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The conventional finite element (FE) method has been used to efficiently obtain phononic dispersion rela-
tions for a wide range of geometries and materials. The motive of this research is to draw attention to the
research community and addressing that special care should be taken in interpreting the FE results of dis-
persion analysis for some periodic structures whose FE model possesses an artificial periodicity. Layered
composites have been investigated as a representative example to study this numerical issue. Despite the
simple geometry of layered composites, it is well known that the accuracy of numerical dispersion rela-
tions for waves perpendicular to the layers may be highly impaired by the existence of fictitious modes.
The spectral distortion stems from an arbitrarily selected unit cell which causes an artificial finite pe-
riodicity in the direction parallel to the composite layers, and they are known to be highly dependent
on the unit cell configuration. However, this issue has never been thoroughly investigated, and there
has been no specific guideline for a proper unit cell configuration for numerical dispersion relations. In
this study, using the classical analytical solution for wave motion in the sagittal plane, the authors show
that the spectral distortion induced from the artificial finite periodicity are the manifest results of spatial
aliasing in the wavevector domain. In order to prevent the spectral distortion in numerical dispersion re-
lations for waves perpendicular to the layers, this study presents a definitive guideline based on an anti-
aliasing condition and the effective elastic modulus theory for layered composites and demonstrates its

validity.

Published by Elsevier Ltd.

1. Introduction

The conventional finite element (FE) method has been adopted
to efficiently obtain phononic dispersion relations for a wide range
of geometries and materials: dispersion relations of homogeneous
medium (Babaee et al., 2015a; Bertoldi and Boyce, 2008b; Guarin-
Zapata and Gomez, 2015; Han et al., 2016; Langlet et al., 1995; Nel-
son and Navi, 1975; Ungureanu et al., 2016), dispersion relations of
layered composites (Aberg and Gudmundson, 1997; Guarin-Zapata
and Gomez, 2015; Minagawa et al., 1981; Naciri et al., 1994), 2-D
periodic medium'’s dispersion relations in the out-of-plane direc-
tion (Bertoldi and Boyce, 2008a; 2008b; Li et al., 2009), 2-D peri-
odic medium’s dispersion relations in the in-plane direction (Bayat
and Gordaninejad, 2014; 2015; Liu and Gao, 2007; Mousanezhad
et al., 2015; Shim et al., 2015; Spadoni et al., 2009; Wang et al.,
2013; Xu et al., 2012; Zhang et al., 2016), 3-D periodic medium’s
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dispersion relations (Babaee et al., 2015b; Li et al., 2008, 2012;
2013; Wang and Bertoldi, 2012), etc. In the last few years, several
researchers have been also investigating the effect of nonlineari-
ties on phononic dispersion relations in the conventional FE frame-
work (Babaee et al.,, 2015b; Bayat and Gordaninejad, 2014; Mou-
sanezhad et al., 2015; Shim et al., 2015; Wang and Bertoldi, 2012;
Wang et al., 2013). For the sake of clarity, we would like to briefly
review how the dispersion analysis is typically performed to see
the effect of nonlinearities in the community. In general, the anal-
ysis is executed in a two-step manner. In the first step, static anal-
ysis is performed on an infinitely-periodic structure subjected to
external loading. Because this first step is standard static analysis,
material and geometric nonlinearities can be easily considered in
the conventional FE framework. Secondly, on the deformed struc-
ture (at the end of the first analysis) as the base configuration,
wave propagation analysis (i.e., eigenvalue analysis) is executed to
calculate the dispersion relations of the deformed structure. This
second step in nature is linear perturbation analysis. In this two-
step manner, researchers have been investigating the evolution of
the dispersion relations of various structures, and they found that
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material and geometric nonlinearities affect phononic band-gaps
(Babaee et al., 2015b; Bayat and Gordaninejad, 2014; Mousanezhad
et al, 2015; Shim et al, 2015; Wang and Bertoldi, 2012; Wang
et al., 2013).

Despite the above mentioned versatility of the conventional FE
method, the motive of this research is to draw attention to the
research community and addressing that special care should be
taken in interpreting dispersion relations obtained in the conven-
tional FE framework. For the dispersion relations of layered com-
posites, it is well-known that some numerical techniques cause
fictitious modes affected by the geometry of an arbitrarily cho-
sen unit-cell (e.g., FE method in Aberg and Gudmundson (1997);
Guarin-Zapata and Gomez (2015); Minagawa et al. (1981); Naciri
et al. (1994), variational method in Minagawa and Nemat-Nasser
(1977)). On the other hand, to obtain the dispersion relations of
homogeneous medium (Babaee et al., 2015a; Bertoldi and Boyce,
2008b; Guarin-Zapata and Gomez, 2015; Han et al,, 2016; Langlet
et al., 1995; Nelson and Navi, 1975; Ungureanu et al., 2016) and
2-D periodic medium’s dispersion relations in the out-of-plane di-
rection (Bertoldi and Boyce, 2008a; 2008b; Li et al., 2009), an arti-
ficial periodicity was arbitrarily introduced in the conventional FE
framework. However, researchers are not even aware of the pos-
sibility of the fictitious modes in the numerically obtained dis-
persion relations. In the community working on wave finite ele-
ment (WFE) method (Mace and Manconi, 2008; Manconi, 2008),
these spurious branches in the dispersion relations of composite
medium have been investigated and a solution to the numerical is-
sue has been also proposed. However, in the community adopting
the conventional FE method for dispersion analysis, there has been
no report investigating the origin of this spectral distortion. Thus,
we considered layered composites as a representative example to
study the origin of the spectral distortions.

Layered composites have been widely adopted for various appli-
cations including thermal conductivity controllable materials (Lee
et al, 1997; Pernot et al., 2010), tunable piezoelectric materials
(Wang et al.,, 2014) and nano-structured polymer layers (Cheng
et al.,, 2008). In particular, wave propagation in layered compos-
ites has been an interesting subject in engineering mechanics, so
many aspects of the problem have been analytically investigated.
For instance, the analytical dispersion relations of layered compos-
ites have been obtained for several limiting cases such as elas-
tic wave propagation perpendicular to the layers (He et al., 1988;
Lee and Yang, 1973), parallel to the layers (Sun et al., 1968b)
and both parallel and perpendicular to the layers (Brekhovskikh,
1980; Rytov, 1956). Moreover, these studies have significantly con-
tributed to the emergence of innovative materials for acoustic
waveguide (Saini et al., 2011) and acoustic rectifier (Liang et al.,
2010).

In parallel with analytical studies, several numerical approaches
have been introduced to investigate wave motion of various
types of periodic composites. Numerical techniques for obtaining
phononic dispersion relations include the continuum power series
method (Hegemier and Bache, 1974; Hegemier and Nayfeh, 1973),
the effective stiffness method (Herrmann and Achenbach, 1967;
Sun et al., 1968a), the mixture theory (Murakami, 1985; Murakami
and Akiyama, 1985; Murakami et al., 1979), the plane wave expan-
sion method (Zhao and Wei, 2009), the finite difference method
(Mukherjee and Lee, 1978), the variational method (Kohn et al.,
1972; Nemat-Nasser, 1972) and the conventional FE method (Aberg
and Gudmundson, 1997). All these numerical techniques provide
dispersion relations for mechanical waves propagating within lay-
ered composites.

However, despite the simple geometry of layered composites
(shown in Fig. 1A), the results of some numerical techniques (in-
cluding the conventional FE method) for phononic dispersion rela-

tions for wave propagation perpendicular to the layers should be
carefully interpreted. It is well known that the accuracy of nu-
merical analysis is highly impaired by the existence of fictitious
modes (Aberg and Gudmundson, 1997; Guarin-Zapata and Gomez,
2015; Minagawa and Nemat-Nasser, 1977; Minagawa et al., 1981;
Naciri et al., 1994). It is obvious that structural 1-D elements (e.g.,
truss or beam elements) are not suitable for the analysis of lay-
ered composites. In order to model layered composites in a 1-
D setting in the conventional FE framework, one needs an ele-
ment having an infinite length in the direction parallel to the lay-
ers (i.e., x; direction in Fig. 1A) and a finite length in the direc-
tion perpendicular to the layers (i.e., x3 direction). However, all
the commercial FE software (e.g., ABAQUS, COMSOL, ANSYS, LS-
DYNA, etc.) offers infinite elements in 2-D or 3-D settings, which
have intrinsic finite length-scale along the x; direction. Thus, it is
not possible to model layered composites in the ideal 1-D set-
ting in the conventional FE framework. Instead, in the research
community, a 2-D setting under the plane strain condition has
been generally employed together with a periodic boundary con-
dition in both directions (i.e., x3 as well as x;). Furthermore, this
constraint is not limited to the conventional FE method. For ex-
ample, a variational method employed in Minagawa and Nemat-
Nasser (1977) also suffers the same limitation, and the dispersion
analysis of layered composites are obtained in a 2-D setting us-
ing a rectangular unit cell in 2-D space. For instance, Fig. 1D il-
lustrates numerical dispersion relations calculated in the conven-
tional FE framework, and it shows some wave modes (marked by
solid lines) which are not expected from the corresponding analyti-
cal solution in Fig. 1C. The appearance of those fictitious modes are
known to be highly affected by the aspect ratio of the selected unit
cell for the considered layered composites (Aberg and Gudmund-
son, 1997; Guarin-Zapata and Gomez, 2015; Minagawa and Nemat-
Nasser, 1977; Minagawa et al., 1981; Naciri et al., 1994). In order
to avoid the spectral distortion, just a thin unit cell is suggested
to be employed. However, this issue has never been thoroughly in-
vestigated in the community adopting the conventional FE method
for dispersion analysis, and there has been no specific guide-
line for a proper unit cell configuration for numerical dispersion
relations.

Therefore, for wave propagation perpendicular to the layers,
the objectives of this study is to systematically investigate the
origin of spectral distortion in numerical dispersion relations ob-
tained in the conventional FE framework and to provide a defini-
tive guideline to exclude those fictitious modes for a frequency
range of interest. Through this study, we remind that special care
should be taken in interpretation dispersion relations obtained in
the conventional FE framework. In order to achieve these objec-
tives, we first re-visit the analytical dispersion relations for cou-
pled in-plane waves (so-called sagittal waves) in layered compos-
ites. Then, the analytical approach is employed to identify the ori-
gin of the fictitious modes in dispersion relations for wave prop-
agation perpendicular to the layers. Furthermore, for a frequency
range of interest, we suggest a specific guideline for a proper
unit cell configuration and demonstrate the soundness of the
suggestion.

2. Method of analysis

It is widely known that sampling a continuous signal at discrete
but equally spaced instants of time causes fictitious frequencies in
the corresponding spectral domain due to the act of discretization.
This spectral distortion is called temporal aliasing, and it occurs
when a discrete Fourier series is employed for approximating a
continuous periodic function (Newland, 1993). Temporal aliasing is
a well-known issue in signal processing, and it can be avoided if
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Fig. 1. (A) Geometry of a bi-material layered composite, which is infinitely periodic. The composite can be described by using a unit cell spanned by the primitive lattice
vectors a; and a; in a 2-D coordinate space. Note that a; = [|a;|| and as; = ||as]|. (B) The corresponding wavevector space of the composite. The first Brillouin zone is the
topmost rectangle delineated by a solid line, and aliasing zones are the results of spatial discretization in the x;-axis. (C) Analytical dispersion relations of wave motion
perpendicular to the layers based on (20). Note that the normalized frequency @ is defined by @ = wasz /(27 c}). (D) Numerical dispersion relations calculated in the conven-
tional FE framework, where a unit cell having the aspect ratio of a;/a; = 1.0 is used. Note that the numerical dispersion relations contain unwanted modes represented by
red solid lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

the sampling frequency is at least twice as large as the highest
frequency contained within the continuous signal (or the highest
frequency of interest). This principle is called the Nyquist theorem
(Newland, 1993), and it determines a proper sampling time inter-
val (At) for the highest frequency of interest (wmax):

At <

Wmax M

In this study, we investigate the occurrence of fictitious
modes observed in the numerical dispersion relations of layered
composites (i.e., 1-D phononic crystals) using the concept of spa-
tial aliasing, which is analogous to temporal aliasing. Note that for
waves parallel to the layers Mace and Manconi (2008); Manconi
(2008) investigated spatial aliasing to study spectral distortions in
the dispersion relations obtained from the WFE method. In the
conventional FE framework, the phononic dispersion analysis of
wave propagation perpendicular to the composite layers requires
the use of a rectangular unit cell in a 2-D coordinate space. Al-
though the properties of layered composites are continuous in the
direction parallel to the layers (i.e., the x;-axis in Fig. 1A), the 2-D
modeling for a unit cell in the conventional FE procedure intro-
duces spatial discretization in the x;-axis, eventually causing fic-
titious modes in the corresponding wavevector domain (i.e. along

the k1-axis). This study will demonstrate that the fictitious modes
observed in numerical dispersion relations are the results of spatial
aliasing in the wavevector domain.

This section contains cornerstones required to examine the
origin of the numerical spectrum distortion in dispersion rela-
tions for wave motion perpendicular to the layers. The funda-
mentals of wave motion in phononic crystals are presented at
first, and then they are followed by analytical dispersion solutions
and numerical implementation procedure in the conventional FE
framework.

2.1. Wave motion in 2-D phononic crystals

In this study, 2-D phononic crystals defined in the x; —x3
plane (see Fig. 1A) are considered because a rectangular unit
cell is employed in the numerical dispersion analysis of layered
composites.

2.1.1. 2-D crystal lattice and the reciprocal lattice

For an infinitely periodic lattice spanning in the 2-D coordi-
nate space, the corresponding Bravais lattice is described by a
parallelogram with primitive lattice vectors a; and as. Any
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spatially periodic function v (x) is characterized by:
v(X+r1) =v(X) (2)

where x denotes spatial position vectors in the x; — x3 plane, and
r is a set of the lattice vectors defined by:

I =T1q1d1 + I'g3a3 (3)

with arbitrary integers r,; and ry3. Here, the function v (x) is called
r-periodic. One of the most commonly employed primitive unit
cells is the Wigner-Seitz unit cell, which is defined by the region
of space that is closer to a considered lattice point than any other
lattice points (Ashcroft and Mermin, 1976).

The periodic function v(x) can be expanded by using the com-
plex Fourier series:

U(X) =) Dge's* (4)
g

where g denotes a set of the reciprocal lattice vectors, and Og rep-
resents the Fourier coefficients. In (4), the sum is over all recipro-
cal lattice vectors g, which constitutes the reciprocal lattice of the
given Bravais lattice. Here, the reciprocal lattice vectors g can be
defined by:

g = gnb1 + gp3bs (5)

where g,; and g;3; are arbitrary integers, and the primitive recip-
rocal lattice vectors by and bs can be described by:

é xa a; x @
by =27-2"_ py=2g L2 (6)
llar x as | llar x as|
i i 6, — BXN —
with the Euclidean norm || - || and &, = Taxa S° that ap -bg =

27 8pq for p, g =1, 3. Note that any wavevector « in the reciprocal
space (e.g., the k1 — k3 plane in Fig. 1B) can be written as a linear
combination of by and b;. Moreover, the Fourier coefficients Ug in
(4) are given by:
D = / v(X)e-EXdQ )
1] Jo
where €2 represents any primitive unit cell and |2| denotes the
area of the primitive unit cell. The Wigner-Seitz unit cell of the re-
ciprocal lattice is called the first Brillouin zone. For the rectangular
unit cell of layered composites, the first Brillouin zone is illustrated
as the topmost rectangle delineated by a solid line in Fig. 1B. If
the first Brillouin zone is invariant under certain rotational or mir-
ror reflectional transformations, it can be further reduced by all of
the symmetries in the point group of the reciprocal lattice. The re-
duced zone is referred as the first irreducible Brillouin zone (IBZ)
(see Fig. 1B).

2.1.2. Discrete Fourier transform and spatial aliasing
Let x(x) be an unknown continuous spatial function in the 2-D

coordinate space. Assume that only regularly spaced Ny x N3 data
are available in a sampled region x; € (0, (N; — 1)Ax;) and x; €
(0. (N3 — 1)Ax3), and the discrete series {x[p;, ps]} are denoted
by x[0, 0], x[1, O], ..., x[Ny —1,N3 — 1]. In this case, the Fourier
coefficients jXg of the unknown continuous function x(x) may be
approximated by the summation (Bracewell, 2003):

Ni—1N3—1
“ “ 1 ! & —i2r (P P393
Re~ Rla1 61 == > Y xlp1. psle (%) (8)

N{N3

p1=0 p3=0
which is called the discrete Fourier transform (DFT) of the series
{xIp1, p31}. Since there are only a finite number of data points, the

DFT treats the data as if they were periodic, resulting in the dis-
crete values of x[qq,q3] over the k1 — k3 plane. Any typical value

of x[p1, p3] is exactly recovered from the series {X[q1, q3]} by the
inverse formula:
Ny—1N3—1

x[pipsl=>" > X[ql,qglem”(%*%). 9)

¢1=0 g3=0

The equally spaced discrete data x[p;, p3] in the coordinate space
engender the periodicity of the DFT coefficients:

Klq1.q3] = X [Ny + 1. 5N3 + q3] (10)

where [; and I3 are arbitrary integers. Furthermore, if x(x) is a
real-valued function, its DFT coefficients are conjugate symmetric
with respect to the origin:

Xla1. @3] = X [-q1. —q3] (11)

where [O0* denote the complex conjugate. Therefore, the DFT co-
efficients X[qi, q3| are the only correct Fourier coefficients for the
wavevector domain of k1 € (0, m/Axy) and k3 € (0, w/Ax3), which
coincides to the first Brillouin zone. In particular, due to the peri-
odicity of the DFT in (10), there are infinitely many aliases of the
true spectrum in the wavevector domain.

If the original continuous function y(X) contains wavevector
components beyond the wavevector domain of x; ¢ (0, w/Ax)
and k3 € (0, w/Ax3), the DFT coefficients will be corrupted and
this numerical phenomenon is called spatial aliasing (Bracewell,
2003). The high wavevector components contribute to the x|[p;,
p3] series, and falsely distort the DFT coefficients within in the
wavevector domain of x; € (0, m/Axq), k3 € (0, m[Ax3). Since
spatial aliasing occurs due to the discretization which are not suf-
ficiently small to represent high-wavenumber components present
in the continuous function, the solution is to increase the sampling
rate.

Now, consider the rectangular unit cell of a; x a3 employed for
the dispersion relations of a layered composite shown in Fig. 1A,
where a; = ||a;|| and a3 = ||as||. The sampling with Ax3 = a3 in
the direction perpendicular to the layers is small enough to capture
the highest x3 component k3 ; = 7 /a3 of wave motion in the lay-
ered composite. However, due to the continuous properties of the
layered composite in the direction parallel to the layers, the sam-
pling with Ax; = a; is not sufficiently small to capture infinitely
large k1 components. Eventually, this coarse spatial discretization
in the x;-axis induces the artificial 277 /a;-periodicity along the k-
axis of the wavevector domain and the calculated spectral behav-
ior is distorted by the existence of the high-wavenumber compo-
nents from an infinite number of aliasing zones of the first Bril-
louin zone (see Fig. 1B). For instance, the wavevector path denoted
by I' — X has an infinite number of aliasing paths, ie., I — X,
r”— X”, " — XW, etc.

2.1.3. Bloch theorem

The Bloch theorem states that elastic wave motion with a
wavevector « (i.e., u = eX) within a r-periodic structure must sat-
isfy the Bloch-periodic condition (Ashcroft and Mermin, 1976):

u(X+r) = u(x)e T, (12)

From the Bloch-periodic condition, the elastic wave motion within
the r-periodic structure is also found to be g-periodic in the recip-
rocal lattice space (Ashcroft and Mermin, 1976):

wk+g) =wlk) , (13)

which indicates the g-periodicity of the eigenvalue frequency w
of the considered periodic structure. Thus, only a subset of the
wavevector domain is sufficient to be considered for obtaining the
phononic dispersion relations of periodic structures, and it is a
common practice to consider only wavevectors on the boundaries
of the first IBZ (Maldovan and Thomas, 2009).
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2.2. Analytic dispersion relations

Wave motion in 3-D elastic solids consists of two basic types of
waves: P-wave (pressure wave) and S-wave (shear wave). Here, S-
waves polarized in the horizontal and vertical planes are classified
as SH-wave and SV-wave, respectively. The motion of P- and SV-
waves are generally coupled, and the plane in which both waves

T, =

Ny , . e / i c! !
e | cos wij +4 'O,Clj + 2% ) sin w,d e p,c’f ~ L5 ) sin a)fi
) 2\ p'cy Py Cp P PO Cp

As an illustration, the application of the continuous boundary
conditions for pressure wave motion gives (He et al., 1988):

TiW, =W, (16)
where

Py P!
Wn = |:PLni| s Wn+l = |:PZH1:| s (17)

(18)

o . /C/ / i / . /C/ /
e L L% _ P %) g wd e | cos wd') L(pc +u sin wd
2\p'cy PGy & %) 2\p'c po %

propagate is referred as the sagittal plane. On the other hand,
the motion of SH-wave is independent of the sagittal plane waves
(Graff, 1991; Rouhani et al., 1983). For wave propagation perpen-
dicular to the composite layers, the distinction between two shear
waves disappears and P- and S-waves become uncoupled. Thus, in
order to investigate wave motion in the plane including the di-
rection perpendicular to the layers, it is sufficient to consider the
sagittal plane waves. This subsection briefly reviews the analytical
dispersion relations for waves in the sagittal plane as well as for
waves perpendicular to the layers.

Consider an infinitely periodic layered composite, whose pe-
riod in the x3-axis is as (see Fig. 1A). Each period consists of two
isotropic elastic materials, Material 1 with thickness d and Material
2 with d’ so that a3 = d +d’. For Material 1, the mass density is
denoted by p and the elastic properties are given by c;; = A + 2,
C44 = 4 and cyp = €1 —2c44 = A, where A and p are Lamé con-
stants. Furthermore, its pressure and shear wave velocities are
denoted by ¢, = ./c117/p and c¢s = /Ca4/p, respectively. Similarly,
those of Material 2 are given by p’, ¢y, €4y, €}, A, 1, ¢, and

/
cs.

2.2.1. Waves propagation perpendicular to composite layers

Several references (He et al., 1988; Lee and Yang, 1973; Ry-
tov, 1956) can be found for the detail derivation of the analytical
dispersion relations for wave motion perpendicular to the layers,
but here we provide only a brief summary of the transfer matrix
method. Due to the complex nature of the equation of motion in
layered composites, the displacement field u is resolved into the
sum of the contribution from a dilatation-related scalar potential
@ and the contribution from a rotation-related vector potential H
using Helmholtz's decomposition, u=V® +V x H with V.-H=0
(Graff, 1991). Now, the dispersion relations can be obtained by pur-
suing the conditions under which the plane waves represented by
harmonic potentials may propagate in layered composites. By in-
troducing local coordinates x§ and xg/ in the n-th unit cell for Ma-
terials 1 and 2, respectively, the displacements of wave motion per-
pendicular to the layers can be represented by:

ug(xg’ t) — (Plg eiwxg/cp +P[‘ e—iwxg/cp) e—iwt

u?(xg’,t) — (Q}g eiwxg/cS +Qf e—iwxg/cs) e—iwt (14)
for Material 1 and:

ug’ (Xg’, t) _ (PI?/ eiwxg//c’p +P[l/ e—iwxgl/c’p> e—iwt

(. 0) = (QF e/ +Qff e /G) et (15)
for Material 2. Here, PIQ, PL”, Qg Q}g Pl?/, PL"’, Qg’,. Qi’g/ are the un-
known constants to be determined from the continuous boundary
conditions of the displacements and stresses at interfaces. Applying

the Bloch-periodic condition (12), one can simultaneously obtain
two decoupled eigenvalue problems for pressure and shear waves.

Here, T; is the transfer matrix for pressure wave motion perpen-
dicular to the layers. By applying the Bloch-periodic boundary con-
dition between adjacent unit cells (12):

W,y = eBW, (19)
one can obtain an eigenvalue problem for the pressure wave mo-
tion:

TiW, = eBW, (20)
where %393 and W, are the eigenvalue and the eigenvector of T;,
respectively. By solving this eigenvalue problem, the dispersion re-

lations for pressure wave propagation perpendicular to the layers
is analytically obtained:

wd wd’
cos(aszks3) = cos | — ) cos :
Cp o
!~ /
1 ,ocp+& sin w—d sin wd .21
2\p'cy  pcp Cp Cp

Moreover, a similar expression for shear wave propagation perpen-
dicular to the layers can be obtained:

cos(asks) = cos w—d cos wd
3K3) = e o
1(pcs  pct\ .. [od) . (od
_ 2<p’c§ + e sin o sin 7 . (22)

Both (21) and (22) constitute the closed form solution of the
phononic dispersion relations for wave motion perpendicular to
the composite layers.

2.2.2. Waves propagation at arbitrary angle in the sagittal plane

This subsection briefly revisits the analytical dispersion rela-
tions of layered composites for the sagittal plane waves, which
can be found in several references (Nougaoui and Rouhani, 1987;
Rouhani et al., 1983; Sapriel and Rouhani, 1989). As mentioned in
Section 2.2.1, the first step is to apply Helmholtz’s decomposition
to obtain a representative form for the displacement field u. Unlike
wave motion perpendicular to the layers, the displacement field in
the sagittal plane (i.e., the x3 — x; plane) is now a function of xq,
x3 and t. Thus, the dispersion relations in the sagittal plane should
be determined in the k3 — k7 wavevector space, resulting in a 3-D
plot (i.e., w over the k3 — k71 plane). Considering the symmetry of
layered composites, the valid range for the kq-axis is (0, co) while
k3 should range over (0, 7 /az) which is the true first IBZ.

Instead of pursuing a numerical solution for the phononic dis-
persion relations in the sagittal plane, Rouhani et al. (1983) pre-
sented a semi-analytical approach by solving the governing equa-
tions with boundary conditions at a given k. By sweeping «{, the
complete picture of the dispersion relations can be obtained. So,
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for a given k¢ value, the n-th unit cell displacement in the sagittal
plane (i.e., x3 — x; plane) can be expressed by:

uq (X5, t) = [A} cosh(ax]) + A} cosh(oerx3) — BJ sinh(ax3)

— B} sinh(orx})Jeirxi—et)

[ o . K .
us (x5, t) = 1[ - K—:A’L’ sinh(ox}) — a—lTA’; sinh(arx})

o K .
+ K—LBZ cosh(ox8) + O%B? cosh(ocrxg)]e'(’“"1 —wh)
1 T

(23)
for Material 1 and:
Uy (X8, ) = [AF cosh(ax3) + AT cosh(ajx})
— B} sinh(ajx} ) — BY sinh(ajx} )]eicixi=0
L E) =i al/.An’-h/n’ K]A",'h v
us (X5, t) =i| — P sinh(a;x5 ) — A sinh(apx3 )
1 T
o , K1 ay
+ —LBY cosh(ajx}) + —BY cosh(ajx} )]e’(’“’“ —ot)
K1 OlT
(24)

for Material 2. Here, oy =/ (k? — w?/c3), ar =/ (k? — w?/c?) are

determined through the governing equations of motion, and o]
and oe/T are also similarly defined using the properties of Material
2. Furthermore, unknown coefficients A?, A?, B'Z, B?, AE”, A?’, BZ/
and Bg/ can be determined by employing the continuous displace-
ment and stress boundary conditions at interfaces.

After applying the continuous boundary conditions for the dis-
placements and stresses at interfaces (Rouhani et al., 1983), one
can obtain a relations where pressure and shear waves are cou-
pled:

Tzvn = vn+1 (25)
where
,=Q'PQ P , (26)
A At
Ap A
Vn = B? s vn+1 = B?H s (27)
BVT' B¥+l
B C Cr -Sr
2
—o Sy _%ST o
P= !
K
20(1€44S, Ca4 <01T + ar St —20€44C,
_(C12K12 - C1105L2)CL (c12 — c1)kiCr —(C12K12 - C1101L2)5L
B C Cr St
2
LSy ﬁsr G
ar
Q:
Kt
—20(1C44S5; —C44 (CYT + aT)ST —2001C44C,
_(C12K12 - CnOlLZ)CL (c12 — C1)KCr (C12K12 - C1105L2)5L

with ¢ = cos(a;d/2), Cr = cos(ard/2), S; =sin(a;d/2) and S; =
sin(eerd/2). Similarly, P, Q/, ¢/, C;., S|, and S} are defined using
the properties of Material 2. Here, the transfer matrix T, deter-
mines the relation between the coefficient vectors (V, and V)
of adjacent unit cells in the sagittal plane. Furthermore, the Bloch-
periodic condition (12) also relates wave motion between adjacent
unit cells:

Vi = eV, (30)

Eventually, combining (25) and (30), one can obtain the eigenvalue
problem of wave motion in the sagittal plane for a given «:

T,V, = 3BV, (31)

For a fixed value of « 1, this eigenvalue problem can be numerically
solved for k3 and w using (A.6). By sweeping k1 within the range
of (0, oo), the complete picture of dispersion relations for the sagit-
tal plane waves can be determined over the k3 — k7 plane. Note
that the analytical dispersion relations (21) and (22) can also be
obtained by solving (31) with k; = 0, and its procedure is briefly
given in the Appendix.

2.3. Numerical dispersion relations in the conventional FE framework

To calculate the dispersion relations @ = w(k) within the con-
ventional FE framework, the Bloch-periodic conditions (12) should
be applied to the boundaries of the considered unit cell model.
In order to work with the complex-valued relations of the Bloch-
periodic conditions in a commercial FE software ABAQUS/Standard,
all fields of the considered FE model are split into real and imagi-
nary parts. In this way, the equilibrium equations are divided into
two sets of uncoupled equations for the real and imaginary parts
(Aberg and Gudmundson, 1997; Shim et al., 2015). In practice, two
identical FE meshes for the unit cell (i.e., one for the real part and
the other for the imaginary part) are coupled through the decom-
posed Bloch-periodic displacement boundary conditions:

ujf =}y cos(k - Tp) — ulsin(k - rp)

ul™ = usin(k - ryg) + u™ cos(k - Typ) (32)
B (04 B o B

where the subscripts « and B are two nodal points periodically
located on the boundaries of the unit cell, and the superscripts re
and im denote the real and the imaginary part of the displace-
ment field, respectively. In addition, r,g = Xg — X represents the
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distance between two nodal points denoted by « and S. Note
that (32) is implemented in ABAQUS/Standard using a user de-
fined subroutine MPC [ABAQUS]. For a given k within the con-
sidered range of the wavevector domain, the corresponding fre-
quencies w are calculated by performing an eigenfrequency analy-
sis in ABAQUS/Standard. The eigenfrequencies associated with each
wavevector are then plotted in the dispersion diagram.

3. Results

This section describes the details of the materials and geome-
tries for the considered layered composite, and reports its numeri-
cal and analytical dispersion relations.

3.1. Material and geometry

In order to investigate the origin of the spectral distortion ob-
served in numerical dispersion relations, we choose a layered com-
posite consisting of alternating layers of steel (d = 0.8 mm) and
aluminum (d’ = 0.2 mm). Thus, the period of the composite lay-
ers in the x3-axis is a3 =d +d’ =1 mm. Steel is assumed to have
the mass density of p =7800 kg/m3, and the isotropic elastic
properties of A =121.2 GPa and p = 80.8 GPa. In addition, alu-
minum is assumed to have p’ =2700 kg/m3, A’ =51.1 GPa and
u =26.3 GPa.

The emergence of the fictitious modes is investigated by vary-
ing the aspect ratio of a;/az in the considered unit cell, where
a, is the length of the unit cell in the x;-axis. For the given
a3 =1 mm, this study considers three different unit cell configu-
rations: a;/as = 2.0, ay/az = 1.0 and a; /a3 = 0.5. Their geometries
and corresponding Brillouin/aliasing zones are shown in Figs. 2A,
3A and 4A. In all the FE analyses, plane strain conditions are as-
sumed and the 2-D models are constructed using 4-node bilin-
ear plane strain elements (CPE4R elements in ABAQUS). A series
of mesh refinement studies is preformed to assure the indepen-
dency of numerically obtained dispersion relations on mesh sizes,
and the mesh size of 0.025a3 is determined to ensure the conver-
gence of the FE simulations.

3.2. Numerical dispersion relations

To clearly demonstrate the effect of the aspect ratio a;/as on
the appearance of fictitious modes, the same vertical axis limit (i.e.,
frequency limit) of @ = 2.1 is employed in Figs. 2-4. Firstly, for the
unit cell having the aspect ratio of a;/a; = 2.0, Fig. 2B presents
the results of the numerical dispersion analysis performed in the
conventional FE framework, whose procedure is briefly described
in Section 2.3. In this figure, the lines with dots are the desired
dispersion relations for waves perpendicular to the layers, but in
the conventional FE framework they cannot be separated from un-
wanted (i.e., fictitious) modes denoted by solid lines. Note that the
modes denoted by the lines with dots are identified after compar-
ing the FE solutions with the analytical solutions from (21) and
(22). It is observed that fictitious modes from the FE analysis ap-
pear around the normalized frequency of & = was/(2mc;) = 0.5.

Similarly, the numerical results of dispersion analysis with the
unit cells of a;/as = 1.0 and 0.5 are described in Figs. 3B and 4B,
respectively. Fictitious modes from the FE analysis with a; /a3 = 1.0
appear above @ = 1.0 (see Fig. 3B), and ones with a;/a3; =0.5
emerge around @ = 2.0 (see Fig. 4B). For the case of a;/a; =0.5,
note that fictions modes along I' — X" appear around & = 4.0,
which reside outside of the vertical axis limit of & = 2.1. Hence,
Fig. 4 does not include the dispersion relations along I'” — X",
which will be an empty graph having the limit of @ = 2.1. These
numerical results illustrate again that special care should be taken

in interpreting the FE results of dispersion analysis for waves per-
pendicular to the layers. In addition, it is clear that fictitious modes
start to appear at higher frequencies as the aspect ratio a;/as
decreases. This is why many researchers have been employing a
thin unit cell, which is just a phenomenologically driven guide-
line (Aberg and Gudmundson, 1997; Minagawa and Nemat-Nasser,
1977; Minagawa et al., 1981).

3.3. Spatial aliasing and analytical dispersion relations

The spatial discretization by using a rectangular unit cell of a4
x a3 entails the artificial 2 [a;-periodicity in the kq-axis of the
wavevector domain. The aliases of the true phononic dispersion re-
lations appear due to the 27 /a;-periodicity, and the spectrum are
now symmetrical around a multiple of 7 /a; in the xi-axis. This
symmetry is commonly referred as zone folding (Brillouin, 1946),
and the folding wavenumber «  is defined as:

T

Kif5= @ . (33)
However, wave motion in layered composites contains infinitely
large x; components. This fact can be verified by the analytical
solution of the sagittal plane waves (described in Section 2.2.2),
which enables us to identify the dispersion relations of layered
composites at a specific wavevector path. Figs. 5A and 5B illustrate
the analytical dispersion relations in the direction parallel to the
layers by setting k3 = 0 and /a3, respectively. From these figures,
it is clear that the numerically unreachable dispersion relations for
K1 > k1,5 contribute to the true spectral behavior in the first Bril-
louin zone, and distort the dispersion relations of layered compos-
ites. In other words, the FE analysis results shown in Figs. 2B, 3B
and 4B are composed of the true dispersion relations along I' — X
(i.e., first Brillouin zone) and the contributions from aliases along
I'" — X’ (i.e., first aliasing zone), I'” — X" (i.e., second aliasing zone),
etc.

By exploring «; values in the sagittal plane wave solution, one
can calculate the contribution from the aliases due to the dis-
cretization in the xq-axis. Firstly, Fig. 2C presents the sagittal plane
wave solutions in order to compare them with the FE results us-
ing the unit cell having a;/as = 2.0. The three subfigures in Fig. 2C
show the analytical results at three different «; values (i.e., k1 =0,
2icq, and 4y, p), which correspond to a multiple of 2«4 f. In a spe-
cific way, Fig. 2C-1 is obtained by solving (31) with x; = 0, which
corresponds to the path defined by I' — X shown in Fig. 2A. Note
that the analytical results shown in Fig. 2C-1 are the dispersion
relations that the conventional FE method fails to provide. Sub-
sequently, the sagittal wave solutions of (31) at «q =2k (i€,
I'"—X’) and 4«4 (ie, I —X") are presented in Figs. 2C-2 and
2C-3, respectively.

Now, Fig. 2D shows the projection of all the analytical disper-
sion relations calculated at k1 = 0, 2k, 4kq 5, 6K q 5 etc. onto the
k3 —w plane of the dispersion relations diagram. For each mode
in Fig. 2B which are calculated in the conventional FE framework,
one can identify the corresponding semi-analytical sagittal plane
wave mode shown in Fig. 2D. Thus, by observing the identical re-
sults from Figs. 2B and 2D, we indeed find that the fictitious modes
in the dispersion relations are the contribution from the aliasing
paths (i.e., IV —X’, ' — X", etc.) of the first Brillouin zone path
(ie., I' = X).

In the same way, the analytical dispersion analysis with the unit
cell having the aspect ratios of a;/a; = 1.0 and 0.5 are also sum-
marized in Figs. 3C/D and 4C/D, respectively. Again, we find that
the fictitious numerical modes calculated in the conventional FE
framework are the contribution from the aliasing path of the first
Brillouin zone path I' — X. In summary, using the analytical solu-
tion for the sagittal plane waves, we demonstrate that the fictitious
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Fig. 2. (A) Left: unit cell having a;/a; = 2.0, which is employed for numerical dispersion relations. Right: the corresponding wavevector domain, which illustrates the first
Brillouin zone path (I' — X) and the aliasing paths (I'" —X’, I — X”). (B) FE dispersion relations obtained by employing the unit cell of a,/as = 2.0. Note that the numerical
dispersion relations contain unwanted modes represented by red solid lines. (C) Three analytical dispersion relations obtained from (31) with x; =0 (C-1), k; = 27 /a; (C-2),
and k1 = 4m/a; (C-3). (D) The projection of all the analytical dispersion relations in Fig. 2C onto the k3 — @ plane. Note that one can find one-to-one map between the
modes in Figs. 2B and 2D, indicating that the unwanted modes originate from the aliasing zones. Moreover, the maximum valid frequency @ max from (38) is denoted by a

line with squares.

modes observed in the numerical dispersion relations (i.e., 2B, 3B
and 4B) are the manifest results of spatial aliasing in the wavevec-
tor domain.

4. Discussion

In order to improve the numerical prediction of wave motion
in various types of layered medium, many efforts have been made
in the computational mechanics community. The WFE method
(Duhamel et al., 2006; Houillon et al, 2005; Mace and Man-
coni, 2008; Manconi, 2008; Mencik and Ichchou, 2007; Waki
et al,, 2009) and the semi-analytical finite element (SAFE) method
(Bartoli et al., 2006; Gavri¢, 1994; Hladky-Hennion, 1996; Lagasse,
1973; Mukdadi and Datta, 2003) are developed to exactly repre-

sent wave motion along the direction parallel to the layers. Fur-
thermore, both numerical techniques can be extended to obtain
the dispersion relations of waves perpendicular to the layers with-
out fictitious modes. In particular, Manconi (Manconi, 2008) ex-
tensively investigated the various aspects of spectral distortions in
the dispersion relations obtained from the WFE method. The dis-
tortions induced by spatial aliasing found to originate from vari-
ous sources such as the mesh dimensions, the direction of wave
propagation and the aspect ratio of the unit cell. Through an ex-
tensive study with a wide range of mesh sizes and aspect ratios,
all the fictitious modes were identified and the sensitivity of ficti-
tious modes to model discretization was also analyzed in the WFE
method.



388 A.B.M.T. Haque, J. Shim/International Journal of Solids and Structures 96 (2016) 380-392
(A) (c-1) = ,
o "/ as 3 21 \
3 =
= ' < : 1
I % 1.5+
N O i 7
Sf & = 14
| I’ =
) g i n
"< 0.5
= T X
17| @)
» Z 0 ‘ 0
! mbet i
Wavenumber, k3 Wavent
~(B) (C-2) -
i 2 B 3 2
- /
£ 1.5f y £1.51
£ o ]
1k a =~ 14 i )
2 e
S g
< 0.5r 5 = i i T
S) g I X'
- 00 n/ag “ 0 " onl a\’zﬂlae’
Wavenumber, r3 apobers
Wavenumber, k3 \Wave™
(D) (C-3)
32 3 3 2 7
>}" -
£ 1.5 7 €15 [ ’
g g
= 2
£ 1 L e 1 1k |
T 5
N N
= 0.5r . = 1 F -
g g 0.5
o = I "
0 n/ag Ia _Amas “
Wavenumber, k3 Ao pber, M

Wavenumber, k3 ~yaven™

Fig. 3. (A) Left: unit cell having a;/a; = 1.0, which is employed for numerical dispersion relations. Right: the corresponding wavevector domain, which illustrates the first
Brillouin zone path (I" — X) and the aliasing paths (I'" — X’, '/ — X”). (B) FE dispersion relations obtained by employing the unit cell of a; /a3 = 1.0. Note that the numerical
dispersion relations contain unwanted modes represented by red solid lines. (C) Three analytical dispersion relations obtained from (31) with «; = 0 (C-1), k1 = 27 /a; (C-2),
and ky = 4m /a; (C-3). (D) The projection of all the analytical dispersion relations in Fig. 3C onto the x3 — @ plane. Note that one can find one-to-one map between the
modes in Figs. 3B and 3D, indicating that the unwanted modes originate from the aliasing zones. Moreover, the maximum valid frequency w; max from (38) is denoted by a

line with squares.

In this section, recalling the origin of spectral distortions in the
dispersion relations obtained from the conventional FE method, we
expect that researchers using the conventional FE method for dis-
persion analysis are alerted to the potential spectral distortions in
the numerical results. The dispersion relations of layered compos-
ites for waves perpendicular to the layers can be obtained from
the sagittal plane wave solution along the path defined by «; =0
and k3 € (0, /a3) (i.e., the wavevector path I' — X in Figs. 1B).
Section 3.3 reveals that spatial discretization with Ax; =a; in-
duces the symmetry along the folding wavenumber & j, beyond
which the numerical dispersion relations cannot be obtained. Con-
sequently, spectral distortion induced by spatial aliasing occurs at
an infinite number of the aliasing paths which are located at a
multiple of 2«4 ; in the xq-axis, ie., k1 =2«q 5, 4Ky f 6k etc.

This idea leads to an anti-aliasing condition: numerical dispersion
relations for waves perpendicular to the layers is valid before the
first appearance of the fictitious modes:

2 2
Kimax < K1 f = a
where k1 max is the maximum wavenumber that the numeri-
cal dispersion relations can be valid up to. It is worthwhile to
mention that the anti-aliasing condition (29) is rather different
from Petersen-Middleton theorem (Petersen and Middleton, 1962),
which is a generalization of the Nyquist theorem in the wavevec-
tor domain (1). In order to prevent spatial aliasing over a certain
wavevector range of interest (say, k1 € (0, k1 ), the Petersen-
Middleton theorem provides a proper sampling spatial inter-
val (Axy =ay <7 /Ky ;). However, for the case of the dispersion

(34)
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relations of layered composites, the anti-aliasing condition This argument about spatial aliasing naturally leads to the ef-
(34) prevents only the spatial aliasing of the true spectrum at fective modulus theory for dynamic problems of layered compos-
K1 =0. ites (Postma, 1955; Rytov, 1956). In the effective modulus theory, a

Practically, the anti-aliasing condition (34) can be used to de- layered composite is assumed to behave as a transversely isotropic
termine a proper unit cell size a; prior to FE analyses, if there is continuum as long as the layer thicknesses are sufficiently small
a highest wavenumber of interest kq nq (or, the smallest wave- compared to the wavelength of a harmonic excitation. The five in-
length of interest: Aq min = 277 /K1 max)- If the condition (34) is sat- dependent effective elastic moduli corresponding to the considered
isfied, the discretized spatial information (i.e., numerical dispersion layered composite can be obtained within the framework of statics
relations using a;) can satisfactorily represent the spectral behav- (Postma, 1955) or dynamics (Rytov, 1956). Moreover, propagation
ior of the continuous periodic spatial function up to the smallest velocities obtained from those effective elastic moduli character-
wavelength of interest. In other words, as long as the unit cell con- ize wave motion in layered composites. If the wavelength of a har-
figuration meets the criterion (34), the employed FE model is ade- monic excitation is smaller than A; n, (or, if the wavenumber of
quate to capture the spectral behavior of layered composites sub- a harmonic excitation is larger than k7 max), the effective modulus

jected to a harmonic excitation with a long wavelength, which is theory applied in the sagittal plane deviates from the true wave
greater than Aq min.
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motion beyond a frequency @ max:

27 Cs (35)

W1 max = = CsK'1,max

A],min
where the effective shear wave velocity ¢s in the sagittal plane is
defined using the effective mass density o and the effective elastic
constant Cyq as:

& [Cas - dp+dyp &, - bd+d)
s = 5 p_id—i-d/ , 44_7Md+u’d/

(36)

Here, the bar notation denotes the effective quantities of the
considered layered composite. Note that (35) employs the effec-
tive shear wave velocity because the lowest fictitious wave modes
always comes from shear waves rather than from pressure waves
(Sun et al., 1968b). Moreover, for the direction parallel to the lay-
ers (i.e., k3 =0 and m/a3), the dotted lines in Fig. 5 show the lin-
ear frequency-wavenumber relation based on the effective modu-
lus theory.

Now, combining the anti-aliasing condition (34) and the limit
condition for the effective elastic modulus theory (35), one can de-
termine an adequate unit cell size a; for the highest frequency of
interest (w1 max):

27 Cs

a < (37)

a)l,max
By paraphrasing, the numerical dispersion relations employing a
unit cell of a; x a3 for the layered composite shown in Fig. 1A
properly captures the true spectral behavior up to wq pax:
27 Cs

© _2n up'(d+d')?
b= g T e\ (dp +d o) dp + d'pd)

For the three different unit cell configurations considered in
Section 3, the suggested guideline (38) is illustrated in Figs. 2D, 3D
and 4D, where the maximum valid frequency w; max are denoted
by a black horizontal line with squares. For the considered unit
cell configurations, it is observed that all the fictitious modes from
spatial aliasing are located above the maximum valid frequency
@1 max from (38). Furthermore, the frequency limit suggested by
(38) is conservative because the ‘true’ shear wave velocity in lay-
ered composites is getting larger than the ‘effective’ shear wave ve-
locity as the wavenumber k{ increases (Sun et al., 1968b) as shown
in Fig. 5. This fact can be also confirmed in Figs. 2D, 3D and 4D

(38)

where the gap between the frequency limit from (38) and the first
fictitious modes increases as the aspect ratio a;/as = 7 /(xq ;a3)
decreases. Thus, the results shown in Figs. 2D, 3D and 4D demon-
strate the validity of the proposed guideline (38) based on the anti-
aliasing condition and the effective modulus approach, and one can
employ the guideline to determine a proper unit cell configuration
for numerical dispersion relations for waves perpendicular to the
composite layers.

Lastly, it needs to be mentioned that our proposed linear guide-
line is valid for the cases where researchers investigate the evolu-
tion of dispersion relations during nonlinear deformation. As men-
tioned in Section 1, the evolution of dispersion relations has been
typically investigated in a two-step manner: static analysis in the
first step and linear perturbation analysis in the second step. The
results of our study contribute to the second step. In other words,
the base configuration for the linear perturbation analysis is af-
fected by the nonlinear static analysis, but the linear perturbation
analysis to calculate dispersion relations is not affected. Thus, the
aliasing guideline proposed in the linear context is still valid as
long as elastic modulus is replaced by tangent modulus and the
initial aspect ratio of an unit-cell is updated by the deformed as-
pect ratio.

5. Conclusion

In this paper, layered composites have been investigated as a
representative example to study potential spectral distortion in dis-
persion relations obtained in the conventional FE framework. We
have discussed and resolved the long standing issue of the spec-
tral distortions induced by an artificial periodicity in the FE model
of layered composites. Using the analytical solution for the sagit-
tal plane waves, the fictitious modes induced from artificial finite
periodicity in the direction parallel to the layers are proven to be
spatial aliasing in the wavevector domain. In order to remove the
spatial aliasing-induced fictitious modes in numerical dispersion
relations for waves perpendicular to the layers, we propose the
definitive guideline for a proper unit cell configuration. The guide-
line is based on the anti-aliasing condition and the effective elastic
modulus theory for layered composites, and its validity is demon-
strated. This study focuses on numerical spectral distortion ob-
served in the conventional FE framework. However, its origin and
the suggested guideline is universal, so they can be adopted for
other numerical techniques where special discretization has to be
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employed for the modeling of layered composites. Furthermore, a
similar type of numerical spectral distortions can be potentially ob-
served in the dispersion relations of periodic structures whose FE
model possesses an artificial periodicity. Thus, we expect that re-
searchers using the conventional FE method for dispersion analysis
are alerted to the potential spectral distortions in the numerical
results.
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Appendix

This Appendix briefly summarizes the solution procedure for
the eigenvalue problem presented in the reference by Rouhani
et al. (1983), and its specialization for x; = 0. The dispersion re-
lations of layered composites in the sagittal plane can be obtained
by solving the eigenvalue problem shown in Section 2.2.2:

T,V, = efsBY,,. (31)

for a given k. If the eigenvalue is denoted by A = e¥3%3 then the
characteristics equation of (31) can be obtained as follows:

(A =2fir+1)(A2 =2fA+1) =0 (A1)

where f; and f, depend on the components of the transfer matrix
Ty, ie, Trs for r,s = 1, 2, 3, 4. Specifically, they read:

1
fi = 2|:(T11 +Tx) +\/(T11 —Tn)’ +4T12T21i|

f2 ;|:(T11 +T) - \/(Tn ~Tyn)* + 4T12T21i| (A2)
where we employ the dependence among the components T, i.e.,
T33=Tiy, Tag =T, Tag = -Teqae/ii, and Tyz = —Tppif/ ()
(Rouhani et al., 1983). Due to the symmetry of wave motions along
k3 =0, the four solutions (i.e., Ay, A}, Ay, 1)) of the characteristic
Eq. (A1) satisfy the following conditions:

L =1/h. Ay =1/As (A3)

Then, two eigenvalues A, and A}, (here, m =1 or 2) can be ob-
tained by solving:

A —2fuh+1=0. (A4)
Now, the substitution of A = /3% provides:
et _2f te B =0 for m=1,2. (A.5)

After applying the trigonometric relation in (A.5), we find the dis-
persion relations of layered composites in the sagittal plane:

cos(k3a3) = fm for m=1,2. (A.6)

For a fixed value of kq, the relation between k3 and @ can be
obtained from (A.6). By sweeping «; within the range of (0, co),
the complete picture of dispersion relations for the sagittal plane
waves can be determined over the k3 — k7 plane.

Note that the dispersion relations of waves motion perpendicu-
lar to the layers (i.e., (21), (22)) can be easily recovered from the

above sagittal plane solution. Setting k; =0 in (A.2), we obtain
substantially simplified expressions for f; and f,:

fi = Ty = cosh (a,d) cosh (a;d")
1 ¢}ycp? +cn2e’

p : : 17
—| ————— |} sinh (¢;d) sinh («;d’),
*3 €11}, CpCly (d) (cdd')

fo = Ty = cosh (ard) cosh (a;d')
1 (cﬁmzcs2 + cag2c)”

€44Cly, CsCy

5 ) sinh (ard) sinh (e7d’). (A7)

Applying cp = /C11/0. Cs = /Caa/P, Cp=1/C11/P"s € =/ChylP’
and the hyperbolic trigonometric relations in (A.7), the decoupled
analytical dispersion relations (21) and (22) can be recovered from
(A.6).
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