SINGULAR INTEGRAL OPERATORS AND
ESSENTIAL COMMUTATIVITY ON THE SPHERE

Jingbo Xia

Abstract. Let 7 be the C*-algebra generated by the Toeplitz operators {T, : ¢ €
L°°(S,do)} on the Hardy space H?(S) of the unit sphere in C™. It is well known that 7
is contained in the essential commutant of {T, : ¢ € VMONL*(S,do)}. We show that
the essential commutant of {1, : ¢ € VMONL*>(S,do)} is strictly larger than 7.

1. Introduction

Let S denote the unit sphere {z € C" : |z| = 1} in C". Let o be the positive, regular
Borel measure on S which is invariant under the orthogonal group O(2n), i.e., the group
of isometries on C" 2 R*” which fix 0. Furthermore we normalize ¢ such that o(S) = 1.
The Cauchy projection P is defined by the integral formula

Pne = [ %dg@, o <1

See [16,page 39]. Recall that P is the orthogonal projection from L?(S, do) onto the Hardy
space H?(S). For each ¢ € L>(S,do), the Toeplitz operator T}, is the operator on H?(S)
defined by the formula

Tog = Ppg, g€ H*(S).

We will write

7 = the C*-algebra generated by {T,, : ¢ € L>(S,do)}.

Recall that the formula
(1.1) d(u,v) = |1 — (u, )2, w,velb,

defines a metric on S [16,page 66]. Throughout the paper, B(u,a) denotes an open ball
with respect to the metric d given in (1.1). That is, for any u € S and a > 0, we write

Bu,a) ={ve S :|1— (u,0)|"? <a}.
A function f € L'(S, do) is said to have bounded mean oscillation if

1
Ifllmrio = sup /B f — faldo < oo,
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where fp = [, fdo/o(B) and the supremum is take over all B = B(u,a), u € S and
a > 0. A function f € L'(S,do) is said to have vanishing mean oscillation if

1
lim su —/ — [Blu.a)|do = 0.
610 uEg U(B(uaa)) B(u,a)|f fB( 7 )|
0<a<d

We denote the collection of functions of bounded mean oscillation on S by BMO. Similarly,
let VMO be the collection of functions of vanishing mean oscillation on S. We define

VMOypgqq = VMO N LOO(S, dO’)

and
7 (VMOyq4q) = the C*-algebra generated by {7, : ¢ € VMOpqgq}.

For any separable, infinite-dimensional Hilbert space H, let B(H) be the collection of
bounded operators on H. The essential commutant of a subset G of B(H) is defined to be

EssCom(G) = {X € B(H) : [A, X] € K(H) for every A € G},

where IC(H) denotes the collection of compact operators on H. Let m be the quotient
map from B(H) into the Calkin algebra Q@ = B(H)/K(H). Then n(EssCom(G)) is the
commutant of 7(G) in Q. That is, {n(G)}’ = 7(EssCom(G)).

When n = 1, i.e., in the case of unit circle, VMOy}qq is better known as QC and has
an alternate description [9,Section IX.2]. A famous result due to Davidson [6] asserts that
7 (QC) is the essential commutant of 7. This result was later generalized to the case n > 2
by Ding, Guo and Sun [7,10]. That is, for whatever complex dimension n, 7 (VMOyq4q)
is always the essential commutant of 7. This naturally motivates the question, what is
the essential commutant of 7(VMOyqq)? In particular, does the essential commutant of
7 (VMOypqq) coincide with 77 Given the results of [6] and [7,10], this is equivalent to
asking, does 7(7) satisfy the double commutant relation in the Calkin algebra Q7

In our previous investigation [21], we showed that in the case n = 1, the essential
commutant of 7 (QC) is strictly larger than 7. In other words, in the unit circle case 7(7)
does not satisfy the double commutant relation. The purpose of this paper is to report
that the same assertion holds true in all complex dimensions. That is, we will prove

Theorem 1.1. For every n > 2, the essential commutant of T(VMOypaq) is also strictly
larger than T .

As we explained in [21], although the essential-commutant problem of 7 (VMOpq4q)
is motivated by C*-algebraic considerations [11,15,18,19], its solution relies heavily on
harmonic analysis. It is even more so in the case n > 2, as we will see.

To prove Theorem 1.1, we obviously need to construct an operator which belongs to
EssCom(7 (VMOpqq)) and which does not belong to 7. But if an operator essentially
commutes with 7(VMOypqq), how does one show that it does not belong to 77
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In the case n = 1, we used a criterion based on the canonical commutation relation,
which we could take advantage of because the unit disc is conformally equivalent to the
upper-half plane.

Let D = —id/dz. Then x(g,00)(D) is the orthogonal projection from L?*(R) to the
Hardy space H2(R) of the upper-half plane. For each A € R, define the unitary operator

(Vag)(z) = e?*g(z), g€ L*(R).

Obviously,
ViDVy =D + A
Thus
ViX(0,00) (D)Va = X(0,00) (D + A) = X(=x,00) (D).
Consequently,

s- )\lim VX X(0,00) (D) Vi = 1.

Let V) be the compression of Vy to the subspace H 2(R). Then the above limit implies
that the strong limit
s(A) =s- lim Vy AV,
A—00
exists for every operator A in the Toeplitz algebra on H?(R). This was the membership
criterion for the Toeplitz algebra that we used in [21]. Obviously, this is not something
that we can hope to mimic in the case of sphere with n > 2.

What the above limit recovers is in fact the symbol of the operator A, as the notation
s(A) indicates. In the case n > 2, we will also use the fact that every operator in 7 has
a symbol, which is proved in Proposition 4.13 below. But the difference is that here we
recover the symbol through the normalized reproducing kernel for H?(S). Note that the
method of recovering symbols through the normalized reproducing kernel was discovered
by Englis [8] in the case of the unit circle.

Guided by Proposition 4.13, we construct an operator F' (see (4.3) and (4.2) below)
which essentially commutes with 7(VMOyg4q) and which has no symbol. The latter fact
ensures, of course, that F ¢ 7. Although the proof for the fact F' € EssCom(7 (VMOypgq))
uses techniques which are standard in the theory of Calderén-Zygmund operators on R”
[2,3,17], there are no results in the literature for us to cite directly to cover the case of the
sphere S. This forces us to produce the necessary details here.

This paper is organized as follows. Sections 2 and 3 deal with the singular integral
operators, culminating in Proposition 3.11, the main technical step. In Section 4 we
construct the operator F', which is quite involved and requires results from [12,14].

For the rest of the paper, we will assume n > 2. We conclude this section with an
inequality which will be used frequently. There is a constant Ay € (27", 00) such that

(1.2) 27"0*" < 0(B(u,a)) < Aga®"
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for all u € S and 0 < a < v/2 [16,Proposition 5.1.4].
2. Singular Integrals on the Sphere

For the rest of the paper, let w be a C! function which maps (0, c0) into C. Let

K(u,v) = cu((lll_—@f:u;;};i)’ u#v and u,v € S.

For f € L*(S,do) and € > 0, define

(ﬂﬁwwjéw()KWUﬁ(Md) ues.

We assume that w and T, satisfy the following three conditions:
(i) flwlloo = supysq [w(t)] < oo.
(ii) There is a constant C' such that |w'(¢t)| < C/t for 0 < t < 3.
(iii) There exist a bounded operator T'on L?(S, do) and a sequence of positive numbers
{ex} with

lim €, =0
k—oo
such that
(21) Tim |T,, f ~Tf]» =0

for every f € L?(S,do).
Recall that the Hardy-Littlewood maximal function is defined by the formula

1
wwxw—mm7gayﬁémﬂuu@ wes.

r>0 0

Lemma 2.1. For all f € L'(S,do), u€ S, a >0, and p > 0, we have

« 2n+aA
/|1 (u,0)] |1 — <1f U>|n+a ‘f(v)’da'('v) < oo _ 10 (Mf)(u)
—(u,v)|Zp )

where Ag is the constant in (1.2).
Proof. Given u € S and p > 0, define By = {v € S : |1 — (u,v)| < 2Fp}, 0, 1, 2

E—
. For v € Bjy1\Bg, we have (p/|1 — (u,v)])®* < 27 and |1 — (u,v)|* > (2%p)" >
Ay*27"0(B)41), where the second > follows from (1 2). Hence

p° = 1
<2"A g ——————XB.\ v
‘1 _ <u U>‘n+0‘ 0 — 2ak0(3k+1) B \Bk( )
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for v € S\ By. The lemma follows from this inequality. [J

Lemma 2.2. There is a constant Cs o such that for anyu € S andr > 0, if v,z € B(u,r)
and y € S\B(u,2r), then

|1 B <$=Z>|1/2

|K(x,y) — K(2,y)] < Caz 1= (z, )"/

Proof. For z,z € B(u,r) and y € S\B(u,2r), we have

la(y; @, 2)]

(2.2) |K(xay) - K(Zvy)| < ‘1 — (a:,y)]”

+ llwlloolby; 2, 2)1,

where

a(y;z,2) = w(|l = (z,y)]) —w(]1 = (z,9)]) and
b(y;,2) = ! - !
o (1= ()™ (A= (zy)"

We will estimate the two terms in (2.2) separately.

To begin, we observe that the conditions z, z € B(u,r) and y € S\B(u, 2r) imply
(2.3) d(z,y) < 3d(z,y).

Hence |1 — (z,y)| > |1 — (z,y)|/9 and, by the fundamental theorem of calculus,

11— (z,)|
/ W' (t)dt
|

1_<$7y>|

(2.4) la(y; =, 2)| = <

/'HZ’”' C ol <9Iz — )]
-y t | 1= (zy)

To estimate |(z — x, )|, we write y = (y,2)z +y* and 2z = (z,2)x + 2+, where (y+,z) =
0= (zt,2). Thus (z — z,y) = ({(z,2) — 1){z,y) + (z+,y+). Therefore

(2 =2,y < L—(z,a) + |2t Iy | = 1= (z2)] + (L= [{z.2) ) 2(1 = [{y, 2)}) /2
<1 —(z,2)| + 201 = (z,2)[ V2L — (g, )"/,

Since d(zx, z) < 2r whereas d(x,y) > r, the above leads to the estimate
(2.5) [(z = z,y)| <AL= (z,2) |21 — (y,2)|'/2.
Substituting this in (2.4), we obtain

|1 — <£C7Z>|1/2
1_

2.6 a(y;x, z)| < 36C )



To estimate |b(y; x, z)|, note that it follows from (2.5) and (2.3) that

1 1 _ ‘<'T_Z7y>| <36|]‘_<x7z>|1/2
L—(z,y) 1-(zy| N—(zll-(y|l = 1 (z.y)¥*
By simple algebra and another application of (2.3), we have
gn—t 1 - (z,2)|"/*

e T A T P

Combining this with (2.2) and (2.6), the lemma follows. [J

Lemma 2.3. For each 1 <t <2, there is a constant Cy 3(t) such that | T f|; < Co.5(t)| fll+
for every f € L*(S,do). Therefore T uniquely extends to a bounded operator on Lt(S, do).

Proof. As usual, we will establish the weak-type (1,1) estimate

(2.7) o({ue S:[(Th)(w)] > Ap) < (A/N)[fl-

The lemma will then follow from the L?-boundedness of T, (2.7), and the interpolation
theorem of Marcinkiewicz [9,page 26].

To prove (2.7), we only need to consider the case where A > | f|l;. We use the
Calderén-Zygmund decomposition of f. Denote Ay = sup,q0(B(u,4r))/o(B(u,r)). Ac-
cording to [16,Lemma 6.2.1], there exists a family of open d-balls {B;} in S and a family
of pairwise disjoint Borel sets {V;}, where V; C B; for every i, such that

(a) {u €S (Mf)(w) > A} C UiB; = UV;

(b) 225 0(Bi) < (Aa/ M| fllvs
() [y, [fldo < Agra(V2).

As in the proof of [16,Theorem 6.2.2], set ¢; = f% fdo/o(V;) for each i and define

9= fxs\wivi) + ) cixv, and
bi = (f — ci)xvi-

Then

(2.8) f=g+b,  where b= b,

Since the set of Lebesgue points for |f| has measure 1 with respect to o [16,Theorem 5.3.1],
(a) implies that |f(u)| < A for o-a.e. u € S\(U;V;). Thus

/ m%a:/ m%asy/ Fldo < N1
S\ (Ui Vi) S\ (Ui V) S\ (Ui V)
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On the other hand, it follows from (c) and (b) that

[, oo =3k 4) < (A TV < (A (Ad/ N1 = AN

Hence ||g|[3 < (1 4+ A3 f[lx and

o({u€ S :[(Tg)(uw) > A/2}) < (2/N)*ITgllz < @/NITIPllgll2

<
< @/NITI*A+ ADIf [l

(2.9)

To estimate T'b, we switch to the argument given on page 21 of [17].

For each ¢, we suppose that B; = B(v;,r;) and define B, = B(v;,2r;). Then S\B] =
{yeS:|1—(y,v)] > (2r;)?}. Tt follows from Lemmas 2.2 and 2.1 that if v € B;, then

on+(1/2) g _
0 _ .
V2 -1

On the set S\(U;B;), each Th; can be represented by the obvious integral formula. Thus

for y € S\(U; B}) we have
—ZAW@WM“@

()| < 3 1T)w)

(210) [, )~ K. ldo) < Caa

where the second = is follows from the fact that f% b;do = 0. Hence

|Tb|do < /
/S\(UJB i) Z S\(Y; B))

<X / { /S . ,v>—K<y,v@->|da<y>}|bz-<v>|da<v>
< C'Z/V |bi|do,

where the last < follows from (2.10). But fv bi|do < 2fv |f|do and the Borel sets {V;}
are pairwise disjoint. Therefore

K(y,v) = K(y,vi))bi(v)do(v)| do(y)

/ Tbldo < 26 /1,
S\(U; BY)

which implies
(2.11) o({u € S : |(Th)(uw)] > A/2)\{U; Bj}) < (4C/N)| f]1-
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On the other hand, by the definition of B} and (b), we have

o(U;B)) <Z )< Ay o(By) < (AT/NI S

J
Combining this with (2.11) and (2.9), we obtain (2.7). This completes the proof. [J
For each f € L1(S,do), define

(T.f)(u) = sup|(T.f)(w)|, u€S.

e>0

Lemma 2.4. There exists a constant Cy 4 such that the inequality
Tof < Coa{M(Tf)+Mf}

holds on S for every f € L*(S,do), 1 <t < 2.

Proof. We follow the proof on page 35 of [17], making the obvious modifications to suit
the present setting. Consider any v € S and any ¢ > 0. We have f = f; + f2, where

Ji= fXB(u@) and f = fXS\B(u,e)' For z € B(uv 6/2) we have
(Tef)(u) = (Tf2)(2) = / (K (u,y) — K(2,9))f(y)do(y).
S\ B(u,e)
Thus it follows from Lemmas 2.2 and 2.1 that if z € B(u, €/2), then

[(Tef)(u) = (T'f2)(2)] < / K (u,y) = K (2, 9)|If (y)|do(y) < C(M [)(u),

S\B(u,e)
where C' = (V2 —1)"12n*+ (/2 Ay Cy 5. Since T'fy = Tf — T'f1, we conclude that

(212) [T ()| S (THE)]+ (T L)) +C(Mf)(u)  for o-ae. z € Blu,e/2).

By (1.2), we have o(B(v,r)) < 23" Ago(B(v,r/2)) for all v € S and r > 0. Now set
Mo = 4 (M(TF))(u) + 23" Ag A(M f)(u)}, where A is the constant in (2.7). Then

1
c({z € B(u,e/2) : |(Tf)(z At) < — Tfldo
({z € B(u,¢/2) - [(T'f)(2)] > })<)\0 /B(U’G/Q)I fl

(213) < 3 (TP o(Blue/2) < o(Blue/2).

By (2.7) and the definition of fi,
(2.14)
A

o({z € S: [(TH)(2)] > Ao}) < %I\fl\h < 3 MA@ (Bu,€)) < 70(B(u, ¢/2)).

A
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It follows from (2.13) and (2.14) that
o({z € B(u,¢/2) : [(Tf)(2)] < Ao and [(Tf1)(2)] < Ao}) = (1/2)0(B(u,€/2)).
Recalling (2.12) and the definition of Ao, we now have
(Tef)(w)] < 220 + C(M f)(u) < (8 + 2" Ag A + CY{(M(Tf))(u) + (M f)(w)}.

This completes the proof. [

Corollary 2.5. For each 1 < t < 2, there is a constant Co.5(t) such that ||T.f|l: <
Cos(t)lflle for every f € L(S, do).

Proof. This follows from Lemmas 2.4 and 2.3, and the fact that if ¢t > 1, then the maximal
operator is bounded on L*(S,dc). O

Lemma 2.6. There exists a constant Cyg such that if f € LY(S,do) and if the d-ball
B={Ce€ S:|1—-{(a,Q)| < p} contains n, v such that (M f)(n) < X and (T f)(v) < A, then
we have (Tixs\qf)(u) < CogX for every u € B, where @ = {¢ € S : |1 —(a,()| < 25p}.

Proof. Let € > 9p. Given au € B, define E = {y € S:|1—(u,y)| > eand |1 —(v,y)| < €}.

If y € E, then d(u,y) < d(u,v) + d(v,y) < 2,/p+ € < 2y/e. Since d(u,n) < 2,/p < V€,
we have B(u,2+/€) C B(n,3+/€). Thus

/ K ()| ()] dor(y) < 1l / F)ldo(y) < CLOLF)(n) < Cix.
E B(u,2+/¢)

en

Similarly, if we set F ={y € S: |1 — (u,y)| < € and |1 — (v,y)| > €}, then

/F K, p)||f(4)ldo(y) < C1A.

Let G={y € S:|1—(u,y)| > eand |1 — (v,y)| > €}. Then by these estimates we have

[ Ewnsas st~ [ Ko
< J+ 200\,
where
7= [ (K - K@) )dot)
G\@

S/ IK(u,y)—K(n,y)llf(y)ldd(yH/ |K(v,y) — K(n,y)||f(y)|do(y).
a\Q a\Q
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Since u, v € B(n,2,/p) and Q D B(n,4,/p), it follows from Lemmas 2.2 and 2.1 that

J < 2C(Mf)(n) < 2C\. Hence
(2.15)

‘/ll () > K(u’y)XS\Q(y)ﬂy)da(y)_/ K(v,y)xs\@)f(y)do(y)

|17<’U7y>|26

< O

forallu € Band € > 9p. Let W ={y € Q : |1 — (v,y)| > €}. Then

210 [ K ie) = ) - [ Kered),

Because |K(v,y)| < ||w||ec€™™ for y € W, € > 9p, and n € @, we have

e [ Kl < 2 (M) < O\

Since |(Ty f)(v)] < A, from (2.15-17) we obtain

(218) (T yexs\@/f)(u)| = ‘/ll K(u,y)xs\)f(y)do(y)| < (C2 + 14 Ca)A

—(u,y)|ze

for all w € B and € > 9p.

On the other hand, if u € Band 0 < € < 9p, then {y € S\Q : € < [1—(u, y)| < 9Ip} = 0.
Hence {y € S\Q : |1 —(u,y)| > e} ={y € S\Q : |1 —(u,y)| > 9p}ifu € Band 0 < € < 9p.
Thus (2.18) actually holds for all € > 0. Consequently, Cy6 = Cy + 1 4+ C4 will do. [

For each 1 <t < 0o, we define the maximal function

1/t
1 t
(Mtf)(u) = ililg (m /B(uyr) ‘f| d0'> R u € S.

But we will continue to write M f for M f.

Proposition 2.7. For each 1 < t < 2, there exists a constant Ca.7(t) such that the
following estimate holds: Let f € L*(S,do). If B={¢ € S: |1 —(a,¢)| < p} and X > 0
satisfy the condition BN{v € S : (T.f)(v) < A} # 0, then

oc{ue B: (Tuf)(u) > (1+ Cop)X and (M f)(u) < ar}) < aCy7(t)o(B)

for every 0 < a < 1, where Cs ¢ s the constant in Lemma 2.6.

Proof. If (Mif)(u) > X for every u € B, then the conclusion is trivial. Thus we may
assume that there is an n € B such that (M f)(n) < A. Then (M f)(n) < A. Define Q =
{¢eS:|1—{a, Q)| <25p} as in Lemma 2.6. Also define g = xqf and h = xg\qf. Then
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f =g+ h. Since {v € B: (T.f)(v) <A} # 0, Lemma 2.6 tells us that (T.h)(u) < Ca A
for every u € B. By the subadditivity of T, this gives us

(2.19) {ue B: (T.f)(u) > (1 4+ Ca6)A} C{u€ B: (Tug)(u) > A}
For agiven 0 < a < 1,let Y = {u € B: (T.g)(u) > a~}(M;f)(u)}. Then, by (2.19),
YDo{ueB: (T.f)(u) > (14 Ca6)X and (M. f)(u) < aA}.

Since ||gl|; = [, |f|'do and Q D B, there is a constant ¢ > 0 such that c(|lgllt /o (@)Yt <
(M f)(u) for every u € B. Thus if we let

X ={u€ B:(T.g)(u) > o c(|lglli/o(@))"/"},
then X DY. To prove the lemma, it suffices to estimate o(X). We have

o(X) < ac” (lgllt/o (@)~ IxsTgl

(@)~
< ac M (||gllt/o (@) (o(B)) I/ Tug],
< ac M (||gllt/o (@) (a(B)) I Co 5 (1) 19
= ac ' Ca5(t)(0(Q)) ! (o(B)) "Vt < ac™!Ca5(t)Cro(B),

where the second < follows from Holder’s inequality, the third < is an application of
Corollary 2.5, and the last < is due to (1.2). Thus Co.7(t) = ¢ 1Cq 5(t)C; will do. O

The final lemma of the section is the metric-space version of the Whitney decompo-
sition [17]. For more general forms of such decomposition, see [4].

Lemma 2.8. Let U be a non-empty open subset of S such that S\U is also non-empty.
Then there exists a family of open d-balls { B(u;,r;) : i € I} with the following properties:
(a) B(ui,ri) N Bluj,ri) =0 if i # j;
(b) Uier B(u;, 1) C U;
(c) B(ug,2r;) N (S\U) # 0 for every i € I;
(d) U C Uie]B(ui,Q’l“i).

Proof. For integers k = —1,0, 1, 2, ..., let B, = {u € U : B(u,27%) c U}. Since S\U # 0,
we have F_1 = (). We set F_; = (). Suppose that k¥ > 0 and that we have defined the
subset F; of Ej for —1 < j < k—1. We let F}, be a subset of Ek\{U;:ilUueFj B(u,277+1)}
which is maximal with respect to the property that

(2.20) Bu,27 )N Bw,27%) =0 if u,v € Fy and u # v.

The maximality of F} implies that for every z € Ek\{U?;il Uuer, B(u,27771)} there is a
u(z) € Fy, such that B(z,27%) N B(u(z),27%) # (. Therefore

(2.21) Uuer, B(u,27¥) D B \{USZL) Uyer, B(u, 27711}
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Since Fj, C Fj, by the definition of Ej we have
(2.22) B(u,27 %) cU ifucF.
Thus we have inductively defined F_1, Fy, Fy, ..., F}, ... such that (2.20-22) hold for every k.

Let {B(u;,r;) : i € I} be a re-enumeration of the balls in the families {B(u,27%) : u € Fy},
k > 0. Then (b) follows from (2.22).

If k </, u € Fy and v € F, then the definition of F, ensures that v ¢ B(u,27%*1),
which implies d(u,v) > 27%*1 > 2=% 4 2= Therefore

(2.23) B(u,27")nBw,27%) =0 ifue Fy, veF, and k < /.

Thus (a) follows from (2.20) and (2.23). Note that (2.21) implies

(2.24) Eyp—1 CUZL, Uuer, B(u, 27711,

Since F}, C Ek\{Uﬁ;il Uuer; B(u, 277t1)} we have Fy N Ey_1 = 0 for all k > 0. By the
definition of Ej_1, if u € F}, then U does not contain B(u,2~*~1) = B(u,27%+1), which

proves (c). Finally, (d) follows from (2.24) and the fact that U = U2 E). O

3. Condition (4,) and Commutators

The well-known (A, )-condition, 1 < p < oo, was introduced by Muckenhoupt [13] for
Euclidian spaces and by Calderén [1] for metric spaces in general.

Definition 3.1. [1] A weight function w on S is said to satisfy condition (A,) if

(s i) (s fove) <o

where the supremum is taken over all B={u € S:|1 — (u,a)| <r},a€ S, r>0.

Moreover, specializing Calderén’s result to the sphere, we have

Theorem 3.2. [1] If w satisfies condition (A,) for some 1 < p < oo, then:
(a) There is a pg € (1,p) such that w satisfies condition (A,.) for every po < r < p.
(b) The mazimal operator is bounded on LP(S,wdo).

Corollary 3.3. Suppose that 1 < p < co. If w satisfies condition (Ap), then there exists a
t € (1,2] such that My is also bounded on LP(S,wdo).

Proof. By Theorem 3.2(a), there is an r € (max{1, p/2},p) such that w satisfies condition
(A,). Let t = p/r. Then 1 <t < 2. If f € LP(S,wdo), then {M;(f)}? = {M(|f|")}*/* =
{M(|f]")}". Applying Theorem 3.2(b) to condition (A, ), we have

Janinywds = [0y wio < [ 1" wds = ¢ [17puds
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which completes the proof. [

Proposition 3.4. Suppose that w satisfies condition (A,) for somel < p < oo and let dp =
wdo. Then there exist positive constants 6 and C such that u(E)/u(B) < C{o(E)/c(B)}?
for every open d-ball B in S and every Borel set E contained in B.

Proof. Calderén showed that the metric-space version of (4,) also implies

1 n 1/(14¢€) 1
——— [ w o <C /wda
(a<B>/B ) "o(B) Jp

[1,page 298]. Given this “reverse Holder’s inequality”, the proposition follows from a
standard argument. See, for example, page 264 in [9]. [

Lemma 3.5. Suppose that w satisfies condition (Ap) for some 1 < p < oo and let
dp = wdo. Then there exists a positive constant C such that p(B(u,2r)) < Cu(B(u,r))
for allu e S andr > 0.

Proof. Define dv = w=/®~1ds. For any d-ball B and any Borel set E C B, it follows
from Holder’s inequality that

EONCOIECNE TN

By the (A,)-condition for w, the factor {...}!}/? is dominated by a constant C;. Hence

oo (uE)”

Letting B = B(u,2r) and F = B(u,r), and applying (1.2), the lemma follows. [J

Lemma 3.6. Suppose that w satisfies condition (A,) for some 1 < p < oo and define
dp = wdo. Let 1 <t <2 be given. Then there exist positive constants A and § such that

p({u € S (Tuf)(u) > (14 Cop)A and (M f)(u) < aX}) < a®Ap({u € S : (T.f)(u) > A})

for all f € LY(S,do), A > infues(Tuf)(u) and 0 < a < 1, where Ca g is the constant in
Lemma 2.6.

Proof. Let U = {u € S : (T, f)(u) > A}, which is an open set by the nature of T.. The
condition A > inf,es(T%f)(u) ensures that S\U # (). Suppose that U # 0. By Lemma
2.8, there exists a family of open balls { B(u;,r;) : i € I} such that

(a) B(ui,ri) N Bug,rj) =0 if i # j;
(b) Uie]B(ui,T’i) C U;
(c) B(ug,2r;) N (S\U) # 0 for every i € I,
(d) U C UZ'GIB(UZ‘,Q’I“Z').

13



Denote Z = {u € S : (Tf)(u) > (1 4+ Ca6)A and (M, f)(u) < aX}. For each i € I,
write B; = B(u;,2r;). Condition (c) allows us to apply Proposition 2.7 to obtain

o(ZNB;) <aCyr(t)o(Bi), i€l
By Proposition 3.4, there are positive constants 6 and A’ such that
wW(Z 0 By)/u(B;) < A'{o(ZN By)/o(By)} < A(aCaq(t)°, i€l

Set A” = C9.(t)A". Then u(Z N B;) < a®A”u(B;). By (d) and the fact Z C U, we have
wZ) <Y WZNB) <a’A"Y u(By).
iel i€l
Lemma 3.5 provides a constant C' such that u(B;) < Cu(B(u;,7;)). Hence
w(Z) <’ A"CD " pu(B(ui, i) < o’ A"Cu(U),
icl
where the second < follows from (a) and (b). This proves the lemma. [J

Proposition 3.7. Let 1 < p < oo and suppose that w satisfies condition (Ap). Denote
du = wdo. Let 1 <t <2 be given. Then there exists a constant C' which depends on n, w,
w, p, and t such that

(3.1) [i@syan<c [Onsya

for every f € LP(S,dpu).

Proof. We can decompose S as the union of disjoint hemispheres ST and S—. Since
f = fxs++ fxs- and since T, is subadditive, it suffices to prove (3.1) under the additional
assumption that f identically vanishes on either S™ or S—.

For such an f we have inf,es(T%f)(u) < ||w]looll fll1. Set m = (14 Ca6)||w|looll fll1- If
A>m/(14 Cqp), then A > inf,cs(Ts f)(u). By Lemma 3.6, if A > inf,ecs(7%f)(u), then

AT > (14 Cop)A}) < p({Mef > ad}) + o Au({T.f > A}),

0 < a < 1. Therefore for all 0 < o« <1 and m < L < oo we have

L L/(14C2)
p / P ({Tef > aV)de = (1+ Ca)Pp / N (T, f > (14 Cag)A})dA
m m/(14+C2.6)
L/(14C26)
< (14 Cog)p / N u(Mef > an}) + ad Ap({TLf > A}))dA
m/(1+C2.6)

L
< (14 Chg)Pa? / (Myf)Pdp+ (1 + Cag)Pa Ap / NU({Tuf > ADdA.
0
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Since § > 0, we can set a to be such that (1 + Co)Pa’A < 1/2. With such an «, after
the obvious cancellations we have

L
p [ @ UES > 2Pde <204 CogPa™ [(MifPdpt mu(S),

Therefore

L

/ (T fyPdu = p / P W({Tof > o))z = p / + lim p /m
< mPu(S) +2(1 + Cog)Pa? / (M, f)Pdp + mP p(S).

Since m = (1 + Ca)|lwlloll fll1 and || fIIF1(S) < [(M;f)Pdp, this completes the proof. [

Corollary 3.8. Suppose that w satisfies condition (A,) for some 1 < p < oo and let
dp = wdo. Then T uniquely extends to a bounded operator on LP(S,dpu).

Proof. This follows immediately from Proposition 3.7 and Corollary 3.3. [
As usual, we will write M, for the operator of multiplication by the function ¢.
Proposition 3.9. If ¢ € BMO, then [M,,T) is a bounded operator on L*(S, do).

Proof. This follows from Corollary 3.8 and a standard argument, which we reproduce
below. By the John-Nirenberg Theorem, there are positive constants C; and Cs such that

—C9A
o({u € B : |pu) —¢p| > A}) < Crexp (—2> o(B)
lellBymo
for all A > 0 and open d-balls B in S. We only need to consider real-valued ¢ € BMO.
For real-valued ¢, if we set a = C2(2|/¢|lBmo) !, then

for every open d-ball B in S. Hence the function w = €% satisfies condition (A3). By
Corollary 3.8, T is bounded on L?(S,wdc). This is equivalent to saying that the operator
M,1/2TM, 1> is bounded on L?(S,do). Because w1 also satisfies condition (43), the
operator M,,—1/2T'M,1,> is also bounded on L?(S,do).

Now, for each complex number z in the strip V = {z € C: —1 < Re(z) < 1}, write

wi/z = exp(azp/2) and wz_l/2 = exp(—azp/2).

ObViOUSly, HMw1/2TMw71/2H = HMw1/2TMw*1/2H if Re(z) =1 and HMwl/QTMw—l/2H =
| My—1/2TM,2|| if Re(z) = —1. For the given ¢, there is an obvious dense subset D of
L?(S,do) such that if f,g € D, then the function

Z = <M 1/2TMw—1/2f, g)

Wy
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is bounded on V. By a well-known result in complex analysis (see, e.g., [5,Corollary
VI1.3.9]), this implies that

HMw1/2TMw_1/2|| < l’IlaX{||Mw1/2TMw_1/2H, HMw_1/2TMw1/2||}, zeV.

Therefore the operator

1 1
= — —zMwl/QTMw—I/ZdZ
P Y z z

a d
§[M<p, T] = —Mwi/QTsz—lm

dz

is bounded on L*(S,do). O

For our main application (Proposition 3.11), the result of Proposition 3.9 needs to
be strengthened to Proposition 3.10 below. Proposition 3.10 can be proved either by a
more careful tracking of all the constants in the results mentioned in this section or by
using Proposition 3.9 plus the closed graph theorem. We will take the latter approach for
expediency.

Proposition 3.10. There is a constant C3.1¢ such that
1[M, T]gll2 < Cs.a0llellBmollgll2
for all g € L*(S,do) and ¢ € BMO.

Proof. Consider the linear map Y : ¢ — [M,,T], ¢ € BMO. Proposition 3.9 tells us
that the range of Y is contained in the Banach space B(L?(S,do)). By the closed graph
theorem, to prove the proposition, it suffices to show that the graph of Y is closed.

Let {¢r} be a sequence in BMO such that limj_,~ ||¢k||BMo = 0 and such that
Jim (M, 7]~ Al = 0
for some A € B(L?(S,do)). For f,g € L>(S,do), by the condition limy_. o ||¢k|lBMO = 0
and the fact [M,, ,T] = [M, ., T] for any ¢ € C we have
Jim (M, 711, 9) = 0.

Thus (Af,g) = 0 for all f,g € L>(S,do). Since A € B(L*(S,do)), this means A = 0.
This proves that the graph of Y is closed and completes the proof of the proposition. [J

Proposition 3.11. If f € VMO, then [M¢,T] is a compact operator on L*(S, do).

Proof. We first consider the case where f satisfies a Lipschitz condition |f(u) — f(v)] <
Lju—wv| on S. Let € > 0. For such an f we can write [My,T] = Ac + B., where

() = [ T elg)o),

(Beg)(u) = /|1-< 0o ), and

f(u) = f(v)
(1= {u,v))"

16
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Since |u — v| < V2|1 — (u,v)|'/2, we have |J(u,v)| < V2L||w||so|l — (u,v)|""+(/2) Since

1
/ 1= (a,o)pram o) <o

[16,Proposition 1.4.10], by a well-known estimate we have lim. ¢ ||A¢|| = 0. Obviously, B.
is compact. Therefore [My, T is compact if f € Lip(95).

By the usual approximation, it follows from the preceding paragraph that [My,T] is
also compact if f € C(S). Finally, suppose that f € VMO. Then there exists a sequence
{fx} in C(S) such that lim,_. || f — fx||BMo = 0 [20,Proposition 4.1]. Since each [My, , T
is compact, it follows from Proposition 3.10 that [M, T is also compact. O

4. The Construction

We will now construct the operator promised in Section 1. The technical steps of
construction are presented in the form of the first ten lemmas of the section. In order
to better understand the construction, we suggest that the reader read the statements of
Lemmas 4.1-10 first and save the proofs for later.

Lemma 4.1. We have
1 1

lim o)==

€l0 Jj1—(u,v)|>e (1 - <u7 U>>n

for everyu € S.

Proof. This is very close to [12,Lemma 7.2]. However, since [12,Lemma 7.2] was proved
for the “gauge” 7(u,v) defined by (7.1) on page 619 of [12], which is somewhat different
from the |1 — (u,v)| used in this paper, we would like to verify the details.

Let dA denote the natural Lebesgue measure on C. In other words, the 1 x 1 square
has measure 1. By formula 1.4.5(2) on page 15 of [16], we have

B B i ST
/|1—(u,v)|>E (1— <u,v>)”d (v) T /DE (1—z)n dA(z),

where D, = {z € C: |z] <1 and |1 — z| > €}. Performing the substitutions { = ¢/(1 — z)
and w = ¢ — (¢/2), we find that

ol on= 1 [ {2Re(() — e
/u_w,ng e = [ A

u,v))
B 2n72(n — 1) {Re(w)}2 w
- e )

where E. = {( € C : |¢| <1 and Re(¢) > ¢/2} and A = {¢( — (¢/2) : ( € E.}. Denote
Dy ={we C: |w| <1,Re(w) > 0}. It is easy to see that A, C Dy, that A(D;\A,) <
2(€e/2) = €, and that if € is sufficiently small, then |w+ (¢/2)] > 1/2 for w € Dy \A.. Hence

L 21 [ (Re@)
(4.1) /1_<u,v>|>5<1—<u,v>)nd” - /D (w + (e AW le)

17



with n(e) — 0 as e | 0. For 0 < § < 1, we have

n— 2 w/2 §n— 2
/ {Re(w) "= / / 7S 0 rde
Dy (5+w x/2 (5+7“eZ
n"— 2 n" 2
/ / t drdt = / / t ——————dxdt,
0o T 6/7” ) — iett)n x—@e”

where we made the substitutions ¢t = 0 + (7/2) and = = 6 /r. By [12,Lemma 6.2],

U 00 son—2

t
lim/ / A dedt= ————
510 Jo Js x(x—idett)n 2n=l(n —1)

Combining this with (4.1), the lemma follows. [J

For each € > 0, define the operator H, on L?(S,dc) by the formula

- ORI
”ﬂﬂw”‘/LWME;H?EIEWd(y

We also define the maximal singular integral

(H.f)(u) = sup [(He f)(u)|.

e>0

Lemma 4.2. There are constants C7 and Cy which depend only on the complex dimension
n such that the inequality H,f < C1M f + CoM(Pf) holds on S for every f € L?(S,do).

Proof. 1t is elementary that 2|1 — pc| > |1 —¢| if |¢] <1 and 0 < p < 1. Thus

1 _ 1 _ e(u, v)
‘ (= (u,v))* (1 =(1—=eu,v))" z::() (1= (u,0))" (1 = ((1 = u,v))7+!

< 2"ne
1= {u,v)|" !

forall 0 <e<1and uz#wvin S. It follows from Lemma 2.1 that

/|1—<u,v>|26 (<1 —f<(7«1617)v>)" - <(1fivz)u,v))n) do(v)

for all 0 < e <1 and u € S. On the other hand, by (1.2),

< C(Mf)(u)

<i/‘ F)|do(w) < Ag(M f)(u).
[1—(u,v)|<e

f ()
/1—<u,v>|<€ (1—((1- e)u,v>)nd0(v)
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Hence

[(Hef)(w) = (PF((1 = e)u)| < (C+ Ao)(M ) (w).
The lemma follows from this inequality and the well-known fact that |(Pf)((1 — €)u)| <
Co(M(Pf))(u) [16,page 75]. O

Lemma 4.3. (i) sup.s |[|[He|| < oc.
(ii) The limit H = lim. o H. exists in the strong operator topology.
(iii) H =P — (1/2).

Proof. (i) is an immediate consequence of Lemma 4.2.
(ii) For f € L*(S,do),
fu) = f(v)
H.1 — (H. = —da .
fH = = [ et

If f is Lipschitz (with respect to the Euclidian metric) on S, then |f(u)— f(v)| < Lju—v| <
V2L|1 — (u,v)|'/2. For each u € S, the function ®,(v) = |1 — (u,v)| (/2 belongs
to L1(S,do) [16,Proposition 1.4.10], and ||®,||; is independent of u € S. Applying the
dominated convergence theorem twice, we see that if f € Lip(S), then the limit

exists in the norm topology of L?(S,do). Combining this with Lemma 4.1, the limit
lim, g H, f exists in the norm topology of L?(S,do) for every f € Lip(S). By (i) and the
fact that Lip(S) is dense in L?(S, do), the strong limit H = lim.jo H, exists.

(iii) Again, this is just a slight variation of [12,Theorem 7.1]. Let ¢ be a polynomial
in z1,..., 2p, 21, ..., 2n. LThen it follows from the above argument and Lemma 4.1 that

1 _ _ [ plu) = p(v)
g#(u) = (He)(w) = p(u)H1 — (Hep)(u) —/Wda(v)-

Recall that 2|1 —rc| > |1 —¢| if 0 < r < 1 and |¢| < 1. Thus it follows from the dominated
convergence theorem that

1 y p(u) — ¢(v) o
590(70 — (Hy)(u) = 17}%111 W“(U) = 17}%111(90(7«6) — (Pp)(ru)).

Since such ¢’s are dense in L?(S,do), this completes the proof. [J

For the rest of the paper, let £ be a real-valued, non-decreasing, C*° function on (0, c0)
satisfying the conditions £ = 0 on (0,1/2] and £ = 1 on [1,00). The reason that we require
& to be non-decreasing will become clear in the proof of our next lemma.

With this £ given, for each a > 0 we defined the operator

/5 _1’1_ u U>Df(v)d0'(1])
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on the Hilbert space L?(S,do). Obviously, each G, is a compact, self-adjoint operator.

Lemma 4.4. (i) sup, ||Gall < .
(ii) limg 0 G4 = H in the strong operator topology.
(iii) limg o [|Gag — (9/2)||2 = 0 for every g € H?(S).

Proof. For each a > 0, consider the function £,(t) = £(t/a) on (0,00). Because &, is non-
decreasing and continuous, and because &, = 0 on (0,a/2] and &, = 1 on [a, ), &, can
be uniformly approximated on (0,00) by convex combinations of functions in the family
{X[e,0) 1 @/2 < € < a}. Hence G, is in the operator-norm closure of the convex hull of
{H.:a/2 <e<a}. Thus this lemma follow from Lemma 4.3. O

As usual, we write k. for the normalized reproducing kernel function for H2(.S). That
is, for each z € C" with |z| < 1, we write
(1= =2y

lw| < 1.

Lemma 4.5. For alla > 0,b> 0 and 0 < r < 1, the values of || Gakrull2, [|(Ga — Gb)krul|2
and (G ok, kry) are independent of u € S.

Proof. Let U : C" — C" be any unitary transformation. Then the formula
Uy f)(u) = f(Uu)
defines a unitary operator on L?(S,do). Clearly, Uj; = Uy~. Hence
U ,Gldy = G,

for every a > 0. Also, Uy k, = ky~,. The lemma follows from these two facts. [

Lemma 4.6. There exists a constant Cyg such that for all uw € S, 0 < r < 1 and
b> (1 —r)'3, we have ||Gpkyyll2 < Cug(1 —r)1/12,

Proof. For b > (1 —1)/3, we have

(1 — r)(/D=(n/3)
|1 - T(é.v u>|n

(Gt < (2) [ naClaotc) 222 io(0)

1
< 2%/2(1 — 70)1/12/ T e D do ()

for every v € S. By [16,Proposition 1.4.10], there is a constant C' such that

1
/ 1= (C, a) |~ (/12) do(¢) < C

for all w € S and 0 < r < 1. This completes the proof. [
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Lemma 4.7. There exist sequences {r(j)}, {a(j)} and {b(j)} of positive numbers which
have the following properties:

(i) 0 <r(j) <1 for every j € N and lim;_, r(j) = 1;

(i) 0 < a(j) < b(j) for every j € N and lim;_, b(j) = 0;

(iii) b(5 + 1) < a(j)/8 for every j € N;

(1v) ((Ga) = Go))krGyus Bryu) = 1/3 for all j > 2 and v € S;

(V) Zz 1 ”( a(i) — Gb(i))kr(j+l)u||2 < (J + 1)_1 fOT a”] € Nandu e S;

(vi) >, (G aGi+1) — Goj+1)) kr(iyullz < 2-U+D for all j € N and u € S.

Proof. Ler rq € (0,1) be such that Cy(1 —r¢)'/'? < 1/12. We will select r(5), b(j) and
a(7) inductively. We begin with arbitrary 0 < (1) < 1 and 0 < a(1) < b(1) < co.

Suppose that j > 1 and that we have selected r(i), b(i) and a(i) for 1 < i < j. By
Lemma 4.6, there is a p € (0, 1) such that

J

1
> (Gapy = Gogi)krull2 < 1 forall p<r<1 and ueS.
=1

By Lemma 4.4(ii) and Lemma 4.5, there is a § > 0 such that

J
Z [(Ga — Gb)kriyull2 < 27Ut forall 0<a<b<f and u€cS.

i=1
We pick an 7(j 4+ 1) such that max{1 — 277" ro,p} <r(j+1) <1and (1—r(j+1))/3
< min{a(j)/8,4}. Let b(j + 1) = (1 —7(j + 1))/%. Then b(j + 1) < a(j)/8,

J
1
E N . . < -
i:1 H(Ga(z) Gb(z))kr(Jle)u"? =i+ 1’ u €S,

and

Z 1(Ga = Goj+1)) krgiyull2 < 27U+ forall 0<a<b(j+1) and ueS.

Since r(j+1) > 79 and Cy6(1—1o)'/1? < 1/12, by Lemma 4.6 we have ||Gp(j41)kr(j+1)ull2
< 1/12, u € S. By Lemma 4.4(iii) and Lemma 4.5, we can pick an a(j + 1) € (0,b(j + 1))
such that (Go(j+1)kr(i+1)u Fr(+1)e) = (1/2) — (1/12) for all u € S. Hence

(Gai+1) = Go(i+1))ErG+)w kFrgi+nu) = (1/2) = (1/12) = (1/12) = 1/3.

This completes the inductive selection of the sequences {r(j)}, {a(j)} and {b(j)}. Since
r(j+1) > 1-2-0+D we have limg_, o 7(j) = 1. Note that the inequalities b(j+1) < a(j)/8
and a(j) < b(j) imply b(j +1) < 877b(1). Therefore lim;_,o. b(j) = 0. This completes the
proof. [J
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Let N be an infinite subset of IN such that the set No = N\ NV; is also infinite.
Lemma 4.8. There exists an infinite subset N of Ny such that the limit
(4.2) lim Y (Gayy—Gey) =F

m—o00
JENN{1,2,....m}

exists in the strong operator topology.

Proof. By Lemma 4.4(i), sup;>; [|Ga(j) — Gy(y)ll < 0o. By Lemma 4.7(ii) and Lemma
4.4(ii), we have the strong convergence lim;_,o(Gq(jy — Gp(;)) = 0. Each Go(;) — Ga(jy is
compact and self-adjoint. Thus the desired conclusion follows from [14,Lemma 2.1]. [

Lemma 4.9. If f € VMO, then [M;, F] is a compact operator on L*(S,do).

Proof. We will show that F'is in fact an example of the operator 1" defined at the beginning
of Section 2. Then by Proposition 3.11, [My, F] is compact for every f € VMO.

For each a > 0, again consider the function &,(t) = £(t/a), t > 0. Since & (t) =
a=t¢(t/a) and &' (t/a) # 0 only if t € (a/2,a), we have 0 < & (t) < [|€']|oo/t for all t > 0.

For each j € N, define the function v, (t) = (a1 (5)t) —&(b71(j)t), t € (0,00). Then,
by the preceding paragraph, [¢}(¢)| < [|{[|oc/t for all £ > 0. By the choice of £, we have
;€ C°(0,00), ¥; =0 on (0,00)\(a(j)/2,b(j)) and 0 < ; <1 on (0,00). Let

Y(t) =D () = D> {&a T (G)t) — £ G}
JEN JEN

By the condition b(j + 1) < a(j)/8 (Lemma 4.7(iii)) and the above-mentioned properties
of 1, we have ¢ € C*(0,00), 0 < 9(t) <1 and [¢'(t)| < ||€’]|oo/t for all £ > 0. That is,
satisfies conditions (i) and (ii) required of the function w in Section 2.

For each € > 0, define the operator F, by the formula

B (1 (u,0))
(Fef)u) = /S\Bw,@ 0~ {w,0)"

f(w)do(v).

For each m € N, set €, = (a(m)/2)'/2. Then ViX[e2,,00) = ¥j if j <m and Pjx(e2 o) =0
if 5 > m. Thus by the definitions of ¢» and G, we have

Foo = Y. (Gag) — Gy)-

FJENN{1,2,....m}

Comparing this with (4.2), we see that F also satisfies (2.1). O
We now define F' to be the compression of F to the Hardy space H 2(S). That is,

(4.3) Fg=PFg, geH*(S),
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where P is the orthogonal projection from L?(S,do) onto H?(.S).

Lemma 4.10. (a) Let iy < iz < ... < i, < ... be any ascending sequence of the integers in
the set N given by Lemma 4.8. Then for every u € S we have

lim inf(ﬁkr(iy)u, kr(iy)u> Z 1/3.

V—00

(b) Let j1 < jo2 < ... < ju < ... be any ascending sequence of the integers in No. Then for
every u € S we have
lim <Fkr(jl,)u7 kr(ju)u> = 0.

Proof. For any given integer j > 2, it follows from (v) and (vi) in Lemma 4.7 that

j—1 00
> H(Gagy = Goa)kriyullz = > 1(Gay = Go)krgrulla + > 1(Gagy — Gy Ergyull2
i#j =1 i=j+1

1 s 1 .
(4.4) <-+ Z 27 = - 4277,
)T

Thus if j € Ny and j > 2, since j ¢ N, we have

~ 1
[Fkr(jyull2 < Z 1(Gap) = Goi))kriiyullz < ;‘f’ 277,
iEN

which proves (b). To prove (a), we note that <Fg,g> = (Fg,g) if g € H?(S). Thus for
j € N, it follows from (4.2) that

(Fky(yus kryu) = (Fkr(yas kru)

> ((Gag) = Goi) ) ErGyus Kriya) = D 1(Gagy = Gy Vhoniyull2-
1£]

Combining this inequality with Lemma 4.7(iv) and (4.4), (a) follows. [
Lemma 4.11. For each f € L?(S,do), there is a Borel set A in S with o(A) = 0 such that

lmn (/= £(u) vl = 0

for every u € S\A.
Proof. For each ¢ € L'(S,do), define the Poisson integral

w@:/Pwomow«x 2l <1,
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where the Poisson kernel is given by the formula

P(z,¢) = k(1% [CI=1, [z <1

See pages 40-41 in [16]. Let f € L?(S,do) be given and define the function h = |f|?. By
[16,Theorem 5.3.1], there is a Borel set A in S with o(A) = 0 such that each u € S\A is a
Lebesgue point for both f and h. By [16,Theorem 5.4.8], for each u € S\A we have

(4.5) lim f(ru) = f(w) and  limh(r) = h(w) = | ().

But for every u € S and every 0 < r < 1 we have

I(f — f(U))ka% = ||ka||§ —2Re(fkru, f(w)kry) + |f(u)|2||km||§
= h(ru) = 2Re{f(ru) f(u)} + | f(u)]*.
Combining this with (4.5), the lemma follows. [J
Lemma 4.12. For any given @1, ..., pm € L°(S,do), there exists a Borel set ) in S with
o(2) = 0 such that if u € S\Q, then the limit

Hm(Ty, .. T, Ky )
rTl

exists and equals ©1(u)...om (u).

Proof. We use induction on m. The case m = 1 follows from Lemma 4.11. Suppose that
m > 2 and that the desired assertion is true for 7, ...T,,, ,. Then

Tor - Tp kru = @m(W)Tpy .. Ty, kruw+ Ty T, s P(Om — @m(W))kry.

Thus the case for m follows from the induction hypothesis and another application of
Lemma 4.11. 0J

Proposition 4.13. If X is an operator belonging to the Toeplitz algebra T, then there
exists a Borel subset E of S with o(E) = 0 such that the limit

1. X Uy 'Vru
i (XK, i)

exists for every u € S\E.

Proof. If X € T, then there exists a sequence {X;}, where each X is the sum of a finite
number of terms of the form T,,,...T,, , m € N and @1, ..., op, € L*°(S,do), such that

m?

lim || X — X,|| = 0.

Jj—o0
Thus this proposition is an immediate consequence of Lemma 4.12. [
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Proof of Theorem 1.1. We want to show that the operator F' defined by (4.3) belongs to
the essential commutant of 7(VMOpqq) but does not belong to 7.

It is well known that if f € VMO, then [My, P] is compact. Therefore it follows from
Lemma 4.9 that F' belongs to the essential commutant of 7(VMOpqq).

To show that ' ¢ 7, recall from Lemma 4.7(i) that lim; ., 7(j) = 1. Thus Lemma
4.10 tells us that for no u € S does the limit

E%(Fk’rua kru>

exist. By Proposition 4.13, this means F ¢ 7.0
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