FOCK SPACE: A BRIDGE BETWEEN
FREDHOLM INDEX AND THE QUANTUM HALL EFFECT

Guo Chuan Thiang and Jingbo Xia

Abstract. We compute the quantized Hall conductance at various Landau levels by using
the classic trace. The computations reduce to the single elementary one for the lowest
Landau level. By using the theories of Helton-Howe-Carey-Pincus, and Toeplitz operators
on the classic Fock space and higher Fock spaces, the Hall conductance is naturally iden-
tified with a Fredholm index. This brings new mathematical insights to the extraordinary
precision of quantization observed in quantum Hall measurements.

1. Introduction

Consider an electron confined to a plane with a perpendicular magnetic field B of
uniform strength. Under the right choice of orientation, identify the plane with C, the
complex plane. In the symmetric gauge, we have the free Hamiltonian

H;, = 1£+9 2_|_ lﬁ_é ’
b= \Gar T 2Y ioy 2"

representing this system, where b = ¢|B|/hc > 0. When the Fermi energy F is in a spectral
gap of Hy, we have the Fermi projection P<p = X(—oo,r](Hp). Let fi and fo be switch
functions in the x and y directions respectively (see Definition 3.5 below). It is known that
the expression

(1.1) onan(P<k) = —itr(P<gl[f1, P<gl, [f2, P<E]])

is the Kubo formula for the Hall conductance of P<g, provided that the trace on the
right-hand side makes sense. See [7,1].

The spectrum of Hy is well known. In fact, an easy diagonalization of Hj shows that
its spectrum consists of the eigenvalues {(2¢ + 1)b: ¢ =0,1,2,...}, called Landau levels,
each with infinite degeneracy. In the complex coordinates, it is easy to verify that

Hy —b=4(—0+ (b/4)2)(0 + (b/4)z),

where 0 = 0/0z and 0 = 0/0%. From this we see that the eigenspace corresponding to the
lowest Landau level (LLL) is the closure in L?(C) of

(1.2) span{zke’(b/‘l)|Z|2 tk=0,1,2,...}.
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One immediately recognizes that this is a unitarily equivalent form of the familiar Fock
space. Thus in the study of the quantum Hall effect, the wealth of knowledge that has
been accumulated in the study of operators on the Fock space can be brought to bear.

Define the measure

du(z) = %e"Z'ZdA(z)

on C, where dA is the standard area measure. Recall that the Fock space F?2 is the closure
of the analytic polynomials C|z] in L?(C,du). As usual, we write P for the orthogonal
projection from L?(C,du) onto F2.

Define
(Un)(2) = (2/b)/ 2 ((2/b)/22)e 12,y € L2(C, dA).

Then U, is a unitary operator that maps L?(C,dA) onto L?(C, du). Let £ be the eigenspace
for H} corresponding to the eigenvalue b. By (1.2), we have

UL = F?.

Moreover,
UbPSEU; =P when b< E < 3b.

Combining this with (1.1), we see that when b < E < 3b,
(13 owan(Pex) = ~itr(Pl[(My,  P|, M, P]),

where fi(z) = f;((2/b)}/22), and M, is the operator of multiplication by the function f;
on L?(C,du), i = 1,2. This realizes the Hall conductance of the lowest Landau level as a
trace on the Fock space. We can further rewrite the right-hand side in terms of Toeplitz
operators.

Recall that for each f € L>(C), the Toeplitz operator Ty is defined by the formula
Tyh = P(fh), heF>.
For any f,g € L>°(C), we have

[Ty, T,] = PM;PM,P — PM,PM;P
= P(MyP — PM;)(M,P — PM,) — P(M,P — PM,)(M;P — PM;)
(1.4) = P[[My, P],[M,, P]].

Therefore, renaming fl, fg as f1, fo, when b < E < 3b, (1.3) becomes
(1.5) onan(P<p) = —itr[Ty,, Tf, ].

In an earlier work [11], the first author showed, by an explicit calculation, that

(1.6) {Ty, Tr) = w(Pl[My, P M, Pl)) = 5
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independently of the choice of switch functions. This obtains the value —1/27 for the
Hall conductance opan(P<g), which gives a mathematical proof to what was a folklore in
physics.

In the decades since the initial discovery of the quantum Hall effect, repeated experi-
ments have seen an extraordinary stability for the observed integer values of 2mop,y. This
phenomenon calls for an explanation in terms of a mathematical quantity that is stable
under small perturbations and quantized to integer values. In this regard, the Fredholm
index is an obvious candidate.

There were previous attempts along this line, one of the earliest being [1]. In Theorem
6.8 of that paper, Avron, Seiler and Simon used their theory of relative index of projections
to show that

(1.7) 2miTe(Ty,, Ty,] = —index(T% )

and checked that the right-hand side was 1. But in [1], the left-hand side of (1.7) was
treated as a limit of truncated traces, not the classic trace. (See the comment after
[1,(6.6)].) This leaves room for improvement. For example, if the commutator [T, ,TY,] is
known to be in the trace class, we can directly deduce its stability with respect to, e.g.,
trace class perturbations of P, without using the right-hand side.

Improvements started with [9], in which Ludewig and the first author showed, using
general abstract methods, that the commutator [T, ,TY,] is indeed in the trace class. (Later
in Proposition 3.7, we will verify this trace-class condition more directly.) Then in [11],
the first author did the trace calculation (1.6).

In this paper we take the next step. Our starting point is (1.5). Recall that the values
of the switch functions f; and f, are contained in [0, 1]. The fact that [T}, ,T%,] is in the
trace class means that the theories of Helton-Howe [8] and Carey-Pincus [3,4,10] come into
play. Define F' = f; + ifs. Using a new technique for constructing Fredholm inverses, we
will show in Theorem 4.1 that the essential spectrum of the Toeplitz operator T is the
boundary 0S5 of the square

S={z+iy:0<z<land 0<y <1}

Knowing that the two-dimensional Lebesgue measure of this essential spectrum is 0, we de-
duce from the Carey-Pincus theory that the principal function g for the almost commuting
pair T, , T}, is given by the formula

g(z,y) = nxs(z +iy),

where

n = index(Tr — \) for every \ € S\0OS.
The Carey-Pincus theory also tells us that

n

1 _
(1'8) tr[Tfl’sz] = z—m//g(x,y)dxdy =5
3
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Combining this with (1.5), we find that when b < E' < 30,

1
(1.9) onan(P<g) = Q—inGX(TF —A) for every A€ S\0S.

™

This identifies the Hall conductance with a bona fide Fredholm index in a direct way,
distinct from the Avron-Seiler-Simon approach leading to (1.7). Moreover, (1.8) turns
(1.6), a trace calculation, into an index calculation:

index(Tp — A) = —1 for every X € S\0S.

Consequently, g(x,y) = —xs(z + iy). Thus the Carey-Pincus theory gives us the formula

(1.10) (T Tr).a(T T3] = 5 [ [ A abadady

for p,q € C[z,y], where {p, q} is the Poisson bracket of the pair p, ¢. In other words, the
one trace calculation (1.6), plus the determination of the essential spectrum of T, plus
the Carey-Pincus theory, give us all the explicit traces above.

It is worth stressing that even something like tr([T,,T,]T},) would be impossible to
calculate without the Carey-Pincus theory. But with the Carey-Pincus theory, not only
do we know that tr([T},, Tr,|T},) = (4mi)~ !, every trace in (1.10) is at our finger tips.

As the main part of our paper, we will prove the analogues of (1.6), (1.9) and (1.10)
when F is between arbitrary Landau levels (2¢ + 1)b and (2¢ + 3)b, £ > 0. We emphasize
that our aim is to determine, for the general case of ¢ > 0, the full principal function,
which is a lot more than the calculation of an individual trace or index.

After establishing the general version of (1.9), we will take a look at another pair of
functions, inspired by (1.7). We consider

p1(2) = Re(z/]z]) and  @s(2) = Im(z/|z]),

z € C\{0}, which are not the kind of switch functions suitable for the Kubo formula, but
are still worth investigating on mathematical grounds. Define ® = 1 + ips. That is,

®(z2) = 2/

for € C\{0}. We will show that the Toeplitz operator Tg on F? is a compact perturbation
of the unilateral shift. Consequently, the essential spectrum of Tg equals the unit circle T.
We will also show that [T}, T,,] is in the trace class, and that tr[T},,,T,,,] = (2i)~'. This
leads to the identity

1
tr(P[[My,, P, [M,,, P]]) = —Zindex(ﬂp — ) forevery A€ D,
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where D = {z € C: |z| < 1}. Furthermore, we have

(T T 0T Tl = 5 [ [ p.a}(ap)dody

for all p,q € Clz,y].

After that, we will work out a “non-Toeplitz” example in Section 10. In addition to
the value of the example itself, this goes some way to demonstrate that our techniques are
quite general.

It should be mentioned that in addition to (1.3), there are at least two other versions
of “Kubo formula for Hall conductance” studied in the literature. If one uses “trace-per-
unit-area”,

. 1
T(A) = Ah_{% mtr(XAAXA),

then the quantity
2 . N ~
o2 = —iT(P[&, P], (4, P]]),

where & and ¢ are the coordinate functions in the x and y directions, is a second version
of Hall conductance.

The quantity UI({?H fits very nicely in the context of non-commuative geometry [2].

Thus the study of ‘71({2211 benefits from the tremendous progress that has been made in
non-commuative geometry in the last few decades. The equality of oy, and ‘71({2&211 can
be deduced once the trace class membership needed for the former is established. See [6,
Appendix Lemma 8] for such arguments in the context of discrete models. Otherwise, if
only the limit of truncated traces is used in defining o)1, then the magnetic translation
invariance of Hj, thus of P, needs to be invoked to obtain equality with O’I(f;u, as explained

on page 416 of [1].

For a third version, consider a Hamiltonian H that is periodic with respect to the
lattice Z? in R?. Under additional assumptions, P decomposes in the form f,l% P(k)dm(k),
where T? is the dual Brillouin torus to Z?, and each P(k) is a finite-rank projection matrix
depending smoothly on k € T2. That is, P is a map from T? to M, «,. Then a third
version of Hall conductance is given by the formula

o) = —i / tr( P[0y, P, Oy, P))dm(k),
T2
which may be recognized as a Chern number of the vector bundle over T? formed by the

ranges of P (k).

We emphasize that the focus of this paper is on the Hall conductance given by the
classic trace, as in (1.1). Operator theory is our main tool for analyzing (1.3) and its
analogue for higher Landau levels. Like the field of non-commutative geometry, tremendous
progress has also been made in operator theory on reproducing-kernel Hilbert spaces. This
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paper benefits from this progress in the sense that our results are really applications of
this particular form of operator theory.

2. Landau levels and eigenspaces

As we already mentioned in the Introduction, the magnetic Hamiltonian

H, = 1£+9 2_|_ lg_é ’
b= \Gar T 2Y ioy 2"

admits the factorization
Hy —b=4(—0+ (b/4)2)(0 + (b/4)z2).

Let us denote . B .
A=20+(b/2)z and C = —-20+ (b/2)z.

Then o
H,—-b=CA.
This pair of operators A, C are called annihilation and creation operators, and gives us an

explicit diagonalization of Hy. Indeed this diagonalization is a standard exercise using the
canonical commutation relation (CCR).

We begin with the obvious commutation relation [A, C] = 2b. Define
Sy = spam{zke_(b/‘l)‘Z|2 ck=0,1,2,...}.
Then ASy = {0}. For each j € N, define
S; = CIS,.

By the “product rule” for commutators, the relation [A, C] = 2b implies [A4, ~C~'j | = 2bjCI1
for j > 1. Let ¢ € S; for some j > 0. Then there is a 1) € Sy such that ¢ = C71). Therefore

(Hy — b)p = CAp = CAC+p = C[A, C9]ep = 2b5C71p = 2bjp.
Hence
(2.1) Sj C ker(Hb — (2] + 1)b)

for every j > 0. Since Hj is self-adjoint, this in particular means that S; L S; for ¢ # j.
For each j > 0, let &; be the closure of S; in L?*(C,dA).
Recall that the formula

(Unh)(2) = (2/0)'/26((2/b)'22)el1"/?, 4 € L2(C, dA),
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defines a unitary operator that maps L?(C,dA) onto L?*(C,du). For each j > 0, define
(2.2) F; = Upé;.
Obviously, we have Fy = F2, which is the classic Fock space. We will see that the spaces

Fj, 7 > 1, are in fact higher Fock spaces.

Let us now denote B
A=0 and C=-0+72%

which satisfy the commutation relation [A,C] = 1. It is easy to verify that (Cu,v) =
(u, Av) for all u,v € C[z, z]. That is, over the dense subspace C|z, z] of L?(C,du), C and
A are each-other’s adjoint. It is also easy to verify that

Uy AU; = V2bA and  U,CU; = V2bC.
Consequently,
UyHyU, — b = 20C A.

It is easy to see that U,Sy = C[z] and that U,S; = CYC|z] for every j > 1. Thus by an
induction on the power of Z, we have

(2.3) Upspan{Sy, S1, . ..,Sk, ... } = Clz, Z].
This shows that span{Sy,Si,...,Sk,...} is dense in L?(C,dA). For each j > 0, let
E; : L*(C,dA) — &; be the orthogonal projection. Combining (2.1) with (2.3), we obtain

oo

(2.4) Hy = (2j + 1)bE;.
j=0

This is an explicit diagonalization of the magnetic Hamiltonian Hj.

To summarize, the spectrum of Hj comprises evenly-spaced Landau levels (25 + 1)b,
j > 0. The j-th Landau level eigenspace &; is identified with the j-th higher Fock space
F; under the unitary Uy.

For each j > 0, let P; : L?(C,du) — F; be the orthogonal projection. Then, of course,
Py = P. Tt follows from (2.2) that

(2.5) P; = UpyE;U;,  for every j > 0.
For each j > 0 and p € C[z], we have
IC7p||* = (C7p, C7p) = (AP C7p, p) = jp,p) = j!|IplI>-
Hence, for a given j > 0, if we define
1

2.6 Viu=—=C’Pu for ue Clz, z|,
(2.6) = [2, 2]



then V; extends to a partial isometry on L?(C,du) such that

(2.7) ViV;=P=PF and V;Vi=P.

Inspired by the classic Toeplitz operators on F?2, on each higher Fock space F;, j > 1,
we define the “Toeplitz operator”

(2.8) Ty ;h = Pi(fh), heF;

Given any integer (the Landau level label) ¢ > 0, we define

J4
PO =3"p;
j=0

We similarly define the “Toeplitz operator”

J4
0
70 = PO(fh), he@PF;.

=0
That is, T} = POM;P®. Similar to (1.4), we have the identity

Y/
T, 10) = PO[[My, PO, [M,, PO

for all f,g € L*°(C) and ¢ > 0.
Recall the relation (2.5) that binds E; and P;. Thus

¢
PO =U, Y E;Uy = UyP<pU;

J=0

when the Fermi energy F is strictly between (2¢ + 1)b and (2¢ + 3)b. For a given pair
of switch functions f and g, if it happens that both products [Mf,P“)][Mg,P(E)] and
[M,, PO)[Mg, PY)] are in the trace class, then the Kubo formula for Hall conductance
reads

(2.9) onan(P<p) = —itr[T}7, T,

which generalizes (1.5). We have three goals for this paper:
(i) Prove that for a large class of switch functions, the products of commutators
(M, PO][M,, PP and [M,, PY][M;, P¥)] are indeed in the trace class.
(ii) Compute the trace of tr[T}@,Ty)].
(iii) Identify the Hall conductance in (2.9) with a Fredholm index.
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We will see that (i) follows from Proposition 3.7, while (ii) and (iii) are the last two
identities given in Section 8.
3. Trace class products of commutators

The main purpose of this section is to establish Propositions 3.7 and 3.9, which tell
us that certain products of commutators are in the trace class. We begin with some of the
basic estimates.

For vectors z,y in a Hilbert space H, the notation x ® y denotes the operator on H
defined by the formula
r®yh = (h,y)x, heH.

Note that this definition of x ® y is the opposite of the usual convention adopted by
physicists, but it is the standard practice in operator theory.

Recall that for each z € C, the function
ka(Q) = e e

is the normalized reproducing kernel for the Fock space F2. For arbitrary ¢, € L?(C, du),

_ 1 PoV(De _ !
(Pot) =~ [ (POETPIEAAC) = [ (o)l v)dA().
This can be rewritten as the operator identity
1
(3.1) P = p /C k., ®k.dA(2)

on L?(C,du). Define
F={m+in:mneZ} and Q={x+iy:z,yel0,1)}.

Continuing with (3.1), we have

1 1
(3.2) P=>Y" —/ k., ®k.dA(z) = —/ G.dA(z),
UGF ™ Q+U ™ Q

where

Gz = Z ku—i—z X ku—i—z

uel
for every z € Q.

Easy calculation shows that

(C9k,)(¢) = (C — 2)7k,(¢) forall j >0 and z € C.



We now define

(3.3) k9 (C) = (C7k.)(C) = (C — 2) k= (Q),

j>0and z € C. From (2.7) and (2.6) we see that
1 . : _
(Pju,v) = F<CJPAJU,U> for u,v € C[(, (],

j > 0. Combining this identity with (3.2), we see that for each j > 0,

1
3.4 P, = G, dA
(3.4) = 7oy ), GeadAC),
where
(4) L)
(35) Z kuj—f-z uj—i—z
uel

for every z € Q. Keep in mind that kiﬂzz is defined by (3.3).
For z € C and a > 0, denote B(z,a) ={w € C: |z —w| < a}.

Lemma 3.1. Let j > 0 be given. Then there is a constant 0 < Cs.1(j) < oo such that for
all z € C and p > 0, we have ||XC\B(zp Y || < Cs4(j)e /3.

Proof. Given a j > 0, there is a 0 < C; = C1(j) < oo such that z7e~*/3 < C} for every
x> 0. Let z€ C and p > 0. Then

: / D ()2 aA () =
T Ji¢—2|>p

e

1

KO = 2 e aag
—z|Zp

||XC\B(Z,p) T

6_2|C|2/3dA(C) = 2C’1/ e 2 Brdy = (3/2)016_2”2/3.

T Jiglzp p
Thus the constant Cs1(j) = {(3/2)C1}*/? will do for the lemma. [
For any nonempty subset F' C C and any z € C, denote
d(z,F)=inf{]z — (| : ( € F'}.
For j > 0 and z € C, from the facts that Ak, =0 and [A,C] = 1 we obtain

(3.6) 1912 = (CUk,, CTk,) = (AT CP ky k) = ks, k) = 41

Lemma 3.2. Given any j > 0, there is a constant 0 < Cs5(j) < 0o such that the following
estimate holds: Let ¢ € L>°(C) be such that |p(z)| < 1 for every z € C. Furthermore,
suppose that there is a closed subset F' of C such that for every disc B(w,a) satisfying the
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condition B(w,a) N F =0 (w € C\F and a > 0), ¢ is a constant on B(w,a). Then for
every z € C,

1o = p()EP|| < Cs.2(5) exp(—d?(2, F)/3).

Proof. Since Hkgj)H = Vjland [[¢ — ©(2)|lee < 2, it suffices to consider z € C\F. Let
0 <r < d(z,F). By the assumption on ¢, we have p(w) = ¢(z) for every w € B(z,r).
Therefore

(e — p()ED|| < 2lxeremkD || < 2C51(j)e™ /3

by an application of Lemma 3.1. Since this holds for every 0 < r < d(z, F'), the desired
conclusion follows. []

Lemma 3.3. Let 0 < a < oo and define V ={zx+iy: —a < x < a andy € R}. Then
d?(z,iR) < 2a? + 2d%(z, V) for every z € C.

Proof. Tt suffices to observe that d(z,iR) < a + d(z,V) for every z € C. O

Lemma 3.4. Given any pair of j > 0 and k > 0, there is a constant 0 < Cs3.4(j, k) < o0
such that for all z,w € C,

(ED|, [Py < Cs4(j, k)e 12w F/8,
Proof. We have
(B e®) = L / ¢ — 2 R mI27/2) ¢ g FeRe(Cm) o= Iw /261 g 4 ()
v

_1 / (¢ = 21222 _ e lc=wP 24 4(c)
™

= l /e_{|C—Z|2+|C—’w|2}/4|< _ Z|J|C _ w|k€_{|<_Z|2+‘C_w|2}/4dA(C)

™

< e—lemulrsl / 1€ — 2]i|¢ — w|Fe— =P HE=w P ag ).
T
Once j > 0 and k > 0 are given, there is obviously a 0 < C34(j, k) < oo such that
1 .
T / ¢ = 2P [¢ —wlfe IHHGA() < Caa(.F)
T

for all z,w € C. [

Definition 3.5. Let 0 < a < co. Then X, denotes the collection of measurable functions
n on R satisfying the following three conditions:

(1) 0 < n(x) <1 for every z € R.

(2) n(x) =1if x > a.

(3) n(x) =0if z < —a.

We will use elements of ¥, to construct “switch functions” on C which interpolate
between values 0 and 1 within certain strips in C.
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We write || - |1 for the norm of the trace class.

Lemma 3.6. Let n,& € X, for some 0 < a < 00, and let 0 < § < 7. Define the functions
f and g on C by the formulas

f(Q) =n(Re(()) and g(¢) =E&Re(e™()), ¢eC.

Letj > 0 and k > 0. Then for all z,w € Q, the product [My, G, ;][My, Gy x| is in the trace
class. Moreover, there is a 0 < C' < oo which depends only on a, 8, j and k such that

|Hﬂ4f7G¥J]waaChmk”h S(j
for every pair of z,w € Q.
Proof. Given any pair of z,w € @, we have

My, G Mg, Gl = 3 D My kP @ kDM, k(P @ kP = > Hun,

wel+zvell'+w uel'+zvel'4w

where

Hyp = {(f = f@)kP @ kD — kP @ (f — f(u)k$}

(g — gNEP @ kP — kP & (g — g(v))kF}
= ((g — 9Nk kD) (f = Fu)kD @ kS — (K kD) (f = fu)kS) @ (g — g(0)) kP
— (9= gNEP, (f = F)EGHED @ k) + kP, (f — Fu)kDVED @ (9 — g(v))k.

It suffices to estimate the sum Y ||[Hy o|l1-

wo |

For every pair of u € I' + z and v € I' + w, the above along with (3.6) give us

|Huwlli < VERE) + 03, + ViERE), + /7R,

where
R = (g = g)ES KNI = Fu)k],
W2, = [k KNI = F@)ED (119 — gk,
WY, = (g — gDk, (f = f(w)kP)|  and
B, = [k, (f = F)EI) (g — g(w)EP|I.

To prove the lemma, it suffices to find constants 0 < ), < oo such that thg”), < (C, for

v =1,2,3,4. Below we present the details of the estimates for the sum Eu,vh&l; the other
three sums can be handled similarly.

First, note that since
[{(g = g)EP I = [{(g = g)kP, k)2 [((g = g(0) kS, kD)2,

12



we have .
G, < (RS IR D2V 51 — gD ER 121 = F(w)ED ).
Applying Lemmas 3.4, 3.2 and 3.3, we obtain

hg% <0 (6—\u—v|2/8>1/2(eaz/se—dz(u,m)/e)1/26a2/36—d2(v,iei9R)/6

(37) < Cshexp ( — 1_16 {|u — 'U|2 + dQ(u, ZR) + dQ(U, ieiGR)} )

For > 0 and y > 0, 22 + 32 > (1/2)(z + y)?. By this and the triangle inequality,

(1/2)|u — v|> + (1/2)d?(v,ie"R)
(1/2)|u — v|* + (1/2)d?(u, iR)

(1/4)d?(u,ieR) and

>
> (1/4)d*(v,iR).

Therefore from (3.7) we deduce
1 ) .
(3.8) hgll,% < Cshexp ( ~ 1 {dQ(u, iR) + d2(u7 Z'GZQR) + dQ(U’ iR) + dZ(U, iezeR)} )
Denote o« = min{sin(6/2),sin((w — #)/2)}. By simple plane geometry, for every ¢ € C,
max{d(q,iR), d(¢,ieR)} > alq|.
Thus if we write 8 = o?/64, then from (3.8) we obtain
B < CpemBlul® =Alul*.

For x € T, |2|? + |z + 2]? > (1/2)|x|?. Therefore

Z Z h£12,§02 Z o Blul? Z e Blvl?

u€El+zvel+w u€l+z vel'4w
2
<0, eGP 3 B/l < i, ( > e—<ﬁ/2)|m|2) .
zel yel’ zel

This completes the proof. []

Proposition 3.7. Letn,& € ¥, for some ) < a < oo. Let 0 < 8 < w. Define the functions
f and g on C by the formulas

F(Q) =n(Re(¢)) and g(¢) = &Re(e™()),

¢ € C. Then for all j > 0 and k > 0, the operator [My, P;][M,, Py] is in the trace class.

(©) 7o)

Consequently, for every £ > 0, the commutator [T } is in the trace class.
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Proof. 1t follows from (3.4) that
1
My PNy P = s [ (M7 G )M, G A dAGw).
J R QxQ
Therefore
1
0y Py, Pl < < [ M7 Gl My, Gl 1A () dAGw).
JRTT QxQ

By Lemma 3.6, the right-hand side is finite. [J

In terms of simple plane geometry, we can think of the commutators [My¢, P;] and
(M, P;] in Proposition 3.7 as being “supported” in strips at the angle 6 to each other. The
intersection of the two strips is a parallelogram, which is why the product [My, P;|[M,, P]
is in the trace class. Proposition 3.9 below uses a variant of this idea.

Lemma 3.8. Let s,t € R be such that s <t < s+ w. Define the subset
W= {re”:s<z<tandr>0}

of C. Let 6 € R satisfy the conditions ie?? R N e*R = {0} and ie?? RN e R = {0}. Pick a
& e Xy, for some 0 < a < oo and define the function

9(¢) = €(Re(e™"()),
¢ € C. Given any 7 >0 and k > 0, there is a 0 < C < 0o such that

|HA4 (;LjHA4§>Chmk”h S 67

XW
for every pair of z,w € Q.

Proof. Similar to what happened in the proof of Lemma 3.6, for any z,w € ), we have

My, G gl My, Gl = > Y [Myyy kP @ kP [M,, k) @ k)]
wel'+z vel'+w

=2 2 Hu

weEl+z vel+w

where

Huo = (9 = gDk, kD) Oow — xw (w)k§ @ kY
(kY ED) oow — xw (w)kP @ (9 — g(v)) kLY
(9 = 9Dk, xw = xw (W)kP)VED @ kP
{

K, Oov = xw (W)ED)ED @ (9 — g(0))E.

+

Again, it suffices to estimate the sum ) || Hyol1-

wo |

14



For every pair of u € ' + z and v € I + w,
HHu,le < \/th(iz) + h&%% + \/‘_kh(g) I \/_huv,

where

(g = g)ES® B Ocw = xw (w)kP |,
[k, kI Oow = xw ()ED [11(g = g(0)kP,
(g = 9Dk, (xw = xw (w)kP)|  and
[k, Oow = xw (@)ED) (g — g(w)) kS

n)
n) =
h@)
ha)

This time, let us estimate Ewhﬁfl, the other three sums are handled similarly.
It is easy to see that
WY, < (KDL KDY 11(g = ()RS Oow = xow (w) R [M/2.
Applying Lemmas 3.4, 3.2 and 3.3, we obtain

u, v —

h3) < 01( —lu—v|?/8  ,a®/3,~d*(v,ie’R)/6 | efdQ(u,8W)/3)/1/2'
Obviously, OW C e**R U e!’R. Therefore the above implies
hE) < Cymax{ay,v, buw} < C2(au,o + bu),
where
Ay, = €XP ( {]u v]? + d*(v,ieR) 4 d?(u, e”R)}) and

by.v = €xp ( ~ 16 {lu— v]? 4+ d?(v, e R) + d*(u, eitR)} >

Let us estimate X, by ,; the sum ¥, ,a,,, is handled similarly.

By the reasoning before inequality (3.8), we have
1 . . . ,
(3.9) by, <exp < ~a {d*(v, " R) + d?(v, ie®R) + d(u, "' R) + d2(u,iewR)}).

Let v be the angle between the lines e*R and ie?’R. By definition, 0 < v < 7. By our
assumption on ¢t and €, v # 0 and v # w. For each ¢ € C, plane geometry gives us the
inequality

max{d(q, ¢"R), d(¢,ie”R)} > o],

where o = min{sin(vy/2),sin((7m —v)/2)}. Thus if we write 3 = «?/64, then from (3.9) we
obtain
by < e Blul? —Blul?.

15



By the argument at the end of the proof of Lemma 3.6, we have
2
S Y b < 64(Ze—w/2>lw2) |
uel'+zvel'+w zel’
This completes the proof. [J
Proposition 3.9. Let s,t € R be such that s <t < s+ w. Define the subset
W= {re”:s<z<tandr >0}

of C. Let § € R satisfy the conditions ie?®R N e R = {0} and ie’?R NeR = {0}. Pick a
& e Xy, for some 0 < a < oo and define the function

9(¢) = &(Re(e™¢)),

¢ € C. Then for all j > 0 and k > 0, the operator [M,,, , P;|[My, Py] is in the trace class.
Consequently, for every £ > 0, the semi-commutators

¢ 4 L L 4 0
T -1, ot TOTY 1)

gxXw

are in the trace class.

Proof. This proposition is derived from Lemma 3.8 in exactly the same way Proposition
3.7 was derived from Lemma 3.6. [J

Proposition 3.10. Let ¢ € L*>°(C). If the support of ¢ is contained in a bounded set,
then for every j > 0, the operator M,P; is in the trace class.

Proof. Let a j > 0 be given. By (3.4), it suffices to find a 0 < C' < oo such that
(3.10) |IM,G. ;|1 <C forevery z€ Q.

By (3.5), for each z € ) we have

(3.11) IMuGa gl < VIS ekl

uel’

By assumption, there is a 0 < p < oo such that ¢ =0 on C\B(0, p). Thus if |u| > 2p + 4,
then B(u + z,|u|/2) N B(0, p) = 0, i.e., B(0,p) C C\B(u + z,|u|/2), and we have

Ikl < lellooXaBat= /2 kitsl < Caa(liglloce™ /2,

where the second < follows from Lemma 3.1. Thus

. ~lul?
S Mkl < Caallelle Y e

uwel\ B(0,2p+5) wel\ B(0,2p+5)
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Combining this bound with (3.11), we obtain (3.10). O

4. Fredholm inverse

In this section we deal with Toeplitz operators whose Fredholm inverse cannot be
constructed by known methods in the literature. These Toeplitz operators have symbols
that oscillate at infinity.

Take an a > 0 and pick n,& € ¥,. Also, pick a 0 < # < m. We now fix the switch
functions

(4.1) f1(©Q) = n(Re(Q)) and  fo(¢) = E(Re(e™ (),

¢ € C. Furthermore, we define the function
F=fi+ifs
on C. We remind the reader that
S={z+iy:z,yel01]}.

Recall that (2.8) defines the “Toeplitz operator” T} ; on Fj, j > 0.

Theorem 4.1. On the space Fj, j > 0, the essential spectrum of the Toeplitz operator
T ; is contained in OS, the boundary of the square S.

To prove Theorem 4.1, we first establish a general “product rule” for the spectra of
self-adjoint operators:

Lemma 4.2. Let A, B be bounded self-adjoint operators on a Hilbert space H. Suppose
that the spectra of A and B are contained in the intervals [a,b] and [c, d] respectively. Then
the spectrum of T = A+ iB is contained in the rectangle

{z+iy:x € la,b,y € [c,d]}.

Proof. Let t € R\[a,b] and y € R. Let us show that T"— (¢ + iy) is invertible. If ¢ < a,
then A —t > 0, and (A — t)'/2 has a bounded inverse (A — t)~'/2. In this case,

T—(t+iy)=(A—t)"{1+i(A—t)" V3B —y)(A—t) 2} A-1)Y/2

Since the operator (A —t)~1/2(B —y)(A —t)~'/? is self-adjoint, the above is invertible. In
the case t > b, we have t — A > 0 and

T~ (t+iy) = (t — AV {1 +i(t = A) 2B —y)(t — A) 2}t — 4)2,

which is also invertible. A similar argument shows that if x € R and ¢t € R\[¢,d], then
T — (x +t) is invertible. O
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Proof of Theorem 4.1. By Lemma 4.2, it suffices to show that the interior of S does not
intersect the essential spectrum of T ;. We begin with the following four wedges in C:

A={re”:0/2 <z <(r+0)/2and r > 0},
B={re":(n+60)/2<z<7+(0/2)and r >0},
C={re™:m+(0/2) <2z < (3r+60)/2 and r > 0} and
D={re”:(3n4+0)/2 <x<2r+(0/2) and r > 0}.

Thus B=1iA,C = —A, and D = —iA. We claim that

(42) sz,jTXA,j = TXAaj + Ka,
(4'3) Tfl 7jTXByj = KB7
(4.5) T4 Ty, = Txp.j + Kp,

where K 4, Kg, K¢, Kp are compact operators. Let us consider (4.2).

By Proposition 3.9, we have T, ;T , j = Tfyx 4,5 —i—K(l), where Kféll) is compact. Thus

1
(4'6) Tf2ajTX.Aaj = TXA7] - T(l_fQ)XAv.j + K&)'

By the definition of f, if ( = € (x +iy) for > a and y € R, then f5(¢) = 1. Thus the
support of the function (1 — f3)x.4 is contained in the set

An{e®(xz+iy):z <aandy € R}.
Obviously, this is the region enclosed by the lines /2R, ¢!"+9)/2R, and {e¢"(a +1iy) : y €
R}, which is a triangle. By Proposition 3.10, the Toeplitz operator T{;_,y ,,; is compact.

Therefore (4.2) follows from (4.6). The proofs of (4.3), (4.4) and (4.5) are similar and will
be omitted.

Let A € S\0S. That is,
A=a-+iB, where «,f€ (0,1).
Since the operators T, ; and 1Y, ; are self-adjoint, the operators
Tpi—a+i(l—=08), T —a—if, Ty ;j—a—if and Tip i+ (1—a)—if

are invertible on F;. Let A, B, C, D denote their respective inverses. Then

(Tpj —a+i(l—p))A=1,
(Tif,j —a—iB)B =1,
(Ty,; —a—1iB)C =1 and

(Tify; + (1 — ) —iB)D = 1.

18



Combining these identities with (4.2)-(4.5), and with the fact that the commutators
(T4, .5, Tye ;] and [T, ;,Ty. ;] are in the trace class for every £ € {A,B,C, D} (see (1.4)
and Proposition 3.9), we find that

(TF,J’ - A)( XA JA+ XB JB + T Xc JC +TXD JD) = TXAJ + TXB,J' +TXCJ + TXDJ + K
=14+ K,

where K is a compact operator. Similarly, we have

(ATXAJ + BTXBJ + CTXCJ + DTXD7j)(TF7j - )‘) = TXAJ + TXBJ + Txa gt TXDJ + L
=14+ 1L,

where L is a compact operator. The above two identities show that X is not in the essential
spectrum of Tr. This completes the proof. [J

Theorem 4.3. Let £ > 0. Then on the space Fo @ --- @ Fy, the essential spectrum of the
Toeplitz operator Tff) is contained in S, the boundary of the square S.

Proof. 1t follows from Proposition 3.9 that the commutator [T° }f) , T}f)] is in the trace class.
Therefore by Lemma 4.2, the essential spectrum of T}(f) is contained in S.

O 1) and TRITY —

T )f are in the trace class for all i € {1,2} and € € {A, B, C D}, where the wedges A, B,
C D were defined in the previous proof. Therefore the argument in the proof of Theorem
4.1 also works here. By that argument, if A € S\0S, then A is not in the essential spectrum

of Tf(f). This completes the proof. [

It also follows from Proposition 3.7 that the operators T}

5. Trace calculation

In this section we revisit the trace calculation, equation (1.6), carried out in [11].
Thus in this section we only consider the classic Fock space F? = F, and classic Toeplitz
operators on it. The calculation presented below differs slightly from the calculation in [11]
in the respect that we allow any 0 < § < 7 in (4.1). Because of this, the trace calculation
requires one extra cancellation argument.

As observed in [1, Proposition 6.9], for all A € ¥, and t € R, we have
(5.1) / (A(z+1) — A(z))dz = .
R

Proposition 5.1. For the switch functions f1, fo defined by (4.1), we have

1

6(Th, T = 5 —-

Proof. By (1.4), we have

(5'2) [Tf17Tf2] = P[MfUPHMfz’P] _P[Mf27P][Mf17P]'
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By Proposition 3.7, both terms on the right-hand side are in the trace class, which is a
fact that we will use in the calculation.

We can regard P as an integral operator on L?(C,du) with the function e* as its
integral kernel. Thus P[My,, P][My,, P] and P[Mjp,, P][My,, P] are integral operators on
L?(C,du) with the functions

Ky1s(C,2) // COUTE(f (w) — f(w) (falu) — fo(2))dp(w)dp(u) and
Ko (¢ / / Coguigu3 (f(w) — fo(uw))(fo(w) — fu(2))dpa(uw) dpa(u)

as their respective integral kernels. Therefore

tr(PM, P, P) = [ Kia(CG)dn(Q)
= [[[ memmert i) — fitw) () - Fa(0)duw)du(wdn(©)
It is easy to verify that the identity
(0 + w4 1) — (IC2 + [wf? + uf?) = (¢ — w){w =) — ¢ — uf® — [ — uf
holds for all ¢, w,u € C. Therefore

(P[Mfl’ Mfzap])
= [ [ TP () — i @) o)~ (€)AA()AA(W)AAC)

=5 [[ e () - A0 - fatu-+ )G bAG)aAG)

Let us write x = x1 + ixy and y = y; + iy2. Combining (5.1) with easy plane geometry,
we find that

63) [ Uil ) = A@)Falu) = falu +2)dA(u) = (a2 + cotd).
(Those who need the details, see the Remark below.) Hence

tr(PUMy,, Py, P) = — [ [ €760y 0 4 cot 01)dA(@)dA (),
Similarly,

tr(P[Mj,, P|[Mjy,, P]) = —// e 125 (g, cot Oy, )z dA(z)dA(y).
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Therefore, by (5.2),

1 _ 2 2
tr[TfUsz] = F // exy€_|$| vl (nyl - y1$2)dA(x)dA(y)a

which is independent of #. The last step in the trace calculation is exactly the same as in
[11]. That is, integration in polar coordinates for both variables x and y yields

1
tr[Ty,, Tr,) = i

O

Remark. Let L be a line that intersects the x-axis at the angle 6. Let S; be a strip
perpendicular to the z-axis, and let Sy be a strip perpendicular to L. Identity (5.3) is
obtained by computing the area of the parallelogram S N .Ss.

As we have already mentioned, Proposition 5.1 only covers the setting of the classic
Fock space F2 = F,. Its generalization to the higher Fock spaces Fj, j > 1, requires the
Carey-Pincus theory of principal functions, which we review next.

6. Trace and index

To express the quantized Hall conductance in terms of a Fredholm index, in addition
to the work we do in this paper, we need the theories of Helton-Howe [8] and Carey-Pincus
[3,4,10] for almost commuting pairs of self-adjoint operators.

Suppose that A, B are bounded self-adjoint operators such that the commutator [A, B]
is in the trace class. In [8], Helton and Howe showed that there is a compactly-supported,
real-valued regular Borel measure dP on R? such that

tr([p(A, B),q(A, B)]) = i/{p,q}dP

for all p,q € Cl[z,y]. Here, {p, q} is the Poisson bracket for p,q. That is,

. a}a) = o) G e — o) g @)

Carey and Pincus [3,4] took this trace formula one step further by showing that there is
a boundedly-supported g4 g € L'(R?), which is called the principal function for the pair
A, B, such that

(61 tr((p(A B).a(4 B)) = o [ [ (b0}, )ga.0(0. p)dzdy

for all p,q € Clz,y]. In other words, (6.1) tells us that the measure dP is absolutely
continuous with respect to the two-dimensional Lebesgue measure on R2. By functional
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calculus, (6.1) extends to a much larger class of functions than C[z,y]. For an irreducible
pair A, B with rank([A, B]) = 1, the principal function g is a complete unitary invariant.

Let T = A+iB. For our purpose, the more important fact is that for each point (x,y)
such that x + 7y is not in the essential spectrum of T,

(6.2) ga B(x,y) = index(T — (z + iy)).

See [3, Theorem 4], or [4, Theorem 8.1].

By (1.4) and Proposition 3.7, the commutator [T, ,T¥,] is in the trace class, where f;
and fo were defined by (4.1). This allows us to apply the above theory to the pair A = T,
and B = Ty,. Theorem 4.1 says that the essential spectrum of A +iB = TF is contained
in 05. It follows from this fact that

index(Tr — A) =0 for every A € C\S.

Therefore for this pair A = Ty, and B = T},, we have ga g = nxs, where xg is the
characteristic function of the square S and

n = index(Tr — \) for each X € S\9S.

Applying (6.1) in the case p(x,y) = = and g(z,y) = y, we obtain

—1 —-n

. tr|Ty,,Tr,| = — drdy = —.

(6 3) I‘[ f1o f2] 2i //HXS(I,Q) ray I
The above two identities imply

—1
(6.4) tr[Ty,, Ty,] = TindeX(TF —A) for every A€ S\0S.
i

This identifies the quantized Hall conductance with a Fredholm index in the case where
the Fermi energy is strictly between the Landau levels £/ =0 and ¢ = 1.

By Proposition 5.1, we have tr[T,,T},] = (27i)~!. Compare this with (6.3), we find
that n = —1, i.e.,
index(Tr — A) = —1 for every \ € S\0S.

In other words, for the pair A = Ty, and B = Ty, we have g4 p = —xs. Therefore, by
(6.1), we have

WlpT . T). 0T T3] = 5 [ [ v abadady

for all polynomials p, q € C[z, y].

The fact that n # 0 implies that no point of 9S can be missing from the essential
spectrum of Tr. This strengthens the case 7 = 0 in Theorem 4.1 to the following extent:
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Theorem 6.1. On the Fock space F?, the essential spectrum of the Toeplitz operator Tr
equals 0S, the boundary of the square S.

With the Carey-Pincus theory in hand, we are now ready to generalize both Proposi-
tion 5.1 and formula (6.4) to the setting of the higher Fock spaces F;, j > 1.
7. Trace calculation in the higher Fock spaces

First of all, Proposition 3.7 implies that for every j > 0, the commutator [T, ;, T}, ;| is
in the trace class. Our task in this section is to compute tr[T%, ;, 1%, ;]. Given Proposition
5.1, one obviously expects

1
(7.1) tr[Ty, ;. Ty, .51 = 5 for every j > 0.

We will show that this is indeed true.
Because of (2.6), for each j > 0 we will write (jI)~*/?CiP = V;. Thus V' =
(j))"1/2PA7. Recall from (2.7) that each V; is a partial isometry.

Lemma 7.1. Given any j > 1, there exist coefficients c(lj), ceey cg-j) such that if f € C>(C)
and if f and 00f,...,0707 f are all bounded on C, then

J
ViTy Vi =Ty + Y D Tougus.
v=1
Proof. First of all, since V; = P;V; and V" = V" P;, we have
ViTy Vi = Vi PiMy PV = Vi M;V;.
It is elementary that
AjMf = MfAj + [Aj,Mf]
= MyAT + Mg, AT 4 AMg, AT72 4 AT M,
= MpA + jMap AV 4 [A, Mgy | AT72 4 [AT71 Mgy

J
= MpAT + Y b0 Mg, ATV

v=1

By the commutation relation [A,C] = 1 and the fact APu = 0 for every u € C|z, z], we
have A7=VCIP = (j!/v!)C¥P, 1 < v < j. Hence

. 1. . 1 o NS) o
ViMV; = PAIM;CTP = S PMpA'CIP + Zl —p PMa ATV CIP
j .
(7.2) =Ty + > ) PMp, ;,CVP.
v=1
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For ¢ € C*°(C) such that ¢ and J¢ are bounded on C, we have [M,,C] = My,. Also,
note that PC' = (AP)* = 0. From these facts we deduce PMg, ;C” = PMy. 5. for every
v > 1. Substituting this in (7.2), we find that

J J
ViMyV; =Ty + Z Cz(/J)PMavéva =Ty + ZC,(/])Tavéﬁ

v=1 v=1
as promised. [

Lemma 7.2. Let u and v be real-valued, bounded measurable functions on R. Define

p(¢) = u(Re(¢)) and (¢) = v(Re(e (),

¢ € C, where 0 is the same as in (4.1). Suppose that there is a 0 < p < 0o such that u =0
and v =0 on R\(—p, p). Then the commutators

[Tf17T’¢']7 [TSO?sz] and [TSD’TKD]
are in the trace class with zero trace.

Proof. We have v = vy — v_, where vy and v_ are non-negative, bounded measurable
functions on R which vanish on the set R\(—p, p). Thus there are £ 1,§42,{-1,§— 2 € X,
and coeflicients ¢, c_ such that vy =c1 ({41 — &4+ 2) and v =c_({- 1 —&_2). That is,

v=cp(§r1 —Er2) —o-(§1 — - 2).

Since 41,8+ 2,6-1,€— 2 € ¥, Proposition 3.7 implies that [T, ,Ty] is in the trace class,
and Proposition 5.1 implies that the trace of [T, ,Ty] is zero. Clearly, v admits a decom-
position of the same kind. Therefore the other two commutators are also in the trace class
with zero trace. U

Lemma 7.3. Suppose that the functions n and £ in (4.1) satisfy the condition n,& €
Y. NC>=(R). Then

1
[T 5 Trail = 5

for every j > 1.

Proof. The condition n,§ € ¥, N C*°(R) ensures that Lemma 7.1 is applicable to f; and
f2. By that lemma, for a given j > 1, we have

VilTy 3. T Vi = [T, Th) + Z1 + Zo + Zs,
where
j
2= 3 Dy Ty
v=1

J

Zy = Zcz(/j)[TauéVflanz] and

v=1
J J S G)

Zs= Y e Toges Tor ooy,
v=1v/=1
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By Definition 3.5, we have n = 0 and £ = 0 on (—o0,—a) and n =1 and £ = 1 on (a, ).
Thus all the derivatives of 1 and £ are supported on the interval [—a,a]. Therefore each
9" f1 is a ¢ in Lemma 7.2, and each 8 9" f, is a ¢ in Lemma 7.2. It follows from
Lemma 7.2 that 77, Z, and Z3 are in the trace class with zero trace. Consequently,

tr[Ty, 5, Try 5] = to([Tyy 5, Ty 51 P;) = tx([Thy 5, Ty 51V V) = 00 (Vi [Ty 5, T, 51V5)
= tr[Ty,, Ty, + tr(Zy + Zo + Z3) = tx[Ty,, T}, ).

Now an application of Proposition 5.1 completes the proof. []

Since Proposition 3.7 tells us that the commutator [T, ;,T¥, ;] is in the trace class,
there is a Carey-Pincus principal function for the almost commuting pair T, ;, T}, ;-

Lemma 7.4. Suppose that the n and & in (4.1) are arbitrary functions in X,. Given a
Jj > 1, let g; denote the Carey-Pincus principal function for the almost commuting self-
adjoint operators Ty, ; and Ty, ;. Then

gj; = —XS-

Proof. First of all, the existence of such a g; is provided by (6.1). Theorem 4.1 tells us
that the essential spectrum of T ; is contained in 95, whose two-dimensional Lebesgue
measure is 0. Thus by (6.2), we have

gj = nj;Xxs,

where

= index(Tp; — A) for every A € S\OS.
The above holds true for an arbitrary pair of n,£ € ¥, in (4.1).
Now take a pair of functions 7, € ¥, N C°(R). Accordingly, we define

FiQ) = n(Re(Q))  and  f(C) = £(Re(e™"Q)),
¢ € C, where the 6 is the same as in (4.1). Furthermore, we define
F=fi+ifa.

By the preceding paragraph, the almost commuting pair 7'z 70 Tf j has a principal function
g;, and the principal function g; has the form g; = n,xs, where

n; = index(Tp ; — A)  for every A € S\OS.

Applying Lemma 7.3 and identity (6.1), we have
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From this we conclude that n; = —1.

Next we show that n; = n;, and consequently n; = —1, which proves the lemma. To
prove that n; = n;, we define

ne=tn+(1—t)n and & =t{+ (1 -1)¢,

0 <t < 1. We then define, for each 0 <t < 1, the functions

f11(0) =mRe(Q)) and  f24(C) = &(Re(e (),
¢ € C, and
Fy=fit+ifas.

Note that for every 0 <t < 1, we have 1, & € X,. Therefore by Theorem 4.1, the essential
spectrum of T, ; is contained in 95, 0 < ¢ < 1. Moreover, the map t — TF, ; is obviously
continuous with respect to the operator norm. Therefore for each A € S\0S, the map

t — index(TF, ; — A)
remains constant on the interval [0,1]. Since Fy = F and F; = F, we have n; = n; as

promised. This completes the proof. []

Proposition 7.5. Suppose that the n and & in (4.1) are arbitrary functions in 3,. Then

for every j > 0 we have

1
tr[Tflnj’TfQ?j] = %'

Proof. The case j = 0 is covered by Proposition 5.1. For j > 1, applying (6.1) and Lemma
7.4, we have

—1 1 1
tr[Ty, 5, T, .5] = I // gj(w,y)drdy = I // xs(z,y)drdy = et

O

Remark. Using the method in this section, it is easy to verify that VT, ;V; is a
compact perturbation of T, /.. Since index(T7/,|) is known to be —1 (see [1] or Theorem
9.1 below), we also have index(T’ | ;) = —1. Thus Proposition 7.5 allows us to write

-1
tr[Ty, 5, T4, 5] = 2—m1ndeX(TZ/|z|,j),

which generalizes (1.7) to each individual Landau level above the lowest one.

8. Hall conductance and Fredholm index

We will now put the results from the previous section together and identify the quan-
tized Hall conductance, for the Landau levels below any F, with a Fredholm index.
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There is no obvious reason that oy, should be additive with respect to orthogonal
sum P) = Zgzo P;. So the fact that it is additive, is not a trivial matter:

Theorem 8.1. For each { > 0, the commutator [T}?,T}f)] is 1n the trace class with

f+1
o2mi

&) () _
tr[Tf1 ,Tf2 | =

Proof. It follows from Proposition 3.7 that [T}?,T}f)] is in the trace class. Define

Zy = Z P’L’[[prpj]?[Mfka]]?
0<i,j,k<t
i#5,57k,k#i
Zy = Z Pi[[Mf17Pi]7 [Mf2?Pj”7
0<i,j<¢
i#j
Zy = Z Pj[[MfNPi]a[MvaPj]] and
0<4,5</4
i#]
Z Pi[[Mflvpj]v [Mfzapj]]'
0<i,j<¢
i#]

Z3

Since PY) = Py + --- 4+ P,, we have

Y4 ¢
T, 17O) = PO[[My,, PO, [My,, PO

Pi[[My,, P;], [My,, P]] + Zo + Z1 + Z2 + Z3

I
<.
~ |l Mm
o

[Tfhj’sz,j] + Zo + 21 + Za + Zs,
=0

By Proposition 3.7, the operators Zy, Z1, Zs, Z3 are in the trace class. Applying Propo-
sition 7.5, the proof will be complete once we show that tr(Zy + Z1 + Z2 + Z3) = 0.

Recall that the P;’s are orthogonal to each other. Thus if ¢ # j, j # k and k # 7, then
Pi[[MfUPj]v [Mfza Pk]]Pz = 0.

Therefore tr(Zy) = 0.

For any pair of i # j, we have

Pi[[My,, P, [My,, P]|P; = P;[My,, Pj|[My,, P;]P; — Pi[My,, Pj|[My,, P;]P;
= _PiMflijfQPi + PiMfQPjMflpi
(8.1) = (P;My, P;)(P;jMy, P;) — (P;My, Pj)(P; My, P;).
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Similarly, if ¢ # j, then
(8'2) [[Mfl’ ] [Mfzap]]P - (P MfQP)(PMflp) (PjMf1Pi>(PiMf2Pj)'

By the famous Lidskii theorem, if X and Y are bounded operators such that both XY
and Y X are in the trace class, then tr(XY) = tr(YX). Combining this fact with (8.1)
and (8.2), we reach the conclusion tr(Zs) = 0.

For any pair of ¢ # j, we have

Pi[[My,, P, [My,, Pj]|P; = P;[My,, B;][My,, P;]P; — P;[My,, P;][My,, P;]P;
= PiMy, (P; = 1)(=P;) My, P; — PiMy, P; My, P;
(8.3) = (P;My, P;)(P;jMy, P;) — (P;My, P;)(P; My, ;).

Similarly, when ¢ # j, we have

Pj[[My,, Pi],[My,, Pj||P; = P;[My,, Pi|[My,, P;|P; — P;[My,, P;][My,, P P
= PjMy, PiMy, Pj — PiMy, (P; — 1)(=P;) My, P;
(8.4) = (P;My, P;)(P; My, P;) — (Pj My, P;) (P My, Py).

Combining (8.3) and (8.4) with the Lidskii theorem, we see that
tr(PiHMf17Pi]7[Mf27 ”P + P; [[Mfw ] [Mfzap]]P):O

whenever ¢ # j. Hence tr(Z; + Z3) = 0. This completes the proof. O

Given an ¢ > 0, let ¢ denote the Carey-Pincus principal function for the almost
commuting pair T}f), T}f). It follows from (6.2) and Theorem 4.3 that

g =nxs,

where

n®) = index(Tl(f) —A) for every A€ S\0S.
Applying (6.1), we have

_n® 0
[T(Z) (f) ‘ / / xs(x,y)drdy = 2”

Taking Theorem 8.1 and (2.9) into account, we can express the quantized Hall conductance
otan(Ps) = —ite(PO[My,, PO, [My,, PO])

for the case (20 + 1)b < E < (2 + 3)b, £ > 0, in the following two ways:

1

onan(P<g) = %mdex(T}fo A), AeS\os;
(+1

ogan(P<p) = o
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9. Switch functions of a different kind
As was mentioned in the Introduction, we now consider the pair of functions

a0 =re(&) and () =t (),

¢ € C\{0}. Furthermore, we define
Q= 1 +ip2.

That is, ®(¢) = ¢/|¢| for ¢ € C\{0}. The Toeplitz operator Ty is Fredholm, and its index
is interpreted as the charge deficiency of the lowest Landau level when one magnetic flux
quantum is introduced through the origin [1].

Here is what we can prove in this situation:

Theorem 9.1. (1) The Toeplitz operator Te is a compact perturbation of the unilateral
shift.

(2) The commutator [Ty, Ts| is in the trace class. Consequently, the commutator [T, , Ty, ]
s 1n the trace class.

(3) We have tr[T§,Te] = 1. In other words, tr[T,,,T,,] = (2i)~'.

Proof. We have the standard orthonormal basis {ey, : k > 0} for the Fock space F2, where

er(C) = (k)~1/2¢%.

Obviously, we have (Tgey,e;) = 0 whenever j # k+ 1. On the other hand, for each k£ > 0,

_ _ 1 S AERTT Il
<T<I)€k,€k+1> - <(I)€kaek+1> - 7_‘_\/m/ |C|C CkJrle dA(C)

(9.1) :#/ r2k+20=1% g
Kk + 1) Jo

which we will denote by ay.

We claim that the following two statements hold true:

(a) ag+1 > ag for every k > 0.

(b) limk_mo ap = 1.
Postponing the proofs of (a), (b) for a moment, we first deduce the conclusions of the
theorem from these two statements.

By (9.1) and the fact that (Tpey,e;) = 0 whenever j # k + 1, we have

(9.2) Ty = Z agepi1 @ €.
k=0
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Thus (b) implies that Ty is a compact perturbation of the unilateral shift

o0
V= Z erpt1 @ ek,
k=0

proving (1).
By (9.2), we have

o0 o0
TiTe = E aiek ®er whereas ToTg = E aielﬂ_l @ €k+1-
k=0 k=0

Therefore

(9.3) (T3, Ts] = ageo @ e + Z{ai —a;_Yer ®ep.
k=1

For m > 1, we have

m
ag+ > f{aj—aj_ }=a3, <1,
k=1

where the < follows from the fact that ||®||oc = 1. Combining this bound with the positivity
a2 —ai_, > 0 for every k > 1, which is provided by (a), we see that [T, Ts] is in the trace
class. Once we know that [T}, Ts] is in the trace class, we have

* _ 2 : 2 _ 2 V_ 1 2
lT, Tol =+ fim 3 2(cf o1} = Jim ol

By (b), the right-hand side equals 1. That is, tr[T},Ts] = 1 as promised in (3).
Let us now prove (a). By (9.1), for every k > 0,

Qg1 Kk+1)! [Zr e dr k4 (3/2)

a e+ DIk+2) [ e dr  \Jk+ )(k +2)

(k4 (3/2)2 \"* (k> +3k+(9/4)\"?
((k;+1)(k;+2)) _( k2+3k+2) > 1,

where the second = involves an integration by parts. This proves (a).

To prove (b), first note that by (a), the limit
Iim ap, = L
k—o0

exists. Since ||®|| = 1, we have a; < 1 for every k. Therefore L < 1. The proof will be
complete once we show that L > 1.
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By the Cauchy-Schwarz inequality, we have

o0 2 2 0 2 o0 2
{/ p2kt3e—r dr} S/ p2kt2e—r dr/ P2kt =" dr.
0 0 0

Combining this with (9.1), we find that

2 e 2
ard 2k+2 —r? dr / T2k+467r dr
FR T Rk )1 / JET DI+ 20 Jo
1 o 2 )P {(k+ 1)1)2
> 2 r2ht3emr dr} =
T (k4 1)! k:!(k+2)!{ /o (k+ D\WE!(k + 2)!

k—+1 kE+1
VDG VR

From this it is clear that L > 1. This completes the proof. [

Remark. By (a) and (9.3), the Toeplitz operator Ty on F2 is hyponormal.
By (1.4), Theorem 9.1(3) has the alternative form

(94) (P[[ ®1 ] [Msowp]]) 22'

Denote D = {z € C : |z| < 1}. It is well known that for every A € D, index(V — \) = —

Since Ty is a compact perturbation of V', we have

(9.5) index(Te — \) = —1 for every X\ € D.

Thus we can rewrite (9.4) in the form

(9.6) te(P[[M,,, P], [M,,, P]]) = —%index(ﬂp ~\) for every A€ D.

]

This is the formula inspired by (1.7).

Now consider the pair of operators A = and B = T,,. By (6.2) and (9.5) and the

fact || Ts|| < 1, we have

Y1

gaA,B = —XD

for the Carey-Pincus principal function for this pair. By (6.1), we have

Ty, T ) 1T o)) = 5 [ [ (. ab.g)dady

for all p,q € Clz,y]. If we write the unilateral shift V in the form V = A + iB, then the
above also gives us the identity

[(TSONT ) (TSOUT )]:trb?(ﬁ?B)’CJ(AaB)]
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for all p,q € Clz,y].

Using the notation introduced in Section 2, we can rewrite (9.6) in the form
1
9.7)  tr(PO[[M,,, PO, [M,,, PO))) = —?index(Té,O) —A) forevery A€ D.
i

One is, of course, not completely satisfied with this. Given the results in Section 8, the
obvious question is, what happens with this pair of ¢; and ¢ at higher Landau levels?
The obvious guess is that (9.7) also holds for £ > 1. But so far we have not been able to
prove this. Given (6.1) and (6.2), and given what we know about the Fredholm index, all
the mathematical difficulties can be reduced to a single problem:

Problem 9.2. For ¢ > 1, does the commutator [Tx),Tx)] belong to the trace class?

For the pair of switch functions f; and f5 defined by (4.1), we obtain the membership
of [T;?,T;f)] in trace class from Proposition 3.7. In contrast, for ¢1 and 5, the individual

terms [M,,, P|[M,,, P] and [M,,, P|[M,,,P| are not in the trace class, and Theorem

9.1(2) depends on the cancellation between these terms. If, for ¢ > 1, the commutator

[Tg;), Tg;)] is to be in the trace class, the right cancellation between the terms

[M P(é)][MSOwP(K)] and [MﬂpzaP(E)][MSOUP(E)]

Y1

must take place to bring about this membership. In other words, Problem 9.2 deals with
a much more subtle situation.
10. A more classic example

Consider the pair of momentum, position operators D, M that appear in every quan-
tum mechanics textbook. Namely,

d
D=—i—
de’

which is a self-adjoint operator on a dense domain in L?(R), and
(Mh)(z) = zh(z),

which is also a self-adjoint operator on a dense domain in L?(R). For f,g € C°(R), the
operator f(M)g(D) is well known to be compact. Thus if E, F' are bounded Borel sets in
R, then the operator

xXe(M)xr(D)

is compact.

Lemma 10.1. Let E be a bounded Borel set in R. Then the essential norm of

Xe(D) + xg(M)
18 at most 1.

32



Proof. By the above, the difference

(xe(D) + x5(M)) = (x5(D) + x&(M))*

is a compact operator. Therefore the essential spectrum of xg(D) + x(M) is contained in
the two-point set {0,1}. O

Define the function -
olr) = ——, z€R.
(z) T

It was shown in [5] that the commutator [o(D),o(M)] is in the trace class, and that

(10.1) tro (D), o (M)] = 2.

See Example 2 in [5]. We will work out the Carey-Pincus theory for the pair o (D), o(M).
This shows that our techniques are capable of handling diverse examples.

Let C . denote the collection of continuous functions f on R such that both limits

lim f(z) and lim f(z)

T—> 00 Tr—r—00

exist and are finite.
Lemma 10.2. For any f,g € C. ., the commutator [f(D), g(M)] is compact.

Proof. The maximal ideal space of C . is the obvious two-point compactification of R.
The Gelfand transform of o obviously separates points on this maximal ideal space. Thus
by the Stone-Weierstrass approximation theorem, {p oo : p € C[z]} is dense in C, . with
respect to the norm || - ||oo. Since [o0(D),o(M)] is in the trace class, therefore compact, the
compactness of [f(D), g(M)], f,g € C. «, follows from from this density. OJ

Let @y denote the collection of continuous functions ¢ on R satisfying the following
two conditions

(1) -1 <¢<1lonR.

(2) There is an R = R(p) € (0,00) such that ¢ =1 on [R,00) and ¢ = —1

on (—oo, —R).
Define the square Q = {z + iy : z,y € [-1,1]}.

Lemma 10.3. If p,v € ®q, then the essential spectrum of the operator

T = (D) + i) (M)

18 contained in OS).

Proof. By Lemma 4.2, it suffices to show that the essential spectrum of 7" does not intersect
the interior of (2.
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Let A=a+i8 € Q\09, i.e., -1 <a <1 and —1 < 8 < 1. Then there are operators
W, X,Y, Z such that

{L—a+i((M)—-p)}W =1,

{-1-a+i(y(M)-p)}X =1,
{o(D) —a+i(1-p)}Y =1 and

{e(D) —a+i(-1-p)}Z =1.

By the membership ¢, 1) € ®¢, there is an R > 0 such that ¢ = —1 =1 on (—o0, —R] and
¢ =1=1 on[R,00). Let n be a continuous function on R satisfy the following conditions:
(a) 0<n<1onR.
(b) n =0 on (—oo, R+ 1].
(c)m=1on [R+2,00).
We further define the function £(x) = n(—x), = € R.

Since (p — a)n = (1 — a)n on R, we have

(D)W +i(yp(M) = B)n(D)W
D)((M) = )W + Ky
M) = B)}W + Ky

where K7 = i[)(M),n(D)]W, which is a compact operator. Similarly, we have

(T = NED)X =¢(D) + Ko,
(T = Mn(M)Y =n(M) + K3 and
(T = NEM)Z = §(M) + Ku,

where K5, K3 and K4 are compact operators. Thus if we define
G =nD)W + (D)X +n(M)Y +E(M)Z,

then
(10.2) (T' = NG =n(D) + (D) +n(M) + £(M) + K,
where K is a compact operator. Define the function

u=1-n-¢
on R. Then (10.2) becomes
(10.3) (T—-MNG=2—{u(D)+uM)}+ K.
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A chase of the definitions of 7, £ tells us that 0 < v < 1 on R and that v = 0 on
(—o0, —R — 2] U [R + 2, 00). Hence it follows from Lemma 10.1 that the essential norm of
w(D) +u(M) is at most 1. Consequently, 2 — {u(D) +u(M)} + K is a Fredholm operator.
Therefore from (10.3) we conclude that 7' — A has a right Fredholm inverse. A similar
argument shows that 7' — A\ also has a left Fredholm inverse. [

Let ® denote the collection of continuous functions ¢ on R satisfying the following
two conditions:

(1) -1 <¢<1lonR.

(2) limg 00 p(x) = 1 and lim,—, o @(x) = —1.

Theorem 10.4. If p,¢ € ®, then the essential spectrum of the operator
T = ¢(D) +itp(M)

1s contained in OS).

Proof. Again, by Lemma 4.2, it suffices to show that the essential spectrum of T" does not
intersect the interior of (2.

Let A be a point in the interior of Q. For ¢, € ®, there are sequences {¢i} C Pg
and {¢} C ®g such that limg_, o ||k — ¢©]|cc = 0 and limg_, o ||k — ¥||oc = 0. Define

Tk = ¢r(D) + it (M)

for each k. Then limy_,o |7 — Tk|| = 0. By Lemma 10.3, T — X is a Fredholm operator.
Let F}, be a Fredholm inverse of T, — A. Then

(10.4) T-A=T, X+ (T—-Ty) = (T — {1+ Fp(T —T})} + Kk,

where K}, is a compact operator. If N is a normal operator whose spectrum is contained in
09, then ||(N — \)71|| < 1/dist(), 99). Lemma 10.2 tells us that T}, is essentially normal.
Therefore by applying the GNS representation of the Calkin algebra and Lemma 10.3, we
obtain the bound || Fklless < 1/dist(A,092). Thus by choosing a large k, ||Fi(T — Tk)||ess
can be arbitrarily small. Hence from (10.4) we see that T'— \ has a Fredholm inverse. [J

We now apply the Carey-Pincus theory to the pair A = o(D) and B = ¢(M). Theorem
10.4 says that the essential spectrum of o(D) + io (M) is contained in 9€2. Hence

index(o(D) +ioc(M)—X) =0 for every A € C\.
Consequently, for the pair A = (D) and B = o(M), we have g4, p = nxq, where
n = index(o (D) + ioc(M) — X) for every A € Q\0).

Applying (6.1) in the case p(x,y) = = and ¢(z,y) = y, we obtain

el (D), 0(M)] = / / mxa(e, y)dedy = .
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Comparing this with (10.1), we find that n = —1. In other words,
(10.5) index(o(D) +ioc(M) —X) = —1 for every A € Q\0N.

Thus —xq is the principal function for the pair A = o(D) and B = o(M). Applying (6.1)
in this situation, we obtain the trace formula

(10.6) telp(o (D), o(M)), (o (D), o (M))] = —— / / {9, q} (&, y)dady

- 2mi

for all polynomials p,q € C[z, y].

From (10.6) we see, for example, that tr([o(D),o(M)]o(M)) = 0. Again, such a
calculation would not be possible without the Carey-Pincus theory.

Theorem 10.5. If o, € O, then for every A € Q\0Q2 we have

index(o(D) 4+ itp(M) — A) = —1.

Proof. Let X\ € Q\0X) be given. For each 0 <t < 1, define
Yi=(te+ (1 —t)o)(D)+i(ty+ (1 —t)o)(M) — A\

By Theorem 10.4, for every 0 < t < 1, the operator Y; is Fredholm. Obviously, the map
t — Y} is continuous with respect to the operator norm. Therefore the map ¢ — index(Y)
is a constant on [0, 1]. We have index(Yy) = —1 by (10.5). Hence index(Y;) = —1. O

Thus, by the above argument, whenever p,9 € & are such that the commutator
[p(D),(M)] is in the trace class, the principal function for the pair ¢(D), /(M) has no
choice but be equal to —xq, which means

tr[p(p(D), Y (M)), q((D), v(M))] = tr[p(o (D), o(M)), q(o (D), o (M))].
for all p,q € Clz, y].
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