BERGMAN COMMUTATORS AND NORM IDEALS

Jingbo Xia

Abstract. Let P be the orthogonal projection from L?(B,dv) onto the Bergman space
L?(B,dv) of the unit ball in C". In this paper we characterize the membership of com-
mutators of the form [My, P] in the norm ideal Cg, where the symmetric gauge function
® is allowed to be arbitrary.

1. Introduction

Let B be the open unit ball {z € C" : |z|] < 1} in C" and let dv be the volume
measure on B with the normalization v(B) = 1. Recall that the Bergman space L2(B, dv)
is the subspace

{h € L*(B,dv) : h is analytic on B}

of L?(B,dv). Note that the symbol A%(B) is also used for the Bergman space by some
authors, but we prefer the notation L2 (B, dv). Let

P: L*(B,dv) — L(B,dv)

be the orthogonal projection. Often, this P is called the Bergman projection. The main
result of this paper is a characterization of the membership of [My, P] in norm ideals,
where My denotes the operator of multiplication by the function f. This is a problem
with a long and well-known history. Before stating our result, it is necessary to recall the
relevant definitions and other background information.

Closely related to the commutator My, P] is the Hankel operator Hy = (1 —P)M;P.
There is a vast literature on Hankel operators of various kinds, of which we cite [1-4,6,7,9-
12,15,17] as a small sample. Because of the well-known relation

[My, P| = Hy — H,

the study of the commutator [My, P] is equivalent to the so-called “two-sided” theory of
Hankel operators, i.e., the simultaneous study of the pair Hy and Hy.

Of particular relevance to this paper are references [15,17]. In [17], Zhu determined
the membership of [My, P] in the Schatten class C, for 2 < p < oco. Later, the author
extended the result to the case 2n/(n+1) < p < 2 [15]. But as it was explained in [15], the
same kind of characterization cannot be extended to the case p < 2n/(n + 1). The reason
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for the lower limit p > 2n/(n + 1) is that in [15,17], the condition for the membership
[My, P] € C, involved mean oscillation with respect to the normalized reproducing kernel

(1= [sf?)r0r2

ko (w) = A= (w2

z,w € B.

More precisely, the condition in [15,17] was stated in terms of the numerical quantity

As it turns out, what is responsible for the lower limit p > 2n/(n + 1) in [15] is the fact
that the kernel k, simply “does not decay sufficiently fast”. The meaning of the words in
the quotation marks will become clear later when we present modified kernel which does
“decay sufficiently fast” for our purpose.

On the other hand, obviously there are nonzero commutators in Cs,/(p41) and in
smaller ideals when n > 2. For example, if f is a bounded measurable function on B
which vanishes on B\{z : |z| < r} for some 0 < r < 1, then the commutator [M, P]
obviously belongs to the trace class C;. Thus it is not vacuous to ask, how does one
characterize the membership [My, Pl € C, for 1 <p <2n/(n+1)?

Moreover, Schatten classes are just some of the most familiar examples of a much larger
class of operator ideals called norm ideals. Given the discussion above, it is also a legitimate
question to ask, how does one characterize the membership [My, P] in an arbitrary norm
ideal? What makes this question look promising is the fact that the analogous problem
has been solved in the setting of the Fock space of the Gaussian measure on C" [6]. Of
course, each reproducing-kernel Hilbert space has its own peculiarities. The fact that a
result can be established on one reproducing-kernel Hilbert space is no guarantee that its
analogue can be proved on another.

Before we discuss the membership of [My, P] in general norm ideals, let us recall the
relevant definitions. We will use [8] as our standard reference for norm ideals, although
the term norm ideal itself is due to Schatten [14]. Let ¢ be the linear space of sequences
{a;}jen, where a; € R and for each sequence a; # 0 only for a finite number of j’s. A
symmetric gauge function (also called symmetric norming function) [8,page 71| is a map

d:¢— [0,00)

which has the following properties:

(a) ® is a norm on ¢.

(b) ®({1,0,...,0,...})=1.

(c) ®({a;}jen) = ({|ar(j)|}jen) for every bijection 7 : N — N.
Given a bounded operator A, we write s1(A), ..., sg(A), ... for its s-numbers [8,Section
I1.7] as usual. Each symmetric gauge function ® gives rise to the symmetric norm

|Alle = zlilzq)({sl(A), ooy 8k(A),0,...,0,...})
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for operators. On any separable Hilbert space H, the set of operators
Co ={A € B(H):|Als < oo}

is a norm ideal [8,page 68]. This term refers to the following properties of Cg:

e For any B, C € B(H) and A € Cy, BAC € Cs and | BAC||ls < ||B]|||Alls||C]|-

o If A€ Cqp, then A* € Cp and [|[A*||s = ||A||o.

e For any A € Cs, ||A|| < ||A4||e, and the equality holds when rank(A4) = 1.

e Cy is complete with respect to ||.| .
It will be convenient to adopt the convention that for each unbounded operator X, we
simply set || X||¢ = oo.

For each 1 < p < o0, if we define the symmetric gauge function

- 1/p
@, ({a;}jen) = | D la;|” :
j=1
{a;}jen € ¢, then the norm ideal Cg, is just the Schatten class C,,.

For each 1 < p < 0o, we can define the symmetric gauge function CP; : ¢ — [0,00) as
follows. For each {a;},en € ¢, let

+ . . |a7r(1)| ot |a7r(k)|
@, ({aj}jen) = ig 1-1p 4o k1/p”

where m : N — N is any bijection such that |a| > |ar41)| for every j € N, which
exists because a; = 0 for all but a finite number of j’s. Then usually the norm ideal CQ;
is simply denoted by the symbol Cl‘f . For each 1 < p < oo, the ideal C];F is the dual of a
certain Lorentz ideal [8,Section ITL.15]. It is well known that C, C C} and that C, # C,.
Another interesting fact is that, as a Banach space, Cl‘f is not separable. It was shown
in [4] that C, plays the role of “critical ideal” in the theory of Hankel operators on the
Hardy space of the unit sphere.

The symmetric gauge functions ®, and <I>;j are just some of the most familiar examples.
For more examples of symmetric gauge functions, see [8]. But these less or more exotic
examples aside, this paper only requires a rudimentary knowledge of symmetric gauge
functions. In fact, the whole point of the paper is about obtaining estimates from bare
definitions.

Given a symmetric gauge ®, it is a common practice to extend its domain of definition
beyond the space ¢. Suppose that {b;};cn is an arbitrary sequence of real numbers, i.e.,
the set {j € N : b; # 0} is not required to be finite. Then we define

Q({bJ}JGN) = zg}z@({bl, .. .,bk,O, e ,O, e })
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For our purpose we also need to deal with sequences indexed by sets other than N. If W
is a countable, infinite set, then we define

O({bataew) = @({bx(j)}jen);

where 7w : N — W is any bijection. The definition of symmetric gauge functions guarantees
that the value of ®({bs}acw) is independent of the choice of the bijection m. To be
thorough, let us also mention the case of finite sequences. For a finite index set F' =
{z1,..., 24}, we define

O({by}eer) = ®({byy, .. bu,,0,...,0,... }).

The main interest of the paper is the following. Suppose that a symmetric gauge func-
tion @ is given. Then for which f € L?(B, dv) does one have the membership [My, P] € Cs?
As we explained above, for a general ®, one cannot hope to characterize the membership
[My, P] € Cp in terms of the normalized reproducing kernel k,. What we need is a modi-
fied version of k., a version that “decays faster”. This is based an idea that was first used
in the study of Hankel operators on the Hardy space [4,Section 3|. Later, this idea again
found success in a commutator problem on the Drury-Arveson space [5]. Therefore it is
natural to try it here in the setting of Bergman space.

Let z € B. Following [4], we define the Schur multiplier function

(1.1) maw) = —— L eB.

1= (w,2)’
For each integer ¢ > 0, we define the function

(1 _ |Z|2){(n+1)/2}+i

(1.2) Vealw) = S e W EB,

Then we have the relation o
Vzi = (1+[2])'mk:.
The factor (1 + |z|)* is unimportant but it arises from Proposition 4.1 below in a natural

way. What is important above is the factor m’, which gives 1, ; a faster decaying rate

than k.. But if ¢ > 1, then 1), ; is not a unit vector. Thus we need to normalized it. Define

7 _ wz,i
wz,i -
[

The reason for normalizing v, ; is that for each f € L?(B, dv), we have

”(f - <f772z,z'a '@Zz,z»d]z,z

= inf [(f — a)ul.

That is, ||(f — (f@ﬂw-, zzzﬁ)wzzﬂ is the mean oscillation of f with respect to the modified
kernel function 1, ;. This is the quantity that will replace MO(f)(z) = ||(f — (fk=, k2))k||-
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To state our result, we also need to recall the notion of lattice in B, which is defined
in terms of the Bergman metric. For each z € B\{0}, we have the M&bius transform

(W) = ﬁ {z - <7|“‘;’|§>z (1|22 (w _ %z)}

of the unit ball B. Recall that each ¢, is an involution, i.e., ¢, o ¢, = id [13,Theorem
2.2.2]. Also, we define go(w) = —w. It is well known that the formula

_ 1 14 e (w)]
) = 3 T w)

defines a metric on B. For each z € B and each a > 0, we define the corresponding 3-ball

D(z,a) ={w e B: f(z,w) < a}.

Definition 1.1. (i) Let a be a positive number. A subset I' of B is said to be a-separated
if D(z,a) N D(w,a) = for all distinct elements z, w in T.

(ii) Let 0 < a < b < co. A subset I' of B is said to be an a, b-lattice if it is a-separated
and has the property U.erD(z,b) = B.

The simplest example of such a lattice is the following. Take any positive number
0 < a < oo, and then take any subset M of B which is mazimal with respect to the
property of being a-separated. Then obviously M is an a, 2a-lattice in B.

We can now state the main result of the paper.

Theorem 1.2. Let 0 < a < b < 0o be positive numbers such that b > 2a. Let integer
i > 6n 41 also be given. Then there exist constants 0 < ¢ < C < oo which depend only on
a,b,i and the complex dimension n such that the inequality

C(I)({H(f - <f¢z,i71;z,i>)1/}z,i”}z€1") < ||[Mf7 P]“q) < C(I)({H(f - <f¢z,ialzz,i>)wz,i

}ZGF)

holds for every f € L*(B,dv), every symmetric gauge function ®, and every a, b-lattice T’
m B.

The rest of the paper is taken up by the very long proof of this theorem. We would
characterize the proof of Theorem 1.2 as being extremely laborious, but not difficult. In
other words, most of the work is a matter of verifying details, while the idea behind the
proof is actually very simple. Let us give a brief outline of our approach here.

First of all, the reader will find that our approach is fundamentally different from past
works on [My, P]. Our actual estimates of || -||¢ at the most basic level involve nothing but
the definition of ®-norm. As it turns out, the estimate of ||[My, P]||¢ can be ultimately
reduced to the estimates of the ®-norms of families of operators of the simple form

(1.3) A=) a4z 0y,
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where {z; : j € N} and {y; : j € N} are orthonormal sets. For such an A, if ® is a
symmetric gauge function and if 0 < s < 1, then we have

(1.4) 1A le = @({la;]"}jen),

where | A| denotes (A* A)'/2, the absolute value of A. But there are numerous steps involved
in the reduction process from [My, P] to (1.3), which is why the paper is so long.

The first step of reduction involves what we call a quasi-resolution of the Bergman
projection P. This is an idea that was first introduced and used successfully in the settings
of the Hardy space [4] and the Drury-Arveson space [5]. In the Bergman space setting, it
works in the following way. For an appropriate natural number i’ we consider the operator

Ry = /¢z,z‘/ ® P, i1 dN(2),

where d\ is the standard Mobius-invariant measure on B. Then there are scalars 0 < ¢ <
C < oo such that the operator inequality cP < R;; < CP holds on the Hilbert space
L?*(B,dv). By the Riesz functional calculus, this reduces the estimate of ||[[My, P]||e to
that of ||[My, Ri’]||e. Using Mobius transform, we can rewrite the operator R, as

R, T
D(0,2)

reducing the estimate of ||[My, Ri/|||¢ to that of ||[My, T¢]||s, where each T¢ is a “discrete

b

sum:

Te = XE. Oy () @ Vo (0)

z€G

Thus the modified kernel 1, ;» enters the estimate of ||[M¢, P]||. Using the obvious cancel-
lation property of the commutator [My, T¢], the estimate of ||[M¢, T¢]||e is further reduced
to that of the ®-norm of operators of the form

X = Z Cz((f - fz,i)wz,i’) X wz,i’a

zeF

where ¢, and f,; are scalars, and F' has certain well-defined properties. This, of course,
is still quite far from (1.3), for the vectors on the right-hand side lack orthogonality. The
next step is to pick any orthonormal set {e, : z € F'} and factor X as X = X; X3, where

X = Z Cz((f - fz,z')l/}z,z‘/) ®e, and X5 = Z ¢Zﬂ., Re,.

z€F z€F

Then || X|lo < ||X1]|e||X5]|. As it turns out, the operator norm || Xsz|| is quite easy to

handle. Our main problem is ||X1||¢. To estimate || X;||¢, we start with the identity

Xile — Z Czéw<(f - fz,i)wz,i’a (f - fw,i)ww,i’>ew X e;.

z,weF



The terms on the right-hand side must then be grouped according to the separation between
z and w. In other words, X7 X; needs to be further decomposed. But if one goes through
the necessary steps, formula (1.4) can be brought to bear to give us the desired result.

What makes all of this work is the following simple inequality: For z and w satisfying
the conditions specified in Lemma 3.5, we have

2
’

gtz ity Guwir)| < Cg 527 (THDEQ=20m gy |

g € L?(B,dv). Here ¢ and m measure the separation of z and w in the radial direction
and the spherical direction respectively. This inequality should be read as follows. In the
spherical direction, we can achieve arbitrarily fast decaying rate simply by penciling in
a large 7. In other words, the spherical direction is the good direction. But the decay
in the radial direction, i.e., the factor 2~ ("+1V¢ is unaffected by the value of i. One can
think of the factor 2~ ("t1¢ as an intrinsic property of the Bergman space that cannot be
artificially improved. So the radial direction is the bad direction. Fortunately, the inherent
decay 2~ ("*t1D? in the radial direction together with fast decay in the spherical direction
are sufficient for Theorem 1.2, and our proof grew out of this simple observation.

Although Theorem 1.2 is stated in terms of commutators and norm ideals, it is really
a result about the structure of the Bergman space L2 (B, dv). What this paper really shows
is that there is enough “almost orthogonality” in the Bergman space to permit a proof of
Theorem 1.2.

To conclude the Introduction, let us describe how the paper is organized, which is
different from the order of reduction steps described above. Section 2 deals with the
radial-spherical decomposition of B and the equivalence of various mean oscillations. The
purpose of Section 3 is to establish the ®-norm estimate given in Lemma 3.9. The proof
of Lemma 3.9 is long because there are several decompositions involved. Unfortunately,
there does not appear to be any sensible way to divide Lemma 3.9 into shorter pieces. In
Section 4 we introduce the above-mentioned quasi-resolution for the Bergman projection.
In Section 5 we combine the results from the preceding sections to establish the upper
bound in Theorem 1.2. In Section 6 we prove the lower bound in Theorem 1.2, which is
much easier than the upper bound. Finally, in Section 7 we establish an alternate version
of Theorem 1.2, a version where the membership [My, P] € Cp is characterized by the
mean oscillations of f over subsets of B.

2. Various Mean Oscillations

As it turns out, the metric 3 is convenient for the purpose of stating our result, but
it is not very useful in many of our proofs. This is mainly due to the disparity between
the radial direction and the spherical direction mentioned in the Introduction. Instead of
(3, our proofs rely much more on the familiar radial-spherical decomposition of B, which
we now recall.

Let S denote the unit sphere {{ € C" : |¢| = 1}. Recall that the formula
(2.1) d(u,€) = |1 (w.€)['?, wges,
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defines a metric on S [13,page 66]. Throughout the paper, we denote
B(u,r)={¢€8: [1—(u,&"* <1}

for u € S and r > 0. Let o be the positive, regular Borel measure on S which is invariant
under the orthogonal group O(2n), i.e., the group of isometries on C™ = R*" which fix 0.
We take the usual normalization o(S) = 1. There is a constant Ay € (27", 00) such that

(2.2) 27" < o(B(u,r)) < Agr®"

for all u € S and 0 < r < /2 [13,Proposition 5.1.4]. Note that the upper bound actually
holds when r > /2.

For each integer k > 0, let {ug,1,..., U m)} be a subset of S which is mazimal with
respect to the property

(2.3) Bug;, 27" )N B(ug 4,277 ) =0 forall 1<j<j <m(k).
The maximality of {ug,1,. .., Uk mx)} implies that
(2.4) UMY B(uy,;,27%) = 8.

For each pair of £ > 0 and 1 < j < m(k), define the subsets

(2.5) Thj={ru:1-2"2* <r<1-272¢+) 4 ¢ B(u,;,27%)} and
(2.6) Quj={ru:1-2"2% <r <1-2720%2 4 € B(uy;,9-275)}

of B. Let us also introduce the index set
I=A{(k,j): k=0,1<j<m(k)}
For each (k, j) € I, we define the subset
Frj={(€,0): 0> k1 <i<m(l),B(ug;,27%) N Bluy,;,3-27%) # 0}
of I. We then define
(2.7) Wi = Qk,j U{Uw,iyer, ;Quit-

Obviously, Wi ; D {ru:1—-272* <r < 1,u € B(u,;,3-27%)}.
As usual, for a Borel subset E of B with v(E) > 0 and for each f € L?(B,dv), we
write fp for the mean value of f on E, ie., fp = (1/v(E)) [, fdv. Furthermore, denote

1

VUE) = /E F = ful?dv,
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which is the variance of f over the set E. Accordingly, V/2(f; E) is the standard deviation
of f over E. Suppose that E and F' are Borel sets in B such that v(E'N F) > 0. Then

(2.8) e — e < 2

W(ENF) VRSB

1/2/ ¢. v(F)
V/(f,E)+m

See inequality (3.3) in [15].

It is elementary that if ¢ is a complex number with |¢| < 1 and if 0 < p < 1, then
2|11 —pe| > |1 —¢|.

This inequality will be used frequently in the paper.

Lemma 2.1. Given any integer ¢ > 0, there exists a constant 0 < Cy1 < oo which depends
only on i and n such that for each (k,j) € I and each f € L?(B,dv), the inequality

||(f - <f77/;z,i7 @z,i»wz,il

<Caa Z VV2(F, W, )2 (420 (=)
(trh)erz,j

holds whenever z € Ty, ;, where

Hy;={(t,h):0<t<k,1<h<m(t),B(un, 2" N Blux;,27%) # 0}.

Proof. Let (k,j) € I and z € T}, ; be given. Then z = |2|{ for some £ € S. By (2.4), for
each 0 < ¢ <k, there is a v(£) € {1,...,m({)} such that & € B(u (), 27%). We stipulate
that v(k) = j, which is allowed because z € T}, ;. We claim that the inequality

1

k
29 i 2 < C 2—2(17,—‘,—1—1—21;)(16—[)
(2.9) | ) "< Z U(W&V(é))XWZ,u(Z)

£=0

holds on B, where C; depends only on n and 1.

First of all, by (2.7) we have W ,,(oy = B. Suppose that w € Wy_1 ,0—1)\Wp,(s) and
let us estimate the value of |1 — (w,z)[. Since w ¢ W, (s, there are two possibilities.
Either |w| < 1 — 272 in which case we have |1 — (w, 2)| > 1 — |w| > 272 Or w/|w| ¢
B(ugue),3 - 27%), in which case we have d(w/|w|,£) > 2 -27¢ since ¢ € B(’U,g’l,(g),Q_e)
by the choice of v(£). In the latter case, |1 — (w,2)| > (1/2)|]1 — (w/|w|,&)| > 2 - 272
Thus we have shown that if w € Wy_y ,—1)\W,u(e), then |1 — (w, 2)| 71 < 4. 2201,
On the other hand, the definition of T}, ; gives us 1 — |z| < 272%. By (2.7), (2.2) and the
formula dv = 2nr**~1drdo, we have v(Wy_1 ,—1y) < C272FDED - Combining these
three inequalities, we see that (2.9) holds on B\W}, ;. But on the set Wy ;, (2.9) follows
from the simple fact that [1— (w, z)| > 1—|z| > 272+ = (1/4)272F since 2z € T}, ;. Thus
(2.9) holds on B.



Let f € L?(B,dv) also be given. Then it follows from (2.9) that

1(F = (febzisthei)) e,

(2.10) <0y Y 27220 (k- @—/ f = fw,, Pdv.
;% Wewo)) "

2 <I(f = fway)

For ¢ < k, since £ € B('LLg’,/(g),Qié) N B(uHL,,(Hl),Z*K*l), we have B(ug,s),3 - 274 >
B(tpg1,0(041), 27¢=1), Therefore We vy " Wegt wies1) D Togi1,0e41). Hence

v(We o) <C, and V(Weg1,0(041))

< (.
vWewey VWit ws1y) — VW) "Wertoesn) —

Applying (2.8), we have

’fWZ,u(Z) - sz+1,u(z+1)| < 02(V1/2(f; WE,V(E)) + V1/2(f§ W€+1,u(€+1)))-
Thus for every ¢ < k we have

k—1

|f - fij| < |f - fWe,u(e)| + Z |th,l,(t) - th+1,y(t+1)|
t=¢
k
S |f - fWgyV(e) | + 202 Z V1/2(f7 Wt,l/(t))'
t=~C

Squaring both sides and then applying the Cauchy-Schwarz inequality, we find that

t={

k
’f - fWk,j ’2 < (2 +k— g) (’f - fWgJ,(g) ’2 + 4022 Z V(fv Wt,u(t))) .

Substituting the above in (2.10), we see that

1(f = (fedz itz i)

K
C1 (14 4C2) 22 2120 (k=0 (9 4 | — () ZV (s Wenw)
=0 =t
t

= C1(1+4C)Y V(s Winw) Z 9 2(nF1+20) (k=) (9 4 | — p)

k
t=0 {=
k k '
= C1(1+4CH) Y V(f; Winio) Z —2nAEROm (9 4 om)
t=0 m=k—t
k . 0o
< CL(14+4C5) D V(f; Wip)2 200 3= 972m (9 4 ),
t=0 m=k—t
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That is,

K
(= (s aa))eill® < C3 YV (f; Wypey)2 22000,
=0

By choice, & € B(uy,),27") for each 0 < t < k, and v(k) = j. Thus (t,v(t)) € Hy,; for
every 0 <t < k. Hence the above implies

I(f = (foi, 02 i))024]|? < Cs Z V(f; Wy p)2~ 22000,

(t,h)EHy,
Taking the square-root on both sides, the lemma now follows from the elementary fact
that if by > 0,...,b,, > 0and 0 < s <1, then (by +--- 4+ b,,)° <b; +---+b5. O

Lemma 2.2. Suppose that X and Y are countable sets and that N is a natural number.
Suppose that T : X — Y is a map that is at most N-to-1. That is, for every y € Y,
card{z € X : T(z) = y} < N. Then for every set of real numbers {b,},cy and every
symmetric gauge function ®, we have

(I)({bT(m)}weX) < N@({by}yEY)-

Proof. Since T is at most N-to-1, we can decompose X as the union of pairwise disjoint
subsets Xi,..., Xy such that for each 1 < j < N, the restricted map 7' : X; — Y is
injective. The injectivity implies ®({b7(x)}zex;) < ®({by}yey) [8,page 71] for each j. For

each j, define aéf’) = by(y) for z € X; and ag) =0 for x € X\X,. Then it is obvious that
®({a}rex) = ©({br(s) brex, ). Hence

(I)({bT(a:)}aceX) < q’({agcl)}mex) et CI)({ach)}xeX)
= O({br(z) fzex,) + + P({br(@) beexy) < NO({b, }yey)

as promised. [

Lemma 2.3. Given any integer i > n/2, there exists a constant 0 < Cs3 < oo which
depends only on i and n such that the following estimate holds: Let z(k, j) € Ty ; for each
(k,j) € I. Then for each f € L*(B,dv) and each symmetric gauge function ®, we have

SN = (Fatrgyis Vo) i) ategy,il Fepyer) < Cos®EVY2(f; Wi j) Ygyer)-

Proof. Let Hy ; be the set given in Lemma 2.1. For each non-negative integer ¢ < k, we
further defined the set o
Hy &= {(¢,h): (¢,h) € Hy ;}.

Let us first show that there is a natural number M such that the inequality
0)
(2.11) card(H, ;) < M
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for all integers 0 < ¢ < k and 1 < j < m(k). Indeed if (¢, h), (¢, h') € H,gi)., then

B(UK’h, 2_6) N B(uk,j, Q_k) 7é 0 and B(u&h/, 2_£) N B(uk’j, 2_k) 7§ 1]

by definition. Since k > ¢, we conclude that d(ugp,uep) < 4-27% By (2.3) and (2.2),
this clearly implies (2.11).

Let f € L?(B, dv) be given. For each triple of integers 0 < ¢ < k and 1 < j < m(k),
there is an element (¢, h(k, j;0)) € H}gej) such that

V(s Wen, o) = V(f;Wen) for every (£,h) € H;i?

Let z(k,j) € Ty, (k,j) € I, also be given. By Lemma 2.1 and (2.11), we have

k
I(f = (Fathgyis Vatrg),id ) zthog.ill < C2.1MZV1/2(f§ W n(k,jse))2~ 2000
=0

k
= C2.1MZ VR(f; Wk—u,h(k,j;k—v))2_(n+2i)y
v=0
for each (k,j) € I. Thus if we define

V1/2(f§ kau,h(k,j;kfy)) if v<k

Nk,jv =
0 if v>k

for all (k,j) € I and all v > 0, then

I = (Fntregyin Carog)i)) Vs rgyiill < 02.1M2Uk,j;v2_(n+2i)y-

v=0

Consequently, writing C; = Cy.1 M, for each symmetric gauge function ® we have
(2.12)

QUI(F = (F oyt Vo) i) Vel Yper) < Co Y2~ P20y s Y wgyer)-

v=0

Since 7, ., = 0 whenever k < v, for each v > 0 we have

S({Nk. 5w f(kojrer) = S({V2(f; Wi v h(kjsk—v)) } (k. j)ero) )

where I®") = {(k,7) : k > v,1 < j < m(k)}.
For each v > 0, consider the map G, : I*¥) — I defined by the formula

G, (k,§) = (k — v, bk, ji k —v)), (k,5) e I".
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If k # K, then, of course, G, (k,j) # G,(k',j') for all possible j and j'. Now suppose
that integers j and j’ are in the set {1,...,m(k)} such that G,(k,j) = G,(k,j’). Then
h(k,j;k —v) = h(k,j'; k —v). A chase of definitions gives us

B<uk—u,h(k,j;k—1/)7 2—(k—l/)) N B(“k,j? 2_k) % 0 and
B(Wk—y h(k,j k1) 2= %) A Blug,r,27) # 0.
Since h(k, j; k —v) = h(k, j'; k — v), we have d(ug ;,ux j») < 4-27#=). Thus we conclude
from (2.3) and (2.2) that there is a Cy € N which depends only on n such that for all
v <kandall 1 <j<m(k),
card{j’ € {1,...,m(k)} : G, (k,j") = G, (k,j)} < Ca2°™.
That is, the map G, : I¥) — I is at most C522"-to-1. Applying Lemma 2.2, we have

O({nk, 50} kiyer) = QU2 (£ Wa, 6.0)} ejyere)
< Co22 S({VY2(f; Wi ) Yk jyer)-

Substituting this in (2.12), we find that

SUNI(f = (fahyisathgyi) ) Vathgyill Y kgyer)

< C10y Z 2_(2i_n)yq’({vl/2(f; Wk,j)}(k,j)el)-
v=0

The lemma now follows from the assumption i > n/2. O

For each (k,j) € I, we define
(2.13) w(k, j) = (1 =27 )uy, 5,

which is an element in 7}, ;. This notation will be fixed for the rest of the paper. As usual,
let d\ denote the standard Mobius-invariant measure on B. That is,

(2.14) dX(z) = %

Lemma 2.4. Giwen any 0 < a < oo, there exists a natural number K which depends only
on a and the complex dimension n such that the following holds true: Suppose that I' is
an a-separated subset of B. Then there exist pairwise disjoint subsets I'y,...,I'x of I' such
that Uff:lfu =T and such that card(I', N T} ;) <1 for all p e {1,...,K} and (k,j) € I.

Proof. By Theorem 2.2.2 in [13], we have

(L —JwP)(d —[2*)

(215) 1- |90w(z)‘2 = |1 _ (z,w)|2

13



Using this formula, it is a routine exercise to show that there is a 0 < C' < oo such
that Ty ; C D(w(k,j),C) for each (k,j) € I. Thus f(w,w’) < 2C for each pair w,w’ €
Ty 5, (k,j) € I. Given 0 < a < oo, let K be the smallest integer that is greater than
A(D(0,2C + a))/A(D(0,a)).

Suppose that I' is an a-separated set in B. Then the selection of subsets I'y, ..., 'k is
just a matter of applying the axiom of choice. Indeed one starts with any subset I'y of "
which is maximal with respect to the property that card(I'y N7} ;) < 1 for each (k,j) € I.
Suppose that 1 < p < K and that we have defined the subsets I'y,...,I',. Then we pick
a subset I',11 of I'\{I'y U---UT',} which is maximal with respect to the property that
card(I',,41 N T} ;) <1 for each (k,j) € I. Thus we have inductively defined I'y, ..., I'k.

To complete the proof, we need to show that T\{I'y U--- UT'x} = (). Suppose that
there were a w € I'\{I'y U--- UT'x}. Then for each 1 < p < K, the maximality of T,
implies that there would be a (k,, j,) € I such that card(({w}UT,) NT}, ;) = 2. This
happens only if Ty, ; contains both @ and some w, € I';,. Since w,w,, € Tk, j,, we have
B(w,w,) < 2C. Thus D(w,2C) contains W, wr, ..., wg, K + 1 distinct elements in I'. On
the other hand, since both 8 and A are Mdbius invariant, we have

AD(0,2C + a)) = AM(D(,2C + a))
> Y AD(w,a)) = card(I'n D(w, 2C))A(D(0, a)).

weT'ND(,2C)

Hence card(I' N D(w, 2C)) < A(D(0,2C +a))/A(D(0,a)) < K. This contradicts the state-
ment that D(w,2C) contains at least K + 1 distinct elements in I". [

Proposition 2.5. Given 0 < a < oo and integer i > n/2, there exists a constant 0 <
Cs.5 < 0o which depends only on a, © and n such that the inequality

(2.16) S{I(f = (feis ¥z Wzl }oer) < Cos®{VY2(fs Wi )}k gyer)

holds for every f € L*(B,dv), every symmetric gauge function ®, and every a-separated
subset I' of B.

Proof. Given 0 < a < 00, let K be the natural number provided by Lemma 2.4. According
to Lemma 2.4, each a-separated set I' is the union of pairwise disjoint subsets I'1,..., 'k
such that card(I'y, N Ty,;) < 1 for all 4 € {1,...,K} and (k,j) € I. Thus for each
f € L*(B, dv), each symmetric gauge function ® and each p € {1,..., K}, it follows from
Lemma 2.3 that

SN (f = (fhzir oi))ill}zer,) < Cos®{VV2(fs Wij) Yoyer)-
Since 'y U---UT'g =T, for any set of real numbers {a,}.cr we have

®({az}zer) < @({az}zer,) + - + @({az}zery)-

Hence (216) holds for 02_5 = KCQ_g. ]
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Lemma 2.6. Given any positive number 0 < b < oo and any integer © > 0, there is a
constant Cy ¢ which depends only on b, i and n such that if z € B and (k,j) € I satisfy
the condition w(k, j) € D(z,b), then

VY2(fi Wig) < Cogll(f = (Fz,is¥20) ).

for every f € L?(B, dv).
Proof. Obviously, it suffices to show that there is a C' such that the inequality

(2.17) 2

1
—— < Ol
oW, ) e = I

holds on B whenever (k, j) € I and z € B satisfy the condition w(k, j) € D(z,b). Since we
know that v(Wy ;) > v(Ty ;) > c272(+DE (2.17) will follow if we can show that there are
0 < ¢ <ooand 0 < Cy < oo such that for (k,j) € I and z € B satisfying the condition
w(k,j) € D(z,b), we have

(2.18) 1— 2> >c127% and |1 — (w,2)| <2272 for each w € Wy ;.

To prove this, suppose that D(z,b) contains some w(k, 7). Suppose that 1 — |z|? < €272
for some € > 0. Then by (2.5) we have

1— |w(k,j)[?) - 272
1= |@uw,j) (2)] < 1= [0w,)(2)]* < ( 1 ’— gz w)(‘k INnl?

2(1 — |w(k, j)|) - 2~
- (= fwk )N

Hence b > B(w(k,j),z) > (1/2)log{(2¢)~1}. Solving this inequality, we find that ¢ >
(1/2)e=2*. Therefore if we set ¢; = (1/4)e=2?, then 1 — |z|? > ¢;272F.

= 2e¢.

To prove the other half of (2.18), we need an upper bound for 1 — |z|. Note that
|1 — (z,w(k,j))| > 1—|z|. Using (2.15) again, we have

401 = Jwlk, (1= J2]) _ 4-27%
1 = @uwk.i)(2)] <1 —|pw 7~22§ - < .
R T e (7)) | N B P

Thus b > (1/2)log{(1 — |2])/(4 - 27%%)}, which implies 1 — |z| < 4e20272k = 3272k,

Let us write z = |z|¢, where £ € S. We need an upper bound for d(uy ;,&). Suppose
that [1—(ug ;,&)| > A272F for some A > 0. Then 2[1—(w(k, 5), 2)| > [1—(ug ;, )| > A272.
Another application of (2.15) now gives us

41— Jw(k,5))(1 —|z]) _ 4-272F.C5272F  16C
1 - ’@w(k,j)(z)‘ = ’1 _ <z,w(k,j)>\2 < ((1/2)A2—:))2k)2 o A23'
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Hence b > (1/2)log{A?/(16C3)}. That is, A < 4C§/26b. Thus if we set Cy = 8C’§/2eb,
then |1 — (upj, €)| < C4272%. That is, d(uy;,£) < C}/227F.

Let w € Wy ; be given. Then by (2.7) we can write w = |w|u, where u € S satisfies
the inequality d(u,uy ;) < 13-27%. Hence d(u,&) < (13 + C’i/2)2_k. Thus if we set
Cs = (13+ 041/2)2, then |1 — (u, &)| < C5272F. With these estimates in hand, we now have

11— (w,2)| < (1 —Jw])+(1—]z])+ 1 —(u,&] < 27 4 03272k 4 05272,

This proves the second half of (2.18) and completes the proof of the lemma. [J

Lemma 2.7. Given any 0 < b < 0o, there is a natural number N such that for every z €
B, we have card{(k,j) € I : w(k,j) € D(z,b)} < N.

Proof. In the proof of Lemma 2.6 we showed that if w(k,j) € D(z,b), then ¢;272% <
1 —|z| < C327%%, where ¢; and C3 depend only on b. In other words, there is an m € N
which depends only on b such that

2—2(k+m) S 1 — |Z‘ S 2—2(k—m)
if w(k,j) € D(z,b). Ifw(k', ;') also belongs to D(z,b), then 272k+m) < 1_|z| < 272K =m),
Solving the inequality, we find that &' < k + 2m if w(k, 7),w(k’,j’) € D(z,a).

As in the previous proof, write z = |z|£, where & € S. The previous proof tells us
that d(ug ;,&) < C’i/22_l€ if w(k,j) € D(z,b). Hence if both w(k,j) and w(k,v) belong
to D(z,b), then d(ugj,ur,) < QCi/QQ_k. By (2.3) and (2.2), there is a N; which is
determined by n and C4 such that

card{j € {1,...,m(k)} : w(k,j) € D(z,b)} < N;
for all £ > 0 and z € B. Combining this with the conclusion of the preceding paragraph,
we see that card{(k,j) € I : w(k,j) € D(2,b)} < (2m+1)-N;. O

Proposition 2.8. Given any positive number 0 < b < oo and any integer v > 0, there is a
constant Ca g which depends only on b, i and n such that if 1" is a countable subset of B
with the property that U,erD(z,b) = B, then

SV 2(fs Wi ) kjyer) < Cos®UI(f = (fhzis i)l }zer)

for every f € L?*(B,dv) and every symmetric gauge function ®.

Proof. Given b, let N be the natural number provided by Lemma 2.7. Suppose that I" has
the property that U,erD(z,b) = B. Then for each (k,j) € I, pick a ((k,j) € T such that
w(k,j) € D(¢(k,j),b). By Lemma 2.6, for each f € L?(B,dv) and each symmetric gauge
function ® we have

SUVY2(Fi Wi ) Ywpyer) < Cos®{I(f = (Fdeth jyis Veriyid)Vemiy,ill Ygyer)-
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Lemma 2.7 tells us that the map (k, j) — ((k, 7) is at most N-to-1. Thus, by Lemma 2.2,

S{I(f = (Fdethgyir Peeyi) eyl Ywper) < NOE(f = (s, $50)) 50l }oer)-
Hence the constant Cy g = NC5 ¢ suffices for the proposition. [

3. Estimates of Certain ®-Norms

This section contains the key estimates in the proof of the upper bound in Theorem
1.2. We begin with a general fact about the norm |- ||¢. Recall that for a bounded operator
A, |A| denotes (A*A)'/2 the absolute value of A.

Lemma 3.1. Suppose that Ay, ..., A,, are finite-rank operators on a Hilbert space H and
let A=Ay +---+ A,,. Then for each symmetric gauge function ® and each 0 < s <1,

1A lle < 272 (A [ o + - + [[[Am[*lle).

Proof. First we consider the special case where we have A; > 0 for each 1 < j < m. Then
A > 0. Assuming that dim(H) = oo, we can express A in the form

A= ZSZ(A)el & €;,
=1

where {e; : i € N} is an orthonormal set in H. Let 0 < s < 1 be given. Define

X = Z {Si(A)}(S_l)/Qei X e;.

Since s;(A) = 0 for all but a finite number of i’s, X is a bounded operator. We have

A® = XAX = iXAjX = iBinBj,

j=1 j=1

where B; = Agl_s)/ZX. Since 0 < s < 1, we have 0 < 1 — s < 1. Thus for each j, the
operator inequality A; < A implies Ajl._s < A'=s. Hence for each h € H,

1B;R|? = [|AY 2 Xh|1? = (XA Xh,h) < (XA Xhhy = > [(he)? < [|h]*

That is, || B;|| < 1. Therefore for each symmetric gauge function ® we have
14%e < > 1B; 45Bjlle < Y IB; A5 lollBs < > 145 .
j=1 j=1 j=1
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Next we consider the general case. Let A; = U;|A4], 1 < j < m, and A = U|A| be
the respective polar decompositions. Then Uy,...,U,, and U are partial isometries, and
we have U*A = |A|. Thus

Al = U Th|A1| + -+ + U Up|A| = TF ALV 2 + -+ T | A |2,
where T = |Aj]1/2UJ’-“U, 1 < j < m. For each h € H, we have

45112, Tih)| < (1| A; 12 R) | Tl

—~

(T A1 20, hy| =

< SUIA; 2RI + I T3hI1%) = S (145 + T Ty)h, ).

1
2

N =

Thus if we set

A=

N —

> (145 + Ty Ty),
j=1

then the operator inequality |A] < A holds on H. Hence s;(|A]) < si(A) for each i € N
[8,page 26], and consequently ||[A|*|l¢ < [[A°[|¢. Applying the special case that we already
proved to A, we have
s As 1 - s * s
AP e < 14%e < o5 D145 e + I1(TFTH)* | )-
j=1

On the other hand, for each 1 < j < 'm we have T;T; = U*U;|A;|U;U. Therefore for each
i € N we have s;(T;T;) < [[U*Uj[s:(|A;DI[U; U < si(]A;4]) [8;page 27]. This implies the
inequality ||(T77T})*[|le < [[|4;]°]|e. Substituting this in the above, the lemma is proved. [

Having established the above general lemma, which will not be needed until Lemma
3.9, the rest of the section deals with estimates which are very specific to our setting.

Lemma 3.2. For each integer i > 0, there exists a constant C3.o which depends only on
i and n such that for each (k,j) € I, if z,w € Qy 5, then the inequality

[V, < Cs.2|0w,i

holds on B.

Proof. If z,w € Q4. j, (k,j) € I, then 272(-¥2) < 1 —|2| < 272k and 2720k+2) < 1 — |w| <
272% Thus It suffices to find an absolute constant C such that |1 — (n,w)| < C|1 — (n, 2)]
for every n € B. By the definition of Qj ; we have z = |z|¢ and w = |w|u, where {,u €
B(ug;,9-27%). Given an n € B, let us also write n = |n|y, where y € S. Then

1= (n,w)| < (1= n) + (1 = |w]) + [1 = {y, )l

We have 1—|n| < |1—(n, z)| and 1—|w| < 16(1—|z|) < 16|1—(n, z)|. For |1—(y, u)|, consider
the following two cases. (1) Suppose that d(y,uy ;) > 18 -27%. Then (1/2)d(y, ux ;) >
d(ug,j,€). Applying the triangle inequality, we have

d(y, &) = (1/2)d(y, ur,;) +{(1/2)d(y, ur;) — d(ur,;,§)} = (1/2)d(y, ug ;)-
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On the other hand, d(y,u) < d(y, uk,;) + d(ug j,u) < 2d(y,ug, ;). Hence d(y,u) < 4d(y,§).
Squaring both sides, we find that

1= {y, w)| <16]1 = {y, )| < 32|1 — (1, 2)|

in this case. (2) Suppose that d(y,u ;) < 18-27%. Then d(y,u) < d(y, uk ;) + d(ug ;,u) <
27 - 27% Squaring both sides, we find that

11— (y,w)] < (27)% 2728 < (27)2 16 (1 — [2]) < (27)° - 16 - |1 — (1, 2)]

in this case. This completes the proof. []

For the complicated estimates that are to come, let us introduce the following simpli-
fying notation. For any f € L?(B,dv), z € B and integer i > 0, denote

Foi = ([ i)

Lemma 3.3. Given an integer i > 0, let C'3.5 be the corresponding constant in Lemma 3.2.
Then for each pair of z,w € Q. j, (k,j) € I, and each f € L*(B, dv), we have

’fZ,i - fw,’i| < C32H(f - fw,i)¢w,i”'

Proof. First of all, for i > 0 and z € B we have (¢, ;, k) = (1 — |[2]2)("TD/2¢_(2) = 1.
Since ||k,|| = 1, this means that ||, ;|| > 1. Let z,w € Qy;, (k,j) € I, and f € L*(B, dv)

be given. Then
§/|f_fw,i QZz,i

1/2
2dU) < (/|f_fw,i|2|¢z,i

’ 2

2dv

|fz,i - fw,i‘ = ‘/f|'l;z,z|2dv - fw,i

< (/ 1~ FuiPls

Applying Lemma 3.2, we can replace the function |1, ;
which gives us the desired conclusion. [

Recall that for each (k,j) € I, w(k,j) was defined by (2.13). We need to further
simplify our notation. For any integer i > 0 and any f € L?(B,dv), denote

1/2
2dv> .

in the last integral by C% 5|ty

2
’

(3.1) Mi(fsk,5) = 1(f = k), Cwtes),ills
(k,j) € I. Given integers ¢ > 0 and m > 0, we define
(3.2) M;(f;k,j3;¢,m) = max{M;(f; k + 0, v) : d(ukto,p, Uk ;) < 2*k+m+6}

for i > 0 and (k,j) € I. Here, £ and m indicate how “far” away ug4¢, is from uy ; in two
different ways. The number m, of course, represents an actual distance measurement. But
the number ¢ indicates the “generation gap” between w4, and uy ;.
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Although the estimate in our next lemma is extremely crude, it suffices for our purpose.

Lemma 3.4. Given any integer © > 0, there is a 0 < C34 < oo which depends only on
i and n such that the following estimate holds: Let £ > 0 and m > 0 be integers, and let
(k,j) € I. If w € Tyyr, where v satisfies the condition d(ugre,,uk ) < 27FFmT3 then
for each z € Ty, ; and each f € L?(B,dv) we have

4
[foi = fuwil < C342°™™ > " M;(f;k, jit,m).
t=0

Proof. Let £ >0, m > 0 and (k, j), (k + £,v) € I be such that d(ugis,,uy ;) < 27Fk+m+3
as in the statement of the lemma. By (2.4), there is a j’ such that ugi, € B(ug j,27%).
Note that d(ug j/, ug ;) < d(uk jr, Ukte,p, ) + AUk, ug ;) < 278FmT4 We first show that
there are elements ji,...,Jj. € {1,...,m(k)} such that

(i) uk,j € B(ugj,,27%) and ux ; € B(ugj,,27%);

(ii) B(ukj.,27")Nn{¢ € S d(& uk;) < d(upjr,up i)} # 0 for each 1 < s <7

(iii) B(uk,j.,27%) N B(uk,j,.1,27%) # 0 whenever 1 < s < r;

(iv) js, 7# Js, whenever 1 < s3 < s9 < 7.
To prove this, we need to construct a continuous path

n:[0,1] — S
such that 7(0) = ug j/, n(1) = u,;, and
(3.3) d(n(x),ug,;) < d(ug,j,uk;) forevery x € [0,1].

Such construction is trivial if wy j and wug ; are linearly dependent as vectors in C".
Suppose that uy ;o and uy_ ; are linearly independent. Then we have
up, g = cup g + (1= [e|*)2ut,

where ¢ is a complex number with |¢[ < 1 and u’ is a unit vector in C™ such that
(ug,j,ut) = 0. Define

n(z) = (x+ (1 —z)c)up; + (1 — |z + (1 —z)c/>)?ut, 0<z<1.

Then obviously 7 is a continuous path in S with 7(0) = uy ;» and n(1) = uy, ;. Moreover,
for each = € [0, 1] we have

1= (@), urg) =1 =+ @ =z)e)f = (1 —2)1 — ¢ <|L—cf =1 = {ujr, ur )|
Hence (3.3) holds. Once we have such an 7, for each € {1,...,m(k)} define the set U, =
{z € [0,1] : n(x) € B(uk,,27%)}, which is open in [0,1]. Then, of course, U,U, = [0, 1].
We claim that there are jq,...,7,. € {1,...,m(k)} such that
(1) 0e Uj1 and 1 € Ujr;
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(2) Uj, #0 for each 1 < s <y

(3) Uj, NUj,,, # 0 whenever 1 < s <r;

(4) js, # Js, whenever 1 < 51 < 59 < 7.
The choice of these ji,...,J, is easy. We start with any j; such that 0 € U;,. Then
consider z1 = sup{x : x € U, }. If 1 ¢ Uj,, we pick a jo such that x; € Uj,. Then
consider x5 = sup{z : « € U}, }, and so on. Obviously, this process must stop after some
steps. Once we have ji,...,J, chosen this way, (i), (iii) and (iv) follow from (1), (3) and
(4) respectively, while (ii) follows from (2) and (3.3).

Let z € T, ; and 2’ € T}, jo. Then

o = foil S Uferi = Fwtegoil + 1 fwtegi = Foil + D futegi = Fothjorn).il

1<s<r—1

By (i), we have 2’ € Qi j, and z € Qyj,.. Moreover, (iii) implies w(k,js+1) € Q.-
Applying Lemma 3.3 to the above, we obtain

|fori = f2i] <2C52 ZMz(fa k,Js).
s=1

Since d(ug, jr, ug ;) < 27FFmT it follows from (ii) that M;(f;k, js) < M;(f;k,j;0,m) for
each 1 < s < r. Therefore

\fori — fril <2C5.9rM;(f;k,5;0,m).
On the other hand, (ii) and (iv) together imply
r<card{p € {1,...,m(k)} : d(ug u,up ;) <2751
By (2.3) and (2.2), this means that r < C712?"™. Thus we have shown that
(3.4) |fori = foil < Co22"™ My(f;k, j;0,m)

for all z € T, ; and 2’ € T}, ;. This takes care of any two points in the same “generation”
of the decomposition of the ball. Next we consider the “vertical descent” in generations.

For each 0 <t </, there is a v(t) € {1,...,m(k +¢)} such that
—k—t
Uk+e,v € B(uk+t,u(t)7 2 )-
In particular, we take v({) = v. Since ugir, € B(ugj,27%), we can, and do, take

V(O) = j/. Since B(uk—l—t,l/(t)a 2_k_t) N B(uk+t+1,u(t—|—1)7 2_k_t_1) 7& @ in the case O S t < f’
we have w(k +t + 1,v(t + 1)) € Qpt,(+)- Thus it follows from Lemma 3.3 that

| fuo(ktt+1,0¢41)),0 — Jwtrtv@),il < CaaMi(fik+1t,v(t)).
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Let w € Ti1p,,- Then Lemma 3.3 also gives us |fuw,i — fuw(ktep)il < CsoMi(fik+L,v).
Hence

+ Z | futkttt1,0(t41)),0 = fo(ktt,0(t)),i

0<t<t

|fuw,i = fwk,jr)il < fwi — foteren),i

L

< C3.2 ZMi(f;k? +t,v(t)).

t=0
For each 0 <t </, we have

AUty Ukg) < A(Upp (), Unen) + A(Upen, ug,g) < 27FFmH

Hence M;(f;k+1t,v(t)) < M;(f;k,j;t,m) for each 0 <t < £. Therefore

¢
| i = Fuwtegryal < Cs2 Y Mi(fik, jit,m).
=0

Combining this with the special case of (3.4) where 2’ = w(k, j’), the lemma follows. [

Lemma 3.5. Given any integer i > 0, there is a 0 < C35 < oo which depends only on
1 and n such that the following estimate holds: Let £ > 0 and m > 0 be integers, and let
(k,j) € I. If w € Ty1e, and if v satisfies the condition d(ugte,,ur ;) > 27T™ then for
each z € Ty j and each g € L*(B, dv) we have

(3.5) (g2 3i4nt 1, Jw 3ieni1)| < Ca527 (MHDQ=2m g0y 12
and
(3.6) (02 3i4mt1s Gw3ians1)| < Cz527 MFDEQ=20m gy .

Proof. By (1.2), for each n € B we have

|¢z,3i+n+1 (77)¢w,37:+n+1 (77) |

~ 0P

2n+4-2+437

1_|w|2)(n+1)/2 ‘1_|w|2 ( ‘1—|Z|2

1 — |wl|? (n+1)/2 i
%) s () ()] [tbuwi (),

(37) S 22n+2+4i (

where m,, and m, were defined by (1.1).

Suppose that w and z satisfy the conditions given in the lemma. We claim that
M. |lee < 72-272™. To justify this claim, we only need to consider m > 2. Write
z = |z|¢ and w = |w|u, where £ € B(ug;,27%) and u € B(ugyrr,27%7%). Since
d(Ukte,, uk,j) > 277 it follows from the triangle inequality that d(&,u) > (1/3)27F+™.
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Thus for each ¢ € S, we have either d(¢, &) > (1/6)27%t™ or d(¢,u) > (1/6)27%+t™. In the
former case, we have

11— ‘Z‘ 272]6 _ —2m
G S ey T

In the latter case, we similarly have |m,,(¢)| < 72-272m=2¢ < 72.272m_ Thus we have
shown that ||m.,m.||e < 72-272™. For such 2z and w, we also have (1 — |w|?)/(1—|z|?) <
2(1—|wl])/(1—|z|) < 8-272¢. Combining these facts with (3.7), we see that the inequality

1-— <C’ Z>

|92 3i4nt 10w 3ins1]| < C27(FDEQ=Zimpy, 12

holds on B. Obviously, (3.5) is an immediate consequence of this, while (3.6) follows from
this inequality and the fact that ||t ;|| < 2°. O

Lemma 3.6. Given any integer © > 0, there is a 0 < C36 < oo which depends only on i
and n such that the following estimate holds: Let (k,j) € I and m € N. If w € Ty, and
if v satisfies the condition d(uk, ., uk ;) > 27k+m then for each z € Ty.; and each pair of
91,92 € L*(B, dv) we have

G192 3i4m11> G2Vw 3itns1)| < C3.627 2| g1202 |||l g2t 4

Proof. In the previous proof we showed that ||m,m.|le < 72-272™ for such z and w.
This clearly implies the present lemma. [J

Lemma 3.7. Given any integer ¢ > 0, there is a 0 < Cs7 < oo which depends only
on i and n such that the following estimate holds: Let k > 0 and £ > 0. If w € Tyyo,,
1<v<m(k+Y),and z € Ty j, 1 < j < m(k), then for each g € L*(B,dv) we have

2

(92 3i4n+15 9w 3i+n+1)| < 03.727(71“)6”91/1«1;,1 and

(V2 3i4n4+15 9w 3i4n+1)| < 03.72_(n+1)£||9’¢w,i||-

Proof. This is an immediate consequence of (3.7). O

It is obviously too long to write 3i + n + 1 for a part of a subscript. To simplify, let
us adopt the following convention. For each integer i > 0, we denote

i'=3i+n+1.

We need one more lemma before we get to our main estimate.

Lemma 3.8. [16,Lemma 4.1] Let X be a set and let E be a subset of X x X. Suppose that
m 1S a natural number such that

card{y € X : (z,y) e E} <m and card{ye X : (y,z) € E} <m

23



for every x € X. Then there exist pairwise disjoint subsets E1, Es, ..., Fa,, of E such that
E=FE UEU..UEy,

and such that for each 1 < j < 2m, the conditions (z,y), (z',y’) € E; and (z,y) # (2, y)
imply both x # x' and y # y'.

Lemma 3.9. Let 0 < b < oo and integer i > 6n + 1 be given. Then there is a constant
C3.9 which depends only on b, i and n such that the following holds: Let z(k,j) € Ty ; for
every (k,j) € 1. Let {cy; : (k,j) € I} be a collection complex numbers such that |ci ;| <1
for each (k, j) € I, and such that ci j = 0 for all but a finite number of (k, j)’s. Finally, let
{ek.j: (k,j) € I} be an orthonormal set. Then for each f € L*(B,dv) and each symmetric
function ®, the operator

A= Z g {0 = Farg),i)Vahg),irt © €k,

(k.g)el

satisfies the estimate

1Al < Ca.0®({I(f — (Fhzis2i))¥2ill}zer),

where I' is any countable subset of B with the property U,crD(z,b) = B.
Proof. For the A defined above we have

A*A = Z ék/’j/Ck7j<<f - fz(k,j),i)¢z(k,j),z”, (f — fz(k’,j’),i>wz(k’,j’),i’>€k’,j’ ® ek),j'
(k.5),(k",3") €l

To simplify our notation, let us denote

p(k, J; kl,j/) = Ek’,j'ck,j«f - fz(k,j),i)¢z(k,j),i/, (f = fz(k/,j/),i)?/)z(k/,j/),i/>,
Q(l{?,j, kl?.jl) = Ek',j/ck,j<(f - fz(k’,j’),i)wz(k,j),iU (f - fz(k’,j’),i)wz(k’,j’),i’> and
r(k, g5 k', 5") = e jrer i (Fa i = Farg) i) Caigyins (F = Far o))z gry.ir)

for (k,j),(K',j") € I. Then

A*A=B+)Y (Bi+Bp),
/=1

where

B=3 3 plkjik. ey ®er;

k=0 3,5’
and

Be=> " plk,jik+ 4,5 )exrey @ ex

k=0 j,j'
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for each ¢ > 1. Applying Lemma 3.1, for each symmetric gauge function ® we have

(3.8) 1Alle = 1(A*A)2llo < 201BY?o + 23 (1Bl ?[l6 + 11B;1"/2]|).
/=1

Note that ||| Be|*/?||e = ||| B}|*/?||s. Thus our task is to estimate ||| B|'/2||¢ and ||| B¢|'/?|s.
But to carry out these estimates, we need to further decompose B and By.

To decompose B, consider the index sets

E(O) - {((k7])7 (k7]/)) : d(uk,jauk,j') < 2_k+2} and
B = {((k,5), (k,§")) : 2754 < d(up j,up o) <2752 m > 1L

Then for each m > 0 define the operator
(3.9) B = Z p(k,jsk, 5 err @ e,
((k.4),(k,5"))€E™

Obviously, we have the decomposition

B= i Bm),
m=0

But even B("™ needs to be further decomposed. By (2.3) and (2.2), there is a natural
number C; such that for each (k,j) € I and each m > 0, we have

(3.10) card{j’ € {1,...,m(k)} : d(up j,up ;) < 27FtmT2} < 0y 22m™,
By (3.10) and Lemma 3.8, for each m > 0 we have the partition

(3.11) EM = EY™ U U By o
such that for each 1 < v < 20722 if ((ky,j1), (k1,77)) and ((ka,j2), (k2,jb)) are two

distinct elements in ES™, then we have both (k1,71) # (k2,j2) and (k1,71) # (ko,j5).
Define

Bi™ = > p(k, jik, 5" )er ;0 @ ex;
(k) (k,5")EES™

for m > 0 and 1 < v < 2C;2?"™. The above-mentioned property of El(,m) implies that
the projections ((k,j), (k,7")) — (k,j) and ((k,j), (k,j")) — (k,j’) are injective on B,
Since {ex,; : (k,j) € I} is an orthonormal set, it follows that

(3.12) I1BI 12 le = @({Ip(k, 5 k3O Y 1y oryye i)
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By Lemma 3.6, if m > 1, then for each ((k,j), (k,5")) € E(™) we have

Ip(k, 5k, 5| < C3.627 2" |(f = fate),i) Qoo il l(F = Fothgryi) Vot ill-

On the other hand, by the definition of p(k, j; k', j') and (1.2) we have

p(k, 35 K 3O < N = Farg)i) ety I = Faer 7)) Vair gy ||
< Coll(f = fatrg),i)Vath i) illlICf = Forrgr),i) i gyl

If z > 0and y >0, then \/zy < (1/2)(xz + y). Hence for each m > 0, we have

(3.13)  |p(k, j; k, 5|2 < Cs27™(||(f — Fahe,),i) V)il + 11 (F = fah,in),i)Vztr,),ill)

if ((k,7),(k,j")) € E(™)_ Since the projections ((k,j4),(k,5") — (k,j) and ((k, ), (k,j"))

— (k, ') are injective on Em)

q)({”(f - fz(k:j)vi)¢z(kaj)ai||}((k,j),(k,j’))eEl(,m)) < (I)({H(f - fz(k,j),i)djz(k,j),i||}(k,j)61) and
QNS = Lot V=eill} (h ). iryemem) < PAIN = Fatri) i) Vahog).i

Combining this with (3.12) and (3.13), we obtain

IBE™ M2 e < 20527 ({I(f = fahg)i) ek il Fiyer)-

, we have

Yejyer)-

By (3.9) and (3.11), B® = B{"™ + ...+ B{ ... Thus it follows from Lemma 3.1 that

B [2||g < 2(1BY™ [M2]|a + - + [ BSgs pznm V2] 0)
<4012 20527 R ({(f = fote ) i) )il }kiyer)

= Co2” 2N {||(f = foh)i) Vil } b iyer)-

Since i > 6n + 1, i — 2n > 0. Applying Lemma 3.1 again, we have

BIYlle <2 1B 2lle <2Cs Y 272 RI(f — fahg) i) ¥ahi i

(3.14) = Cr@({II(f = fekg), ) Va(hg) i

Next we consider the operators By, £ > 1, which must be handled more carefully.

}(k,j)el)

}(k,j)el)-

First of all, by design we have the relation
p(k,3; K, j") = q(k, 3; K, ') + r(k, §; K, 57).

Accordingly, for each ¢ > 1 we have By = X, + Y, where

Xe=) Y alk jik+4, )errey @eny and Ye= > r(kjik+07)erre @ eny.

k=0 j,j' k=0 7,5’
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We deal with X, and Y, separately. But before getting to estimates, we need to group the
terms in these operators properly.

Note that for any k > 0, £ > 1 and 1 < j' < m(k + £), we have B(ugie 7,275 N
B(ug,,27%) # () for at least one t € {1,...,m(k)}. Thus we can write

oo
2
Xe=3"D 00 @ eni
k=0 j,t
where

(315) gy = > e(k,t ke + 0,5 )a(k, ji K+ €, Venror,
B(ugg ;0,27 P~ O)NB(uk 1,27 %) #0

where the value of e(k,t;k + ¢,7") is either 1 or 0. Obviously, if k # ki, then we have

(gl(ﬁ;j,g,(ﬁtl;jl) = 0 for all possible t, t1, j, 71 and ¢. For a given k > 0, if ¢, t1, j, j1 and £

are such that <gl(£;j,gl(€21;jl) # 0, then we necessarily have a j' € {1, ..., m(k+¢)} such that
B(ugte i, 27" NB(ug s, 27%) # 0 and B(ugrejr, 275N B(upty,27%) # 0. Since k+¢ >
k, this implies that d(ug¢, uke,) < 4- 27 if (gi') ., gt ),.;.) # 0. Combining this fact with
(2.3) and (2.2), we can decompose I as the union of pairwise disjoint subsets Iy, ..., Iy,
where N is determined by n, such that for each v € {1,..., N}, if (k,t), (k1,t1) € I, and

if (k,t) # (k1,t1), then <91(clj1)5;j791(£),t1;j1> = 0 for all possible ¢, j and j;.
Accordingly, for each v € {1,..., N} we define

Xey = Z Z gl(clif):;j ® €k,j-

(kt)ely 1<j<m(k)

Then, of course, Xy = Xy 1+---+ X, n. Next we decompose each X, in a manner similar
to the decomposition of B. Define

EO = {((k,7), (k1)) : (k,j) € I, (k,t) € L, d(up j,up¢) < 272} and

O™ = {(5,3), (k1)) (k. ) € T, (1) € L, 2759 < d ) < 27512

for m > 1. For each m > 0, define

m ¢
Xéa’y) = Z g](gﬂ)g;j X ek,j-
((k,7),(k,t))eE(:m)
Then we have

oo

(3.16) Xon =Y X7

m=0
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By (3.10) and Lemma 3.8, for each m > 0 we have the partition

E0™ = D™ G U B

such that for each 1 < v < 201227 if ((ky1, 1), (k1,t1)) and ((ke,j2), (ko,t2)) are two
distinct elements in E"™, then we have both (k1,71) # (k2,72) and (k1,t1) # (k2,t2).

Let
X = > gl ® ex;,
((k.3),(k,t))EBST™
1 < v < 20322, Then X{™ = XY oo 4 X202 For any two distinet
elements ((k1,71), (k1,t1)) and ((k2, j2), (k2,t2)) in E,E%m), we have both (ex, j,» €k, jp) = 0
and <9;§€),t1;jl,g,gi)’t2;j2> = 0. Hence

m,v ¢
X120 = DN N iy oenye s

Next we consider || g,(ﬁ; il

By (3.15), we have

J4 ] '
i 1* < > g5k + 6,7)P.
B(Wppr,375:27F7)NB (uk,,27F) #0

For ((k,7),(k,t)) € EY™ with m > 1, if £ and j' are such that B(ugiej, 27575 N
B(uk,th_k) #* (Z)a then d(uk,jaukz—i—ﬁ,j’) > d(uk,j,uk7t) — d(U]ﬁt,U,k_,_Z’j/) > 9—k+m+1 _
27F+1 > 9=k+m Thys it follows from inequality (3.5) in Lemma 3.5 that

lq(k, jik +€,5)| < C27 D=2 |(f — f 4 pin Wtk

If we apply Lemma 3.7 instead of Lemma 3.5, then the above inequality also holds in the
case m = 0. If B(ugyejr,27% 79 N Blugy,27%) # 0 and ((k, j), (k, 1)) € EY"™ | then we
also have d(ug j, uk+e,j/) < d(ug,j, ugt) + d(Up ¢, Ugye,jr) < 27FTMF2Z L o=k+l < o=ktmt3,
Now, for (k,j) € I, ¢ > 1 and m > 0, define

2

a(k, jym; €) = max{||(f = fagrre,0)Va(ere5.ll + Aunser ung) < 27FFF

Combining the above, if ((k, ), (k,t)) € ES™ | then,

g(ﬁ)_ 2 < (O9—(n+1)g—2im ;2 k, j:m: €))%
k,t;j
card{j" : B(ug1r,27"7) N Blug,27%) £ 0.

Applying (2.3) and (2.2) again, for such ((k, ), (k,t)) € ES"™™ we have
”ggz;j”z < (02_(”+1)£2_2ima2(k,j;m;E))2 . 0822n£ _ 092—2Z2—4ima4(k,’j; m; £).
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Since the projection ((k,j), (k,t)) — (k,j) is injective on El(,y’m), we now have
m,v J4
X212l = gt 1Y oy ket )
1/44— —im .
< Cy/* 2227 ({a(k, 7;m; )Y i jyer)-

To estimate ®({a(k, j;m; )} j)er), note that given any k, j,m, ¢, there is a 7(k, j;m; {) €
{1,...,m(k + £)} such that d(use,r(k,jimse)> Uk,;) < 2753 and such that

a’<k7]a m; 6) = H(f - fz(k:—i—é,‘r(k:,j;m;ﬁ)),i)¢z(k—|—€,7’(k,j;m;£)),i”-

If j1,j2 € {1,...,m(k)} are such that 7(k,ji;m;¢) = 7(k, jo;m;¥), then it follows that
d(ug j,, U j,) < 27FFm+4 - Combining this fact with (2.3) and (2.2), we see that the map

(k,j) = (k+ €, 7(k, j;m; 0))
is at most C1922""-to-1, where C1g depends only on n. Applying Lemma 2.2, we have

S({a(k,j;m; 0) Y jyer) = PN = fotero,r e, jims0)),d) Vsthto,r ko, jimse))ill Y k.g)er)
(3.17) < Cro2”" S (f = Fathgy i) Vhogy il Y kgyer)-

Therefore

X 12l < Ca2= 227 20D (f = Fagh ) i) ¥a(r) )-

Since Xg,?) = Xé;b’l) -+ X(m 2022) , by Lemma 3.1 we have

X2 g < 2| XD 2 g A - 4 X212 )
<40, 2%M™ 0112%/22 =2me({|(f — Jak,5),i) V2,5l } (kojyer)
= C1227 2270 (f = Foth i) Vathog i

Applying Lemma 3.1 again, since ¢ > 6n + 1, we have

J)er)-

1Xen ]2 lle < 2 Z X120 < Cra2™ 2B(f = Faihogyi)bethy il bkjper)-

m=0

Since Xy = Xy1+- -+ X, n and since N depends only on n, another application of Lemma
3.1 gives us

(3.18) 1Xel 2o < Crs2~ 2R = fathgy i) Vahy il Fkyer)-

Let us now consider Yy. As the reader can imagine, it must undergo decompositions
parallel to those for X,. First of all, we rewrite Y; as

:Zzh/’g?ﬁj@ekﬂ’

k=0 j,t
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where

hl(:g;j - Z e(k,t;k+ 0,5 r(k,ji k+ €, 5" )exte.j,
B(ugyp 7,27~ O)NB(uk,¢,27%)#£D

where the value of €(k,t;k + ¢,j’) is either 1 or 0. As above, I decomposes as the union
of pairwise disjoint subsets I,..., Iy, where N depends only on n, such that for each

ve{l,...,N}, if (k,t),(ki,t1) € I, and if (k,t) # (k1,t1), then <h,§£1J,h,§ﬁ>tl ) =0 for
all possible ¢, j and j;. Accordingly, we have

Ye=Yea 4o+ Yoy, where Yo, = > Y Wl @ey,
(k,t)el, 1<j<m(k)

for each v € {1,..., N}. Taking the EC™ and E"™ given above, we have
2nm
Yoo = Z v and v =y 4y R,

where ) o
Y:e,v, - Z hkt]®ek]7
((k.4), (k) EBST™

1 < v < 20,22V Again, the property of ES"™ ensures that

m,v £
Y2512l = @GN gy e pioem):

Obviously, this is just a repeat of what happened with X,. The main difference between

the case for X, and the case for Y; lies in the estimate for ||h,(€ 35 Sl

Of course, we still have

l ) )
hi ) 1% < 3 Ir(k, 33k + €, §) 2.
B(ugg ;0,27 P~ O)NB(uk 1,27 F)#0

For ((k, ) (k,1)) € e EO™ with m > 1, if £ and j/ are such that B(ugye,275 4N
B(ug,,27") # 0, then 278+ < d(uk37uk+€] ) < 27k+m+3 a5 before. Thus it follows
from inequality (3.6) in Lemma 3.5 that

Ir(k, 5k + £, 5)] < C'?_(RH)Z?_QM|fz(k+e,jf),i — Fato )il ICF = Fathore ), i) Cahre,jr) il
< 02_(n+1)£2_21m(|fz(k:+£,j’),i - fz(k,j),i|2 + 1(f = feere i) Varregny.i ?).

By Lemma 3.7, this inequality also holds in the case m = 0. Now if we define

b(k, j;m; €) = max{|f-(hte,5),i = Fargyal @ dwpre g ug ;) <2753
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then, repeating the argument we used in the estimate of || ggz; j||2, we have

1112 < Coa 2274 W2k, jsmi ) + a®(k, j5 s )2,

Therefore |
10172 < €327 1227 bk, s €) + alk, i 0).

Since the projection ((k,j), (k,t)) — (k,7) is injective on EO™ it follows that

m,v ¢
1571 e = AN oy o)

(3.19) < Co/ 27227 (D ({b(k, j:m; )Y k. yer) + P{alk, 5;m: )} h.gyer))-
Since we already have (3.17), we only need to estimate ®({b(k, j;m;€)} 1 jyer)-

By Lemma 3.4, we have |f,(krr,j1),i — fo(h,j)il < C3.422"™ S Mi(f;k, jit,m) if £
and j’ satisfy the condition d(ugie j/,ur ;) < 2783, Hence

¢
b(k,jimsl) < C5.42°"™ > " M;(f;k, jit,m).
t=0
Applying ®, we obtain

¢
(3.20) D({b(k,75m;0) ko jyer) < C3.42°™™ Z S{M;(f; K, git,m) } i jyer)-
=0

By (3.2) and (3.1), ®({M;(f; k, j;t,m)}x,j)er) can be estimated using the same argument
that was used in the estimate of ®({a(k,j;m; )}k, j)er). Thus, similar to (3.17), we have

q)({M'L(fa ka]a t7m)}(/€,j)61) < 01622nm(1)({M1(f7 kvj)}(k,j)EI)a
where M;(f;k,j) was given by (3.1). Substituting this in (3.20), we find that
(3.21) S({b(k, j;m; O}k jyer) < Cro(L+ 02" S({M;(f3 K, )}k jyer)-

Let us write

V=0{M(f;k,j)}k.jyer) and
U=D{|(f = fah,j),i)ah,),ill} e jrer)-

Combining (3.19), (3.21) and (3.17), we see that

Y7120 < Crg(1+ £)27 227 (=4mm(y 4 4y),
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Therefore, applying Lemma 3.1,
m m,1 m,2C122"™
I 2e < 200,512l + o+ Y221 )
< 40, Chg(1 4 0)27 429~ (=6mm(y 4 ).

Since we assume i > 6n + 1, we have >~ _, 2—(i=6nm)m ~ ~  Consequently
Yo" ?lle <2 Z Y212l < Cro(1+ 0272V +U).
Since Yy = Y, 1 + -+ - + Yy N, one more application of Lemma 3.1 leads to
N
Vel 2lle <2 [1Yer|"?le < Coo(1+ 6272 (V +U).
y=1
Recall from (3.18) that ||| X,|/?|le < C1527%2U. Since By = X, + Yy, it now follows that

Bl 2lle < 201XV 20 + 20IIYel?lo < Cor(1+02772(V +U).

Substituting this and (3.14) in (3.8), we have

oo

|Alle < 207U +4Ca Y (1 + 027 2(V +U) < Coa(V +U).
(=1

On the other hand, by Lemma 2.3 and Proposition 2.8, if I" is a countable subset of B
which has the property U,crD(z,b) = B, then

V+U<2C53C32({||(f — <f1/~1z,iﬂ;z,i>)

Thus if we set C3.9 = 2C92C5 3C5 g, then the lemma holds. [J

).

4. A Quasi-resolution of the Bergman Projection

Recall that d\ denotes the Mobius-invariant measure on B given by (2.14). It is well
known that the orthogonal projection P : L?(B,dv) — L?(B, dv) can be expressed as

p:/@®@w@.

One can think of this formula as a “resolution” of the Bergman projection. But as we
have seen in the previous sections, the kernel k., is not good enough for our purposes.
What we need is a formula in terms of the modified kernel v, ;. Such a formula gives
us a “quasi-resolution”, as we will see. The idea of “resolving” the identity operator in
terms of modified kernel first appeared in the study of Hankel operators on the Hardy space
[4,Proposition 3.1]. Later, the use of “quasi-resolution” played a crucial role in establishing
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the Schatten-class membership for certain commutators on the Drury-Arveson space [5].
The same idea will again be crucial for this paper.

The reader will notice that the proof of our next proposition is very similar to the proof
of Theorem 3.1 in [5]. Unfortunately, the minor difference in details makes it necessary for
us to go through the exercise here again.

Proposition 4.1. For each integer © > 0, there exist scalars 0 < ¢ < C' < oo which are
determined by v and n such that the self-adjoint operator

Rz = /"ﬁz,z ® 'Q[Jz,zd)‘(z)

satisfies the operator inequality cP < R; < CP on the Hilbert space L*(B, dv).

Proof. As in [5], for each z € B, introduce the function

9:(¢) = (¢, 2)-

Write C}* for the binomial coefficient m!/(k!(m — k)!) as usual. Then

wz,i = (1 | ’ )(("+1)/2)+Z ZC]H_?H—ZQZ,

k=0
and consequently
wz’i Q wz,i _ (1 . |Z|2)n+1+21 Z C«]lj+n+zch+n+zglzg ®g;.
J,k=0

For each 0 < p < 1, define B, = {z : |2| < p}. Since both d\ and B, are invariant under
the substitution z — V=12, § € R, we have

[ @ layiigt o gline) - /< VTP @, s ANG)

P

= T [ Y 8 )
This implies that

/ (1= [z[2)" 206k @ gldA(z) = 0 if k# j.
B

P

Therefore
/ e @ 0idN) = S(CET [ (1 )Gk @ ghan(a).
k=0 P
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We follow the usual multi-index notation as, for example, given on page 3 in [13]. Then

E' o
g5 =(Ca)" = Y =5

| =k

Consequently
k® k _ Z (k!)QzaZ(SCa@C-(S
9229 = ald! '
loe|=[6]=k

Obviously, we have

/ (1 —|2)?)" 1229290\ (2) =0 whenever a # 6.
B

P

Therefore

2
[ a= e e = Y0 [ -t e e

BP |a|:k (

and, consequently,

/ bor ® o sdNz) = 3 (i 3 R [ =Py pae o ¢
B B

P k=0 | =k (O‘!) P
(4.1) = (Cptrt? Yy ga';z/B — 2?2 Pdo(2)¢™ ® ¢
k=0 |a|=k P

By the formula dv = 2nr?"~tdrdo, if |a| = k, then

P
1— [212)2]2224 _ 1 — p2)2igp2n+2k—1 a2
/< 12[2)%]2% Pdo(2) /0< r2)%i9ny r/s|s|a<s>

B,

P , — Dla!
49 _ 1 — y:2)2i9,2n+2k—1 (n
4.2) /0( r) s TR

where the second step follows from Proposition 1.4.9 in [13]. On the other hand,

! : 1 . )] — 1)
2/ (1 — r2)2ip2n2k=1 g, / (1 — 2) ¥zt dy — (24) (” +k—1) _
0 0 (2i+n+k)!

Letting p T 1 in (4.1) and (4.2), easy algebra yields

/wmwzm mez "Jj)!&@ca,

|a|=k
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where
b — (n!)2(2i)! (k+n+i))?
k.7

S ((n+)N2 (2i+n+E)(n+ k)
By Stirling’s formula, there are 0 < ¢ < C' < oo determined by ¢ and n such that

c<b,; <C

for every k > 0. Comparing this with the formula for the Bergman projection,

the proposition follows. [J

Lemma 4.2. Given any integer i > 1, there is a constant Cy.o such that

|<Q/)Z,i7 ¢w,i>| S 04.26_i6('z7w)

for all z,w € B.

Proof. Since z and w are interchangeable, it suffices to consider the case where we have
|lw| > |z| > 0. Recall that the formula

(U=h)(C) = h(=(¢))k=(C)

defines a unitary operator on L2 (B, dv) [13,Theorem 2.2.6]. Therefore

<¢z,i7ww,i> = <Uz7/)z,ia U2¢w,i>'

It follows from Theorem 2.2.2 in [13] that

(Uat20)(Q) = (1= (¢, )"

On the other hand, '
(Uxthw,i)(C) = HZ , () (Uzkw)(C),

where H. ,(¢) = (1— [wf2)/(1 = (+(C), w). Set j1 = p.(w). Then w = . (u). Applying
[13,Theorem 2.2.2] again, we have

A—JwP)A = (zpm) 1-(C2)  1—fw® 1-(¢z2)
1— |z 1=(Gu)  1=(zw) 1-(Cn)

Hence, if we define h.({) =1 — (¢, z) and h,(¢) =1 — (¢, i), then

Hz,w (C) -

1—|w2\"
|w] >) (WL M),y Usk).

1—(w,z

<7~/}z,i7 ¢w,i> - (
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Note that if 7 is any monomial in (1,...,(, of degree i + 1 or greater, then (h,n) = 0.
Therefore

1— w2\’ :
<¢z,ia¢w,i> = <—||>) ) <héann,ihiUzkw>,

1—(w,z
where ‘

i1 ;

7=0
Since [|h.|loo < 2, we have [(hY, My, .pi U.ky)| < 47 Z;‘:o % = C;. Thus
- fw [

4. 2> Pwii)| < 7
(4.3) (i) < Ca |

Using the assumption |w| > |z| and (2.15), we have

— wl2)1/2(1 = |2]2)1/2
B e et N e v o 1

1= (w, 2)]

1— |wf?
1 —(w,z)

(4.4) ‘

It is elementary that if 0 < z < 1, then V1 — 22 < 2exp(—(1/2)log{(1 + x)/(1 — x)}).
Combining this with (4.3) and (4.4), we obtain

(25, V)| < 20C e~ P EW)

as promised. [
Having gone through the proof of Lemma 3.9, our next proposition is almost trivial.

Proposition 4.3. Let 0 < a < oo and integer i > 2n + 1 be given. Then there exists a
constant Cy.3 which depends only on a, i and n such that for each a-separated subset I' of
B, the operator

Ar,; = sz,i ® Yz

zel
satisfies the norm estimate || Ar ;|| < Cy.s.

Proof. Using the Md&bius invariance of both the measure d\ and the metric 3, it is easy
to verify that there is a constant C' which such that A\(D(¢,r)) < Ce?™" for all ¢ € B and
r > 0. Thus given any a > 0, there is a C; which is determined by n and a such that for
each a-separated subset I' of B, the inequality

(4.5) card(T N D(¢, 7)) < Cre®™”

holds for all ( € B and r > 0.

Given an a-separated subset I' of B, let {e, : z € I'} be an orthonormal set indexed
by I'. Then we define
BF,i = Z wz,i X €.

zel
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Since ||Ar | = || Br,:Br ;|| = ||Bf ;Br.ill, it suffices to estimate the latter. We have

(46) Bi'k‘,iBl",i = Z <¢z,i7¢w,i>ew Ke, = Y + Z Y(m)7
z,wel m=1
where
Y = Z ||¢z,z'||262 R e, and Y™ — Z (Vi Vi) ew @ €.
zel maﬁ,@(z,w)<r(m—|—1)a
zZ,we

Obviously, we have || Y| < sup{|[¢.]|? : z € T} < 2%, To estimate ||Y ™|, let us define
EM™ = {(z,w) : z,w € I',ma < B(z,w) < (m+ 1)a}.
By (4.5), for each z € " we have
card{w € T : (z,w) € E™} < Cpe?nim+ha,

Let v(m) = 14 [C1e2™™+ 1] where [C1e?"(™+1)e] denotes the integer part of Cye?™(m+1)a,

By Lemma 3.8, we have the partition E(™) = Eim) u---u Eé:b()m) such that for each

1 <j<2u(m),if (z,w),(Z,w') € E§m) and if (z,w) # (2/,w’), then we have both z # 2/

and w # w’. Accordingly, Y™ = Yl(m) +- YQ(:&), where

Yj(M) = Z (V2iy Yowyi)ew @ e

(z,w)GE;m)
for each 1 < j < 2v(m). It follows from the property of EJ(-m) that

“Yj(m)” = sup{|[(¥..i, Yw,)| : (z,w) € Ej(m)}_

But for each (z,w) € E(™) Lemma 4.2 gives us (V20 w,i)| < Cy e Bw) < Oy He—ima,
Hence HYj(m)H < Cy0e™ ™ for each 1 < j < 2v(m). Consequently,

Y < ™ 4+ Y] < 20(m)Cy e ™

2v(m

< 2(1 + Cle2n(m+1)a)c4.2e—ima < 026—(i—2n)ma.

Combining this with (4.6) and with the fact that ||Y]| < 2%, we see that the constant Cj 3
= 2% 4 0y 3" e~ (i72m)ma ]l do for our purpose. [

5. Upper Bound
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The purpose of this section is to establish the upper bound for ||[My, P]||¢ given in
Theorem 1.2. This requires all the preparations up to this point. In addition, we also need
to recall a few elementary facts about symmetric gauge functions.

Given a symmetric gauge function ®, the formula
O*({b;}jen) =sup S Y a;b;| : {aj}jen €&, 2({aj}jen) <1p, {bj}jen €6,

=1

defines the symmetric gauge function that is dual to ® [8,page 125]. For any A € Cy and
B € Cg+, we have

(5.1) tr(AB)| < [[All«]|B|

D* .

This follows from inequality (7.9) on page 63 of [8]. Moreover, we have the relation ®** = ®
[8,page 125]. This relation implies that

(5.2) ®({a;}jen) = sup Z@jbj {bj}jen € &, @ ({bj}jen) <1

for each {a;};en € ¢. Thus for each operator A, we have
(5.3) |Al|le = sup{|tr(AB)| : rank(B) < oo, || B|le~ < 1}.

From (5.3) and (5.1) we immediately obtain
Lemma 5.1. Let {Ax} be a sequence of bounded operators on a separable Hilbert space H.

If {Ax} weakly converges to an operator A, then the inequality

14l < sup [[Ax ]

holds for each symmetric gauge function ®.

To prove the upper bound in Theorem 1.2, we begin with a variant of it involving the
quasi-resolution introduced in Section 4.

Proposition 5.2. Let integer i > 6n+ 1 be given and denote i’ = 3i+n+ 1 as before. Let
0 < b < oo also be given. Then there exists a constant 0 < Cs.o < 00 which depends only
on b, © and n such that the inequality

I[My, Rilllo < Cs.2@({||(f — (f0z02,0))ill}zer)

holds for every f € L*(B,dv), every symmetric gauge function ®, and every countable
subset I of B which has the property U.crD(z,b) = B.
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Proof. Set w = (e* —1)/(e* +1). Then D(0,2) = B, = {¢ € C" : [{|] < w}. Let G
be a subset of B which is maximal with respect to the property of being 1-separated.
The maximality implies that U.cgD(z,2) = B. Hence there are pairwise disjoint Borel
sets {A, : z € G} such that A, C D(z,2) for each z € G and U,cgA, = B. We have
D(z,2) = ¢.,(D(0,2)) by the Mébius invariance of 3. Thus for each z € G, there is a Borel
subset E, of D(0,2) = B, such that A, = ¢.(F,). By the Mdbius invariance of d\, we
have

(54) i = / ¢Cz ®¢Cz’d)\

zeG zeG

/ wgoz(( i & 1/}90 ©), z’d/\(g) / TCd)‘(C)>

B.

where

=Y xXE(QVp. (). © Y (-

z€G

This needs to be further decomposed.

Since G is 1-separated, there is a natural number Ny such that for each z € G,
(5.5) card{w € G : f(w,2) <6} < Ny — 1.
We claim that for each ¢ € B, and each z € G,
(5.6) card{w € G : f(¢=(C), pw(()) <2} < No — 1.

Indeed if ¢ € B, and z,w € G are such that 8(p.((), pw(¢)) < 2, then

B(z,w) = B(v=(0), 0w (0)) < B(p=(0), ¢ (¢)) + B(w=(C), puw(C)) + Bl@w(C), vuw(0))
= B3(0,¢) + B(v=(C), pu(C)) + B(¢,0) <2+ 2+ 2 =6.

Hence (5.6) follows from (5.5). As a consequence of (5.6), for each ( € B, there is a
partition

_ M (No)
(5.7) G=G ' U---UG:”
such that for each 1 < v < Ny, if z,w € Géy) and if z # w, then G(¢.(¢), pw(()) > 2.
Applying Lemma 2.4 to the case a = 1, we obtain a K € N for which the following holds:
For each pair of ( € B, and 1 < v < Ny, the set Géy) admits a partition
(5.8) ¢ =g"Vu-..ug
such that for each 1 < /¢ < K, the subset Géy’e) has the property that

vl

(5.9) card{z € Gg ) 0.(C) €Ty} <1
for every (k,j) € I

39



Now consider any finite subset F' of G. Accordingly, we define
(5.10) Ter = Y X5 (Ve ) © Yo (0
zeF
for each ( € B,,, and then define
(5.11) Rip = / Ty wdA(C).
B

w

By (5.7) and (5.8) we have

Nog K
(5.12) Ter=Y > T4,
v=1/¢=1
where
TV = Y Xm0 @ V(i

zEFﬁGéu’Z)
for each pairof 1 <v < Nyjand 1 </ < K.

Let {e. : 2 € G} be an orthonormal set. Given any f € L?(B, dv), we have
vl
My, T3] =
> X2 (O = fou .. 0i) @ Yy (0)ir — Yo ()0 @ (F = Foui)i) e (0))}
zeFﬂG’éy’e)
vl v, 4)N %
- Xé,F) - (YC(,F )) )
where

X = ST Xe O ~ Fa0)i) o (0)ir) @ Yo )00

zEFﬁG(CV’Z)

V0 = N X (O = Foui)i)We i) ® Yo (0).ir-

zEFﬁGéy’Z)

Using the orthonormal set {e, : z € G}, we can factor X C(VFE ) as

vl N v,0)N x
Xg(“,F) = Aé,F)(Bé,F)) )

where
vl
Aé,F) = Y xe (U = fo0i)p.0)) @ ez and
ZGFQGEV’Z)
vl
Bé,F) — Z w¢z(<),i/ X €.

zEFﬁGEV’Z)
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Let ® be a symmetric gauge function, and let I' be a countable subset of B which has the
property U.erD(z,b) = B. Because of (5.9), we can apply Lemma 3.9 to Ag’/}f) to obtain

1AL Nl < Coo®({[I(f = (feis Gtz il ser)-

Since the set {p.({) : 2 € FN Géy’g)} is 1-separated and since the map z — ¢,(() is

injective on FOGEV’E)7 it follows from Proposition 4.3 that || (Bél"lf))* 12 = ||Bél”l;f) (Bél"lf))* I
< (O4.3. Thus

1X80 e < JAY e |(BE) | < CaoCLRR{I(F = (fnisthai)) el }ocr)-

Obviously, the same argument is applicable to HYC(,?E) o = ||(Y<(’l}z))*||¢>. Therefore

1My, T e < 20390, ZRUIF = (fdsiy si) 0z s

Combining this with (5.12), we find that

}ZEF)'

1My, Tt pllle < 2NoK C3.9C3s ®UII(F — (fhais Vs i
(5'13) = Clq)({H(f - <f¢z,iv¢z,i>)¢z,i”}z€l")'

Let B be a finite-rank operator. Then it follows from (5.11) that

}ZGF)

|tr([M, Rir | B)| = ‘/B tr([My, T¢, ] B)dA(C)| < A(Bw)felg) [tr([My, T¢ F]B)|.

Applying (5.1) and (5.13), we obtain

[tr([My, Rir p]B)| < A(Bw)cselg) 1My, Te Flll )| Bl 2~

<ABL)CLP{N(f — (fris ei))nil|}zer) || Bll o

Since this holds for every finite-rank operator B, by (5.3) this implies
(5.14) 1My, R pllle < ABL)C1®{[I(f = (F=is 200 002 ill}zer)-

To complete the proof of the proposition, let us pick a sequence of finite subsets {F),}
of G such that F), C F),4; for every p and such that U2, F), = G. Then we have

lim Ri’,FH = Ri/
p—00
in the strong operator topology. Thus it follows from Lemma 5.1 and (5.14) that

I[My, Rirllle < Sup I[My, Rr 7]l < ABL)CL @S — (fthz i 2,00 il }zer).
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This completes the proof of the proposition. [

Proposition 5.3. Given any integer i > 0, there is a constant Cy 3(i) which depends only
on 1 and n such that the inequality

I[My, Pllle < Cs.5(0)[[[My, Rilll

holds for every f € L?(B,dv) and every symmetric gauge function ®.

Proof. By Proposition 4.1, there are 0 < ¢ < C' < oo such that ¢cP < R; < CP. This
means that the spectrum of the self-adjoint operator R; is contained in {0} U [¢,C]. Let
7T be the circle in C with center located at the point (¢ + C)/2 and with radius equal
to C'/2 = {(C — ¢)/2} + (¢/2). Furthermore, let 7 be oriented in the counter-clockwise
direction. From the spectral decomposition of R; we obtain

1 g
27T\/—_1/T<T R;)™ dr.

Thus for each f € L?(B,dv) we have

1
2w/ —1

Since the spectrum of R; is contained in {0} U [¢, C], the function

(5.15) (M, P] =

/(7_Ri)_l[Mf»Ri](T—Ri)_ld’r.
T

T (1 — Ri)_l

is continuous with respect to the operator norm on the contour 7. Approximating the
right-hand side of (5.15) by, for example, Riemann sums and then applying Lemma 5.1,
for each symmetric gauge function ® we have

T _ _
185, Plllo < T sup (- = B0y, Rlloll (7 — )71,

T reT

where |7| denotes the length of 7. This gives us the desired conclusion. [

Proof of the upper bound in Theorem 1.2. Given integer i > 6n+ 1, write i’ = 3i+n+1 as
before. Then it follows from Propositions 5.3 and 5.2 that for every f € L?(B,dv), every
symmetric gauge function ®, and every a, b-lattice I' in B, we have

I[My, Plllo < Cs.3(i")[[[My, Rollle < Cs.5(i")Co2®({||(f — (fthzis002,i) i

}ZGF)

This establishes the desired upper bound for ||[My, P]|le. O

Remark 5.4. A minor issue in Theorem 1.2 is the stated lower limit 6n+ 1 for the integer
1. The number 6n 4+ 1 came up naturally in the proof of Lemma 3.9, as we saw. But
Theorem 1.2 actually holds for smaller i for the following reason. Suppose that i; and is
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are integers greater than n/2. Let a, b be positive numbers with b > 2a. Then it follows
from Propositions 2.5 and 2.8 that there is a constant C(iy,2;a,b) such that

O (f = (fins Vo ))Wzis [ }zer) < Clinyin; a, D) = (fz,25 z,ia)) oz in |} zer)
for every f € L?(B, dv), every symmetric gauge function ®, and every a, b-lattice I" in B.

6. Lower Bound

The proof of the lower bound in Theorem 1.2 involves estimates in the trace class.
Following the usual practice, we will write || - ||; for the norm of the trace class, while the
norm of the Hilbert-Schmidt class will be denoted by || - ||2.

Lemma 6.1. There is a constant Cg.1 such that for each f € L*(B,dv) and each (k, j) € I,
we have
1My,  [My, PIMyq, 1 < CoaV2(f: Qr,y)-

Proof. Given any f € L?(B,dv) and (k, j) € I, we have

M,, [My, P|M

XQp XQp, j = M(f_kaj)XQk,j PMXQk,j - Mka’j PM(f_kaj)XQk,j '
By the relation |AB||; < [|A]|]2||B||2, we have
(61) HM(f_kaJ )XQk,j PMXQ)CJ Hl S HM(f_kaj)XQk’J‘P”ZHPMXQk,j H2

But

dv(z)
2 2
IMis—sarxan, P ”2‘/@”” )~ faw, </ |1—(w,2>|2(n+1)>dv(w)

-/ 70) = fau, o o / 1) —Jou,
Qk,j «

(1 — |w[?)n+1 . 9—2(n+1)(k+2)

There is a C such that v(Qy ;) < C272"+Dk for every (k,j) € I. Therefore
(6.2) ||M(f_kaj)XQk7jPH§ < CLV(f; Qr.j)-

For the same reason, we have

©03) 1P 8= [ (] e ) 6 = [ e <O

Combining (6.1), (6.2) and (6.3), we find that

HM(f_kaj)XQk,j PMXQk,j Hl < Clvl/Q(f; Qk,j)'
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Obviously, the same estimate also holds for [ M, PMggg, Therefore the

)XQkyj ||1
lemma follows. [

We need the following “condensation inequality” for symmetric gauge functions:
g y y g

Lemma 6.2. If Ay,..., A,,,... are trace-class operators, then the inequality
A1 @ @A @+ [lo < O({[[A1llr, - [Amll1, -+ })

holds for every symmetric gauge function .

This lemma was first established in [6] (see Lemma 4.2 in that paper). But since its
proof is really simple, let us produce it here anyway.

Consider a sequence of the form {a,b,cs,...,ck,...}, where a > 0 and b > 0. Since
a,b,c3, ..., Cy. .. a+ C3y ey Chyvo b+ ,a+b,C3y .0 Chy e by
» Yy, €3, s Cky a b y» Uy €3 s Cky a b 3 k

for each symmetric gauge function ® we have

a
o({a,b,c3,...,Cpy...}) §a+b<b({a+b,0,03,...,ck,...})+
a+bfb({0,a+b,03,...,ck,...}).

Since ®({a + b,0,¢3,...,¢k,...}) = P({0,a +b,c3,...,ck,...}), it follows that
d({a,b,c3,...,Cpy...}) < P{a+b,0,c3,...,¢k,...}).
Applying this inequality repeatedly, we see that
|A1®- @A, @08 208 ... |loe <P{||A1l1,---, [[Amll1,0,...,0,...})

for any number of finite-rank operators Ai,...,A,,. Once this is established, applying
Lemma 5.1, the general case of Lemma 6.2 follows.

The proof of our next lemma will again use the duality between symmetric gauge
functions discussed in Section 5.

Lemma 6.3. There is a constant Cg 3 such that the inequality

SHVY2(f;Quj) Ygyer) < Cosll[My, Plllo

holds for every f € L?(B,dv) and every symmetric gauge function ®.

Proof. By design, we have Qj ; N Qg ;v = 0 whenever k' > k + 2. Hence, by (2.6), (2.3)
and (2.2), there is a partition
I=LU---Uly
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of the index set I such that for each 1 < v < N, if (k,j),(k’,7") € I, and if (k,j) # (K, j'),
then Q. ; N Qps j» = 0. It suffices to show that there is a C' such that the inequality

(6.4) S{VY2(f; Q) Ygyer,) < Cll[My, Plllo

holds for all 1 < v < N, f € L?(B, dv), and symmetric gauge functions ®.

Let {br,;}x,j)er, be a set of non-negative numbers such that by ; = 0 for all but a
finite number of (k,j)’s. Let f € L?(B, dv) be given. For each (k,j) € I, define

VY2(fQry) if V(f;Qrj) #0

0 it V(f;Qu,) =0

Ckj =

By Lemma 6.1, we have cy ;{| My, ; [My, PIMy,, ; |1 < Cs.1. Define the operator
B= Y byjcn;Myg, [Mg, PIMyg, .
(k.j)el,

The property of I, ensures that M, M = 0if (k,j),(K',j") € I, and (k,j) #

XQk’,j’
(k',4"). This allows us to apply Lemma 6.2 to obtain

(6.5) | B

o < O ({br ek j | Mxq, [ [My, PIMyq, |1} kj)er) < Coa® ({brj}hger, )

Since we assume that by ; = 0 for all but a finite number of (k,j)’s, thereisa 0 < p < 1
which depends on the choice of {by ; } 1 j)er, such that Q. ; C B, = {{ : [¢| < p} whenever
bi,; # 0. Now we have

tr(My [My, P)" My B)= Y bmck,j// F(w) — F) dv(w)dv(z).

W ey 11— {0 2) P
For w, z € Q. j, we have z = |z|¢ and w = |w|u with &,u € B(uy ;,9 - 27%). Therefore
11— (w,2)| <1 —|w|+1—|z|+]1 - (u,&)] <272k 4 272% 1 (18.27F)2 = 326 - 272,

Hence there is a § > 0 such that for each (k,j) € I, if w, 2 € Qx ;, then |1 — (w, z)| 72"+
> 0/v?(Qk.j). Therefore

olf (w) — f(2)?

tr(Myg, [My, PI" My B) > Y brjck, // 2 dv(w)dv(z)
(kg QuixQi; U (Qry)
J)ETL
(k,g)el, (k.j)el,
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On the other hand, by (5.1) and (6.5), we have

tr(Myg, [My,P"Myy B) < ||Myg [My, PI*"Myy o Bllo-
< |[My, PI* |0 Co.1®* ({b,5 }k,jyer,) = Co1ll[My, Pll|o®* ({bk,; } (k,j)er,)-

Combining the above two inequalities, we obtain

20 Y b VVA(f;Qry) < ConlllMy, Plllo® ({bk s } ket
(k.J)EL

for every set of non-negative numbers {by ;},j)er, which has the property that by ; = 0

for all but a finite number of (k, j)’s. By (5.2), this means 26®({V'/2(f; Qx.;)}k.5)er,) <
Cs1||[My, Pl||®, i-e., (6.4). This completes the proof. [

Our next lemma is an improvement of Lemma 6 in [15]. But this improvement actually
involves something subtle.

Lemma 6.4. There is a constant Cg 4 such that the inequality

C
UV (fs W) kjyer) < : _6;_8‘1’({‘/8(f;Qk,j)}(k,j)el)

holds for every f € L*(B,dv), every symmetric gauge function ®, and every 0 < s < 1.
Proof. By (2.7), for each (k,j) € I, we have

V(W) € —— /W f — for, Pdv

'U(Wk’J) J
v(Qk,5) ) , v(Qr,i) . 1 B )
S U(Whj)v(fan,]) + Z U(Wk,j) U(Qﬁ,i) /ée’i |f ka,j| dv.

(€,0)EF ;
Since v(Qr;) < C127 2TV and v(Wi ;) > v(Qr ;) > C27 2Dk it follows that
1
(66) V(iWiy) SV([iQuy)+Cs S 272l / f — fo, 2dv.
v(Qei) Jo,,

(£,3)€Fy,;

Consider any (¢,i) € Fy ;. Pick an x € B(ug_;,3-27%)N B(u;,27%), which is possible
since the intersection is non-empty by the definition of Fj ;. Then by (2.4) there is a chain
of elements {(t,i(t)) : k <t < ¢} in I such that (¢,i(¢)) = (¢,1), (k,i(k)) = (k,j), and
x € B(uyit),27") for each k < t < ¢. This implies that

Qi) N Qey1,it+1) D Toy1,ie41) for each b <t < L.

Indeed, since x € B(uyi(1),3-27") N B(ugy1,ie11),27 1) 5 we have B(ugi1ig41),27 1) C
B(uy,i(t),9-27"). The above assertion now follows from (2.5) and (2.6). Since v(T}41 i(1+1))
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> Cy272 DI “we have v(Qyir)) /v(Qr ity N Qutrirr1)) < 22TV C1/Cy. Applying
(2.8), we find that

’th,i(t) - th+1,i(t+1)’ < 05(V1/2(f; Qt,i(t)) + Vl/Q(f; Qt-l—l,i(t-i-l)))

if k <t < {. Therefore

-1 2 ¢
2 < (Z |th,i(t) - th+1,i(t+1) |) < (205 Z Vl/Q(f; Qt,i(t))>
t=k

t=k

2

|ka,j - fQZ,i

™~

< 402(1 +0—k) V(f; Qt,i(t))'

t

Il
>

Let Grjiei = {(v,h) 1 k < v < 4,1 < h <mv), Bluyy,27") N Blug:,27) # 0 and
B(uyn,27%) N B(ug 4,3 - 27%) # 0}. By the above choice of (¢,i(t)), we have (¢,i(t)) €
Gy, j.ei for all k <t < (. Therefore

(6.7) fau, = fou, 1P SACEL+L—k) > V(fiQun).

(V,h)EGK, je,i

Substituting 2|f — fq, .
we obtain

2—|—2|er’¢ —fon, |2 for \f—fQ,w, 2 in (6.6) and then applying (6.7),

V(fiWhij) < V(f;Qr,j) + Cs(Ak,j + Bi j),

where

Apg= ) 272VERV(£Q0,),

(é,i)EFkyj
Biy= Y, 27°0ERA k) N V(fQun)-
(éai)eFk,j (V’h)eGk,j;Z,i

Since (¢,i) € G j.¢,i, we have Ay, ; < By, ;. Therefore

(6.8) V(f; Wi;) < V(f;Qrj) +2CsBr;-
Let us estimate By, ;. First of all, if we set C7 = sup,,,>¢ 27™/2(1 +m), then

(6.9) By, < Cy Z Z 2—2(n+(3/4))(€—k)v(f;Qy,h)'

(e,’l:)EFk,j (V,h)EGk,j;gﬂ;
For each (v,h), if v < ¢ and B(u,4,27") N B(uei,27%) # 0, then B(u,n,3-27%) D
B(ug,;,27*). Thus by (2.3) and (2.2), for each (v, h) with v < £, the cardinality of the set
{i:1<i<m(l), B(ugi, 27" N B(uyp,277) # 0} is at most Cg22"~¥). Set
Gr;={w,h) v >k 1<h<m@),Blu,n,27") N Blug;,3-27%) # 0}.
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Then a change of the order of summation in (6.9) yields

By ; < Cr Z V(f;Qun)x

(Vvh)eGk,j

Z 972+ B/ =R card{i : B(ugs,27%) N Bluyp,277) # 0}

{=v
<CrCs Y V(fiQup) ) 27 2nHB/ANU=R) g2n(t=y)
(Vvh)eGk,j l=v
< C7C% Z V(f; Qy’h)2—2(n+(1/2))(v—k) 22—(1/2)(£—k)
(V7h)€Gk,j =y
(6.10) < Oy Z V(f; Qup)2- 20t (/D) =h),
(Vvh)EGk,j

Up to this point, the proof is basically a repeat of a part of the proof of Lemma 6 in [15].
The more subtle part comes next when we bring in general symmetric gauge functions.

The idea is to further analyze By ;. First of all, we claim that there is a natural
number N such that for each (k,j) € I, we have

(6.11) C&I‘d{j/ S {1, .. m(k)} : Gk,j/ N Gk’j 7é @} < N.

" < m(k) such that Gj j N Gk ; # 0. This means that

To prove this, consider any 7 m
< m(v) such that

1<
thereexistav >kandal<h
B(uyp,27") N B(ug,j1,3-27") #0 and  B(uypn,27") N Blug,3-27"%) # 0.

Since k < v, this gives us d(uyp, uk, ;) < 4 - 2= and d(uy p,ug;) < 4- 2~k That is, if
Gi i NGy ; # 0, then d(ug, i, up ;) <8-27% Thus (6.11) follows from (2.3) and (2.2).

Next we subdivide each Gy, ;. For each integer £ > 0, define the subset
G\ = {(k+£,h) : 1< h < mk+0), Blugpen. 275 N Blugj,3-27%) # 0}
of G ;. By (2.3) and (2.2), there is a natural number M such that
(6.12) card(G\)) < M2*"

for all (k,j) € I and ¢ > 0. It follows from (6.10) that
12
(6.13) Bp; <Co) B;(ﬁj-,
£=0
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where

(6.14) B =272t NV (f Qe
(k+6,h)eG\),

Given any (k,j) € I and ¢ > 0, there is a (k+ ¢, h(k, j;0)) € fog such that

V(3 Quitnihgin) = V(Fi Qraen) for every (k+£,h) € G,
By (6.12) and (6.14), we have
B,Ef{; < M27V(f; Qrron(hjon))-
For each ¢ > 0, define the map Fy : I — I by the formula
Fy(k,j) = (k+ £, h(k, j; £)).

If & # ky, then Fy(k,j) # Fy(k1,71) for all possible j and j;. Since (k + ¢, h(k,j;¢)) €
G](fg- C Gj,j, (6.11) tells us that for each ¢, the map Fy is at most N-to-1. Hence, by
Lemma 2.2, for each 0 < s < 1 and each symmetric gauge function ®, we have

@({(B]Ef;)s}(k-,j)ej) < M2 S({VE(f; Quvon(rin) Hkjyer)
= M2 S({V*(f; Qr, (k) Y kjyer)
< NME27 @({V*(f; Qr.) Y hjyer)-

Since 0 < s <1, (6.13) gives us

B,”<OQZ BYY < (1+Co i e,
£=0

(k,7) € I. Thus if we set C19 = NM(1 + Cy), then the above leads to

O({B} ; kgyer) < (14 Co) Y @({ }(k,J)EI)
£=0
C
(6.15) < 01022 SOV (f; Quyg) Y rjyer) = = 120 V(S Qrig) hojyer)-
=0
By (6.8), we have
(6.16) V(i Wii) S V(5 Qi) + (2C6Br,;)” < VO(f;Qry) + (1+2C6) By ;.

The lemma now follows from (6.16) and (6.15). O
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Proof of the lower bound in Theorem 1.2. Given i > 6n + 1, a,b-lattice I', f € L*(B, dv)
and symmetric gauge function ®, we apply Proposition 2.5, Lemma 6.4 and Lemma 6.3,
in that order. This gives us

Veer) < Cos®({VY2(f; W)} k.gyer)
C2.5C6.4C6.3
1—2-1/2

q)({“(f_<f77/;z,zv szz,i»wz,i

Cy.5Cs.
< EAE VA Q) oeer) <

I[My, Pll|e

as desired. [

7. An Alternate Version of Theorem 1.2

Obviously, Lemma 6.3 provides an alternate lower bound for ||[M¢, P]||¢. Combining
that with the upper bound in Theorem 1.2 and with the argument at the end of Section
6, we obtain another characterization of the membership [My, P] € Cqp.

Theorem 7.1. There are constants 0 < ¢ < C' < oo such that the inequality

c®{VY2( £ Qug) Y mjper) < NMy, Pllle < COEVY2(£;Qu ) br,jyer)

holds for every f € L*(B,dv) and every symmetric gauge function ®.

Proof. Let Cg.3 be the constant provided by Lemma 6.3. By what we just mentioned, the
constant ¢ = 1/C_ 3 suffices for the lower bound.

To established the upper bound, take : = 6n + 1, and pick a 1, 2-lattice I' in B. Then
Theorem 1.2 provides a constant C such that the inequality

1My, Pllle < CL({I(f — (420, 920zl zer)

holds for every f € L?(B, dv) and every symmetric gauge function ®. Applying Proposition
2.5 and Lemma 6.4, we have

S{|(f = (fthei,Vi))ill }rer) < Cos®({VY2(f; W)}k, jyer)

C2.5Cs.
< T REAUVY (5 Qu) arer).

Hence the constant C' = C1Co 5Cs.4(1 — 271/2)~1 suffices for the upper bound. [J
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