ON THE ESSENTIAL COMMUTANT OF
THE TOEPLITZ ALGEBRA ON THE BERGMAN SPACE

Jingbo Xia

Abstract. Let 7 be the C*-algebra generated by the Toeplitz operators {T} : f €
L*>°(B, dv)} on the Bergman space of the unit ball. We show that the essential commutant
of T equals {7}, : g € VOpaa} + K, where VOpqq is the collection of bounded functions of
vanishing oscillation on B and K denotes the collection of compact operators on L2(B, dv).

1. Introduction

Suppose that Z is a collection of bounded operators on a Hilbert space H. Recall that
the essential commutant of Z is defined to be

EssCom(Z) ={A € B(H) : [A,T] is compact for every T € Z}.

Obviously, EssCom(Z) is always a norm-closed unital operator algebra that contains KC(#),
the collection of compact operators on H. If Z is closed under the *-operation, then
EssCom(Z) is a C*-algebra.

The story about essential commutant began with the classic papers [11,13], where
Johnson, Parrott and Popa characterized the essential commutant of every von Neumann
algebra. Ever since, essential-commutant problems have always attracted attention. The
purpose of this paper is to determine the essential commutant of the Toeplitz algebra
on the Bergman space of the unit ball. Before stating our result, let us first explain the
historical background of this problem.

Recall that the essential-commutant problem for the Toeplitz algebra on the Hardy
space was solved long ago. To avoid confusion with the notation that we will use later, let
us write 7H2YY for the Toeplitz algebra on the Hardy space H2. Also, write T}{ardy for

Toeplitz operators on H?. In [2], Davidson showed that
(1.1) EssCom(THardy) = {ijlafdy . feQC+ jcHardy

where QC = VMONL™ and KHa'Y ig the collection of compact operators on the Hardy
space. Later, this result was generalized in [4,9] to the setting of the Hardy space H?(S) of
the unit sphere in C™. (For the latest developments along this line, see [3,5].) Moreover,
we now even know that the essential commutant of {ijI ady . f e QCY is strictly larger
than 7Hardy [1517]. In other words, the image of 7H#4Y in the Calkin algebra does not
satisfy the double-commutant relation.

Keywords: Bergman space, Toeplitz algebra, essential commutant.
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In view of these Hardy-space results, it may appear surprising that in the decades
since [2], no progress has been made on the corresponding essential-commutant problems
on the Bergman space. This paper will fundamentally change the situation by proving
the Bergman-space analogue of (1.1). At the same time, the material of the paper helps
explain why it took so long for progress to be made on the Bergman space: the Bergman-
space case deals with a different kind of structure and requires ideas and techniques that
were developed only in the last few years.

Let us turn to the technical details of the paper. Let B denote the open unit ball
{z € C": |z] < 1} in C". Let dv be the volume measure on B with the normalization
v(B) = 1. The Bergman space L2 (B, dv) is the subspace

{h € L?(B,dv) : h is analytic on B}

of L?(B,dv). Write P for the orthogonal projection from L?(B,dv) onto L2(B,dv). For
each f € L>(B,dv), we have the Toeplitz operator Tt defined by the formula

Tyh = P(fh), he L2(B,dv).

The Toeplitz algebra T on the Bergman space L2(B,dv) is the C*-algebra generated by
the collection of Toeplitz operators

{Ty: f e L>(B,dv)}.
In a recent paper [19], the structure of the Toeplitz algebra T was explored in some depth.
It is the knowledge gained there that enables us to determine EssCom(7) in this paper.

The natural description of EssCom(7) involves functions of vanishing oscillation on
B, which were first introduced by Berger, Coburn and Zhu in [1]. These functions are
defined in terms of the Bergman metric on B. For each z € B\{0}, we have the Md&bius
transform ¢, given by the formula

o) = oo {2 - e (c- B2 )b e,

[14, page 25]. In the case z = 0, we define ¢o({) = —(. Then the formula

1. 14 |e.
B(z,w) = _1ng z,w € B,

2 71— oz (w)]’

gives us the Bergman metric on B. Recall that a function g on B is said to have vanishing
oscillation if it satisfies the following two conditions: (1) g is continuous on B; (2) the limit

lim sup [g(z) — g(w)| =0
2171 B(2,w)<1

holds. We will write VO for the collection of functions of vanishing oscillation on B.
Moreover, we write

VOpqqa = VO N L™ (B, dv).
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In other words, VOyqq denotes the collection of functions of vanishing oscillation that are
also bounded (hence the subscript “bdd”) on B.

Let us write K for the collection of compact operators on L2 (B, dv). It is well known
that 7 D K. The following is the main result of the paper:

Theorem 1.1. The essential commutant of the Toeplitz algebra T equals

{Tg : 9 € VOpaa} + K.

It was already known in [1] that if g € VOpqq, then the operators PM,(1 — P) and
(1 — P)M,P are compact on L?(B,dv). Therefore it follows that

(1.2) ESSCOHI(T) D {Tg 1g € VObdd} + K.
Our task for this paper is to prove the inclusion
(1.3) EssCom(7T) C {Ty : g € VOpaa} + K,

which will take quite a few steps. We conclude the Introduction by giving an outline of
the proof of (1.3), which also serves to explain the organization of the paper.

The proof of (1.3) involves a “reverse bound” for certain matrix norms. While the
bound itself is elementary, we will prove it in Section 2 as our first step.

An ingredient that is essential to the proof is the modified kernel 9, ;, z € B and
i € Z,. Modified kernels were previously used in various spaces [7,8,18]. We recall these
functions and other relevant material in Section 3. The section ends with Proposition 3.7,
which is a step in the proof of (1.3). This proposition allows us to “harvest” a specific
piece of a non-compact operator for analysis: if A is a non-compact operator on L2 (B, dv),
then there is an operator of the form

(1.4) F=Y ¢..®e,

zel

where IT" is a set that is separated with respect to the Bergman metric and {e, : z € T'} is
an orthonormal set, such that AF is not compact.

Our proof requires a special class of operators to test the membership A € EssCom(T).
In fact, our test operators have the form

T = Z Czwz,i ® ¢v(z),i7

zel

where the set T' is separated, the map v : I' — B satisfies the condition B(z,v(z)) < C
for every z € T', and the set of coefficients {c, : z € I'} is bounded. But to use such a
T as a test operator, we must know that T € 7. In Section 4, we show that such a T is
weakly localized. Therefore by a result from [19], we have T € T. Then, using the fact that
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T € T, we prove Lemma 4.7, which provides conditions for excluding an operator from
EssCom(7), another necessary step in the proof of Theorem 1.1.

Using the modified kernel 1), ;, in Section 5 we introduced the modified Berezin trans-
forms B;(X) of any operator X, i € Z,. When i = 0, By(X) is just the usual Berezin
transform of X. But our proof uses B;(X) for an i > 8n + 1, which necessitates the intro-
duction of the modified Berezin transforms. Using the fact that T' € T from Section 4, we
show that if X € EssCom(7 ), then B;(X) € VOyq4q for every i € Z, which is also a step
in the proof of Theorem 1.1.

Section 6 contains some specific estimates required in the proof, which involve the
condition 7 > 8n + 1.

With all these preparations, in Section 7 we prove Theorem 1.1; more specifically, we
prove inclusion (1.3). To do that, fix an ¢ > 8n + 1. Let X € EssCom(7) be given. Since
we know that B;(X) € VOyaqq, it suffices to show that X —Tj, x) is compact. If X —Tj, (x)
were not compact, then there would be an F of the form (1.4) such that (X —Tp,(x))F is
not compact. Then, by a lengthy deduction process that involves the bounds provided in
Sections 2 and 6, we show that the non-compactness of (X — T, (x))F implies that

satisfies the conditions in Lemma 4.7. By that lemma, we would have to conclude that
A ¢ EssCom(T), which is obviously a contradiction.

2. A reverse matrix bound

For each k € N, let M} denote the collection of k x k matrices. Each A € My is
naturally identified with the corresponding operator on (the column Hilbert space) C*.
We write Dy, for the collection of k x k diagonal matrices. Let DPj denote the collection
of k x k diagonal matrices whose diagonal entries are either 1 or 0. That is, each E € DPy
is a diagonal matrix that is also a projection. For every A € My, k € N, we define

Cr(A) = max{||[A, E]|| : E € DP}.

Lemma 2.1. For D € Dy, and A € My, k € N, we have ||[A, D]|| < 4||D||Cx(A).
Proof. 1t suffices to show that ||[A, D]|| < 2||D||Ck(A) for D € Dy with real entries. Given
such a D, we list its diagonal entries in the ascending order as

di < -+ < dp.

Then there is a permutation o(1),...,0(k) of 1,..., k such that for every i € {1,...,k}, d;
is in the intersection of the o (i)-th row and the o (i)-th column of D. Note that d; > —||D||
and di < ||D||. For each i € {1,...,k}, let E; be the k x k diagonal matrix whose entry in
the intersection of the o(j)-th row and the o(j)-th column equals 1 for every i < j < k,
and whose other entries are all 0. Then E; is the k£ x k identity matrix, and we have

D=d1E| + (dg — dl)Eg + -+ (dk — dk—l)Ek-
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Accordingly, for any A € My, we have

114, DI < ldu[[[A, Ex]ll + (dz — di) [[[A, Bo]|| + -~ + (di — die—1) [[A, Ei]|
< (do — d1)Cr(A) + -+ + (dy, — di—1)Ci(A) = (di — d1)C(A) < 2| D||Cr(A)

as promised. [

For each k € N, let VD be the collection of A € M, whose diagonal entries are all
zero. That is, VD stands for vanishing diagonal.

Lemma 2.2. If A € VDy, k € N, then ||A|| < sup{||[4, D]| : D € Dy, | D|| < 1}

Proof. Let k € N be given. For each 6 € R, let V be the k x k diagonal matrix whose
diagonal entries are, in the natural order, ¥, e??? ... e*¥ TLet A € VD,. Since the

diagonal entries of A are all zero, elementary calculation shows that

0% Vi AVydf = 0.
Hence . .
Ao | (A= Vi Avao = %/O [A, V;]Vpdo.
Thus for each A € VDy, there is a 0(A) € [0, 27] such that [|[A, Vi 4)]Voa)ll = [|A]l. Since
ITA, Vel = [I[A, Vi 4)]Vo(a) ], the lemma follows. O

The following bound is a step in the proof of (1.3):
Proposition 2.3. If A € VDy, k € N, then ||A]| < 4Ck(A).

Proof. The conclusion follows immediately from Lemmas 2.2 and 2.1. [J

3. Modified kernel and separated sets

As usual, we write H°°(B) for the collection of bounded analytic functions on B.
Also, we write [|h]|oc = sup;cg |M(¢)| for h € H>(B). Naturally, we consider H*°(B) as a
subset of the Bergman space L2 (B, dv).

Recall that the formula
(1 . |Z‘2)(n+1)/2

z,¢ € B,
gives us the normalized reproducing kernel for L2 (B, dv). For each integer i > 0, we define
the modified kernel function

(1 _ |Z|2>{(n+1)/2}+i
(L= (G z))mtite

5
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If we introduce the multiplier

_ 1P
m(C) = 1—(C,2)

for each z € B, then we have the relation v, ; = mikz. As we have seen previously
[7,8,18], this modification gives 1), ; a faster “decaying rate” than k., which is what makes
the estimate in Lemma 6.4 possible.

Obviously, ||m.|l. <14 |z] < 2 for every z € B. Therefore for every ¢ € Z, we have
|192.i]] < 2'. On the other hand, (¢, ;, k,) = 1. Hence the inequality

(3.1) 1< [l <2°

holds for all © € Z and z € B.

Definition 3.1. (1) For z € B and r > 0, denote D(z,r) = {¢ € B: 8(z,() <r}.

(2) Let @ > 0. A subset I' of B is said to be a-separated if D(z,a) N D(w,a) = @ for all
distinct elements z, w in I'.

(3) A subset I' of B is simply said to be separated if it is a-separated for some a > 0.

Lemma 3.2. [19,Lemma 2.2] Let I' be a separated set in B.

(a) For each 0 < R < o0, there is a natural number N = N(I', R) such that card{v € I" :
B(u,v) < R} < N for every u € T.

(b) For every pair of z € B and p > 0, there is a finite partitionT =T U---UT,, such that
for every i € {1,...,m}, the conditions u,v € I'; and u # v imply B(pu(2), pu(2)) > p.

Recall that for each z € B, the formula
(U-h)(Q) = k=(Ohl(p=(¢)), ¢€B and he L;(B,dv),

defines a unitary operator.

Lemma 3.3. [19,Lemma 2.6] Given any separated set I' in B, there exists a constant
0 < B(I') < oo such that the following estimate holds: Let {h, : u € '} be functions in
H>(B) such that sup,cr ||hul|cc < 00, and let {e, : uw € I'} be any orthonormal set. Then

Z(Uuhu> X ey

uel’

< B(T) sup ||hy ]| co-
uel’

Suppose that I' is a separated set in B, ¢ € Z, and z € B. For each such triple
{T, z, i}, we define the operator

EF;z;i - Z wnpu(z),i ® wnpu(z),i-

uel’

Corollary 3.4. Let I" be a separated set in B and let i € Z,. Given any R > 0, there is
a constant Cs 4 = C5.4(R) such that the inequality ||Er...i|| < Cs.4 holds for every z € B
satisfying the condition B(z,0) < R.



Proof. Let w € I and z € B. By [14,Theorem 2.2.2], we have v, (»); = Uyhuy,2;i, where

1—(u,z) \" ;
e (e ) MR

Obviously, [|fy.z:illce < 2%1k2llee < C(1—2])~("+1/2 where C' = 2i+(1/2)("+1) " Combining
this with the fact that |z| = (e28(*0) —1)/(e2%(=:0) 4- 1), we obtain

[,z ll oo < 0(625('2’0) + 1)(n+1)/2‘

Applying Lemma 3.3, we see that the constant C34 = C34(R) = B*(I')C?(e2f + 1)n+!
suffices for the given R > 0. [J
Let d\ denote the standard Mo6bius-invariant measure on B. That is,

dv(z)

N = Ty

Proposition 3.5. [18,Proposition 4.1] For each integer i > 0, there exist scalars 0 < ¢ <
C < oo which are determined by i and n such that the self-adjoint operator

Ri = /wz,i ® ¢z,zd/\(z)

satisfies the operator inequality cP < R; < CP on the Hilbert space L*(B,dv).

Lemma 3.6. [6,Lemma 4.2] Let {X, M, u} be a (finite or infinite) measure space. Let H
be a separable Hilbert space and let K(H) denote the collection of compact operators on H.
Suppose that F : X — K(H) is a weakly M-measurable map. If

[ IF@dua) < o<,
X
then
K:/mem
X
18 a compact operator on the Hilbert space H.

Using the above facts, we can “decompose” non-compactness on the Bergman space:

Proposition 3.7. Let A be a bounded, non-compact operator on L?(B,dv). Then for
every 1 € Z, there is a 1-separated set I' in B such that the operator

Azwz,z X e,

zel

is not compact, where {e, : z € I'} is any orthonormal set.
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Proof. Let L be a subset of B which is maximal with respect to the property that
(3.2) D(u,1)ND(v,1) =0 forall u#v in L.

The maximality of £ implies that

(3.3) U D(u,2) =B.

uel

¢ = Z XD(u,2)

ueL

Now define the function

on B. By (3.2) and Lemma 3.2(a), there is a natural number N € N such that
card{v e L: D(u,2)ND(v,2) #0} < N

for every u € £. This and (3.3) together tell us that the inequality

(3.4) 1<®<N

holds on the unit ball B.

Given any integer ¢ € Z, we define the operator

R~ [0 0 .07 = 3 /D bes ® 2 1dA(2).

uel (u,2)

Then (3.4) implies that R; < R, < NR;. Applying Proposition 3.5, we see that the
operator inequality ¢ < R, < NC holds on the Bergman space L?(B,dv). That is, R’ is
both bounded and invertible on L2(B,dv). By the M&bius invariance of both 3 and d,

we have
. /
2/

ueLl

wwuwxi®fhmma¢dk(2)=l/m Er...;d\(2).

(0,2) D(0,2)

Let A be a bounded, non-compact operator on L2(B,dv). Since R. is invertible, the
operator

Am:/ AEz...d)(2)
D(0,2)

is not compact. By Corollary 3.4, there is a finite bound for ||E¢..;||, z € D(0,2). Thus
Lemma 3.6 tells us that there is a w € D(0,2) such that AE,.,,; is not compact, i.e.,

(35) A Z 77Z}<,9u(w),i & wgau(w),i

ueLl

is not compact. Since L is 1-separated, Lemma 3.2(b) provides a partition £ = £,U---UL,,
such that for each j € {1,...,m}, we have 5(¢,(w), p,(w)) > 2 for allu # vin £;. That is,
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each set I'; = {¢y(w) : u € L;} is also 1-separated, j € {1,...,m}. The non-compactness
of (3.5) implies that there is a jo € {1,...,m} such that the operator

(3.6) A Z Vi @Yz

ZGFJ'O

is not compact. Finally, let {e, : z € I';, } be any orthonormal set and define the operator

F=> t.;®e..

zeFjO

By Corollary 3.4, F' is a bounded operator. Since (3.6) equals AFF™*, we conclude that
AF is not compact. This completes the proof. [J

4. Membership criterion

To prove Theorem 1.1, we obviously need plenty of operators to test the membership
A € EssCom(7). In view of Proposition 3.7, it is easy to understand that the most suitable
“test operators” are discrete sums constructed from the modified kernel 1, ;. But then a
problem immediate arises: how do we know that these operators belong to 77

It was first discovered in [20] that localization is a powerful tool for analyzing operators
on reproducing-kernel Hilbert spaces. Recently, Isralowitz, Mitkovski and Wick further
explored this idea in [10] by introducing the notion of weakly localized operators on the
Bergman space. This in turn led to the author’s work [19], which settles the membership
problem mentioned in the preceding paragraph.

Definition 4.1. Let a positive number (n — 1)/(n+ 1) < s < 1 be given.
(a) A bounded operator B on the Bergman space L2 (B, dv) is said to be s-weakly localized
if it satisfies the conditions

1_| |2 s(n+1)/2
sup/\ Bk, ky) < ) d\(w) < oo,

2€B 1|z
1 — 2\ s(n+1)/2
Sup/| (B*k., k) ( ]w[2) d\(w) < o0,
z€B ’Z|
1— |w|2 s(n+1)/2
lim sup / (Bha, k)| (—2> d\(w) =0 and
T eB JB\D(z,r) 1 — 2]

r—00 2cB

1— |w| s(n+1)/2
lim sup/ (B ke, k)| (—2> dA(w) = 0.
B\D(z,r) 1 — |z

(b) Let A4 denote the collection of s-weakly localized operators defined as above.
(c) Let C*(As) denote the C*-algebra generated by As;.

Theorem 4.2. [19,Theorem 1.3] For every (n—1)/(n+1) < s < 1 we have C*(As) = T.
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Lemma 4.3. [19,Lemma 2.3] For all u,v,z,y € B we have

(L= lpu(@) )21 = o@D _ ) s0ya0 L= 1ul*) 20— o)1
1= {pulx); 0o ()] - 1= (u, v)| '

Corollary 4.4. For every triple of z,2',( € B we have |k, (¢)| < (26PN 1|k (¢)].

Proof. Given any triple of z,2’,( € B, we apply Lemma 4.3 to the case where u = 2/,
v=_, =gy (z) and y = 0, which gives us

(L= 220 = X)) spr 0 (L= 12120 [C2)Y2
|1_<Z7C>| N |1_<Z/7C>|

Since B(p./(z),0) = B(z,2'), this implies the conclusion of the corollary. [J
We now present the “test operators” mentioned earlier.

Proposition 4.5. Let T' be a separated set in B. Suppose that v : I' — B is a map for
which there is a 0 < C < oo such that

(4.1) Blu,v(u) < C

for every uw € I'. Then for every i € Z, and every bounded set of complex coefficients
{cu : u € T'}, the operator

(42) T= Z cuwu,i ® 77Z}'y(u),i

uel’

belongs to the Toeplitz algebra T .
Proof. We need the Forelli-Rudin estimates in [10]. Fix an (n—1)/(n+1) < s < 1 and set

s(n+1)

1— |wl|? 2
A= Ty w
sup [ 6600l (T2r) ) ana
1 | ’2 s(n+1)
— |w 2
B(R) :sup/ \(kw,ka( = 2) d\(w)
zeB JB(w,z)>R 1 |$|

for R > 0. From [10,page 1558] we know that A < co and B(R) — 0 as R — oco. To show
that T' € T, by Theorem 4.2, it suffices to show that T' € A;.

Thus we need to verify that

1— ‘w‘Q s(n+1)/2
(4.3) lim sup/ Tk, k)| (—) d\(w) = 0.
B\D(z,r)

= cB - |Z|2
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To prove this, let us write C; = sup{|c,| : w € I'}, which is assumed to be finite. For every
pair of z,w € B we have

|<Tkza kw>| < Cl Z ’<ksz7(u),i><wu,i7 kw>‘

uel’

(4.4) <2201 (1~ 225 (1= [w®) T 3 k) (2)ku (w).

uel
By the assumption on T, there is an a > 0 such that D(u,a) N D(v,a) = for all u # v in
I'. By Corollary 4.4, we have |k, (w)| < (2¢*)" |k, (w)| for every x € D(u,a). Similarly,

by (4.1) and Corollary 4.4, we have |k, (2)| < (2e*TC)" Tk, (2)] for every z € D(u, a).
Substituting these in (4.4), we find that if we set Cy = 2%C} (4e2¢+C)"+1 then

|<Tkzakw>| S C12 Z |<kz7 k$u><kwua kw>|7

uel’

where z,, € D(u,a) for every u € I'. Thus for any z € B and r > 0, we have

s(n+1)

1— |w[2) 2
Tk, ky ( dX(w
/B okl (T (w)
s(n2+1)

d\(x) <1 - |w|2)
< c / o ko) (Ko Ko A (w
/B(z,w)Zr ? Z D(u,a) ’< >< >| )\(D(U,, a’)) 1- |Z|2 ( )
s(n+1)

uel’
0 2 //mzw)» (ks ko) (B, Ko (11:”";”22) A\ (w)d\(z).

The rest of the proof resembles the proof of [10,Proposition 2.2]: Write the last integral in
the form of I1 + Iy, where

Il :/ / and IQZ/ / .
B(zx)<r/2J B(zw)>r B(zx)2r/2 J B(zw)>r

If B(z,x2) < r/2 and B(z,w) > r, then B(x,w) > r/2. Hence

— |T — (W
ne [l (o0) [ ek ()T ddwae).
|Z| B(w,x)>r/2 |Z’|

Since the inner integral is at most B(r/2), we have [; < AB(r/2). On the other hand,

1—|z|?
B(z,2)>1r/2 1-]z?

(n+1)

/| kw, Fr) (1 - ‘ﬁf) d\(w)dA(z).




Since the inner integral does not exceed A, we have Iy < AB(r/2). Hence

s(n+41)

1 — |w|? 2 w 205,AB(r/2)
/B\mz,r)“””kw)’(1—\z|2> ) < (D0, 0))

for all z € B and r > 0, which proves (4.3). By the same argument, if we replace T by T*
in (4.3), the limit also holds. This completes the verification that T' € A,. O

For an operator A on a Hilbert space H, we write ||A||g for its essential norm, i.e.,
|Allg = inf{||A — K|| : K is any compact operator on #}.

Next we use operators of the form (4.2) to test membership in EssCom(7). To do this, we
also need a familiar lemma:

Lemma 4.6. [12,Lemma 2.1] Let {B;} be a sequence of compact operators on a Hilbert
space H satisfying the following conditions:

(a) Both sequences {B;} and {B;} converge to 0 in the strong operator topology.

(b) The limit lim;_, o || B;|| exists.

Then there exist natural numbers i(1) < i(2) < --- <i(m) < --- such that the sum

e’ N
Z Bz(m) = lim Bz(m)
m=1

N—oo
m=1

exists in the strong operator topology and we have

> Bim)
m=1

= lim [|B;].
1—»00

Q

Lemma 4.7. Let A be a bounded operator on L2(B,dv). Suppose that there exist an
1 € Z4, a separated set I' in B and a ¢ > 0 such that the following two conditions hold:
(1) There is a sequence E1,...,E;, ... of finite subsets of I such that

A, Z Vi @Y, i||| =¢c forevery j>1.

ZEE]‘

(2) inf{|z|: z € E;} = 1 as j — oc.
Then A does not belong to the essential commutant of T .
Proof. For convenience, for each subset F of I' we denote

Sp = Z V2 @ Ysie

zeE
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By Corollary 3.4, Sr is a bounded operator. Therefore ||Sg|| < ||Sr|| < oo for every E C T.

Since each Ej; is a finite set and since (2) holds, passing to a subsequence if necessary,
we may assume that E; N Ey = () for all j # k in N. Denote £ = U2, Ej. Then

o0

(Seh,h) = (Sg,h,h)

=1

for every h € LZ(B,dv). Obviously, this implies that the sequence of operators {Sg,}
converges to 0 weakly. But since Sg, > 0 for every j, from this weak convergence we
deduce that the operator sequence {Sg;} converges to 0 strongly. Define

B; = [A, Sg;]

for every j € N. Then we have the strong convergence B; — 0 and Bf — 0 as j — oo,
i.e., condition (a) in Lemma 4.6 is satisfied by these operators. Since ||B;|| < 2||A||||Sr||
for every j, there is a subsequence {j,} of the natural numbers such that the limit

d= lim [|Bj,||

exists. That is, the subsequence {B,, } satisfies both condition (a) and condition (b) in
Lemma 4.6. By that lemma, there are v(1) < v(2) < --- <wv(m) < --- such that the sum

o) N
B=3 B, = Am > Bivc
m=1

m=1
converges in the strong operator topology with ||B||g = d. By condition (1), d > ¢ > 0.

Thus B is not a compact operator.

For each N € N, define
N
TN - Z SEjV(m) ’
m=1

If we set F = Uy _1Ej, ., then we obviously have the weak convergence Ty — Sr as
N — oo. Thus, taking weak limit, we obtain

N
B = lim [A, SEj

N —o00
m=1

] [A, Tn] = [A, SF].

= lim
N—oo

v(m)

This shows that the commutator [A, S| is not compact. Since Proposition 4.5 tells us
that Sr € T, we conclude that A ¢ EssCom(7). O

5. Modified Berezin transforms

We begin this section with some general elementary facts.
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Lemma 5.1. Let T be a bounded, self-adjoint operator on a Hilbert space H. Then for
each unit vector x € H we have

1Tz @2l = (T — (Tz, ).

Proof. Let x € H. By the self-adjointness of T', we have (T'z,x) € R. Therefore
T,x@z]={(T—- Tx,z))z}x—z{(T — (Tz,x))x} =h®@x — & h,
where we write h = (T' — (T'z, x))x. In the case ||z|| = 1, we have (h,z) = 0. Hence
[Tz @]l = [[h @ — 2@ hl| = [[hfl[lz]] = [|b] = (T = (Te, z))x]

for every unit vector x € H. [

Lemma 5.2. Let T be a bounded, self-adjoint operator on a Hilbert space H. Then for
every pair of unit vectors x,y € H we have

(5.1) [(Tz,z) = (Ty,y)| < [T,z @yl + [T,z @ ]| + [[[T, y @yl

Proof. By the self-adjointness of T', we have

Tz@yl=Tr)@y -2 (Ty)
={(T'— Tz, 2))r} @y -z {(T — Ty, )y} + (Tz,2) — (Ty,y))r @y.

Since x and y are unit vectors, we have ||z ® y|| = ||z]|/||y|| = 1. Therefore

(T, ) — (Ty,y)| = (T, z) = (Ty,y))x @y
<|Tzx @yl + {(T = (T, 2)a} @yl + ||z @ {(T = (Ty, y))y}
= [Tz @yl + (T — Tz, z))z| + (T — (Ty, y))yll-
Applying Lemma 5.1 to the last two terms above, we obtain (5.1). [

Lemma 5.3. Let {z;} be a sequence in B such that

(5.2) limsup |z;| = 1.
Jj—o0
Then there is a sequence j; < jo < --- < j; < --- of natural numbers such that |z;,| < |z, |

for every i € N and such that the set {z;, :i € N} is separated.
Proof. For z € B, we have (z,0) = (1/2)log{(1 + |z|)/(1 — |z|)}. Therefore (5.2) implies

lim sup B(z;,0) = oo.

j—o0

14



Using the triangle inequality for g, the conclusion of the lemma follows from an easy
inductive selection of j; < jo < --- < j; < ---. I

Proposition 5.4. Suppose that {z;} is a sequence in B such that

(5.3) lim |z;| = 1.

J—0o0

Furthermore, suppose that {w;} is a sequence in B for which there is a constant0 < C' < oo
such that

(54) ﬁ(zj,wj) S C
for every j € N. Then for everyi € Z, and every X € EssCom(7T) we have

(55) hm H[X7 wzj,i & @Z’wj,i]” =0.
j—o0

Proof. For the given {z;}, {w;}, i and X, suppose that (5.5) did not hold. Then, replacing
{z;}, {w;} by subsequences if necessary, we may assume that there is a ¢ > 0 such that

(5.6) lim (X, 1,0 © v, ]| = c.
j—oo

We will show that this leads to a contradiction.

By (5.3) and Lemma 5.3, there is a sequence j; < jo < -+- < j, < --- of natural
numbers such that |z;, | < |zj,,,| for every v € N and such that the set {z;, : v € N} is
separated. For each v € N, we now define the operator

Bll — [X, ¢2ju,i ® 1/1ij ,i]7

whose rank is at most 2. Since f(w;,0) = (1/2) log{(1 + |w;|)/(1 — |w,|)}, (5.3) and (5.4)
together imply that |w;| 11 as j — oo. Thus both sequences of vectors {1, ;} and {¥y,; i}
converge to 0 weakly in L2(B, dv). Consequently we have the convergence

lim B, =0 and lim B =0

V—00 V—00

in the strong operator topology. Thus by (5.6) and Lemma 4.6, there is a subsequence
v(l) <v(2) <---<v(m) < --- of natural numbers such that the sum

B = Z Bum)
m=1

converges strongly with ||B||g = ¢ > 0. Thus B is not compact. Now define the operator

oo
A - Z rQZ}'ZJII/(WL)”[: ® wajl/(m)’i'
m=1
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Since the set {z;, : ¥ € N} is separated and since (5.4) holds, by Proposition 4.5 we have
A € T. Since X € EssCom(7), the commutator [X, A] is compact. On the other hand,
we clearly have [X, A] = B, which, according to Lemma 4.6, is a non-compact operator.
This is the contradiction promised earlier. [J

Next we introduce modified Berezin transforms. To do this, we first need to normalize
V.. Forall i € Z; and z € B, we define

7 _ wz,i
wz,i - .
[CR%

Keep in mind that 1 < |1, ;|| < 2% (see (3.1)). Suppose that A is a bounded operator on
L2(B, dv). Then for each i € Z we define the function

B’L(A)(Z) - <Aquz,ia'¢~]z,i>: S Ba

on the unit ball. Of course, By(A) is just the usual Berezin transform (also called Berezin
symbol) of A. For each i > 0, we consider B;(A) as a modified Berezin transform of A.

Proposition 5.5. If X € EssCom(T), then B;(X) € VOyaq for everyi € Z.

Proof. Let i € Z, be given. Since T is closed under the *-operation, so is EssCom(7).
Hence it suffices to consider a self-adjoint X € EssCom(7). Obviously, B;(X) is both
bounded and continuous on B. If it were true that B;(X) ¢ VO, then there would be a
¢ > 0 and sequences {z;}, {w;} in B with

(5.7) lim |z;| =1
J—00
such that for every j € N, we have 3(z;,w;) <1 and
(5.8) (X002 0) = (X Wy 15 Py )| = [Bi(X)(25) = Bi(X) (wy)] > e
But on the other hand, it follows from Lemma 5.2 that

|<X1;Zj,i7 Q;zj,i>_<X1;wj,ia f&wj,i>|
(5.9) <X 2y © By |+ 11X, By 6 ® Py a4 11X Yoy i @ oy -

By (5.7) and the condition 5(z;,w;) <1, j € N, we can apply Proposition 5.4 to obtain

(5.10) Iim |[X, 92, @ Y, ]| =0 and  lim [[[X, )., s ® 9., 4[| = 0.
j—o0 j—o0

Obviously, conditions (5.7) and £(z;,w;) < 1, j € N, also imply lim;_, |w;| = 1. Thus
Proposition 5.4 also provides that

(5.11) lim |[[X, 4w, i ® P, ]|l = 0.
j—oo
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By (3.1), we have ||[X, V. ; @ thw.i] || < I[X, %2 @ ¥w.i]| for all z,w € B. Thus (5.9), (5.10)
and (5.11) together contradict (5.8). O

Lemma 5.6. [1,Theorem 11] If g € VOygqq, then

lim —g(z))k.|| = 0.
lim (g — g(2))be|

Proposition 5.7. If X € EssCom(T), then for every i € Z, we have

lim (X — Tis, (x) )= = 0.

|21

Proof. Again, it suffices to consider any self-adjoint X € EssCom(7). Let ¢ € Z be given.
Then from Lemma 5.1, Proposition 5.4 and (3.1) we deduce that

lim (X = B(X)(2)) 0l 2 Jim [[(X = Bi(X) ()| < 2° limn X000 0]

| =0.

Therefore the proposition will follow if we can show that

(5.12) lim [[(T,(x) — Bi(X)(2)) ¢z = 0.

|z 11

But

(T, x) = Bi(X)(2))ill < [(BilX) = Bi(X) ()2l = [(Bi(X) — Bi(X)(2))mik. |
(5.13) < 2'[|(Bi(X) = Bi(X)(2)k- |-

Proposition 5.5 tells us that B;(X) € VOpqq, which enables us to apply Lemma 5.6 in the
case g = B;(X). Thus (5.12) follows from (5.13) and Lemma 5.6. O

6. Some quantitative estimates

Here we present a number of estimates that will be needed in the proof of Theorem
1.1. First of all, we need a more precise version of Lemma 3.2(a).

Lemma 6.1. There is a constant Cg1 such that if I' is any 1-separated set in B and if
1 < R < oo, then for every u € I' we have

(6.1) card{v € I': B(u,v) < R} < Cg.1e*"E,

Proof. Since I' is 1-separated, for every pair of z # y in {v € I' : B(u,v) < R}, we have
D(z,1) N D(y,1) = 0. Also, if B(u,v) < R, then D(v,1) C D(u, R+ 1). By the Mdobius
invariance of both § and d\, we have A(D(z,t)) = A(D(0,t)) for all z € B and ¢t > 0.
Hence every u € I' we have

AD(u,R+1)) AD(0,R+1))

(6.2) cardfv € I': Su,0) < B} < =5 6357 = ~ (D0, 1)

17



On the other hand, (0, z) = (1/2)log{(1 + |2|)/(1 — |z|)}, z € B. Therefore
D(O,R+1)={z€B:|z| <p}, where p= (T2 1)/ +1).
By the radial-spherical decomposition of the volume measure dv, we have

B dv(z) [P 2ne?ndr P 2ndr 2
MOORED = [ = ) G S, e S

|z]<p

Obviously, 1 — p > e 2872, Therefore A\(D(0, R + 1)) < 2e2"e?"f. Substituting this in
(6.2), we see that (6.1) holds for the constant Cg1 = 2¢*"/A\(D(0,1)). O

Lemma 6.2. [18,Lemma 4.2] Given any integer i > 1, there is a constant Cg o such that

(63) |<q/}z,i7 770’11),z'>| S CG.QG—iB(ZﬂU)

for all z,w € B.

Remark. Even though [18] was published only four years ago, by what we know now,
(6.3) is a rather crude estimate. Using techniques employed in analogous situations on
the Hardy space [7,Proposition 3.1] and the Drury-Arveson space [8,Lemma 5.1], it can be
shown that

(42,65 Puyi)| < Ce (PHIFDEEY)

for z,w € B. But since for the proof of Theorem 1.1 we can pick as large an ¢ as we please,
(6.3) suffices for our purpose, and we will not try to improve it in this paper.

Lemma 6.3. [16,Lemma 4.1] Let X be a set and let E be a subset of X x X. Suppose that
m is a natural number such that

card{y € X : (z,y) € E} <m and card{ye X : (y,z) € E} <m
for every x € X. Then there exist pairwise disjoint subsets E1, Es, ..., Fa,, of E such that
E=FUFEU..UFEs,

and such that for each 1 < j < 2m, the conditions (z,y), (z',y’) € E; and (z,y) # (2, y)
imply both x # x’ and y # y/'.

Lemma 6.4. Let an integer i > 8n + 1 be given. Then there is a constant Cg 4 such that
the following estimate holds: Let T' be a 1-separated set in B and let {e, : u € T'} be any
orthonormal set. Let 1 < R < oco. Then

Z (o6, Yusi)eu @ o < Cg ge” UntDER
(u,v)EF
for every F' C {(u,v) el'xTI: B(U,v) > R}.

18



Proof. We partition such an F' in the form

F:E(l)UE(Z)UUE(k)’ where
E® = {(u,v) € F: kR < B(u,v) < (k+1)R}, keN.

Accordingly,

6. v,i> Yuyi)€u & €y = + + -+ +---, where
(6.4) Z (.05 hu.s) 7 4+ 72) 7 (k) h
(u,v)eF

T = 3" (hyi, ui)es D ey, kEN.
(u,v)eEF)

By Lemma 6.1, for each u € I" we have

card{v € I" : (u,v) € E(k)} < g 2" FHDR g
card{v € T': (v,u) € E(k)} < 06.162”(’“*1)1%_

Thus, by Lemma 6.3, each E*) admits a partition

2mk

such that for every j € {1,...,2my}, the conditions (u,v),(u',v") € E](.k) and (u,v) #
(u/,v") imply both u # v/ and v # v'.

Accordingly, we decompose each T™) in the form

(6.5) T® =7" 4 T | where
Tj(k) = Z <¢’U,i7¢u,i>eu®evu ] € {1772mk}
(’u,,U)EE;k)

)

The above-mentioned property of Ej(k means that both projections (u, v) — wand (u,v) —

v are injective on E;k). Therefore

k
ITE = sup  [(Woi, tui)].
(u,v)GEJ(,k)

Applying Lemma 6.2, this gives us HTJ-(k)H < Cpe *E By (6.5), we now have
HT(k)H < 2mk06_26_ikR < 206.106.262n(k+1)R€—ikR — 016_{ik_2n(k+1)}R,
where C1 = 2C5.1Cg.2. Since i > 8n + 1 and k£ > 1, we have

ik —2n(k+1) > (8n+ 1)k —2n -2k = (4n + 1)k.
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Hence ||T®)|| < Cre~n+DER - Combining this with (6.4), we obtain

Z (Vo5 Yusi)eu @ ey|| < Z HT(k)H <O Z o~ (Ant1kR

(u,w)EF k=1 k=1

Recall that we assume R > 1. Thus, factoring out e~ (*"tD% on the right, we see that the
lemma holds for the constant Cg 4 = Cy Zzozl e~ (Unt)(k=1) 7

Lemma 6.5. Given any i > 8n + 1, there is a positive number 2 < R(i) < oo such that
the following holds true for every R > R(i): Let I' be a subset of B with the property that
B(u,v) > R foru#v inT, and let {e, : uw € '} be an orthonormal set. Then the operator

v = Z <¢v,i7 77Z}u,i>eu X €y

u,vel

satisfies the condition ||Vx|| > (1/2)||z|| for every vector x of the form

(6.6) x = Z Culu, Z |cu|? < oo.

uel uel

Proof. Given any i > 8n+ 1, let 2 < R(i) < oo be such that Cg.ge~ ntHERE) < 1/2, where
Cs.4 is the constant provided by Lemma 6.4. Let R > R(¢), and suppose that I has the
property that S(u,v) > R for u # v in I'. We have ¥ = D 4+ Y, where

D= Z ||¢u,i||2€u @ ey and Y = Z <wv,iawu,i>€u X €y
u€el’ u,vel’
uFv

By (3.1), we have ||Dz| > ||z| for every vector = of the form (6.6). By the property of
', we can apply Lemma 6.4 to obtain ||Y|| < Cgae”4"HDE < Cg e~ tDEG) < 1/9,
Clearly, the conclusion of the lemma follows from these two inequalities. [

7. Proof of Theorem 1.1

As we have already mentioned, (1.2) is known and we only need to prove (1.3). To
do this, we first fix an integer i > 8n + 1. Let X be any operator in EssCom(7). Then
Proposition 5.5 tells us that B;(X) € VOpqq. Thus T,(x) € EssCom(7) by (1.2). To
prove (1.3), it suffices to show that the operator X — Tj,(x) is compact. Assume the
contrary, i.e., X —Tp,(x) is not compact. We will show that this non-compactness leads
to the conclusion that the operator

(7.1) A= (X —Tp,x))" (X —Tp,x))
does not belong to EssCom(7), which is a contradiction.
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Since X —Tp, (x) is assumed not to be compact, Proposition 3.7 provides a 1-separated
set I' in B such that the operator

(7.2) Y = (X = Tg,x) D tui ® eu
uel

is also not compact, where {e, : v € I'} is an orthonormal set, which will be fixed for the
rest of the proof. Our next step is to fix certain constants.

First of all, the non-compactness of Y means that
(7.3) Yo =d>0.

Since ¥y, ; = mik, = U,m’, o ¢, and since |[my||cc <2, u € T', by Lemma 3.3 we have

Z ¢u,i & ey

ueG

(7.4) <2'B(T) for every G CT.

Let R(i) > 2 be the positive number provided by Lemma 6.5 for the selected integer i. We
then pick a positive number R > R(i) such that

d2
. 4| X% R
(7.5) IX["Ce.ae™™ < 246 BH(T)CE |’

where (.1 and Cg4 are the constants provided by Lemmas 6.1 and 6.4 respectively. By
Lemma 6.1, there is a natural number N < Cg ;€2 such that

card{v € I': f(u,v) < R} <N

for every u € I'. By a standard maximality argument, there is a partition ' =T';U---Ul'y
such that for every v € {1,..., N},

(7.6) the conditions u,v € I'), and u # v imply B(u,v) > R.

For each v € {1,..., N}, define

Y, =(X - TBi(X)) Z Yy i D ey
uel’,
By (7.2) and (7.3), thereis a p € {1,..., N} such that ||Y,|o > d/N.

By Lemma 4.7, to obtain the promised contradiction A ¢ EssCom(7), it suffices to
produce, for each j € N, a finite subset £; C ', N{z € B: |z2| > 1—(1/j)} such that

d2
(7.7) AN i @t | || > 21i+6 BA([) 2, eink "
ey 6.1
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Let j € N be given. To find the E; described above, we set G; =T', N {z € B : |z] >
1—(1/4)}. Note that I',\G, is a finite set. Thus if we define

Zj = (X = Tp,x)) Y bui® eu,
ueG;

then Y, — Z; is a finite-rank operator, and consequently ||Z;||g = ||Y.||@ > d/N. Hence

d2

12; Zillo = 123113 2 (@/N)? 2
6.1

Obviously, we have Z7Z; = D + W, where

D= Z (X — TBi(X))wun'HZeu ®e, and W = Z <A¢v,ia¢u,i>€u ® ey.
ueG; u,vEG,
uFv

Proposition 5.7 implies that D is a compact operator. Hence

W= Wle =1125Zjlle = CZ cAnk

For each k € N, define the orthogonal projection

F. = Z ey Q €y

uEGj
lu|<1—(1/Fk)

Then obviously we have the strong convergence Fy,W Fj, — W as k — co. Therefore there
is a k(j) € N such that if we set G, = {u € G; : |u| < 1—(1/k(j))} and

(78) W/ = Z <va,i7¢u,i>eu X €v,
u,vEG;
uUFv
then
/ d?
. > (1/2 > —
(7.9) W = @/2)[[W] = 202 inki

Obviously, G’ is a finite set and the diagonal of W’ vanishes.

We now apply Proposition 2.3 to the finite-rank operator W’. By that proposition,
there is an £; C G’ such that the orthogonal projection

Q= Zeu®€u

UGEJ'
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has the property 4([W’, Q]| > [|[W’]]. If we define

J = Z €y & €y,

then [W', Q] = JW'Q—QW’'J. Since W’ is self-adjoint, this gives us ||[W’, Q]| = [|[JTW'Q.
Combining these facts with (7.9), we obtain

d2
/
>
1IW'QN 2 5o

On the other hand, since {G;\E;} N E; = (), from (7.8) we see that

IW'Q="> " Y (A, huies ® e, = S*AT,

UEGQ\EJ* ’l)eEj

where

S = Z Yy @ e, and T:Z?/)u,i@)@u-

uEG;.\Ej uckE;

By the finite dimensionalities involved here, there are unit vectors £ € span{e, : u € E;}
and 7 € span{e, : u € G;\E;} such that [(S*ATE, n)| = ||S*AT||. Hence

2

AT > —
(5 ATE )| 2 oz

Since R > R(i) and E; C G; C ', by (7.6) and Lemma 6.5, we have ||T*T'z|| > (1/2)||z||
for every = € span{e, : v € E;}. This implies that 7T is surjective on span{e, : u € E;}.
Hence there is an xg € span{e, : u € E;} with ||zo|| < 2 such that { = T*Txy. Similarly,
there is a yo € span{e, : u € G\ E;} with [[yo|| < 2 such that n = S*Sy. Therefore

2

[(S*SS* ATT*Txo,yo)| = (S*ATT*Txzo, S*Syo)| = (S*ATE, n)| > 8C2 eink

Since ||zo]] < 2 and ||yo]| < 2, this implies

d2
*SSTATT T > —s——.
15755 I= 32062_164”R

By (7.4), we have ||T|| < 2!B(T") and ||S|| < 2°B(T"). Hence

d2

1 TATT|| > — .
<7 O) HSS H - 221+5B2(F)C€2)-.16477“R
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On the other hand,

ISS*ATT*|| < |SS*[A, TT|| + ||SS*TT*A|
< [ISS™IITA, T[T+ IS ST 1 Al
(7.11) < 22 B()|[[A, TT|| + 2% B*(T) || A[|[|S*T||.

Recalling (7.1), we clearly have || A]| < 4||X]|?. Thus from (7.10) and (7.11) we deduce

d2
(F)Cg.1€4nR.

(7.12) IATTI + XIS T > S5

To estimate ||S*T||, note that

S*T = Z Z <¢v,i; wu,i>eu X ey

’U/EG;.\EJ' 'UGE]'

Obviously, {G\E;} x E; C {(u,v) € Ty x 'y : w # v}. By (7.6), we can apply Lemma
6.4 to obtain ||S*T|| < Cg.4e~ 4"+ R Substituting this in (7.12), we have

d2
A, TT*]|| + 4| X |?Cg4e~(WmHDR > |
I[A, 1|l + 4]| X|*Cg.4€ = 24+ BT CE etk

We now apply condition (7.5) in the above and then simplify. The result of this is

d2

ATT* || > — .
AT > Srsprryer

Since

TT* = Z wu,i & wu,iv

UGE]'

this proves (7.7) and completes the proof of Theorem 1.1.
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