = R’ + Q'. Note that the ranges of R’ and QU™ are
orthogonal to each other. Thus for each m € N, we define the orthogonal projection

P = R+ Q™)
For each f € Clz1, 21, ..., 2n, Zn|, we define

_ | My 0
Df_{o Mf}

on L*(B) @ L*(B). We can alternatively write R = R®0, Q' = Q®0, P = P®0,
Q"=0®Q and Dy = My @ M;. Since rank(A,,) < oo, we have

(5.2) Q™ =Q" + L,, with rank(L,,) < co.

Lemma 5.1. For allm € N and f € Clz1,Z1,...,2n, Zn], the ranks of R’DfQ(m) and
Q(m)DfR’ are finite.

Proof. 1t is obvious that R'D¢Q"” = 0 and Q" DR’ = 0 for every f € Clz1,21,...,2n, Zn].
The lemma follows from this fact and (5.2). O

Lemma 5.2. (1) For allm € N and f € Clz1, 21, ..., 2n, Zn|, we have [Df,Q(m)] € Cp for
every p > 2d.

(2) For allm € N and f,g € Clz1,21, .- -, Zn, Zn), we have [Dy, [Dy, Q™]] € C;—d/(l—i-e) for
every 0 < e < 1/n.

Proof. By (5.2), [Ds,Q(™)] is a finite-rank perturbation of [D;, Q"] = 0 @ [My,Q].
Conclusion (1) follows from this fact and Theorem 2.12. Similarly, (5.2) tells us that
[D¢,[D,,Q™)]] is a finite-rank perturbation of [Dy, [D,, Q"]] = 0 & [My, [M,, Q]]. Con-
clusion (2) follows from this fact and Proposition 2.13. [

Proposition 5.3. For all f € Clz1,Z1,...,2n, Zn] and 2d < p < 0o, we have

Jim Q' Df) = [QU, Dyl =0 and  lim ||[P', Dy] [P, Dy]jl, = 0.

Proof By Lemma 4.2, the function 1) = (1 — h?)Y/2h is in C2°(R). Using (5.1), it follows
from Proposition 4.1 that if f € Clz1, z1,. .., 2n, Z,] and 2d < p < 0o, then

Jim (11X, Dg] = Q. Dyl =0,
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W (T,) (T,
(5.3) X =

W(T)  Q—h*(Ty)

Since h(T,) = Q and Q* = Q, we have h*(T,,) = Q. By (8) and (v) in Section 4, the
function 1) = (1 — h?)'/2h vanishes on (—oo, ¢/3]U[c/2,C +1]. As we explained in Section
4, the spectrum of 7}, is contained in {0} U [¢, C]. Hence ¢(7),) = 0. That is, X = @',
which proves the first limit. For the second limit, observe that P’ — P(™) = Q' — Q("™). O

Lemma 5.4. We have
lim Q) = Q'

m— o0

i the strong operator topology.

Proof. By (4.2) and (5.1), we have the strong limit

lim Q™ = X,

m—r oo

where X is given by (5.3). But we showed in the preceding proof that X = @’. O

With the projections P/, R, P(™ and Q™) , we now define more “Toeplitz operators”.
That is, given any f € Clz1, 21,. .., 2n, Zn], Wwe define

m € N. It is obvious that T} = Ty & 0 and R}; = Ry @& 0. We think of Qgcm) and T}m) as
“deformed versions” of Q¢ @ 0 and T @ 0 respectively.

Proposition 5.5. For all f,g € Clz1,21,...,2n,2n] and 2nd/(n + d) < p < 00, we have

lim ([T}, 7;] — [T§™, ™|, = 0.

m—0o0

Proof. By elementary algebra,

[T}, T!] = P'Dy(1 — P')DyP' — P'D¢(1 — P")D, P’
(5.4) = [P, Ds](1 = P)[P', Dg] — [P, Dy](1 — P")[P', Dy].

Similarly,
[1F™, 1] = [P, D)1 = P[P DY) — [P Dy](1 — PU)[P™ D).
Thus it suffices to prove that for 2nd/(n + d) < p < oo and f,g € Clz1, 21, ., Zn, Zn),

(5:5)  lim [P, Dg(1 = P[P, D] = [P, Dy](1 = PU™)[P™), D}, = 0.
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We will prove this through a number of reduction steps.

First, observe that since p > 2nd/(n + d), there are s > 2d and t > 2n such that
st/(s+t) < p. We further require that s < ¢t. By Proposition 5.3, we have

(5.6) Tim ||[P', Dy] = [P, Dyl = 0.

It is well known that [P, M| € C;. Thus [P’,Dy] = [P, My] @0 € C;. Combining (5.6) with
Lemma 2.9, we obtain

(57) W}EHOOH[P/7DJC](1 - P(m))[Pl7Dg] - [P(m)an](l _P(m))[Plng]Hst/(ert) = 0.

Since t > s, it follows from (5.6) that there is a C} such that ||[[P"™), D{]||; < Oy for every
m € N. Replacing f by ¢ in (5.6) and applying Lemma 2.9 again, we have

(5.8) lim [P, D¢](1—PU™)[P', Dg] — [P™), Dy](1 — PU) [P, Dy]llst/(s) = 0.

Recall that P’ — P(™) = Q" — Q™). Since p > st/(s +t), with (5.7) and (5.8) already
established, we see that (5.5) will follow if we can show that

(59) W}gnoo H[Pl7 Df](QI - Q(m))[Plv Dg]”st/(s—i—t) = 0.

But by the membership [P, D,;] = [P, M,] & 0 € C; and Lemma 2.9, the proof of (5.9) is
further reduced to that of

(5.10) Jim [|[P", D)@~ Q"™)|s = 0.

To prove this, note that [Q’, Ds] = [Q, M] &0 € Cs (cf. Theorem 2.12). By this member-
ship and Lemma 5.4, we have

(5.11) [Q, Ds)(Q — Q™) =0

lim ||
m—o0

On the other hand, since R'Q’ = 0 and R'Q™ = 0, we have (R, D¢|(Q — QM) =
R'Ds(Q" — QM) =R D¢, Q" — Q™)]. Therefore from Proposition 5.3 we obtain

(512)  lim [[R.DAQ ~ Q). = lim [[R(D;.Q ~ Q™. =o.

Since P’ = R' 4+ @', (5.10) follows from (5.11) and (5.12). This completes the proof. [J

Proposition 5.6. If fi,..., fn,91,---,9n € Clz1,21,- -, 2n, Zn), then

(5.13)  lim [T, Ty, ) (T}, Ty | = [T T5M) - (T, T = 0.
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Proof. Since d < n — 1, we have 2dn/(n + d) < n. This allows us to pick a p satisfying the
condition
2dn/(n+d) < p < n.

Since {1/p} + {(n — 1)/n} > 1, we can pick an ¢ > 0 such that

1 -1
(5.14) 42
P mn+e

> 1.

Let f,..., fny g1+, 9n € Clz1,21, ..., 2n, Zn] be given. By Proposition 5.5, we have

(5.15) Tim [|[74,, Ty, ] = (T3, T, = 0,

1< j < n. It is well known that [Ty, Ty;] € Cnye. Thus [T}, T) ] = [Ty, Ty,] ® 0 € Cpe.
By this membership, it now follows from (5.15), (5.14) and Lemma 2.9 that

(616)  tim (T}, T)] — [T TEODIT, T [T, T ) = 0.

for allm € N and 1 < j < n. Combining this bound with the membership [Tj’c Ty, ] € Crve
and with (5.15), (5.14) and Lemma 2.9, we have

Since p < n < n+e, from (5.15) we obtain a constant C; such that ||[TJ£Jm) Tg(jm)]Hm_6 <

mlgnOO H[T(m) T(m)] . [T(m)l’T;Z””‘)l]([TJ’ci,T;i] — [T;:n)’Tg(:n)])[T}i+l’T.;H—l] . [lecn’Tg;n]”l
(5.17) =0
if2<i¢<n-—1and
(5.18) Jim [T TG (T T (T, T, ) = (T T =0,

By an obvious telescoping sum, (5.13) follows from (5.16), (5.17) and (5.18). O

6. Antisymmetric sums

We will now consider antisymmetric sums that are made of the “Toeplitz operators”
defined in Section 5. First, we have the following limit with respect to the norm of the
trace class:

Proposition 6.1. For any fi, fa,..., fon € Clz1,21,- -, Zn, Zn], we have
(6.1) lim ||[T% T} T, 1= ™, 7 M| =0
: a0 VERR R Rl P f1 fo ot fap JIL :

Proof. Foreach 1 < j <n,let 7;: {1,2,...,2n} — {1,2,...,2n} be the transposition such
that 7;(2j —1) = 24, 7;(2j) = 2j—1 and 7;(k) = k for every k € {1,2,...,2n}\{25 -1, 2j}.
Let T, be the subgroup of Ss,, generated by 7,...,7,. Then there is a subset Fs, of S5,
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such that Sa, = Uxeg,, AT, and such that ATy, N N'Ts, = () for all A # X\ in Es,. Given
fl, fg, ceey fgn c C[Zl, 21y ,Zn,gn], we have

/ ! / / !/ !
1%, Ty, - T}, ] = Z sgn(A) Z S80(0) T, iy Thoen ™ Thoem)

A€ Eo, oc€Ts,
/ / / /
= Z Sgn(k)[TfA(l)’TfA(z)] T [TfA(Qn—l)’TfA(Qn)]'
AGEQTL

Similarly,

(m) (m) (m)y _ (m) (m) (m) (m)
[Tfl ’Tf2 yt ’Tf2n ] - Z Sgn()\) [Tf,\(l) ’ TfA(Q)] T [TfA(Qn—l) ’ fo(zn)]
AEFEs,

for each m € N. With these identities, (6.1) follows from Proposition 5.6. [J
Corollary 6.2. For any f1, fa,..., fon € Cl21,21,. .., 2n, Zn|, we have

lim te[75, T, T) = [Ty, Ty, ... T, ).

m—r 00
Proof. Applying Proposition 6.1, we have

lim te[TV, T8, T = [T, T}, ... T, ] = te([Ty,, Tty .., Tf,,] ©0)

m—o0

= tr[Tfl,TfQ, ce ,Tf%].

O
Lemma 6.3. (a) Ifp > d, then [Qgcm), f;”)] € Cp forall f,g € Clz1,21,...,2n, 2, and
m € N.

(b) Suppose that d > 2. If p > 2nd/(2n + 1), then [Q;lm),[Qgcm), ém)]] € C, for all
fyg,h € Clz1,21,...,2n, 2] and m € N.

(c) Suppose that d = 1. Then the double commutator [Qém), [Q}m), ém)]] is in the trace
class for all f,g,h € Clz1,21,...,2n, Zn] and m € N.

Proof. The elementary algebra that gave us (5.4), now gives us
QY™ Q5™] = 1Q", Dy](1 = QU)[Q™), Dy] — [Q™), Dyl(1 = QU)[Q™, Dy].
Conclusion (a) follows from this identity and Lemmas 5.2(1) and 2.9. Then note that
QL 1QY™, Q4T = Q™D [QF™, Qi1 ™

= Q™ [Dy, [Q"™), Dy)(1 — QU)[Q™, DyJ]Q™
— Q[Dy,, [Q™, Dyg)(1 — Q™) [Q™), Dy ]Q™.

Combining this identity with the “product rule” for commutators, conclusions (b) and (c)
now follow from Lemmas 5.2(2), 5.2(1) and 2.9. OJ
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Proposition 6.4. Let v > d. Then for all f, g, fi, f2y---, foo € Clz1,21,..., 2n, Zn] and
m € N, the operator

Q4. Q4mQY, Q%M. ... QY]]
18 in the trace class with zero trace.

Proof. For convenience, denote

Y = [Q;’rln), QS"ZL)7 st 7Q§L,ZZ)].

As we saw in the proof of Proposition 6.1, there is a subset Fs, of S5, such that

.S () m) (m) (m)
(62) Y = Sgn()‘”Qf)\(l) f/\(g)] [ka(Qufl),QfA(2u)]'
A€E2V

Since v > d, it follows from Lemma 6.3(a) and Lemma 2.9 that Y € C, for every p > 1.
Lemma 6.3(a) also tells us that [Q;m), (m)] € Cayc if € > 0. Hence [Q ), g,m)]Y € (.

Next we show that [Qgcm),Y] € C;. If d = 1, then this is a direct consequence of
(6.2) and Lemma 6. 3( ). Suppose that d > 2. In this case, Lemma 6.3(b) tells us that

[Q(m) [Qh(2 ’Qfx(z )]] € C, for every p > 2nd/(2n + 1), where 1 < i < v and A € Es,.
Since 2nd/(2n + 1) < d and since for every j # i we have [Qh(2J 1),ka(2 )] € Cyqe for
every € > 0, it follows that [Qgcm), Y] €.

From the last two paragraphs we obtain the membership [Qgcm), Qém)Y] € Cy. Simi-
larly, [(Q;m))*,ng)Y] = [Qg;m),Qém)Y] € Cy since f is also in Clzy, 21, . . ., 2n, Zn. Since
Y is compact, it follows from Lemma 2.10 that

tr[QScm) + (Q;m))*v ng)Y] =0= tr[Qgcm) _ (Q;m))*7 Qém)y]

From this we obtain tr[Qgcm), ng) Y] =0 as promised. [J
Thus we have the following analogue of [18, Theorem 1.8]:

Proposition 6.5. Let v > d. Then for all f1, fa,..., fovt1, fov+2 € Clz1, 21, Zn, Zn]
and m € N, the antisymmetric sum

(6.3) QY. Q... Q™ |

fovg1? ¥ forqa
18 in the trace class with zero trace.

Proof. Since 2v + 2 is even, [14, Proposition 1.1] tells us that (6.3) is a linear combination
of terms of the form

(m) m (m) (m) (m) (m)
[QfU(D ch(Z) [Qf 3)’ f @’ ,Q ,Q Ha

fa(2V+1) fa'(2u+2)
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where o runs over a certain subset of the symmetric group Ss,12. Thus this proposition
is a direct consequence of Proposition 6.4. [J

Definition 6.6. Given any m € N, we let Z(™) denote the collection of (2n + 1)-tuples
(Xo, ..., Xo,) satisfying the following two conditions:
(1) For each j € {0,1,...,2n}, X; is either R’ or Q™).
(2) For each (Xy, ..., Xs,), there is at least one i € {0,1,...,2n} such that X; = R’
and at least one j € {0,1,...,2n} such that X; = Q("™).

Lemma 6.7. Let (Xo,...,X0,) € 20, m €N, and f1, fa, ..., fon € Clz1, 21, .., Zn, Zn]
be given. Then the following hold true:

(a) The rank of the operator XoD s, X1 D, Xo -+ Xop—1Djy,, Xop is finite.

(b) If Xog = Xop, then (X1, Xa,..., X0, X1) € 20 and

tI‘(XonleszXg e X2n—1Df2nX2n) = tI‘(X1Df2X2 cee X2n_1Df2nX2an1X1).

(C) If Xo 7& Xgn, then tr(XonleDf2X2 s Xgn_lDanXQn) = 0

Proof. (a) By (2) in Definition 6.6, there is a 0 < j < 2n — 1 such that X; # X, ;. Thus
by (1) in Definition 6.6, we have either X;Df X, 11 = R’ij+1Q(m) or X;Dy Xy =
Q™ Dy, , R'. In either case, Lemma 5.1 tells us that rank(X; Dy, , X;j41) < o0.

(b) Suppose that Xg = Xa,,. Then by (2) in Definition 6.6, thereisa 1 < j <2n—1
such that X; # X;,1. Hence (X1, X, ..., Xon, X1) € Z0™. Define

A:Xonle and B:XlDfQXQ”'XQn,lsznXQn.
By the argument in (a), we have rank(B) < co. Hence tr(AB) = tr(BA). Since

XonleszXg s Xgn_lsznXgn = AB whereas
X1Dp, X9 Xop_1Dy, XopnDy X1 = BA,

the conclusion follows.

(c) Suppose that Xy # Xs,. Then Xy and X5, are orthogonal projections with the
property Xs, Xy = 0. Thus the conclusion is obvious. []

Proposition 6.8. For allm € N and f1, fa,..., fon € Clz1,21,- -, Zn, Zn|, we have

(T3, T8, T = (R, Ry, Ry, .

Proof. From the identity P("™) = R’ + Q("™) we obtain
[, T T = R Ry Ry, 1+ 1QT, Q0L QY] + s0T,

where SOT stands for “sum of the other terms”. Obviously,
tI‘[R;cl, }2, . 7R/on] = tI‘([Rfl,Rf2, . 7Rf2n] P O) = tI‘[Rfl,sz, . ,Rf%].
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Also, Proposition 6.5 tells us that
2@, Q. ... QM =0.
Therefore the proposition will follow if we can show that tr(SOT) = 0.
Since P™) = R’ + Q") a review of Definition 6.6 tells us that

SOT = Z Z Sgn(U)Xonnglch,(g)Xz .. 'X2n—1DfU(2n)X2n7
(Xo,Xl,...,Xgn)EZ(m) oESan

which, according to Lemma 6.7(a), is a finite-rank operator. We have the partition

z(m) — p(m) y(m)7

where
XM = {(Xo,Xy,...,Xon) € 2™ : Xy = X5,} and
V) = {(Xo, X1,...,X0,) € 2™ Xy # X, ).
Accordingly,
SOT =U +V,
where
U= > > sgn(0)XoDy, ,, X1Dy, 5 Xo -+ Xon_1Dy, . Xon and
(X0,X1,...,X2n)EX (M) 0ESan
V= > > sgu(0)XoDy, , X1Dy, 0 X2+ Xon-1Dy, ) Xon.

(Xo,Xl ..... Xgn)€y<m) oc€San
Lemma 6.7(c) tells us that tr(V) = 0. Thus what remains is to show that tr(U) = 0.
To do that, we first apply Lemma 6.7(b), which gives us

tr(U) = > > sgu(o)tr(XoDy,,, X1Dy, X2+ Xon-1Dy, ) Xon)
(Xo,Xl ..... in)€X<m) 0€S2n
= Z Z Sgn(o')tr(XlDfa(z)XQ"'XQn—lDfa(Qn)XQHDfau)Xl)'

(X07X1 ----- XQn)ex(m) 0€ESan

Let 6 be the cyclic permutation on {1,2,...,2n} such that 6(i) =i+ 1for 1 <i<2n—1

and §(2n) = 1. Since 2n is even, J is an odd permutation, i.e., sgn(d) = —1. Thus
tr(U)
- Z Z Sgn(a)tr(XlDfasu)XQ o .X2n_1Dfo'6(2nfl)XZano'é(Zn)Xl)
(X(),Xl ..... Xgn)EX(m) 0ESan
- Z Z Sgn(a—é)tr(XlDfasu)X? e ‘X2n71Df05(2n71)XQTLDfo’é(2n)X1)
(Xo,Xl,...,Xgn)EX(m) oESan
(6.4)
= - Z Z Sgn(g)tr(Xlng(UX? o 'X2n—1Dfa(2n—1)XQana(zn)Xl)'

(X07X1,...,X2n)€X(m) oESan
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Then observe that on the set X(™) the map
(XOaXlu"'aXQTL) = (X17X27"'7X2n7X1)

is injective, hence surjective. Therefore we can rewrite U in the form

U= > > sgn(o)X1Dy, , X2 Dy, X3+ Xon Dy, . X1.
(XQ,Xl,...,Xgn)GX("L) UESQTL
Consequently,
(6.5) tr(U) = > > sgu(o)te(X1 Dy, X2 Dy, X3+ Xon Dy, . X1).

(Xo,Xl ..... XQ,L)EX("L) c€San

Comparing (6.5) with (6.4), we see that tr(U) = —tr(U). That is, tr(U) = 0 as desired.
This completes the proof. []

After so many steps, we finally have the proof of our main result.

Proof of Theorem 1.3. It follows immediately from Corollary 6.2 and Proposition 6.8. [
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