THE BERGER-COBURN PHENOMENON
FOR HANKEL OPERATORS ON THE FOCK SPACE

Jingbo Xia

Abstract. The Berger-Coburn phenomenon of Hankel operators was recently reported by
Hu and Virtanen in [14] for the Schatten classes C,, 1 < p < co. But a careful reading
of [14] finds that in the case 1 < p < 2, there is a technical problem in their proof. In
this paper we first fix this problem. We then establish the Berger-Coburn phenomenon for
the Lorentz ideals C]j and C,, 1 < p < co. Last but not least, we show that there is no

Berger-Coburn phenomenon for the trace class Cy, for Ci", and for the Macaev ideal C.

1. Introduction

Let du denote the Gaussian measure on C". More precisely, we write
du(z) = 7'('_”6_‘2'26“/(2),

where dV is the standard volume measure on C". Recall that the Fock space H%(C", du)
is the norm closure of Clz1,. .., z,] in L?(C",du). Let P : L*(C",du) — H?*(C",du) be
the orthogonal projection. Given an appropriate symbol function f, the Hankel operator
Hy: H*(C",du) — L*(C",du) & H*(C",du) is defined by the formula

Hph = (1 - P)(fh),

h e H2(C", dp).

For an arbitrary symbol function f, in general very little about Hf can be inferred
from the properties of Hy. Therefore it was all the more remarkable that Berger and
Coburn proved the following result in [4]: for f € L>°(C™), H is compact if and only if
H is compact. From the author’s conversations with Lew Coburn about this result in the
late 1990s and early 2000s arose a natural question, which was reported in [20]:

Question 1.1. For f € L*°(C") and 1 < p < oo, does the membership Hy € C, imply
Hf €Cp?

Here, C, denotes the Schatten p-class. That is, C, is the collection of operators A
satisfying the condition ||A||, < co, where ||A]|, = {tr((A*A)P/2)}1/P.

In [3], Bauer answered Question 1.1 in the affirmative for the Hilbert-Schmidt class
Co: for f € L>°(C"), Hy € Cy if and only if Hf € Ca.
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After Bauer’s paper, no progress was made on Question 1.1 for the next sixteen years.
Then in December, 2020, Hu and Virtanen posted [14] (arXiv:2012.13768), which reported
an affirmative answer to Question 1.1 for all 1 < p < oo:

Theorem 1.2. [14, Theorem 1.2] Suppose that 1 < p < co. For f € L>(C"), Hy € C, if
and only if Hy € Cy.

Actually, the Hankel operators in [14] are on the weighted Segal-Bargman space F? (i),
which is more general than the H?(C",du) considered in this paper. Moreover, Hu and
Virtanen gave the norm bound ||H¢l|, < C|Hy||, for f € L>°(C"), where C' depends only
on the p € (1,00).

Hu and Virtanen referred to Theorem 1.2 as the Berger-Coburn phenomenon for the
Schatten classes Cp, 1 < p < co. We will follow their terminology. In [21,13], the root cause
of the Berger-Coburn phenomenon was ascribed to the absence of bounded, non-constant
analytic functions on C”.

But unfortunately, for 1 < p < 2, there is a technical problem in the proof of Theorem
1.2 presented in [14], which, for convenience of discussion, will be referred to as the Original
Proof. For f € L*°(C"™) such that H; € Cp, the Original Proof decomposes f in a specific
form f = f1+ fo with f; € C?(C™). Then the goal is to show that H €Cpand Hy, € Cy.
There is no problem with the argument for Hz, € Cp. The problem occurs when it comes
to the membership Hy € Cp. In the Original Proof, the membership Hf, € C, is justified
by the condition ||0f;]|z» < oo, which is incorrect. To ensure H 7, € Cp, what one needs
(in the notation of [14]) is the condition

(1.1) | Mo, (0f1) | Ly < o0,
where

] ) 1/2
1.2 M, =49 dV .
(12 20 = 5y Lo 9}

If 2 < p < oo, then by Holder’s inequality the condition ||0f1]z» < oo implies (1.1).
Therefore the Original Proof works in the case 2 < p < co. But in the case 1 < p < 2,
there is no Holder’s inequality to apply, and it is not a priori clear why the condition
10f1]|z» < oo implies (1.1).

The point is that in the definition of Mjs ,.(¢)(z), |¢| has to be squared before it is
integrated over B(z,r). This actually corresponds to the fact that one proves the Schatten

class membership of M, P by considering {(M,P)*M,P}'/? = Tﬁp/é In other words, the

|o|? in (1.2) is dictated by the underlying operator theory.

For each 1 < p < 2, one can certainly produce examples of ¢ such that ||¢|rr < 00
while || M2 ()| L» = co. In fact, the condition || Mz, (¢)| rr < oo is structurally different
from the condition ||¢||Lr < oo.

Note added in revision, November 3, 2022. After the initial submission of this paper,
an updated version of [14], arXiv.2012.13768v3, was posted. In this updated version, a

2



correct proof was given for the case 1 < p < 2 in Theorem 1.2. The main part of this new
proof is that (1.1) indeed holds in the case 1 < p < 2.

Now let us discuss what we will do in this paper. This paper has a threefold purpose.
First, we will present a correct proof for the case 1 < p < 2 in Theorem 1.2. Specifically,
we will show that (1.1) indeed holds for the particular f;, which takes quite a bit of work.

Even though the original proof of Theorem 1.2 had a technical problem, the idea in
[14] of decomposing f for the purpose of proving the Berger-Coburn phenomenon is a
really good one. This idea can be further exploited. One can use the same idea to prove
the Berger-Coburn phenomenon for operator ideals other than the Schatten classes. The
second purpose of this paper is to establish the Berger-Coburn phenomenon for two classes
of Lorentz ideals. Before going any further, let us introduce these ideals.

Let H be a Hilbert space. For any given 1 < p < oo, the formula

Al = sup SLA T o2l b b oy
p jzll) 1-1/p 4 2-1/p ... 4 §=1/p

defines a norm for bounded operators on H. Here and in what follows, we write s1(A),
s2(A), ..., sj(A), ... for the s-numbers [12] of the operator A. It is well known that the
collection of operators

+ . +
C, ={AeB(H):||A|, < oo}
form a norm ideal, for which we cite [12] as our primary reference.
For each 1 < p < oo, the formula
L& si(A)
1Al = =57

(p—1
jzlj(p )/p

also defines a norm for bounded operators on H. Denote
C, ={AeBH):[Al, <oo},

which is also a norm ideal of operators on H [12].
It is well known that C; is not separable with respect to the norm | - ||/ [12]. For
1 < p < p' < oo, the inclusion relation

¢, cC,ccfcc,

is also well known. When p > 1, the above inclusions are all proper. For p = 1, it is easy
to see that C; = C; while C;” # C;. The ideal C;” commands special interest in that it is
the domain of every Dixmier trace [6,5].

For these ideals, we will prove the following two theorems:

Theorem 1.3. Let 1 < p < oco. For f € L>(C"), Hy € C}, if and only if Hf € Cf.
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Theorem 1.4. Let 1 <p < oco. For f € L>(C"), Hy € C,, if and only if Hf € C, .

The third purpose of this paper is to report the absence of Berger-Coburn phenomenon
for a number of ideals. First of all, there is no Berger-Coburn phenomenon for the trace
class C; and for the ideal Cf’ . The case of trace class C; is settled by a simple example,
while the case of C;” requires a rather elaborate construction.

Theorem 1.5. Consider the case where n = 1. On C, define the function

7 df |z > 1
(1.3) g9(z) = )
0 if |2|<1
Then Hg is in the trace class while Hg is not in the trace class.

Theorem 1.6. Consider the case where n = 1. There is a ) € L>(C) such that H, € Cy
while Hy ¢ C.

Then there is the matter of the Macaev ideal C__. Recall that on any Hilbert space H,
we have C_ = {A € B(H) : ||A]|> < oo}, where the norm || - ||, is defined by the formula

Al =Y 22

j=1

15

It is well known that C is the pre-dual of C;" [12]. In contrast to C; and C;", the Macaev
ideal C_ is at the other end of the scale. That is, C_ is a large ideal; in fact, C is
not much smaller than /C, the ideal of compact operators. Since the original Berger-
Coburn phenomenon in [4] was about C, one is obligated to ask, is there Berger-Coburn
phenomenon for C_? Notwithstanding the size of C_, the answer is negative:

Theorem 1.7. Consider the case where n = 1. There is a ¢ € L*(C) such that H, € C
while Hy ¢ C..

Taking the results in this paper as a whole, we now have a much better understanding
of the Berger-Coburn phenomenon.

The rest of the paper is organized as follows. Sections 2, 3 and 4 are the technical
foundation for proving the case 1 < p < 2 in Theorem 1.2 and for proving Theorems 1.3
and 1.4. For this part, the space that matters is £2?, which will be introduced in Section 4.
Locally £2? behaves like L2, but at long range this space is more like /7. The culmination
of these three sections is Proposition 4.5, which says that the operator

(Tjso)(cla"'Cj—th?Cj-i-l?”'aCn) :p'v'/c (p(Cl’7C2é1;z;§;+17’gn)dA(Z)

is bounded on £2?, j = 1,...,n. The proof of the boundedness of T} requires treatment
of the discrete Hilbert transform in Section 2 and other steps in Section 3.

In Section 5, we give a correct proof of the case 1 < p < 2 in Theorem 1.2.
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We then begin our preparation to prove Theorems 1.3 and 1.4. This preparation
consists of two parts. First, we need to show that each T} is bounded on the spaces L3P
and £2P~, 1 < p < oo. This requires Proposition 4.5 and the unconventional interpolation
in Sections 6 and 7. The second part of this preparation consists of Sections 8 and 9, which
deal with the membership of Hankel operators in general norm ideals. After this extensive
preparation, we prove Theorems 1.3 and 1.4 in Section 10.

We then prove Theorems 1.5, 1.6 and 1.7 in Sections 11, 12 and 13 respectively.
Finally, in Section 14 we present a generalization of Theorem 1.7.

Acknowledgement. The author wishes to thank the reviewers for their comments.

2. Discrete Hilbert transform

Let Z denote the collection of half-open, half-closed intervals [a,b) in R, —oc0 < a <
b < oo. For each interval I in R, we write |I| for its length.

Lemma 2.1. Given any m € N, there are pairwise disjoint I, ..., I, € T satisfying the
following four conditions:

(a) LU---UIl, D{1,...,m}.
(b) |1;| = dist(Z;, R\(0,m + 1)) for every 1 < j < k.
(c) UF_,I; C (0,m+1).
(d) 3|Z;| > card(I; N{1,...,m}) >0 for every 1 < j < k.
Proof. 1t is elementary that there are pairwise disjoint Ji,...,J,,... in Z such that
U ,J, = (0,m + 1) and such that |J,| = dist(J,, R\(0,m + 1)) for every v € N. Let
I,...,I; be the intervals J, satisfying the condition J, N {1,...,m} # 0. Then (a),
(b) and (c) follow from the properties of Jy,...,J,,.... For each 1 < j < k, since
I;n{1,...,m} # 0 by choice, (b) implies |I;| > 1/2. Therefore

3|1 > 1+ |I;| > card(I; NZ) > card(I; N {1,...,m}).

That is, (d) also holds. [

Let H be a Hilbert space and consider ¢?(Z,H), 1 < p < co. For 1 < p < oo, P(Z,H)
consists of sequences a = {ax} such that ay € H for every k € Z and such that

1/p
ol = (X ) <o
keZ
We define the maximal operator M on ¢P(Z,H) as follows. For each a = {ay} € (P(Z,H),
Ma is the scalar sequence {(Ma)y}, where each (Ma)y, is defined by the formula

1
(2.1) (Ma)k:sup{mZHCLjH:kEI, I €7 and |I|21}.

jeI
Lemma 2.2. The mazimal operator M satisfies the weak-type 1-1 estimate on £*(Z,H).
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Proof. Let a = {ay} € (*(Z,H). Given any A > 0, define A = {k € Z : (Ma), > \}. Since
a € (Y(Z,H), from (2.1) we see that there is a K € N such that A C [-K, K]. That is, A
is a finite set. For each k € A, there is an I}, € Z such that k € I, |Ix| > 1, and

1
(2.2) A > llagll = Av2.

S

By arranging the finite collection of intervals {I; : k € A} in the descending order of |Ij|,
we obtain a subset A’ of A which has the following two properties:

(1) I; NI =0 for all j # k in A’.

(2) If v € A\A, then there is a k(r) € A’ such that I, N Iy # 0 and [T | > |L].
For each k € A/, let I . be the interval in 7 that has the same center as I, but 3 times the
length. If v € A\A’ and k& € A’ are such that I, N I}, # () and |I| > |I,|, then In o 1I,.
That is, Ugea'Jy D A. Thus from (2.2) and property (1) above we obtain

A A ~
lalli > Z Z lla;ll = 5 Z [ k| = 5 Z 1|

kel jely, ke’ ke’

For each k € A/, since |I;| > 3, we have 2|I;| > 1+ |I,| > card(Iy N Z) > card(I; N A).
Therefore the above implies
card(A) < 1227 |al|;.

That is, M satisfies the weak-type 1-1 estimate on £*(Z,H) as promised. []

Obviously, the maximal operator M : {*°(Z,H) — ¢>°(Z) is bounded. Therefore, by
the usual interpolation, from Lemma 2.2 we obtain

Corollary 2.3. For each 1 < p < oo, the mazimal operator M : (P(Z,H) — (P(Z) is
bounded.

Next we consider the discrete Hilbert transform. For any a = {ax} € P(Z,H),
1 < p < 00, we define the sequence Da = {(Da)} by the formula

1
JEZ\{k}

Lemma 2.4. The discrete Hilbert transform D maps €*(Z,H) into itself. Moreover, the

norm of the operator D : (*(Z,H) — (*(Z,H) does not exceed 7.

Proof. Tt is straightforward to verify that when acting on £?(Z,H), D is unitarily equivalent
to the operator of multiplication by the scalar function

oo

(eikm — e_“”) =2 sin iz = i(ﬂ' — a:)
= E i
k=1 k=1

| =

on L%([0,27),H). O



Lemma 2.5. The discrete Hilbert transform D satisfies the weak-type 1-1 estimate on
(NZ,H).

Proof. This is an adaptation of a classic argument. See, e.g., [11, pages 129-131]. Let
a = {ay} € (1(Z,H). Given any X\ > 0, define A = {k € Z : (Ma), > \} and F = Z\A.
By Lemma 2.2, we have card(A) < oco. Thus if A # (), then A is the union of a finite
number of segments v + 1,...,v +m, where v € Z and m € N have the properties that
veFand v+ m+1¢€ F. Applying Lemma 2.1 to each such segment, we obtain a finite
number of pairwise disjoint intervals I,..., [, € Z satisfying the following conditions:

(1) Lu---UI,. DA.

(2) |I;]| = dist(I;, F) for every 1 < j <.

(3)I,NZ=1;NA forevery 1 <j <r.

(4) 3|1;] > card(l; N A) > 0 for every 1 < j <r.
Denote N; = card(l; NA), 1 < j <r. From (3) and (4) we obtain 2N; > N; + 1 > |I;],
1 < j <r. For each k € Z, we define

gr = arxr (k) + Z (Ni Z ai) xr, (k) and

Jiernz
- 1
b =ak—gr= (ak - N > az’)XIj(k)-
j=1 J iel;NZ

Then a = g + b, where g = {gx} and b = {b;}. Obviously, we have ||b||; < 2||a];.

To complete the proof, it suffices to consider £ = {k € Z : ||(Da)|| > 2A}. The above
givesus E C GU B, where G ={k € Z: ||(Dg)r|]| > A\} and B={k € Z : ||(Db)x| > A}.
We will estimate card(G) and card(B) separately.

It follows from Lemma 2.4 that
(2.3) card(G) < m2A72||g]|3.

Thus we need to estimate ||g||3. For each 1 < j < r, if we let .J; be the interval in Z that
has the same center as I; but 5 times the length, then (2) tells us that J; N F # (). That
is, for each 1 < j <r, thereis a k; € J; N F. Thus for each 1 < j <,

1
HE,Z

EIjﬁZ

10

= BA Z lail] <10(Ma)x, < 10X,
J %

GJjﬁZ

where the last < follows from the definition of F'. Consequently,

2 T
3 a| Ml #1003 S ol < 0ol

i€l;NZ kEF j=14€l;NZ

T

lgll3 = > llarl® + )
j=1

keF

Combining this with (2.3), we find that

card(G) < 107X ||al|1.
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Next we consider card(B).

By Lemma 2.2, we have card(A) < CyA7!|all;. We will show that
(2.4) card(B\A) < 1617 |a|1,

which will complete the proof. For each 1 < j < r, define b)) = {bg )}, where

; 1
b](j) — <ak — F Z CLZ‘)X[J. (k), keZ.

Jiennz

Then b = b +- .- +b("). Moreover }_,_, bgj) D ic1;nz bgj) = 0 for each j. Let ¢; denote
the center of I;, 1 < j <r. For k € F,

- b(.j) T b(-j)
D=3 > == > =
Jj=14ieZ\{k} j=14i€l;NZ
T ! Lo -y Ul BAE)
= T bi‘7 = y J bij )
JZ:;%EIXJ‘;Z(IC_@ k_tj) ;ie JNZ (k —i)(k — 1)

Since k € F, for each j we have |k—t;| > dist(I;, F) = |I;|. If i € I;,NZ, then |k—t;|+|I;| >
|k —i|. That is, 2|k — t;| > |k — | for every pair of 1 < j < r and i € I; N Z. Hence

> Do) < ZZQW ZWI

keF keF j=1 i€l; ﬂZ i€l;NZ kEF
d : 1 ; 1
<4d> >0 Ll Yo ;=4Z > IS .
j=14i€l;NZ v>dist(1;,F) j=14i€l;NZ v> |1,

where the last step follows from (2). Consequently,

ST <83 ST ] =86l < 16]jal1.

kel J=14€;NZ

Since B\A = {k € F : ||[(Db)x|| > A}, (2.4) follows from this. This completes the proof. [J

Proposition 2.6. For each 1 < p < oo, the discrete Hilbert transform D is bounded on
P(Z,H).

Proof. Applying Lemmas 2.4 and 2.5, when 1 < p < 2, the boundedness of D on ¢P(Z,H)
is obtained by standard interpolation. The boundedness of D in the case 2 < p < o0 is
then obtained from its boundedness in the case 1 < p < 2 and the duality between ¢P(Z, H)
and (#/(P=1(Z, H). O



3. The space L??
Let 1 < p < oo and let G be a Hilbert space. For a G-valued measurable function f

on R, we define
p/2y1/p
ke = {3 ([ Wt apeas) 1
keZ

Further, we define L?P (G) to be the collection of G-valued measurable functions f on R
satisfying the condition ||f||2, < oo.

Proposition 3.1. For each 1 < p < oo, the Hilbert transform

(Hf)(x) =p.v. / %dt, r €R,

is a bounded operator on L*P(G).

Proof. Obviously, H = Hy + Hs, where

le—t|>1 L — z—t|<1 L —1

f € L*?(G). It suffices to show that both H; and Hy are bounded on L*P?(G).
In the case of Hj, note that for any k € Z and = € [0,1), we have

ft
= [ = ) )
r—t|>
where
—i—t
() = 3 / - J+x_tdt and
FEZ\{k—1,k,k+1} J
() = / L
[k—1,k+2)\[k+z—1,k+z+1] ktx—t
We have
—l—t
(3.1) Z / — j—|—aj—tdtZUk_vk(x)+wk’
l7—k|>2 J
€ [0,1), where
N Sy
JGZ\{k}

_ (z—t)f(+1)
”’“(”‘U_;Zz/o CErErEn Iy

wk:/l{f(k+1+t)—f(k—1+t)}dt.
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For each j € Z, we define

1 1 1 1/2
= [ G+nd b= [5G+ 0l ana q=(/nﬁHﬁWﬁ)-
0 0 0

Obviously, we have [la;[| <b; <¢; and >,z cj = || f[[5,- It is also easy to see that

Il < ¢ 2:

k\>2

J

for all k € Z and = € [0,1). Thus

([mran)"< (e 5 G2
fto)Pde) < (c <)
0 —k|>2 (k—4)
c 1 p-1
P J
L =R =)
l7—k|>2 l7—k|>2
Therefore
p
(32) (/|m udﬁ oY ¥ o salf,
kEZ kEZ | k\>2
Since wg = ax+1 — ax—1, we have
(3.3) S lwelP <2070 “(larra P+ lan—1l?) < 27| £15 -

keZ keZz

If we set u = {ux} and a = {ay}, then w = Da, where D is the discrete Hilbert transform
introduced in Section 2. Applying Proposition 2.6, we have

(3.4) Do lwllP < Cs ) llaxl” < G315,

keZ keZ

Combining (3.1)-(3.4), we conclude that

2
(3.5) (/u% Hm) <310y + 27 + C)|FI2,

keZ

It is obvious that ||hg(x)|| < bg—1 + by + b1 for all k € Z and = € [0,1). Hence

2
(3.6) ( e qu <372
kEeZ /P ’ ?
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Combining (3.5), (3.6) with the relation (Hyf)(k + x) = gx(x) + hi(z), we obtain
1 p/2
I, =3 ( N x>||2dx) < GsIfIE,.
keZ

That is, H; is bounded on L?*?(G). Next we consider Hs.

First of all, Hy is bounded on L?(R,G). To see this, observe that L?2(G) = L*(R, G).
Thus by what we proved in the above, H; is bounded on L?(R,G). Since we know that H
is bounded on L*(R,G), Hy = H — H; is bounded on L*(R,G).

Given any f € L*P(G), we define
pr(T) = X[k,k+1)(90)f(95)
for all k € Z and x € R. For k € Z and z € [0,1), it is easy to see that
(H2f)(k + x) = (Happ—1)(k + ) + (Hapr ) (k + @) + (Ha20r41) (K + 2).

Therefore by the preceding paragraph, we have

1 k+1 1
/ |(Hof)(k+2)2dz <3 3 / |(Hap))(k + )| de
0 Pl
k+1 0o k+1 1
< Y / oy (@)|Pde = Cs 3 / 170 + 2)|Pd.
j=k—1V 7> j=k—1"0

Consequently,

1H2f15, =D (/01 I(Haf)(k + x)HQdfC>p/2

keZ
k+1

1 p/2
<o S ([ ara) =scii,

kEZ j=k—1

This proves the boundedness of Hs and completes the proof of the proposition. [

Proposition 3.2. Let —o0 < a < b < oo and let X be any Hilbert space. For each
1 < p < oo, let L?P([a,b),X) be the collection of X-valued measurable functions f on
R X [a,b) satisfying the condition || f||2,p.a,p < 00, where

1 ,b p/2
1B ps =3 ([ [ 150+ 2y Panas)

keZ
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Define the operator H,y by the formula
t
(Hopf)(x,y) = p.v./%dt, rzeR and y € [a,b),
f € L*?([a,b),X). Then Hgy is bounded on L*P([a,b),X) with a norm independent of

a,b.

Proof. Observe that if we set G = L?([a,b), X), then L?P(G) = L??([a,b), X). Thus H,
has the same norm as that of the H in Proposition 3.1. [J

4. The operator T

Let dA denote the natural area measure on C. For each a = (a1, o) € Z?, we define
the square

(4.1) I,.={ay+x+i(las+y):xz,yel0,1)}

in C. Let X be a Hilbert space. For each 1 < p < oo, we define £L2P(X) to be the collection
of X-valued measurable functions ¢ on C satisfying the condition ||¢||2, < 0o, where

=Y () ||so<z>||2dA<z>)p/2.

acZ?

o

Furthermore, we define

(Ho)(z + iy) = p.v. / @dt, z,y € R,

Proposition 4.1. For each 1 < p < 0o, the operator H is bounded on L2P(X).

Proof. For each j € Z, define the subspace
L;={pecL?(X):p(x+iy)=0forallyc R\[j,j+1) and z € R}

of £2?(X). By Proposition 3.2, H is bounded on each L;, with a norm that is independent
of j. Obviously, H maps each £; into itself. Therefore H is bounded on £*?(X). O

Let 0 € R. For p € L?P(X), we define

(Rop)(¢) = 9(e¢), (eC.

Proposition 4.2. For every pair of 1 < p < oo and 6 € R, the operator Ry is bounded
on £2’p()(). Moreover, given any 1 < p < oo, there is a constant 0 < Cyo = Cyo(p) < 00
such that for every 6 € R, the norm of the operator Ry : L2P(X) — L*P(X) is bounded by
Cy.2.
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Proof. Given any 6 € R, we define I,y = ¢I,, a € Z2. Given any pair of § € R and
o € 22, define Byg = {8 € Z? : Is N I0p # 0}. For a = (a1, 0), if Ig N 149 # 0, then
we have |e?(a; +iag) — 2| < 2v/2 for every z € Ig. Therefore card(Ba.¢) < 32. For any
¢ € L2P(X), by the rotation invariance of dA, we have

IRl = 3 ( | r|so<z>||2dA<z>)p/ <y 3 [ TePaa ) "

a€Z? a€Z? BEBq.g

Hence

p/2
(42)  |[Rolh, <32°71 Y card{a € Z% : I N Loy # @)}( ||g0(z)||2dA(z)) :
I

Bez?

For B = (B1,B2), if Is N I,.0 # (), then we have |8 + iBs — 2| < 2V/2 for every z € I,4.
Hence card{a € Z? : I3 N 1,9 # 0} < 32 for every B € Z?. Substituting this bound in
(4.2), the proof is complete. [

Proposition 4.3. Let 1 < p < co. For p € L?P(X) we define

(Sv)(C) = %P-V-/%dfl(z), ¢ eC.

Then S is a bounded operator on L*P(X).

Proof. Integrating in the polar coordinates, for any € > 0 we have

2m
L et = L —“"/ Gl P

2m |z|>€ Z|Z|

r

_ / P(C+re) —p(C—re®)

—1 0 N
— ¢ _oH
or ), © (R_gH:Rop)(¢)d0,

where

(ﬁew)(a:—i—iy):/oo T/J(x+iy—r)—¢(w+iy+r)drz/ w(t+iy)dt.

r |z—t|>e r—t
Letting € descend to 0 in the above, we obtain the operator identity

-1 a . -
S=— [ e R_4gHRydo.
27T 0

Thus the boundedness of S : £L2P(X) — L2P(X) follows from Propositions 4.1 and 4.2. [

13



Proposition 4.4. On each £L*P(X), 1 < p < oo, the formula
p(2)
T)(C :p.v./—dA ), C€C,
(T¢)(<) 5dA)
defines a bounded operator.

Proof. Tt was shown on page 65 in [1] that T'= 752, (Note that our T is — times the T
defined on page 62 of [1].) Hence the boundedness of T" follows from Proposition 4.3. [J

We now consider the standard partition of C™ by cubes of the size 1 x 1 x --- x 1 x 1.
That is, for each a = (a,. .., ae,) € Z2", we introduce the cube

(43) Qa = I(Oél,OéQ) X X I(a2n—17a2n)7

where, for each 1 < j < n, I(q,,_,,a,,) is defined by (4.1). For each 1 < p < oo, we define
L2? to be the collection of complex-valued measurable functions ¢ on C™ satisfying the
condition [|¢||2,, < 0o, where

bp= D (/ Iso(Z)IQdV(z))p/Q.

a€Z2n o

lle

Proposition 4.5. On each L3P, 1 < p < oo, the operators

N R s e e O

(C1y...,Cr) € C™, 1 <j <mn, are bounded.

Proof. In the case n = 1, L3P = £2?(C) and T} is just the T in Proposition 4.4. Hence
T; is bounded if n = 1.

Suppose that n > 2. Obviously, in this case we also only need to consider 7. For
T=(T1,...,Ton_2) € Z*>"~2, we define

AT = I(7'177'2) Xooe X I(TZn—Sa

7—2n—2)’

where I(7,. | -,y is given by (4.1), 1 < j <n — 1. We then define, for each 7 € 7?72 the
subspace
LoP ={pe LyP:p=0o0n C"\(CxA;)}

of LZP. If we set X, = L*(A;), then LZ2 = L>P(X,). Therefore, by Proposition 4.4,
Ty : Ei’ﬁ_ — ,Ci’;];

is bounded, and its norm is independent of 7 € Z?"~2, because all the X,’s are isometric
images of each other. For each ¢ € £2P, we have

lelz, = Z:}:([MLWKWWKOM-

T€Z2n72 B€Z2

14



From these facts we conclude that T; is bounded on £2?. This completes the proof. []

5. Proof of Theorem 1.2 in the case 1 <p < 2
We begin with a slightly different version of [14, Lemma 7.1].
Lemma 5.1. Let f € C%(C") N L>(C™) be a function which has the property that 9;f €
L2P for some j € {1,...,n} and 1 < p < co. Then
(5.1) 8]f = —7T_1Tj <5jf),

where T} is the operator in Proposition 4.5.

Proof. As in [14], we pick a v € C°°(R) which has the properties that 0 < v < 1 on R,
that v =1 on (—o0,0], and that v =0 on [1,00). For each w € C, we have

(5.2) lim /Md/l(z)< lim / IVl g4y = 0.

R—o00 ’Z - w’2 " R—oo 0§|Z‘—R§1 ‘Z - w‘Z

For each R > 0, define vg((1,...,¢n) = 7(|(j| — R). Given an f as in the statement of
the lemma, we define the function fr = vy f for each R > 0. Then, as in the proof of [14,
Lemma 7.1], we have

0; o Gl 41y Cn ~
fR(Q,...ijl,CjCjﬂ,...,Qn) = QLm/C( ij)(Cl’ 7?_14’:’@“’ .G )dz/\dz
and
(5.3) —n0;fr = Tj(9;fr) = Tj(f05vr) + Tj(vrO; f).

Also see [2, pages 94-95]. Since f € L*>(C"), it follows from (5.2) that
(5.4 lim T(9,7m)(C) = 0

for every ¢ € C". It is obvious that, as R — oo, we have |vrO; f — 0; fll2.p — 0. Applying
Proposition 4.5, we have || T;(vr9; f) — Tj(9;f)||2p — 0 as R — oo. Combining this £2?
convergence with (5.4), if we take the limit R — oo in (5.3), we obtain (5.1). O

Proof of Theorem 1.2, the case 1 < p < 2. Let f € L>(C") be such that Hy € C,. Take
the decomposition f = f; + fo with fi € C?(C") as in the original proof in [14]. As was
correctly shown in [14], Hg, € C,. The problem in [14] was the inequality

127, |lp < ClOf1l e,
which is incorrect in the case 1 < p < 2. The correct inequality is, in the notation of [14],

1H g, 1l < ClIMz(10f1])] o
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Thus we need to show that ||Ma,(|0f1])||» < co. By the definition of My, in [14], the
condition ||Maz,(|8f1])||Lr < oo is equivalent to the membership 9;f1 € L3P for every
1 < j < n. Since 9; f1 = 9, f1, it suffices to show that 9;f; € L2P for j =1,...,n.

It was shown in [14] that the membership Hy € C, implies || M, (|0 f1])]|Lr < co. Thus
0jf1 € L2P for every 1 < j < n. Further, it is known that the membership f € L>°(C")
implies the membership f; € L>°(C™). Therefore, by Lemma 5.1,

0;fr = —7'T;(0; f1)

for each j € {1,...,n}. Thus by Proposition 4.5, the membership 5jf1 € L2P implies the
desired membership 9; f1 € £2P, j =1,...,n. This completes the proof. [J

6. Symmetric gauge functions and associated ideals

As preparation for the proofs of Theorems 1.3 and 1.4, we now introduce general
operator ideals. Our main reference for this discussion will be [12]. Following [12], let ¢
denote the linear space of sequences {a;};en, where a; € R and for every sequence the
set {j € N :a; # 0} is finite. A symmetric gauge function (also called symmetric norming
function) is a map

d:¢—[0,00)

that has the following properties:
(a) ® is a norm on ¢.
(b) ®({1,0,...,0,...})=1.
(c) ®({a;}jen) = ®({|ar(;)|}jen) for every bijection 7 : N — N.
See [12, page 71]. Each symmetric gauge function ® gives rise to the symmetric norm

(6.1) [4lle = sup ®({s1(A). .. 55(4),0,....0.... )

for operators. On any separable Hilbert space H, the set of operators
(6.2) Co ={A€B(H):|Ale < oo}

is a norm ideal [12, page 68].

For our purpose, we need to extend the domain of definition of a symmetric gauge ®
beyond the space ¢. Suppose that {b;};cn is an arbitrary sequence of real numbers, i.e.,
the set {j € N : b; # 0} is not necessarily finite. Then we define

(6.3) 2({bs}jen) = sup @({b,- b, 0,0, ).

More generally, for any countable, infinite index set A, we define

(6.4) D({bataca) = P({bn() }jen),
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where h : N — A is a bijection. Property (c) above ensures that the value of ®({bs}aca)
is independent of the choice of the bijection h : N — A.

Let us recall some familiar examples. For each 1 < p < oo, the formula ®,({a;};en) =
(3521 laglP )1/ defines a symmetric gauge function on ¢, and the corresponding ideal Co,
defined by (6.2) is just the Schatten class C,. For each 1 < p < 0o, we define the symmetric
gauge functions @; and @, defined by the formulas

vy Narl e lang)] IR )
q)p ({a]}JGN)_igll) 1_1/p+"‘+j_1/p and (I)p ({a]}JEN) _Zj(p—l)/p’

Jj=1

{a;}jen € ¢, where 7 : N — N is any bijection such that |a,1)| > |ar@)| > -+ > |az)| >

-+, which exists because each {a;}jen € ¢ only has a finite number of nonzero terms.

Then the ideals Cg+ and Cgp- defined by (6.2) using @ and ®, are none other than the
p p

Lorentz ideals C;r and C, introduced earlier.

Let a = {a1,...,a;,...} be a sequence of non-negative numbers. For each s > 0, we
denote
N(a;s) = card{j € N:a; > s}.

Lemma 6.1. [8, Lemma 2.1] Let 1 < p < oco. Then for every sequence of non-negative
numbers a = {a1,...,a;,...} we have

| @y s <@y @) <p [ (N} s
0 0
Proposition 6.2. [8, Proposition 2.2] For every sequence of non-negative numbers a =
{a1,...,a;5,...} and every s > 0, define the sequencea”(s) = {ay (s),...,a)(s),...}, where
0 i a;>s
ajv(s) = , j€EN.
aj if a; <s

Then given any 1 < p < r < oo, there exists a constant 0 < Cg.o < 00 such that

(6.5) | (e <aV<s>>)r/pds < Co2®; (0)

for every sequence of non-negative numbers a = {aq,...,a;,...}.
Proposition 6.3. [8, Proposition 2.3] For every sequence of non-negative numbers a =

{a1,...,a;5,...} and every s > 0, define the sequence a”(s) = {ay (s),...,a}(s),...}, where

aj if a;>s
aj(s) = , JEN.
0 i a;<s

17



Then given any 1 < r' < p < oo, there exists a constant 0 < Cg.3 < oo such that

(6.6) /OOO (%@j(a/\(s)))rl/pds < Ce.32, (a)

for every sequence of non-negative numbers a = {as,...,a;,...}.

The significance of Propositions 6.2 and 6.3 is this: if we want to dominate a quantity
Q by @, (a), it suffices to dominate parts of @ by the integrals in (6.5) and (6.6). This in
turn highlights the importance of the symmetric gauge functions @, 1 < r < co. Below
are two important facts about this family of symmetric gauge functions.

Lemma 6.4. [7, Lemma 5.6] Suppose that 1 < p < co. Let a« = {ay,...,ak,...} be a
non-increasing sequence of non-negative numbers. Define

F,(a) = sup k'/Pay.

k>1
Then .
p E—
P Fyfe) < 05 (0) < Fyfa)
Given a sequence of non-negative numbers a = {ai,...,ax,...}, the conventional
weak-type inequality states
(6.7) N(a;s) < (®p(a)/s)”

for s > 0 and 1 < p < oo, where ®,, is the symmetric gauge function for the Schatten class
Cp. Below is an improved version of (6.7):

Lemma 6.5. [8, Lemma 2.6] Suppose that 1 < p < oo. Then for every sequence of

non-negative numbers a = {aq,...,ak, ...} and every s > 0 we have
P P
b 1 +
N(a;s) < | —— -0 .
(ais) < (p—l) (3 p(a))
Lemma 6.6. Let a = {ay,...,ax,...} be a sequence of non-negative numbers. Let 1 <

p<oo,0 <M< oo and0 <71 < oo. If the inequality
(6.8) N(a;s) < M(1/s)?

holds for every s > 0, then @} (a) < 2M/Pr,

Proof. There is an injection m : N — N such that ar;y > ar (41 for every i« € N and such
that ap = 0 for every k € N\{7(¢) : i € N}. Consider any ¢ € N such that a,) # 0. Set
S = aﬂ(i)/Q. Then by (6.8),

i < N(ass) < M(7/s)" = M(Q271)"a (.
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Solving this, we find that
Ar(i) < oMY/ Pri—1/P

if ar;) # 0. This inequality, of course, also holds in the case ar;y = 0. Obviously, this
inequality implies @; (a) < 2MYPr. O
7. Interpolation

Let X be a Banach space. We now define three families of spaces.

The first family consists of the familiar spaces ?(N, X), 1 < p < oo. That is, /7(N, X)
is the collection of the sequences a = {a;} satisfying the condition ||a||, < oo, where a; € X

for every j € N and
(e’ 1/p
lall, = (Zuajnp) — &, ({lla;11}).
j=1

For each 1 < p < o0, let £ (N, X) be the collection of the sequences a = {a;} satisfying
the condition [lal; < co, where a; € X for every j € N and

lally = @5 (llas|})-

This gives us the second family of spaces. The third family consists of the spaces (N, X),
1 <p<oo. For each 1 < p < 00, let 7 (N, X) be the collection of the sequences a = {a;}
satisfying the condition [[al|, < co, where a; € X for every j € N and

lall,” = @, (Ulas]l})-

Furthermore, we define foo(IN, X) to be the collection of a = {a;} satisfying the
conditions that a; € X for every j € N and that

card{j € N :a; # 0} < oo.

That is, if a = {a;} € loo(N, X), then the sequence {a,} has at most a finite number of
nonzero terms.

For any a = {a;}, where a; € X for every j € N, and any s > 0, we denote
N(a;s) = card{j € N : ||a;|| > s},

which is consistent with the corresponding notion in Section 6.

We now prove two interpolation results. The first result tells us that boundedness
with respect to || - ||/ can be obtained through boundedness with respect to || - ||, and
|-l <p<r.

Proposition 7.1. Let 1 < v’ < r < oco. Suppose that A : {"(N, X) — ("(N, X) is a
bounded operator. Furthermore, suppose that there is a 0 < B, < oo such that

(7.1) [Az[|, < Byl
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for every x € Loo(N, X). Then for each r’ < p <r, A maps £, (N, X) into itself, and there
is a 0 < C(p) < oo such that
[Aall; < C(p)lally

for every a € £ (N, X).

Proof. For each 1’ < p < r, since £, (N, X) C £"(N, X), A is uniquely defined on /% (N, X).
What we need to show is that there is a constant 0 < C(p) < oo promised above.

Given an a € {po(N, X), denote

p
R=——|lall;.

p—1
By Lemma 6.4, there is a bijection 7 : N — N such that
(7.2) lax@ | < R/iY/P  for every i € N.

For each s > 0, we define the sequences b(s) = {b;(s)} and c(s) = {c;(s)}, where the terms
are given by the formulas

A (4) if 1<i<(R/s)P 0 if 1<i<(R/s)P
br(i)(8) = and  cr(;(s) = ,
0 if i>(R/s)P A (4) if i > (R/s)P

i € N. Applying (7.1), (7.2) and using the fact that r'/p < 1, we have

N(Ab(s);s) < 57" Ab(s)|l7 < Bls™" [b(s)l = Bps™ Y laxl”
1<i<(R/s)P

(7.3) <BLs™ Y (RfiMP)T <O RT{(R/s)PH) = Oy (R/s)P
1<i<(R/s)P

Write B, for the norm of the operator A : ¢"(N,X) — ¢"(N, X), which is finite by
assumption. Applying (7.2) and using the fact that r/p > 1, we also have

N(Ac(s);s) < 57" Ac(s)ll; < Brs™ lle(s)lly = Brs™ > llanoll”
i>(R/s)P

(7.4) <Bls™" Y (R/iMP) < CysTTRT{(R/s)P} /P = Cy(R/s)P.
i>(R/s)P

Since a = b(s) + ¢(s), we have Aa = Ab(s) + Ac(s). Thus (7.3) and (7.4) together give us
N(Aa;2s) < N(Ab(s); s) + N(Ac(s); s) < Cy(R/s)”
for every s > 0, where C3 = Cy + (5. A simple rescaling gives us the inequality
N(Aa;s) < 2°C3(R/s)" = Cu(llally /5)"”
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for all a € £po(N, X) and s > 0, where Cy = C3{2p/(p — 1)}?.

Now consider an arbitrary a = {ax} € ¢4 (N, X). For each m € N, if we define the
truncated sequence
'™ ={ay,...,am,0,...,0,...},

then obviously a(™) € £4o(N, X) and [[a™| . < |la|l;f. Moreover, |[Aa — Aa{™||, — 0 as
m — oo. Thus it follows from the above inequality that

N(Aa;s) < Ca(llally /)"

for all a € £, (N, X) and 5 > 0. By Lemma 6.6, this means ||Aa||} < 2C’i/p||a||; for every
a € * (N, X). This completes the proof. O

Proposition 7.2. Let1 < r’ <r < co. Suppose that A : Loo(IN, X) — ﬁi(N,X) is a linear

transformation. Furthermore, suppose that there are 0 < C(r') < oo and 0 < C(r) < o©

such that

(7.5) [Az] < CO )|zl and [Az[F < C(r)|l=|lF

for every x € Lyo(IN, X). Then for each v’ < p < r, there is a 0 < D(p) < oo such that
[Aall, < D(p)llall,

for every a € Lyo(N, X). Consequently, A naturally and uniquely extends to a bounded
operator on (¥ (N, X).

Proof. Let a = {a;} € loo(N,X) and s > 0. We again decompose a in the form a =
b(s) + c(s), but this time the sequences b(s) = {b;(s)} and c(s) = {c;(s)} are defined
according to the following rules:

a; if ;| >s 0 if Jaj|l >s

bi(s) = and c¢;(s) = )

0 if [la;]l <s a; if Jla;l| < s

j € N. Writing Cy = {r//(r' — 1)}"", it follows from Lemma 6.5 and (7.5) that
N(Ab(s); s) < C1([[Ab(s)[I,5 /5)" < Ca(llb(s)II)5/5)"

Since r’ < p, we can apply Proposition 6.3 to obtain

(7.6) / {N(Ab(s); 8)}!/Pds < C21/p/ (Ib(s)II,7/5)" Pds < Cslall, -
0 0

It also follows from Lemma 6.5 and (7.5) that

N(Ac(s);s) < Ca(l[Ac(s)]1,7 /)" < Cs(lle(s)[F/5)"-
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Since p < r, we can apply Proposition 6.2 to obtain
(7.7) / {N(Ac(s); )} /7ds < CJ/7 [ (lle(s)[l /)"/Pds < Cilall,,
0 0

The relation a = b(s) + ¢(s) means that N(Aa;2s) < N(Ab(s);s) + N(Ac(s);s) for every
s > 0. Hence from (7.6) and (7.7) we obtain

/ (N(Aa; 25)} /7 ds < / (N (Ab(s): 9)}/7 + {N(Ac(s): 5)}/7)ds < Crllall;
0 0
where C7 = C3 + Cs. Applying Lemma 6.1, we find that
lAdll; < p / (N(Aa; 5)}/7ds = 2p / (N(Aa; 25)}/7ds < 2pCslall;
0 0

which proves the proposition. [J

We recall the cubes Q, C C" defined by (4.3), a € Z?". In addition to the spaces
L£2? defined in Section 4, 1 < p < oo, we now define two more families of spaces.

For each 1 < p < 0o, we define £L2PF to be the collection of complex-valued measur-
able functions ¢ on C™ satisfying the condition HQOHQ_ p < 00, where

(73) loti, =5 (1 [ le@Paves) 1/2}aez2n>'

Similarly, for each 1 < p < oo, we define £2P~ to be the collection of complex-valued
measurable functions ¢ on C" satisfying the condition |||, , < oo, where

(79) el = ({( [ '¢<Z>'2dv(z))m}aem)‘

The main conclusion of the section is that the analogue of Proposition 4.5 holds for these
two families of spaces.

Proposition 7.3. On each L2771 < p < oo, the operators

(Tj¢)(C17---7Cn) :p.V./SO(Cl’”.’ (Jgjl’_z;gg—i_l’,gn)d/l(z)a

(C1y...,Cr) € C™, 1 <j <mn, are bounded.

Proof. From (4.3) we clearly see that Q, = Qo + « for every a € Z?". Let X = L?(Qy).
Let b : N — Z2" be a bijection. Then any function ¢ on C" is naturally identified with
the sequence of functions {¢,} on Qg, where

pi(2) = (7)) + 2), 2z € Qo,
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j € N. This naturally identifies £2? with ¢/(N, X) and £2PF with ¢£ (N, X). Under this
identification, Proposition 4.5 tells us that T} : ¢?(IN, X)) — ¢?(N, X) is bounded for every
1 < p < oco. Thus it follows from Proposition 7.1 that T} : £ (N, X) — ¢ (N, X) is also
bounded for every 1 < p < oo. [J

Proposition 7.4. On each L3P, 1 < p < oo, the operators

(TJSO)(Cb,Cn) ZpV/ @(Cl; ’C(JCTJI’_Z;)Cg—Fl’,C”)dA(Z),

(C1y...,Cn) € C™, 1 < j <mn, are bounded.

Proof. Again, if we let X = L?(Qq), then £2P~ is naturally identified with ¢ (N, X).
Proposition 7.3 tells us that under this identification, T; : ¢4 (N, X) — ¢4 (N,X) is
bounded for every 1 < p < co. Applying Proposition 7.2, we see that T; : /¥ (N, X) —
¢? (N, X) is also bounded for every 1 < p < co. I

8. Hankel operators in norm ideals

The purpose of this section is to derive two convenient sufficient conditions for a Hankel
operator on H?(C™,du) to belong to a general ideal, and these sufficient conditions will
be applied in the proofs of Theorems 1.3 and 1.4.

Let k. denote the normalized reproducing kernel for H2(C",du). That is,
ko (Q) = el e lFP2 4 e o
For each z € C™, let 7, be the translation 7,(¢) = { +z, ( € C™. Asin [20,3,10], we define
T(C™) = {f € L*(C",dy) : for, € L*(C",dyu) for every z¢& C"}.

Obviously, f € T(C") if and only if fk, € L?*(C",du) for every z € C™. Thus if f €
T (C™), then the Hankel operator Hy at least has a dense domain in H?(C™, dp).

From now on it will be convenient to identify Z2" with the standard lattice in C™.
That is, for ji,k1,...,Jn, kn € Z, we will identify

(]17k177]n7kn> with (]1 —|—Zk1,,]n—|—2kn)

Thus for £ C C" and u € Z?", the translation F + u makes sense.

We define the open cube

(8.1) W= {(w1+iy1,. .., Tn +iYn) 1 X1, Y15, Tn, Yn € (—1,2)}

in C™. For f € T(C") and u € Z*", we define the quantity

i) = { L[ - f<w>\2dv<w>dv<z>}l/2.
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We need the following result:

Theorem 8.1. [10, Theorem 1.2] Let f € T(C™) and let ® be an arbitrary symmetric
gauge function. Then we have the simultaneous membership of Hy € Co and Hy € Co if
and only if

(8.2) O({J(f;u) uezen) < 00.

Recall that for each o € Z?", the cube @, was defined by (4.3). Now for f € T(C")
and o € Z?", we define the quantities

1/2 1/2
83 A ={ [ U@Pve) wd sra={ [ forave}
e W+a
We further define the set
(84) &= {(]1 + ’ik?l, ce 7jn + Zkﬁn) : jl» kl, .. .jn, kn S {—1, 0, 1}}

Lemma 8.2. For any set of non-negative numbers {xs}ocz2n and any symmetric gauge
function ®, we have

@({ ZﬂfaJre}an%) < 37" ®({za}aczen)-

ec

Proof. By the properties of symmetric gauge functions, we have
Q)({ ZmOH—E} ) < Z(I)({xa-l-e}an?”)
e€E aEeZn €€

and ®({Zate}aczen) = P({xa}aczen) for every e € £. O
The main goal of the section is to derive Propositions 8.3 and 8.5 below.

Proposition 8.3. Let f € T(C") N CYC") and let ® be an arbitrary symmetric gauge
function. If

(8.5) AV ] u)uezen) < o0,

then we have Hy € Co and Hf € Cop.
To prove Proposition 8.3, let us first establish the following elementary fact:

Lemma 8.4. Let ¢ be any non-negative, measurable function on W. Then

(8.6) /W /W /0 1g0(tz+(1—t)w)dth(w)dV(z) < 62" /W o(z)dV (z).
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Proof. Observe that, by the limit theorems in Lebesgue integral, it suffices to prove (8.6) for
the simple case where ¢ is the characteristic function yg of a measurable subset £ C W.
For xg, we have

1
/ / / xe(tz 4+ (1 —t)w)dtdV (w)dV (z) = I; + Iz,
w Jw Jo

where

I = /1 ;{ /W /W XE(tz-i—(1—t)w)dV(w)dV(z)}dt and

I = /0 v { /W /W Xtz + (1 — t)w)dV(w)dV(z)}dt.

For each pair of t € [1/2,1] and w € W, let B} ,, = {z € W : tz+ (1 —t)w € E}. Then
we have E; ., Ct 'E —t (1 —t)w. Thus by the translation and scaling properties of the
volume measure,

V(Eiw) <V 'E)=t"2"V(E) < 2*V(E).

Consequently,

L= / 1 / V(Eyw)dV (w)dt < (1/2)V(W)22V(E) = (1/2)62V(E).
12w

Similarly, for each pair of t € [0,1/2] and z € W, if we define F; . = {w € W : tz+(1-t)w €
E}, then V(F; .) < 22"V (E). Consequently,

I = / v / V(FL)dV (2)dt < (1/2)V(W)22V (E) = (1/2)62"V (E).
0 w

Thus we see that (8.6) holds in the case ¢ = xg. As we explained above, this means that
(8.6) holds for all non-negative, measurable functions ¢ on W. O

Proof of Proposition 8.3. For each a € Z*", W + a C UccgQare. Hence by (8.3) and
Lemma 8.2, condition (8.5) implies

(8.7) OBV fl;u)}uezan) < oo

Thus, by Theorem 8.1, to complete the proof, it suffices to show that (8.7) implies (8.2).
To show that (8.2) holds, it will be convenient to identify C™ with R?" in the natural way.
Since our f is in C!, for any u € Z>" and any z,w € W + u, we have

£(2) — flw) = / ez + (1= )t = / (VF)(tz + (1 tyw), z — w)dt,
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where the (-,-) is taken in the sense of the inner product on R?". Since z,w € W + u, we
have |z — w| < 3v/2n. Hence the above implies

1f(2) — fw)? < 18n/0 (V) (tz + (1 — tyw)|2dt.

Applying Lemma 8.4, we have

J(f;u) < 18n /W+u /W+u/o (V)(tz + (1 = t)w)|*dtdV (w)dV (z)
< 18n62”/ (VF)(x)[2dV (z) = 18n6*" B(|V f; u).
W+u

Therefore (8.7) implies (8.2). This completes the proof. [J
Proposition 8.5. Let f € T(C™) and let ® be an arbitrary symmetric gauge function. If

(8.8) S({A(f;u) tuezen) < o0,
then we have Hy € Cy and Hf € Cop.
Proof. Again, by Lemma 8.2, (8.8) implies

Q{B(f;u) uezan) < 0.

It is obvious that for any u € Z*",
J(fiu) < 2{V(W)}1/2B(f; u) =2-3"B(f;u).

Hence (8.8) implies (8.2). Applying Theorem 8.1, we obtain the memberships Hy € Co
and H)? €Cqe. I

9. Local projections

We now introduce a partition by smooth functions, which is well known in the case
of Bergman space. See [17,15,16,9]. The following is its Fock-space adaptation. Denote

Q={(r1+1iy1,...,Tn +1Yn) : T1,. ., Tn,Y1,---,Yyn € [0,1)} and
S={(x1+ Y1, Tn +0Yn) : T1y vy TnyY1,---,Yn € (—1/2,3/2)}.

Thus Q = Qo (see (4.3)). Fix an n € C°>°(C") satisfying the following three conditions:
(1)0<n<1onC"
(2) n=1o0n Q.
(3) n=0o0on C™\S.
For each z € C™, we define the function 7,(¢) = n(¢ — z) in C™. By (3), for ( € C™ and
u € Z?",if n,(¢) #0, then ( —u € S, i.e., u € ( —S. This ensures that the function

Y= Znu

uezZn
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belongs to C*°(C"). Also, by (1)-(3), the inequality 1 < ¢ < 32" holds on C™. Note that
the identity (¢) = ¢(¢ — u) holds for all u € Z?" and ¢ € C™. Now we define

Y. =@ ',

for every z € Z?". Then {7, : z € Z?"} is a set of C™-partition of the unity on C”.
Moreover, for every z € Z?", we have v, = 0 on the set C™"\{S + z}.

Since ¢ is invariant under translations by z € Z?", we have (9;7.)(¢) = (9;70)(¢ — 2)
for all z € Z?", ( € C" and j € {1,...,n}. Thus if we set

C = @ggn\lam\loo,

then
(9.1) 10;7:]l00 < C

for all z € Z?" and j € {1,...,n}.

If U is an open set in C", we write Hol(U) for the collection of analytic functions on
U. Recall that the open cube W was defined by (8.1). For f € T(C") and z € Z", we
define

(9.2) M(fi2)= inf ( /W+z £(0) - h<<)\2dv<c>)1/2.

heHol(W+z)

We also recall the set £ defined by (8.4).

Proposition 9.1. Set Co1 = 3"v/2 and C} ; = 2(1+32")1/23"C, where C is the constant
that appears in (9.1). Then every f € T(C™) admits a decomposition

f=fD4+ @ with @ ecCm)

such that for every a € Z*", we have

(9.3) A(fMia) < Cor Y M(fia—€) and
ec&

(9-4) A0 f®a) < Coy Y M(fia—¢), j=1,...,n.
ec&

Proof. Let f € T(C™). For each z € Z?", there is an hy . € Hol(W + z) such that

9.5 [ Q) = e PAV(Q) < 20851 2)
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Note that this is true even if M(f;z) = 0. We extend the definition of hy , to the entire
C" by setting hy ., = 0 on C"\{W + z}. Now define the functions

(9.6) FO =3 (F—hpe)y: and fP = 3" hyp.y..

ZGZQ”’ Z€Z2n

We have f = f() 4 f2) because {7, : z € Z*"} is a partition of the unity on C". For
o,z € Z*" | if 7, is not identically zero on Q,, then Q, N{W + 2z} # 0, which is equivalent
t0 Qa_.NW # (). That is, if 7, is not identically zero on Q,, then a—z € £, i.e., z = a—e¢
for some € € €. If € € €, then V(Qo\{W + a — €}) = 0. Hence for every a € Z?",

| oisopav = |
Qa Qa

Recalling (8.3), (9.3) follows from this inequality and (9.5).

Z(f b a- ) Ya—e

ec&

dV<3%§j/ g2V

W+a—e

Obviously, hy v, € C(C") for every z € Z*". Since the condition 7, (¢) # 0 implies
z € ¢ — 8, it follows that f(2 € C°°(C™). Moreover, since hy . is analytic on W + z, for
each j € {1,...,n} we have

(9.7) 0;f® = 3" hys.0i7.

z€Z32n

To prove (9.4), consider any o € Z?". As before, if ( € Q,, then (9.7) gives us

D)) = 3 e Q)F7a-)(©) = 3 (e () = () D70 )(©):

ec& eeEE

where the second = is due to the fact that 9; >, z2n 7. = 0;1 = 0. By (9.1), we have

(BN < C Y hfa—ec(C) = hpalC)l

eef

for ¢ € Qn, a € Z*>". Therefore

/Q 10; f@)? dv<32”022/ hfo—e — hpol?dV

ec&

<32C?Y 2 (/ |hf7a_€—f|2dV+/ |f—hf,a|2dv).
WH+a—e W+a

eef

Thus for every a € Z?" we have

/ 10; fP2av < 2(1 + 327 32”022/ \hfoe — fI2dV.
Qa

WHa—e
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Obviously, (9.4) follows from this inequality and (9.5). O
Proposition 9.2. Let 0 < s < 1. Then there is a constant 0 < Cyo < oo that depends

only on s and the complex dimension n such that

O{M*(f;2)}zezen) < Cooll[Hy[*||@

for every f € T(C™) and every symmetric gauge function .

Proposition 9.2 is the Fock-space analogue of [9, Proposition 6.8]. In other words,
Proposition 9.2 is essentially known. Moreover, the proof in the Fock-space case is easier
than the proof in the Bergman-space case in [9]. For these reasons the proof of Proposition
9.2 is relegated to Appendix 1.

Corollary 9.3. There are constants 0 < Cg3 < 0o and 0 < Cj 5 < oo such that the
following bounds hold: Given an f € T(C™), let

F=FY 4 @ with f@ e cC)
be the decomposition defined by (9.6). Then for every symmetric gauge function @,

(9.8) S({A(fY; )} aezen) < Cosl|Hyllo  and
S({AD; f ;) }aezen) < Cosl|Hlle, j=1,...,n

Proof. Applying (9.4), Lemma 8.2 and Proposition 9.2, we have

BUAW V0] aezn) < o ({ T M(Fra~ })

ee&
< 3"Co 1 P({M(f;0)}aezen) < 37" Co 1 CollHy o,
proving (9.9). Similarly, (9.8) follows from (9.3), Lemma 8.2 and Proposition 9.2. [

Lemma 9.4. Suppose that f € L®(C™). Then the functions fV), f) defined by (9.6)
also belong to L>°(C™).

Proof. It suffices to consider f(?). By (9.5), there is a 0 < C; < oo such that

| hee©Pave) <cill sk
W4z

for every z € Z*". Since the closure of S is a compact subset of W and since h¢ .(C) is
the average of hy . on an appropriate ball centered at ¢, the above implies that there is a
0 < Cy < oo such that

sup |k ()] < Ca||fllec  for every z € Z?".
¢eS+=z
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Combining this with (9.6), since 7, = 0 on C™\{S + 2z}, we see that f(?) € L>°(C"). O

10. Proofs of Theorems 1.3 and 1.4

First, let us prove Theorem 1.3. Suppose that 1 < p < co. Let f € L>°(C"™) be such
that Hy € C;f. We decompose f in the form

(10.1) F=fM 45 with f@ec>Cm),

where f() and £ are defined by (9.6). By Lemma 9.4, we have f(1), f(?) ¢ Lee(Cn). It
suffices to show that Hyu) € C and that Hye € C. Since A(fM;a) = A(fV;a), an
application of Corollary 9.3 gives us

O ({A(SY ;@) aezen) = ©F ({A(S Y @)} aezen) < Cosl|Hyll} < oo

Hence it follows from Proposition 8.5 that Hza) € C;f.

To prove that Hpe) € C;F , we note that by Corollary 9.3 and (7.8), the membership
Hy € C} implies 0;f® € £2P+ for j = 1,...,n. By Lemma 6.4, we have £2P+ C £2?
for p < t < co. Since f(?) € L>°(C"), Lemma 5.1 is applicable to f(?). By Lemma 5.1,

(10.2) 0 f® = -1 T5(0; @),

j=1,...,n. It now follows from Proposition 7.3 that 8jf(2) € L3Pt for j =1,...,n.
Thus we conclude that |V )| € £2PF. By (7.8) and Proposition 8.3, the membership
IVF®)| € £2P+ implies Hj@) € Cf. This completes the proof of Theorem 1.3.

The proof of Theorem 1.4 proceeds along a similar line, so we will be more brief. Let
f € L>°(C") be such that Hy € C, for some 1 < p < co. We again take the decomposition
(10.1), and we only need to show that Hpu) € C, and that Hpe) € C,. This time,
Corollary 9.3 gives us

®, ({A(fY;0)}aezen) = @, (A(SY; @) Yaezen) < CoslHyll, < oo
Hence it follows from Proposition 8.5 that Hra) € C, .

By Corollary 9.3 and (7.9), the membership H; € C, implies 5jf(2) € L3P~ for
j = 1,...,n. Since we know that f) € L*°(C"), by Lemma 5.1, (10.2) again holds.
This time, it follows from (10.2) and Proposition 7.4 that 9;f?) € £L2P~ for j = 1,...,n.
Hence |V )| € £2P~. By (7.9) and Proposition 8.3, the membership |Vf)| € £2P—
implies Hfe) € C, . This completes the proof of Theorem 1.4.

11. No Berger-Coburn phenomenon for the trace class

We now prove Theorem 1.5. Recall that for ¢ € L>°(C), the Toeplitz operator T,, is
defined by the formula
T,h = P(ph), he H*(C,du).

30



Also recall that the standard orthonormal basis {ey : k € Z} for H*(C,dpu) is given by
the formula

en(z) = (k)12

k > 0. For the function g defined by (1.3), it is easy to see that for any j, k € Z,,
if (Tyex,e;) # 0, then j = k — 1, which also forces & > 1. Integrating in the polar
coordinates and making the obvious substitution, for each £ > 1 we have

1 -~ 12
(Tyek, ep—1) = ik = D)) /2n /Z|>1 |21 2e 1=l dA(z)
1 ko1t 1
= t dt = —(1 —
ey At )
where
1 ! k—1
11.1 = thleTtdt.
(1L.1) - (k—1)!/0 ¢
Thus
(11.2) ZT@k,ek 1€k 1 ® e :Z 1—Ck€k 1 Q eg.
k=1 k=1

Similarly, if (T}g2e, e;) # 0, then j = k, and we have

1 1
T 2 = — k—12 _| ‘ dA — 1_
o) = gz [ 17 Pe ) = - e

when k£ > 1. Thus

o0 o0 1
(11.3) T|g|2 = Z(ﬂgpek,ek)ek ®er = FEy+ Z % (1 —ck)ex ® e,
where we denote Ey = (Tjg2¢€0, €0)eo @ €.
Combining (11.2) and (11.3), we have
H;Hy = PMy(1 — P)YMyP =Ty — T, T,
=1
= FEy+ (1 —cplex ®ep — “(1—cp)?er®e
0 Z k)er @ ey ; (1 —cn) e @ ex
=Fy+ f: lck(l — Ck>6k X eg.
k
k=1
Consequently,
|H | = (H H 12 = 1/2 + Z 1/2 )1/26k X eg.
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By (11.1), we have 0,16/2 < {(k —1)!}71/2. Hence |H,| € C;. That is, the Hankel operator
H, is in the trace class.

On the other hand, it also follows from (11.2) and (11.3) that

H}Hy = PMy(1— P)M—P =Ty — T,T;

o0

1
=F § (1— —E —(1 —cp)%ep— _
0+ c)er @ ey klk( Cp) ep—1 ® ex—1
1
—EO_FO+Z 1_Ck)@k®6k:_zk+11_Ck—|—1)ekz®€k

k= 1

1
= EO — FO + Z m (]. — (k+ 1)Ck +2k0k+1 — kCi+1) (&3 ®€k,
k=1

where Fy = (1 — c1)%ep ® eg. Consequently,

|Hy| = (H;Hy)'/?
(11.4)

= (Ey — Fp) 1/2 1— (k4 1)cg + 2kegy1 — kci+1)1/2 er Q ey.

D

From (11.1) we see that

(11.5) klgr;o (1 — (k4 1)ck + 2kcpq1 — lcciH)l/2 =1.

Combining (11.4) and (11.5), we conclude that |Hj| ¢ C;. That is, the Hankel operator
Hj is not in the trace class. This completes the proof of Theorem 1.5.

12. No Berger-Coburn phenomenon for the ideal C;

We need a general fact about the orthogonal projection P : L?(C,du) — H*(C,du),
which may be of independent interest:

Proposition 12.1. For each f € C*°(C) N L?(C,du) we have ||f — Pf|| < ||0f].

The proof of Proposition 12.1 is essentially an exercise in CCR, the canonical com-
mutation relation. In order not to distract from the main line of our construction here, we
leave the proof of Proposition 12.1 to Appendix 2 at the end of the paper.

We now turn to the proof of Theorem 1.6. The 1) promised in Theorem 1.6 will be
constructed from “modified pieces” of the function g given by (1.3). This takes quite a few
steps. We begin with a C"*°-function £ on R satisfying the following three conditions:

(1)0<¢<1onR.

(2) £ =0 on (—oo,1].

(3) £ =1 on [2,00).

32



Now, for each j € N, we define

§i(z) =&(12| —34), ze€C.

For each j € N, we then define the function g; on C by the formula

9i(z) =¢&(2)g(2), z¢€C,

where g is given by (1.3). Obviously, we have &;,g; € C*°(C) and ||g;|loc < (j + 1)~ " for
every j € N.

Lemma 12.2. There is a 0 < C < 0o such that [|[Hy;||1 < C for every j € N.

Proof. Applying Proposition 3.3 and Lemma 3.4 in [21], we have

1

| Ho s = tr((H Hy, ) V2) = = / (T, Hy )2k B2 )AA(: / |H,, ke | dAC2).

T
By Proposition 12.1, we have ||Hg, k.|| < [|0(gjk-)|| = ||k-0g;||. Thus
1 _ 1 _
18,1 < [ Ih:0551a4() = - [0k} V2dA()
B 1/2
ca¥ ([ lemeras)
acZ? |z—a|<1

where the last < follows from the estimates on page 249 in [21]. Since g is analytic on
{z € C: |z| > 1}, we have dg; = gd¢;. Thus

1/2
12.1 Hy |1 <C z 5j 2)2dA(z )
(12.1) 1y, Z(/l @) <>)

Let E; denote the collection of o € 72 such that
/| _ l9)05)()PaAC) #0
z—a|<

By the choice of the function &, we have (9¢;)(z) # 0 only if 1 < |z| — j < 2, i.e., only if
J+1<|2] <j+2. Thus a € Ej only if j < |a| < j+ 3. Consequently, there is a constant
Cy such that card(E;) < Cqj for every j € N. Obviously, we have |0&;lco < [|€']lc0 for

every j € N. Furthermore the condition j + 1 < |z| < j + 2 implies |g(2)] < (j + 1)~ ¢
Substituting these bounds in (12.1), we find that

1Hy, |l < Creard(E;)v/a(j +1)7H 1€ oo < C1C25va( + 1) 7€ loo < C10v/TE |l

for every j € N. This completes the proof. [J
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Lemma 12.3. Let {Y;} be a sequence of operators satisfying the following two conditions:
(a) IY;ll = 0 as j — oo.
(b) There is a 0 < C' < oo such that ||Yj|1 < C for every j € N.

Then ||Y;||7 — 0 as j — .

Proof. For any pair of j and k, by the condition ||Y;||; < C, we have

s1(Yj) + -+ si(Y))
I R o

. C
< mln{kHYjH’ 1-1 +..-+k_1 }

Given any € > 0, we first pick a K € N such that C(171 +--- + K=1)7! <. We then
pick a J € N such that K|Y;|| < e for all j > J. By the above inequality, if j > J, then
|Y;]|7 < e. This completes the proof. [

Lemma 12.4. (1) We have ||gj|loc < (j 4+ 1) for every j € N.

(2) We have ||Hg, [T — 0 as j — oc.

Proof. (1) follows from the fact that £;(z) = 0 when |z| —j <1 and (1.3). Since ||gj||co <
(j+1)~1, we have ||Hy, || = 0 as j — co. Thus (2) follows Lemmas 12.2 and 12.3. O

Lemma 12.5. We have Hy, € C" for every j € N. Moreover, there is a positive number
¢ > 0 such that |Hg, ||{ > c for every j € N.

Proof. This is a modified version of the calculation in Section 11. Let j € N be given. For
any i,k € Z, if (Ty,ex,e;) # 0, then i = k — 1, which also forces k& > 1. Moreover, for
each k > 1 we have

<ng6k;7€k—1> = (k:'(k; Ni/2y /g 2| — )|z k— 1|2 —|z|? dA(z)

~ (K(k 1/2/ EWVE— it redt = ﬁ(l—cj;k),

where

(12.2) ik = G / {1 £(Vi— j)H—Letat,

Thus

(12.3) Z T €k Ck—1 Yek—1 Qe = Z \/_ cj;k)ek_l R eg.
k=1

Similarly, if (T}y,2ex, e;) # 0, then i =k, and for £ > 1 we have

1 | R—1j2 a2 1,
(Tig, 2ex- €k) = m/f%m — TP dAR) = S (1),

34



where

= gy |, (- SV e

Thus
00 00 1 )

(12.4) T|gj\2 = Z<T|gj\26k;€k>ek X e = Ej + Z E(l — cj;k)ek &® €L,
k=0 k=1

where we denote E; = (T}, 2¢€0, €0)eo ® eo.

Combining (12.3) and (12.4), we have

H; Hy, = PM, ,(1—P)M—.P:T|gj‘2 T,,T;

95~ gj
)

1
_E —I—Z 1 —C]k er X ek _Zg(l_cj;k:fek*l@ek*l
k=1

oo
- 1
=L — I+ E E(l — Cjik)er ® ep — E k—+1(1 — Cjkt1)’er ® e
k=1

01— (k —+ 1)Cj.k —+ 2]€Cj.k_|_1 kc? k1
— E F ) ) ] +
+Z k(k‘—l—l) € X ek,

where F; = (1 — ¢;.1)%eg ® eg. Consequently,

(12.5) |Hg,| = (H; Hy)'? = (E; — Fy)'/?

)=

+ Z T
where
djr = (1= (k+1)¢x + 2kcjpp1 — kc?;k+1)1/2'

Recall that 0 < &(x) <1 for every z € R and that {(z) = 1 when x > 2. Applying these
facts in (12.2), we obtain

1 (j+2)? F 1 9)2(k—1)
ik < —/ th=Le=tdt < u
’ (k—1)! (k—1)!

for every k > 1. A similar bound holds for ¢;,;,. Hence

(12.6) lim d;, = 1.

k— o0

This means that there is a K; € N such that d;,;, > 1/2 for every k > K. Combining this
with (12.5), we see that for every m € N,

si(Hg;) + -+ sm(Hg,) 1 (Kj+ 1)~ 4+ (K +m)”"
1-1 4 ... 4 m-1 -9 1-1 4 ... 4 m-1
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Taking supremum over m € N, we obtain the lower bound |Hy, || > 1/2. Also, it is
obvious from (12.5) and (12.6) that Hy, € C;". This completes the proof. [J

The construction of the desired ¢ involves the duality between C;~ and the Macaev
ideal C [12]. This duality is better explained in terms of the symmetric gauge function
®__, which is defined by the formula

lan(p)| )
~{aj}jen) = Z “), {a;}jen € &,

where 7 : N — N is any bijection such that |ar)| > |ax2)| > -+ > |az| > ---. Thus
Al = |4l and € =Cq

(see (6.1) and (6.2)). The symmetric gauge functions ® and ®_ are dual to each other
in the sense that for every {a;};en € ¢, we have

O ({as}jen) = sup{

:{b;}jen € ¢, o ({b}jen) < 1} and

&+ ({a;}jen) = sup{

{b }jGN c€c,d ({bj}jgN) < 1}.

See [12, pages 148, 149 and 125]. Thus it follows that for every T € B(H),
(12.7) |T|I{ = sup{[tr(TF)| : |F||% <1 and rank(F) < co}.

With the above extensive preparation, we can now accomplish the main goal of the section:

Proof of Theorem 1.6. By Lemma 12.4, we can pick a sequence of positive numbers {r;}
with the following properties:

(1) 7l1gilloo < 2(j 4+ 1)71/2 for every j € N.

(i) r; || Hg, |7 — 0 as j — oo.

(iii) r; — o0 as j — oo.
Our desired function 1 will be the sum of a subsequence of the sequence {r;g;}, chosen as
follows.

We begin by choosing a j; € N such that

7aJlH-thOOSQ ! and lequ ” <27

Lemma 12.5 says that ||Hg, |7 > c. Therefore, by (12.7), there is a finite-rank operator
Fy such that
IFil% <1 and |ex(Hy, F)] > /2
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Let v > 1 and suppose that we have chosen j;,...,7, € N and finite-rank operators
Fi,...,F,. By (i), (ii) and (iii) above, there is a natural number j,,1 > j, such that

(12'8) Tjui1 ||gju+1 HOO < 2_(V+1)7 Tjui1 Hnguﬂ Hir < 2_(V+1)7
(12.9) TjoralHg,, , Filll < 2-WH=De for every 1 <i <v
and

14
(12.10) Pjone 24 il Hg, I

i=1

Note that (12.10) requires the part of Lemma 12.5 which says that ||[Hj,||{ < oo for every
j- Lemma 12.5 also tells us that [|Hg, |7 > c. Therefore, by (12.7), there is a finite-rank
operator Fj 4 such that

(12.11) IFyilo <1 and  [to(Hy  Foir)| > /2.

g; vt

Thus, inductively, we obtain a sequence of natural numbers j; < --- < j, < --- along with
a sequence of finite-rank operators {F), } such that (12.8-11) hold for every v > 1.

With the sequences chosen above, we now define

w = Z le/gjy'
v=1
Let us verify that ¢ has all the promised properties. First of all, it follows from (12.8) that
[¥llo <1 and [|Hylly < 1.
That is, ¥ is bounded on C and Hy, € C;". To show that Hj ¢ C, take any v > 1. Then

tr(H;Fyp1) = A+ B+C,

where
A= Zrhtr Hg, Foy1), B=rj  tr(Hg,  F,41) and C= Z i tr(Hg; Fyugr).
=1 1=v+2

By (12.11) and (12.10), we have

|B‘ > Tj,11 (6/2) B (6/4) + T4 (6/4) > Tj,11 (6/4) + Z T, ngi Hii_
=1
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Since ||Fy41|l> < 1, by (12.7), this means
1Bl > 7, (c/4) + A

On the other hand, it follows from (12.9) that

oo

Cl< Y rllHg, Foralh < Z 2= (v~ De =

1=v+2 1=v+2

Using the fact ||F, 11| < 1 and (12.7) again, we now have
1|l > [tr(HgF,11)| > |B] = [A] = |C] > 15, (c/4) —c.

Since ¢ > 0 and since 7;,,, — o0 as v — 0o, this inequality implies that H; ¢ C;". This
completes the proof. [J

13. No Berger-Coburn phenomenon for the Macaev ideal
The proof of Theorem 1.7 begins with an elementary lower bound:
Lemma 13.1. There is a positive number 0 < R < oo such that the following holds true:
Let h : [0,00) — [0,1] be any measurable function that satisfies the conditions that h = 1
on [0, R| and that h =0 on [R',00) for some R < R' < oco. Then the function
(13.1) n(z) = h(lz])z, z€C,
has the property that | Hg| > 1/2.
Proof. We have ||z|| = 1 in H?(C,du). Therefore

) 1
| H51* > (H7 Hyz, 2) = (Mjg22, 2) — | PMgz|* = ;/Ch2(|2|)|2|4du(2) — || PM2|?

1
> 1 / 2[4dpu(z) — | PMyz| .
T J|z|<R

Since 7! [ |z|*du(z) = 2, we see that for a sufficiently large R we have
1HG|1* > (5/4) — || PMgz||*.
Since 7(2)z = h(|z])|z|?, we have fjz L z* for all k > 1. Therefore
[PMyz|| = [(7z, )] = — | h(|z])|2]"dp(z) < — [ |z[*dp(z) = 1.
T Jc TJc

Consequently, ||Hz||* > (5/4) — 1 = 1/4. This completes the proof. [J
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For any pair of a € C and r > 0, denote
D(a,r)={z€C:la—z| <r}.

Let £ denote the collection of ¢ € L*°(C) for which there is some 0 < r = r(¢) < oo such
that ¢ = 0 on C\D(0,7). Obviously, £ is closed under complex conjugation. If ¢ € L,
then the Hankel operator H,, is in the trace class Cy; this fact is well known, but it certainly
follows from Theorem 8.1.

Our proof of Theorem 1.7 is based on the following fact, which, in view of the original
theorem of Berger and Coburn in [4], may be of independent interest:

Proposition 13.2. There does not exist any constant 0 < C' < oo such that the inequality
(13.2) [Hp|l < C[[Hy|l

holds for every ¢ € L.

Proof. Let a small ¢ > 0 be given. We will show that there is an h : [0,00) — [0,1]
satisfying the two conditions in Lemma 13.1 such that the corresponding n defined by
(13.1) has the property that || H,|| < e. Combining this upper bound with the lower bound
in Lemma 13.1, we see that no 0 < C' < oo exists such that (13.2) holds for every ¢ € L.

Our desired h will be a C* function on [0,00). Thus the corresponding n will be a
C® function on C. By Proposition 12.1, for any f € H?(C,du) we have

I, £Il = lInf = Pl < lo@f)]l = [l fonl.

Thus it suffices to find a C*° function h : [0,00) — [0, 1] which satisfies the two conditions
in Lemma 13.1 and for which the corresponding n has the property that ||0n].. < e.

By straightforward differentiation, we have
(On)(2) = 21 (|2[)0|z].

Moreover, [0|2]|lcoc < 1. Thus our task is reduced to the construction of a C°° function
h :[0,00) — [0, 1] which satisfies the condition

(13.3) z|h'(z)] < e for every z € [0,00),

as well as the two conditions in Lemma 13.1.

To construct such an h, we begin with the function u on R defined by the formula

m if =z Z 2
u(r) =

0 if <2
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Let R be the same as in Lemma 13.1. We pick a T' > R + 30 such that

1
- <
log(T—l)_E

With this T', we let v be a C°° function on R satisfying the conditions that 0 < v <1 on
R, that v =1 on [T, T3], and that v = 0 on R\(T — 1,73 + 1). We further define

a(z) =v(z)u(z), x€R.
Then a is a non-negative C°° function on R, and a = 0 on R\(T — 1,73 + 1). Write
A= / a(z)dz.
0

Then

T%+1 T° (AT
A= / a(z)dr > / u(z)dr = / dxr =log3 > 1.

T-—1 T r xzlogx

Define .
b(x):/ a(t)dt, z €]0,00),

0

which is a C*° function. Obviously, b is non-negative and non-decreasing on [0, c0). More-
over, we have b= 0 on [0,7 — 1] and b = A on [T® + 1,00). Finally, we define

h(z) = A=A —b(z)), = €]0,00).

Obviously, h is a C*° function and satisfies the condition 0 < h < 1 on [0,00). Let us
verify that this A has the other desired properties.

First of, the properties of b imply that h =1 on [0,7 — 1] and h = 0 on [T® + 1, 00).
Since T'— 1 > R, this h satisfies the two conditions in Lemma 13.1. What remains is to
show that this h satisfies (13.3). Obviously, h/(z) = —A~1a(x) for every = € [0,00). Thus
we have z|h/(z)| = 0 for x € [0,00)\(T'— 1,73+ 1). If z € (T'— 1,73 + 1), then

2t (2)] = A7 za(z) = A av(@)u(e) < 2u() = lo;x = 1og<q} —1) =€

by the choice of T'. This verifies (13.3) and completes the proof. [J
Lemma 13.3. If p € L, then

lim || M, PM, 0.

C\D(0,r) Hl =

Proof. We can write the orthogonal projection P : L?(C,du) — H?(C,du) in the form
P =37 ek ® ey, where
en(z) = (K728 k>0,

40



If ¢ € L, then there is a 0 < p < oo such that ¢ = 0 on C\D(0, p). Thus for each k > 0,

Jol2 e p
loerl? = gz [l ant) < = [ et aace) < ol

Therefore

(134)  [[MpPMyg pon i < Z leerllIxeypo,merll < llells Z \/—”XC\D(O rekl-
k=0

It is obvious that for each k£ > 0, we have |[xc\p(o,r ekl <1 and
Jim [[xe\po.nexll = 0.

Applying these facts in (13.4), the lemma follows. [

For any operator A and any v € N, we denote

v copies

——
A =As.. .0 A.

Lemma 13.4. If A € Cy, then |AM||Z < (14 logv)||Al|1 for every v € N.

Proof. 1t is obvious that if x and y are unit vectors, then for every v € N,

Iz @ y)lis = Z < 1 +logr.

Jj= 1

If A is a trace class operator, then there are orthonormal sets {z; : j € N} and {y; : j € N}
such that

(13.5) A=Y si(A)z; @ y;.
Therefore for each v € N,
1AM < ZSJ Mi(w; ©y)"% < ZSJ )(1 +logv) = (1 +logv)||Alx

as promised. [

Proposition 13.5. Let A € C;. Then there is a natural number m(A) € N such that
AV < 3(1 +1ogv)|| Al for every v > m(A).
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Proof. Given an A € Cy, we again write it in the form (13.5). There is an m € N such that

oo

> si(4) < Al

j=m+1

Let us show that this natural number m suffices for the lemma. Indeed we decompose A
in the form A = Ay + Ay, where

oo

Alzz,sj(A)xj@yj and Ap = Z Sj(A)CIS‘j@@/j.

j=m+1
Since ||Az|]1 < [|A]], it follows from Lemma 13.4 that ||A[2V}||;o < (1 +logv)||A| for every
v € N. On the other hand, since rank(A;) < m and ||A;]] = || A||, for each v > m we have

jAM)Z < Z AT < (1 4 log(um)) 1Al < (1 + 1og(2)] 4]
_ (14 2log ) Al < 201 + log )| A].

Since |AM |2 < [|AM|Z + |AYY ||, this complets the proof. O

Lemma 13.6. There exists a sequence { fr} in L which has the properties that || fi||oo < 1
for every k € N and that

@ Hy, cc while EPHj, ¢C.
k=1 k=1

Proof. Applying Proposition 13.2, for each j € N there is a ¢; € £ such that
|Ha,ll <1 while |[Hy,| > .

As we already mentioned, the membership ¢; € £ guarantees that H,, € C;. Thus for
each j € N, there is a natural number m(H,;) provided by Proposition 13.5 for H,,. We
pick a v(j) € N satisfying the conditions

v(j) > m(Hy,) +10 and  logv(j) > [|¢lle

for each j € N. It follows from Proposition 13.5 and the condition [|H,, || <1 that

(13.6) 1Y DT < 3(1 +log v (1)),
J € N. On the other hand, the condition |[Hg,| > j implies that SK(HS[BI;U)]) > j for
1 <4 <wv(j). Therefore
(13.7) IHEON) - >jyz(j:)— > jlogv(j)
¢ Moo = 7=

(=1
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for every j € N. Now consider the operators

= 1 -3 > 1
A= = gkG)] d B= H[V(J N
§£?.72logz/c¢3> . §i?tj2logz/c73> #5

By (13.6), we have

1 y 1+logv(j
4]l < ZwHH G|, < 32 Plog 1}

That is, A € C. On the other hand, for each j € N, it follows from (13.7) that

|HEG) o FPlogv(5?)

1Bl 2 5 e

2logy( 3) —J

This means that B ¢ C. The choice of v(j*) ensures that |¢;s|lc/logv(5) < 1. Thus if
we let {fr} be a re-enumeration of the functions

v(§3) copies

~ ™~

1 1 )
3)903'37 J EN,

—()0 .3’ e T A%
j2logv(53) ™ j2logv(j

then the conclusion of the lemma holds. [

For each a € C, we have the translation
Ta(2) =2—a, z€C,
of the complex plane. It is well known that for each a € C, the formula
Vaf = foTa-ka, f€L*C,dp),

defines a unitary operator on L%(C,du), where ko (z) = e??e~191°/2. The restriction of V,
to H?(C,du) is also a unitary operator that maps the Fock space onto itself.

For any f € L*°(C), we will identify the Hankel operator H; with the operator
(1 — P)M¢P on the space L*(C,du). Thus for f,p,1 € L>(C), M,H¢M, means the
operator M, (1 — P)M¢PM, on L*(C,dpu).

Proof of Theorem 1.7. Let { fx} be the sequence in £ provided by Lemma 13.6. Then there

is a sequence {px} in (0,00) such that fr = 0 on C\D(0, pi) for every k € N. For each
k € N, Lemma 13.3 allows us to pick a pp < rp < oo such that

(13.8) { IHp, — My, Hp My, i <275 and

_ _ —k
”ka o MXD(O,rk)kaMXD(o,rk) ||1 <2
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Thus the operators

oo oo
@ka_@MXD(O,rk) fr MXD(Ork) and @ka @MXD(Ork) fr MXD(Ork)
k= k=1

are in the trace class. Applying Lemma 13.6, we have

(139) @ MXD(O Tk) MXD(O,'rk) = Co_o while @ MXD(O rk)Hf MXD(O ) ¢ C_
k=1 k=1

We can inductively select a sequence {a} in C such that D(ag,ri) N D(a;,r;) =0 for all
j # k. We have

H,M V: =M

XD(0,ry) * ak XD (ay,, rk)HQOOTak MXD(ak,rk)

Va,, M

XD(0,7y)
for every ¢ € L°°(C). Combining this unitary equivalence with (13.9), we see that
o0 (o e)
@ MXD(ak L) kaTak MXD(%’%) < CO_O while @ MXD(ak""k)kaoTak MXD(%’%) ¢ CO_O
k=1 k=1

Since D(ag,rr) N D(aj,r;) = O for all j # k, the above implies that as operators on
L?(C,du), we have

(13.10)
o0 o0
Z MXD(ak,'rk) kaOTL‘Lk MXD(ak,'rk) S CO_O While Z MXD(ak,'rk) kaO’Tak MXD(ak,'rk) ¢ CO_O'
k=1 k=1

Using the unitary operator V,, again, from (13.8) we obtain

{ HkaOTak - MXD(ak,'rk)kaOTak MXD(ak,rk) Hl S 2_k and
|Hjor — M <zt

XD(ak,'rk) ka;o’rak MXD(ak,rk

k € N. Thus the operators

oo oo
ZkaOT”'k - ZMXD(ak,rk)kaOTak MXD(ak,,’rk) and
k=1

o0 o0
Z kaoTak - Z MXD(“vak)kaOT“k MXD(“vak)
k=1 k=1

are in the trace class. Combining this fact with (13.10), we see that
(13.11) Y Hjor,, €Cx while Y Hp.. ¢C.
k=1
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The property that fr =0 on C\D(0, ) implies that fi o7, =0 on C\D(ag,7), k € N.
Since || fxlloo < 1 for every k and since D(ag,ri) N D(aj,rj) = 0 for j # k, the function

00
q::§:j%o7hk
k=1

is in L>°(C). On L?(C,du), we have the obvious strong convergence Zi:l My or, — My
as £ — o0o. Therefore

> Hpor,, =H, and ZkaOT% = H,.
k=1 k=1

Thus (13.11) tells us that H, € C, while H; ¢ C. This completes the proof. [

14. Generalization

One may observe that Theorems 1.5, 1.6 and 1.7 all deal with “endpoint” cases of one
kind or another, which may lead to the impression that it is rare for a norm ideal (in the
sense of [12]) not to have the Berger-Coburn phenomenon. But the construction in Section
13 is so general that we can use it to produce, on a wholesale basis, norm ideals which
do not have the Berger-Coburn phenomenon. In other words, with very little additional
effort, the proof of Theorem 1.7 can be generalized to cover a class of ideals. To discuss
this generalization, let us first introduce these ideals.

Let a = {e;} be a non-increasing sequence of positive numbers starting with o = 1.
We assume that the sequence « is binormalizing [12, page 141], i.e.,

e 9]

E aj =00 and lim «a; =0.
J—00

J=1

Such a sequence « gives rise to an operator ideal C, = {4 € B(H) : ||A||o < oo}, where
the norm || - ||, is defined by the formula

1Alla =) ajs;(A).
j=1

See [12, Section III.15]. We assume that the sequence « satisfies the additional condition
that there is a constant 0 < C' = C(«) < oo such that

1/2 v

(14.1) Zaj < CZaj for every v € N.

J=1 J=1

Obviously, the sequence {j 71} is binormalizing and satisfies (14.1), and the corresponding
ideal Cy;-1y is just the Macaev ideal C. For each 0 <t <1, the sequence

U
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is also binormalizing, and it is easy to verify that it satisfies (14.1). Thus there are plenty
of such . We have the following generalization of Theorem 1.7:

Theorem 14.1. Again, consider the case where n = 1. Let o = {«;} be any binormalizing
sequence that satisfies condition (14.1). Then there exists an fo € L°°(C) such that Hy, €
Co while Hy ¢ Co.

Proof. We will show that there is a sequence {fx} in £ which has the properties that
| felloo < 1 for every k € N and that

(14.2) B Hy, €Ca while EHHj, ¢Ca.
k=1 k=1

Then, repeating the argument in the proof of Theorem 1.7, there is a sequence {ay} in C
such that the function

[o.@]
fOé - ka OTak
k=1

is in L°°(C) and has the property that Hy, € C, while Hy ¢ C,.

To produce the sequence {fx} promised above, we first introduce the following nota-
tion. For each v € N, we write
1%
o(v) = Z a;.
j=1

Thus (14.1) translates to
o(v?) < Co(v) for every v € N.

Repeating the argument in the proof of Proposition 13.5 and using the above inequality,
for each A € C; we obtain an m(A) € N such that

(14.3) |AM[, < (1 4+ C)o(v)||A]] for every v > m(A).

The rest of the proof closely resembles that of Lemma 13.6.
For each j € N, we again apply Proposition 13.2 to obtain a ¢; € £ such that

|H,, | <1 while [Hp,| > j.

As we know, the membership ¢; € £ guarantees that H,, € C;. Thus for each j € N,
there is an m(H,,;) € N for H,, which has the property mentioned above.

i
Since « is binormalizing, we have o(r) — oo as v — oo. Thus for each j € N, we can
pick a v(j) € N satisfying the conditions

v(j) =2 m(Hy,) +10 and  o(¥(5)) = [[#;l]co-
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It follows from (14.3) and the condition ||[H,, || < 1 that
(14.4) IHE Dl < (14 C)o(v(5)),

J
1

N. On the other hand, the condition ||[Hg,| > j implies that Se(Hg/j(j)]) > j for
< v(j). Therefore

-
</
(14.5) 1HY N, > jo(v(h))

for every j € N. Now consider the operators

A= @ H[V(J N and B = @WHE:(; N

By (14.4), we have

o0 oo

(i 1—}—001/]))
e <3 g e < 32 LG <o

That is, A € C,. On the other hand, for each j € N, it follows from (14.5) that

—  _HEON, > 7o (v (i)
?;3 a Z

B

720 (v(5%))

This means that B ¢ C,. The choice of v(j?) ensures that ||¢;3]/e0/c(v(5*)) < 1. Thus if
we let {fx} be a re-enumeration of the functions

v(53) copies
'\

la ~N

PN Pew(i®)

then (14.2) holds. This completes the proof. [J

JeN,

Appendix 1

The goal of this appendix is to give a proof of Proposition 9.2. This proof requires
some preparation.

Definition A1.1. [19, Definition 4.3] For an analytic function h on C™, we write

ol = ( |h<<>|2e-<1/2>'d2dv<o)1/2.

Let H. be the collection of analytic functions h on C" satisfying the condition |||, < oo.
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For each w € C", define the unitary operator U, on L?(C",du) by the formula

(Uw)(Q) = f(w—kw(C), (€C,
f € L3(C",du). Obviously, U, maps H2(C",du) to itself.

Lemma A1.2. [19, Lemma 4.4] There is a constant 0 < Cp1.2 < 0o such that the following
estimate holds: Let {e, : u € Z*"} be any orthonormal set and let h, € H., u € Z*™, be
functions satisfying the condition sup,czzn ||hyll« < 0o. Then

Z (Uuhu) & ey

uez?n

< Ca1.2 sup | hyllx
ugZ2n

Lemma A1.3. [9, Lemma 3.3] Let A and B be two bounded operators. Then the inequalities
I[ABFlle < [[BI*[[A]*lle  and [[|BAP|le < [ BII*[[[A]*[ls

hold for every symmetric gauge function ® and every 0 < s < 1.

Lemma A1l.4. [18, Lemma 3.1] Suppose that Aq,..., A, are finite-rank operators on a
Hilbert space H and let A = Ay + --- + A,,. Then for every symmetric gauge function ®
and every 0 < s < 1, we have

(AL.1) AP lle <2 (llA1l e + - + [ Am " ll0)-

Remark A1.5. As was explained in [9, Remark 3.5], (A1.1) actually holds for all bounded
operators Aq,..., A, on any separable Hilbert space H and A = Ay +---+ A,,.

Technically, it will be more convenient to prove a slightly stronger version of Propo-
sition 9.2. For this reason we introduce the following.

For any Borel set E in C", we define L?(E,du) to be the collection of functions
f € L?(C™,du) satisfying the condition f = 0 on C™\E. We emphasize that we consider
each element in L?(E,du) as a function defined on the whole of the complex space C".

For each z € C", let B, be the collection of functions h in L?*(W + z,du) that are
analytic on W + z (see (8.1)). In other words, B, consists of functions in L?(C™,du) that
are analytic on W+ z and identically zero on C"\{W + z}. Obviously, B, is a closed linear
subspace of L?(C™,du). One may think of B, as a kind of “Bergman space”, but keep in
mind that the measure in question is the restriction of the Gaussian measure du to W + z,
and this choice of measure is crucial for the estimates below.

For each z € C", let
P, : L*(C",du) — B,

be the orthogonal projection. For all f € T(C™) and z € C", we define

. 1/2
O N UL (CRCI S IGIAC)
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A comparison of (A1.2) and (9.2) gives us the inequality
M(f;2) < M(f;2)

for = € Z®". Thus Proposition 9.2 is an immediate consequence of the following:

Proposition A1.6. Let 0 < s < 1. Then there is a constant 0 < Ca1.¢ < 00 that depends
only on s and the complex dimension n such that

SUM(f;2)}aezen) < Carsll|Hyl*|lo

for every f € T(C™) and every symmetric gauge function .

Proof. As we have already explained in Section 9, this is essentially an easier version of
the proof of [9, Proposition 6.8]. For any natural number R > 10, define

(RZ)* = {(j1R + ik1R,. .., jn R+ iknR) : j1, ... jn,k1,..., kn € Z} and
ARZ{(j1+ik1,...,jn+ikn):jl,...,jn,kl,...,knG{O,l,?,...,R—l}}.

Let 0 < s <1 be given. Then define

(A1.3) SRy = Y ekl
z€(RZ)?"\{0}

Note that for z € (RZ)?", if z # 0, then |x|?> > R2. Hence

5(R) < o~ (s/8)R* Z e~ (/D)2 < o—(s/8)R? Z o~ (5/8)z*
z€(RZ)2"\{0} wez2n

This shows that 6(R) — 0 as R — oo. This allows us to pick an R satisfying the condition
(A1.4) 4e'¥5(R) < 1/2
as well as the condition R > 10. With R so fixed, we have the partition

z" = | {(RZ)> + \}.

)\GAR

Fix a A € AR for the moment, and let I' be any finite subset of (RZ)?" + ).
Let {e, : u € Z?"} be an orthonormal set in L?(C™, du). Define the operators

Go = Z(SO — P.o)xwy. and Fo = Z(go, eVk., @& L*(C" du).
zel zel

Since R > 10, we have {W + 2z} N {W + w} = 0 for z # w in I. Hence ||G]| < 1. Since
k,=U,1 for z € T, it follows from Lemma A1.2 that || F|| < Ca1.2||1]|« = C.
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Let f € T(C™) and symmetric gauge function ® be given. By Lemma A1.3 we have
(AL5) IGHF*le < C*l[|Hy|* |-
On the other hand, we have
GH;F = A+ B,
where

A= {(Hsk. — P.Hsk.)xw+:} ®e. and
zel

B= ) {(Htku—P:Hku)xw+:} @ eu.
(z,u)e'xT
z#u

For z # w in T we have {W + 2z} N{W +w} = (). Thus, applying Lemma A1.4 and (A1.5),

O({l[(Hsk: = PoHpk:)xwz["}zer) = [|APle < 2[[|GHfFP[le + 2[||BI°[|e
(AL.6) <2C°[|HsPlle + 2[||BI*[|e-

On the other hand, if h € H?(C",du), then obviously P,h = hxw 1 for every w € C™.
It follows that (Hfk, — P,H¢k,)xw+. = (fk. — P.(fk.))xw4- for every z € I'. Thus

|(H ks — PoH k) xw e = /W [l — Pu(fk)Pdu
+z

= L0 - K O@ ) (O av ().

" W+z

If € W + 2z, then ¢ — 2 € W, which implies |¢ — z|?> < 18n. Hence the above implies

1
(k. = Pt vl > =i [ 170 = K QPR PV (Q
+z
1 -
= o MO (3 2).
Combining this with (A1.6), we obtain
(AL.7) P{M°(f;2)}zer) < 202 C%|||Hp | |0 + 21°"/ 2™ || B o

Next we bound |||B|*||¢ from above.

Consider any pair of z,u € I'. Because P,h = hxw . for every h € H?*(C",du), we
have (H¢ky — P.Htky)Xw+2 = (fhku — Po(fku))Xw+2. Since xw4.P:(fky) = P.(fky) is
the orthogonal projection of fk,xwi. on B,, we have

I(Hyku — P.Hpku)xwzl* = | (Fku = Po(fka))xw-

S H(fku - kukz_lpz(sz))XW+zH2
=L [0 - K HOP S QP v (©).

" Wz

50



If ( € W+ 2z, then |¢ —u|* > (1/2)|z — u|? — 18n. Thus the above implies
(AL8) |(Hpky = P.Hyky)xw - |? < et®nn=mem WDul a2 (5 2)

for every pair of z,u € I'. Note that for z,u € I', we have z — u € (RZ)*". Thus we can
rewrite the operator B in the form

B = > B,

z€(RZ)?"\{0}

where

B, = Z {(Htky—y — P.Hpky p)XWiz) ® €z
ze'N{I'+z}

Again, for z # w in T we have {W + 2} N {W + w} = 0. Thus for every z € (RZ)*"\{0},
[1Bel*llo = QN (H ks = P H ko ma)Xw2[1°Fzernriay)-
Applying (A1.8), for every x € (RZ)?"*\{0} we have
—sn —(s z|? TS
II1Bal*lo < e*a=n/2e= /R ({M°(f; 2)} zer).
Recalling Lemma A1.4, we obtain

(AL.9) IBPle <2 > (Bl lle < 26" 7"/ 26(R)Q({M°(f; 2)}.er),
x€(RZ)?™\{0}

where 6(R) is defined by (A1.3). Substituting (A1.9) in (A1.7), we find that
O({M*(f;2)}zer) < 20727 C%|||Hy |0 + 4" 6 (R)D({M(f; 2) }zer).
Applying (A1.4), the above becomes
O({M*(f;2)}zer) < 2n /2P O H [ [|lo + (1/2)2({M>(f; )} zer)-

Since I' is a finite set, the quantity ®({M?(f;2)}.er) is finite. Thus we can cancel out
(1/2)®({M*(f;2)}.er) from both sides to obtain

O({M*(f;2)}zer) < 4m/2™ 0| Hy | |o.
Since this holds for every finite subset I' of (RZ)?" + X, by (6.3) and (6.4) this means
C({M°(f:2)}e(rzyznin) < Am /27 0| Hy | |o.

Finally, since this holds for every A € Ag and card(Ar) = R?", the property of ® leads to

O({M*(f;2)}zezen) < Y SUM(f;2)}ee(rzyznia) < ARTT 2O He | o
)\EAR
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This completes the proof of the proposition. [

Appendix 2
We will now prove Proposition 12.1.
Write A = 0 and C = —0 + Z, both of which are considered as operators on the
polynomial ring C|z, z]. Taking inner product in L?*(C,du), it is easy to verify that
(Au,v) = (u,Cv) for all u,v € C|z,z].

That is, C = A* on C|z,z]. Moreover, it is easy to see that [A,C] = 1. Now let Hy =
{u € Clz,2] : Au = 0} and H}, = C*Hj for every k € N. From the relation [4,C] = 1 we
deduce [A, C*] = kC*~! for every k € N. Hence

ACv = (k+1)v if ve Hy,

k=0,1,2,.... Tt follows from this and the “self-adjointness” of AC' on C]|z, z] that we
have the orthogonality H; L Hj, for every pair of j # k in {0,1,2,...,m,...}.

Note that Hy = C[z]. We pick an orthonormal set By in Hy such that span(By) = Hp.
Suppose that £ > 0 and that we have inductively defined orthonormal sets By, ..., By such
that span(B;) = H; for every 0 < j < k. Then we define

Bis1 = {(k+1)"2Cb : b € B}

Since Hypy1 = CHj, we have Bi11 C Hyq1 and that span(Bgy1) = Hg4q. Let us verify
that By is also an orthonormal set. Indeed for any b,b" € By, we have

(k+1)"Y200, (k+1)"Y200") = (k+ 1) HACH, V') = (k+ 1)L (k + 1)(b, V'),

which equals 1 or 0 depending on whether b equals b” or not. Hence By 1 is also an orthonor-
mal set. Thus we have inductively constructed orthonormal sets By, B1, B2, ..., B, .. ..
Since H; L Hj, for every pair of j # k in {0,1,2,...,m,...}, we have B; L B
whenever j # k. Therefore
B=ByuBi UByU---UBLU---

is an orthonormal set in L2(C,du). For each k > 1, we have C* = Zf:o %?8'{_3‘.

Also, Hy = CJz]. Thus a simple induction on the power of z proves that
span{Hy, Hy, Hs,...,Hy,...} = Clz, z].

Combining this with the fact that span(By) = Hj for every k > 0, we conclude that
B is an orthonormal basis for L?(C,du). Obviously, By is an orthonormal basis for the
one-variable Fock space H?(C, dpu).
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(1) First, suppose that f € C°(C). We have (f—Pf,b) = 0forb € By and (Pf,b) =0
if b € Ug2By. Therefore

(A2.1) If = PFI? =2 _Kf = PL.B) Z R
beB k=1b,€By
On the other hand, for every u € C|z, z|, simple integration by parts gives us
(0f,u) = (f,Cu).

Combining this with the fact that By1q = {(k 4+ 1)"Y2Cb: b € By}, we have

10£17 =D KOL 0P =D (f,Ch)I? Zchbk

beB beB k=0 b, €By
Zk+1 Z f?bk-i-l >ZZ |fﬂbk
= br+1E€Br+1 k=1brEBy

Comparing this with (A2.1), we obtain ||f — Pf|| < ||0f]| in the case f € C>°(C).

(2) Now we consider a general f € C*(C") N L?(C",du). If ||0f| = oo, then, of
course, we have ||f — Pf|| < [|0f]|. Thus we may assume ||0f|| < oo, i.e., Of € LQ(C d,u)
Let ¢ be a function in C2°(C) such that ¢(¢) = 1 when |¢| < 1 and cp(C) = 0 when (| > 2.
For each € > 0, define the function ¢, by the formula

pe(C) = p(eC), CeC.

Since ¢ f € C2°(C™), by the conclusion in (1), we have

(A2.2) lpef = Pec Il < 10(pef)l

for every € > 0. From the condition ¢(¢) = 1 for || < 1 we deduce that ||p.f — f]| = 0
as € | 0. Similarly, since df € L?(C",du), we have || 0f — Of|| — 0 as € | 0. Also,
since [|0¢e[lc = €|0¢lloc, We have [[0pclloc — as € | 0. Since d(pef) = fOpe + @eOf,
we conclude that ||0(¢cf) — Of|| — 0 as € | 0. Thus, letting e descend to 0 in (A2.2),
we obtain the inequality ||f — Pf|| < ||0f|| for general f € C°(C™) N L?*(C",dyu). This
completes the proof of Proposition 12.1.
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