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Continuous loading and unloading experiments are performed at different strain rates to
characterize the large deformation behavior of polyurea under compressive loading. In
addition, uniaxial compression tests are carried out with multistep strain history profiles.
The analysis of the experimental data shows that the concept of equilibrium path may not
be applied to polyurea. This finding implies that viscoelastic constitutive models of the
Zener type are no suitable for the modeling of the rate dependent behavior of polyurea.
A new constitutive model is developed based on a rheological model composed of two
Maxwell elements. The soft rubbery response is represented by a Gent spring while non-
linear viscous evolution equations are proposed to describe the time-dependent material
response. The eight material model parameters are identified for polyurea and used to pre-
dict the experimentally-measured stress–strain curves for various loading and unloading
histories. The model provides a good prediction of the response under monotonic loading
over wide range of strain rates, while it overestimates the stiffness during unloading. Fur-
thermore, the model predictions of the material relaxation and viscous dissipation during a
loading–unloading cycle agree well with the experiments.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Polyurea is used to mitigate structural damage during impact loading because of its good damping performance. In addi-
tion, it is utilized by various industries because of its fast setting time as well as its good chemical and fire resistance. It has
found applications in army vehicles for blast protection because of its high toughness-to-density ratio at high strain rates.
Several researchers reported that polyurea shows a highly nonlinear viscoelastic behavior at finite strains (e.g. Amirkhizi
et al., 2006; Bogoslovov and Roland, 2007; Roland et al., 2007; Shim and Mohr, 2009). The mechanical properties of linearly
viscoelastic materials may be described by the relaxation modulus (or creep compliance) which is independent of strain
magnitude. However, nonlinear viscoelasticity is characterized by a decrease (or increase) of the relaxation modulus (or
creep compliance) with increasing strain or decreasing stress (e.g. Brinson and Brinson, 2008).

Most finite viscoelasticity models of elastomers are formulated using either (1) the so-called hereditary integral approach
or (2) the framework of multiplicative decomposition of the deformation gradient. Motivated by linear viscoelastic models,
hereditary integral models are formulated in terms of relaxation or memory functions (e.g. Lockett, 1972). Widely used sin-
gle integral theories are the theory of Finite Linear Viscoelasticity (Coleman and Noll, 1961) and the Bernstein, Kersley and
Zaps (BKZ) Theory (Bernstein et al., 1963); both make use of several relaxation/memory functions. Significant efforts have
been made to improve these theories and to reduce the number of required material parameters (e.g. Lianis, 1963; McGuirt
and Lianis, 1970; Leonov, 1976; Johnson et al., 1994; Haupt and Lion, 2002). Nonlinear viscoelastic behavior is often
considered as the superposition of a rate-independent nonlinear elastic response (so-called equilibrium part) and a
. All rights reserved.
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viscosity-induced overstress contribution which is described through fading memory functions (e.g., Krempl et al., 1984).
Most nonlinear viscoelastic constitutive models have been experimentally validated at very low strain-rates of 0.1/s or less.
Only few papers deal with the nonlinear viscoelastic behavior of elastomers at intermediate and high strain-rates (1–1000/s).
Using the hereditary integral approach, Yang et al. (2000) and Shim et al. (2004) proposed a phenomenological constitutive
model to predict the behavior of silicon rubber at high strain rates (900–3000/s). Hoo Fatt and Ouyang (2007) adopted the
integral approach to model the response of butadiene rubber at strain rate ranging from 76/s to 450/s. The validity of most
hereditary integral approach based models is limited to a narrow range of strain rates due to the use of only one relaxation
time period (Yang et al., 2000; Shim et al., 2004) or a constant memory function (Hoo Fatt and Ouyang, 2007). In general, the
hereditary integral approach is very useful in describing finite viscoelastic behavior, but its successful application to the real
test data depends strongly on the effectiveness of the rather complex relaxation or memory function calibration procedures.

Compared to hereditary integral models, the multiplicative decomposition of the deformation gradient typically leads to
models with material parameters that can be easily identified from experiments. The concept of the multiplicative decom-
position of the deformation gradient (Kröner, 1960; Lee, 1969) was initially applied to finite viscoelasticity by Sidoroff (1974)
and further explored by others (e.g. Lubliner, 1985; Le Tallec et al., 1993; Reese and Govindjee, 1998; Huber and Tsakmakis,
2000). To model the viscoelastic behavior of elastomeric materials, Lion (1997a,b) has also applied the concept of multipli-
cative viscoelasticity in combination with nonlinear viscosity functions. The nonlinear viscoelasticity is commonly described
through a rheological spring-dashpot model that features a rate-independent equilibrium part and a rate-dependent viscous
part. In particular, Zener models are widely used (e.g. Roland, 1989; Johnson et al., 1995; Bergström and Boyce, 1998; Huber
and Tsakmakis, 2000; Quintavalla and Johnson, 2004; Bergström and Hilbert, 2005; Qi and Boyce, 2005; Tomita et al., 2008;
Areias and Matous, 2008). Zener models are composed of a spring (rate-independent part) in parallel with a Maxwell ele-
ment (rate-dependent part). The constitutive model of the time-dependent part includes an evolution equation for the vis-
cous deformation. The simplest evolution equation is a linear viscous flow rule (e.g. Amin et al., 2002; Johlitz et al., 2007).
However, experiments have shown that the viscosity at finite strains is a function of the driving stress (e.g. Amin et al., 2006),
the strain (e.g. Amin et al., 2006; Hoo Fatt and Ouyang, 2008) and/or the strain-rate (e.g. Khan et al., 2006). Thus, nonlinear
viscous flows rules have been developed using a micro-mechanism inspired approach (e.g. Bergström and Boyce, 1998; Palm
et al., 2006) or a purely phenomenological approach (e.g. Khan and Zhang, 2001; Colak, 2005; Amin et al., 2006; Khan et al.,
2006; Hoo Fatt and Ouyang, 2008).

In order to represent the equilibrium contribution as the nonlinear elastic spring, rubber elasticity models are employed
using the conventional material types such as neo-Hookean (e.g. Johlitz et al., 2007), Mooney–Rivlin, (e.g. Huber and
Tsakmakis, 2000), or Arruda and Boyce’s (1993) eight-chain model (e.g. Bergström and Boyce, 1998; Tomita et al., 2008).
Other research groups (e.g. Amin et al., 2002, 2006; Hoo Fatt and Ouyang, 2008) used modified conventional material models
to describe the high initial stiffness and the subsequent strain hardening.

Although several researcher have recently reported on experimental behavior of various polymeric materials for a wide
range of strain rates (e.g. Khan and Farrokh, 2006; Mulliken and Boyce, 2006; Sarva et al., 2007), very little research has been
reported on the modeling of elastomeric materials for loading and unloading for a wide range of strain rates. As for the
hereditary integral approach based models, most multiplicative decomposition based models have been experimentally val-
idated for a narrow range of strain rates. Quintavalla and Johnson (2004) adopted the Bergström–Boyce model to describe
the dynamic behavior of cis-(1, 4) polybutadiene at high strain-rate of 3000–5000/s. Recently, Hoo Fatt and Ouyang (2008)
proposed a thermodynamically consistent constitutive model with modified neo-Hookean rubber elastic springs to describe
the steep initial stiffness of virgin butadiene rubber under tensile and compressive loading at intermediate strain rates
(76–450/s). Dusunceli and Colak (2008) modified the viscoplasticity theory based on overstress (VBO) to account for the
influences of crystallinity ratio on loading–unloading, creep and relaxation behaviors of semicrystalline polymers. Ayoub
et al. (2010) suggested a model composed of a visco-hyperelastic network resistance in parallel with a viscoelastic–visco-
plastic intermolecular resistance to describe the monotonic loading and unloading behavior of high density polyethylene.

The present work focuses on the modeling of the loading and unloading response of polyurea over a wide range of strain
rates (from 10�3/s to 101/s) and at large compressive strains (up to 1.0). Using the framework of the multiplicative decom-
position of the deformation gradient, the rheological concept of two parallel Maxwell elements is employed to develop a
nonlinear viscoelastic finite strain constitutive model. Guided by similar developments in area of rate-dependent plasticity
models for glassy polymers (e.g. Qi and Boyce, 2005; Anand and Ames, 2006; Anand et al., 2009; Ames et al., 2009), the high
stiffness of elastomers at small deformations is modeled using Hencky’s strain energy function. In view of the simulation of
blast and impact events, we limit our attention to the mechanical behavior of polyurea in its virgin state. After presenting all
experimental results in Section 2, the constitutive model is detailed in Sections 3 and 4. A discussion of the comparison of
simulations and experimental results for polyurea is given in Section 5.
2. Experimental investigation

2.1. Material

The polyurea specimens used in the study are extracted from a 12.7 mm thick polyurea DragonShield-HT Explosive Resis-
tant Coating (ERC) layer on a steel armor plate. After separation from the plates, the polyurea specimens of diameter
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D0 = 10 mm and length L0 = 10 mm are machined using conventional milling procedures. The shelf life of the polyurea prior
to testing was about 4 years. All experiments are performed on polyurea in its virgin state (condition after curing. no prior
mechanical loading history).

2.2. Relaxation experiments

The nonlinearity of the viscoelastic behavior of polyurea at low and intermediate strain rates is identified from relaxation
tests. Using a hydraulic universal testing machine (Model 8800, Instron), the material is rapidly loaded to a prescribed strain
level at the beginning of the experiment. The strain is subsequently kept constant while stress relaxation takes place. Nine
relaxation tests are performed for true compressive strains ranging from e0 = �0.048 to �1.0. The engineering strain rate dur-
ing the rapid loading phase was about 0.5/s. In order to capture the short-term viscoelastic behavior, the sampling frequency
of the data was 5 kHz; the stress is recorded for about 10 min to identify the long-term behavior. Fig. 1a shows the recorded
stress histories for various constant strain loadings. While the test duration was not long enough to observe the asymptotic
long-term behavior (i.e. equilibrium modulus), the results indicate that the sampling frequency of 5 kHz is high enough to
capture the asymptotic short-term viscoelastic behavior (i.e. initial relaxation modulus).

The relaxation moduli are computed using the definition
HðtÞ ¼ rðtÞ
e0

; ð1Þ
where r(t) is the time history of the measured true stress for a constant strain of e0 (Fig. 1a). The corresponding relaxation
modulus histories (Fig. 1c) clearly demonstrate the nonlinear viscoelastic nature of the material response: the relaxation
modulus decreases from 120 MPa (at the strain of �0.048) to 20 MPa (at the strain of �1.0) at the beginning of relaxation;
after more than 10 minutes, the corresponding relaxation moduli are 60 MPa and 10 MPa, respectively. The strong nonlinear
nature of the viscoelastic behavior becomes also apparent when plotting the isochronous stress–strain curves (Fig. 1e).

2.3. Continuous compression experiments

In addition to relaxation experiments, constant strain rate loading and unloading tests are performed at absolute true
strain rates between 10�3/s and 101/s (Fig. 2a). The measured true stress versus logarithmic strain curves for five different
strain rates are summarized in Fig. 2b. At least two tests are performed at each strain rate to confirm the repeatability of the
experimental results. During the loading phase, the observed stress level exhibits strong strain rate sensitivity. For example,
the observed stress level for 10�3/s is about twice as high as for 101/s. However, during unloading, all the stress–strain curves
seem to converge to the same curve regardless of the unloading strain rate.

2.4. Multistep compression experiments

In order to investigate the stress relaxation behavior during loading and unloading, experiments are performed with mul-
tistep strain history profiles. Similar experiments have been employed by other researchers (e.g. Lion, 1996; Bergstrom and
Boyce, 1998; Qi and Boyce, 2005). Fig. 3a shows the applied strain history as a function of the normalized time tj _e=e0j. The
same maximum strain of e0 = �1.0 is chosen for all experiments. Experiments are performed for
j _ej ¼ 10�3=s; 10�2=s; 10�1=s; 100=s and 101=s; each experiment involves eight segments of constant strain and the corre-
sponding durations of the hold times at constant strain are 1000, 100, 10, 1, 0.1 s, respectively. All measured stress–strain
curves are depicted in Fig. 3b. The results from the multistep compression tests confirm the previous observation of high
strain rate sensitivity during loading phase along with nearly rate independent behavior during unloading. Also the magni-
tude of stress relaxation during the loading phase is found to be larger than that during unlading. The superposition of the
results from the monotonic and multistep compression experiments (Fig. 3d) shows that the specimens recover the virgin
state resistance (described by the curves from the monotonic tests) after each relaxation period in the multistep compression
experiment. The resistance recovery appears to be slower for large strains and high strain rates.

3. Constitutive model

3.1. Motivation

In the framework of multiplicative decomposition of the deformation gradient, models of the Zener type (Maxwell ele-
ment in parallel with a spring) are widely used since these can effectively represent the nonlinear viscoelastic behaviors
of many elastomers. For Zener models, it is common practice to identify the equilibrium path (the expected rate independent
part of the stress–strain response) and the overstress contribution from the experimental stress–strain curves. The equilib-
rium path corresponds to the average stress–strain curve which can be determined in an approximate manner from two
alternative approaches: (1) taking the mid-path of stress–strain curves from the monotonic loading and unloading test
(e.g. Bergstrom and Boyce, 1998); (2) connecting the stress relaxation mid-points between loading and unloading phase from



Fig. 1. Results of relaxation tests (left column) and corresponding simulations (right column). (a, b) True stress histories, (c, d) relaxation moduli histories
and (e, f) isochronous stress–strain curves for different instants after the rapid strain loading.
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the multistep compression tests (e.g. Qi and Boyce, 2005). Fig. 4 shows the average stress–strain curves as identified from the
continuous compression tests at different strain rates. The summary plot in Fig. 6a clearly shows that the indentified average
stress–strain curves depend on the strain rate. For instance, at a strain of �1.0, an average stress of �10 MPa is found from
the experiment at 10�3/s while an average stress of �17 MPa is obtained from the experiment at 101/s. This important obser-
vation is confirmed by the multistep compression tests. Recall from Fig. 3b that the amount of stress relaxation is different
for loading and unloading. Thus, it is concluded that the concept of equilibrium path breaks down in the case of polyurea.
Consequently, rheological models of the Zener type will not be able to describe the nonlinear viscoelastic behavior of poly-
urea for both loading and unloading.

Thermoplastic polyurethanes exhibit a two-phase structure composed of aliphatic soft segments and aromatic hard seg-
ments which is due to combining polyamine with isocyanate (e.g., Samson et al., 1997; Fragiadakisa et al., 2010). These seg-
ments are incompatible which results in the formation of soft and hard domains. In models of the Zener type, the rate



Fig. 2. Results of continuous loading/unloading experiments and corresponding simulations. (a) History of applied strain. Note that time in the x-axis is
normalized by the total testing duration je0= _e0jwhere e0 = 1 and _e0 ¼ 10�3; 10�2; 10�1; 100 and 101=s. (b) Stress–strain curves obtained from experiments
and (c) corresponding simulations.
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independent part is represented by a spring element. Qi and Boyce (2005) explained in their paper on the micro-mechanism
inspired constitutive modeling of thermoplastic polyurethanes in which the spring element represents the entropic resis-
tance of the soft domains in polyurethanes, while the rate dependent behavior of the hard part is represented by the Maxwell
element of the Zener model. Due to the apparent rate dependency of the calculated average stress–strain curves, we substi-
tute the spring of the Zener model by another Maxwell element. The resulting rheological model, two Maxwell springs in
parallel (Fig. 5), has already been considered in the past by Boyce et al. (2000) and Dupaix and Boyce (2007) to describe
the finite strain behavior of amorphous polymers. In the context of amorphous polymers near glass transition temperature,
two Maxwell elements have been used to represent the rate-dependent inter- and intra-molecular network resistances un-
der monotonic loading conditions.

In the following, we outline the constitutive equations for each of the four basic elements of our rheological model.
Throughout our presentation, we refer to the Maxwell element that is predominantly associated with the deformation resis-
tance of the soft domain of polyurea as ‘‘Network A’’, while the Maxwell element associated with the effect of the hard do-
main is referred to as ‘‘Network B’’.

3.2. Homogenization

The macroscopic deformation gradient Ftot is decomposed into a volumetric part Fvol,
Fvol ¼ J1=31 with J ¼ det Ftot ð2Þ
and an isochoric part F
F ¼ J�1=3Ftot: ð3Þ
The constitutive model for the stresses induced by isochoric deformation is developed with the Taylor assumption in
mind, i.e. the isochoric deformation gradients within both networks, FA and FB, equal the macroscopic isochoric deformation
gradient,
F ¼ FA ¼ FB; ð4Þ



Fig. 3. Results for multistep loading/unloading. (a) History of applied strain. Note that time in the x-axis is normalized by the total testing duration je0= _e0j
where e0 = 1 and _e0 ¼ 10�3; 10�2; 10�1; 100 and 101=s. (b) Stress–strain curves from experiments and (c) corresponding simulations. (d) Comparison of
results from continuous (solid lines) and multistep (dotted lines) loading/unloading experiments and (e) corresponding simulations.
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In the context of micromechanism-inspired polymer models, the role of the microstructure is typically neglected. Instead,
the constitutive equations for the individual phases predict a weighted macroscopic Cauchy stress (in the present case
the weighted deviator stresses TA and TB) such that the macroscopic stress deviator can be written as
devðTÞ ¼ TA þ TB: ð5Þ
3.3. Constitutive equations for volumetric deformation

The volume change of polyurea under mechanical loading is very small as compared to the magnitude of isochoric defor-
mation. For simplicity, we assume a nonlinear elastic relationship between the logarithmic volumetric strain and the hydro-
static part of the macroscopic Cauchy stress tensor,



Fig. 4. Estimation of the behavior of Network A using the equilibrium path concept for different strain rates: (a) _e ¼ 10�3=s, (b) _e ¼ 10�2=s, (c) _e ¼ 10�1=s,
(d) _e ¼ 100=s, (e) _e ¼ 101=s.
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Fig. 5. Proposed rheological model for polyurea composed of two Maxwell elements in parallel.
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Fig. 6. Material model parameter identification for Network A. (a) Estimated experimental stress–strain curve for Network A; (b) equivalent Mandel stress
as a function of the scalar deformation measure f ; (c) PA as function of the equivalent viscous deformation rate �dA; identification of the model parameters
PA and nA through power-law fit.
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trðTÞ
3
¼ j

ln J
J
; ð6Þ
where j denotes the bulk modulus.

3.4. Maxwell model for isochoric deformation

The responses of Network A and Network B are described through Maxwell models. In this subsection, we provide the
general framework for the formulation of the constitutive equations for Maxwell models. In the Sections 3.5 and 3.6, we will
then specialize our equations for the individual networks.

3.4.1. Kinematics
Consider a Maxwell element K subject to an isochoric deformation gradient FK with det FK = 1. In the context of finite

strain, we assume that the total isochoric deformation gradient can be multiplicatively decomposed into an elastic part
Fe

K and a viscous part Fv
K ,
FK ¼ Fe
K Fv

K : ð7Þ
Furthermore, we introduce the total, elastic and viscous rate of isochoric deformation tensors
_FK ¼ LK FK ; _Fe
K ¼ Le

K Fe
K and _Fv

K ¼ Lv
K Fv

K ð8Þ
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with the relationship
LK ¼ Le
K þ Fe

K Lv
K Fe�1

K : ð9Þ
Without loss of generality (see discussion by Gurtin and Anand (2005)), it is assumed that the viscous spin is zero for the
deformation of the Maxwell elements. Formally, we write
Dv
K :¼ Lv

K ¼ LvT
K : ð10Þ
The rate of deformation tensor De
K may also be expressed as,
De
K ¼

1
2

Fe�T
K

_Ce
K Fe�1

K : ð11Þ
In addition to the tensor description of the kinematics, we make use of the scalar deformation measure
f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trðCÞ � 3

p
ð12Þ
in our model formulation, where C = FTF is the right Cauchy–Green tensor. The strain-like variable f is zero in the unde-
formed configuration and always positive for deformed configurations.

3.4.2. Thermodynamics and hyperelasticity
For isothermal conditions, the second law of thermodynamics for each Maxwell element reads
JTK : LK � _wK P 0 ð13Þ
with the deviatoric Cauchy stress TK and the free energy wK (per unit initial volume). We impose the assumption of Green
elasticity through the hyperelastic relationship (e.g. Ogden, 1997)
TK ¼
2
J

dev Fe
K
@wK

@Ce
K

FeT
K

� �
; ð14Þ
where Ce
K ¼ FeT

K Fe
K denotes the right Cauchy–Green tensor of isochoric elastic deformation. Recall that we assume isochoric

elastic deformation which implies det Fe
K ¼ 1 and trðDe

KÞ ¼ 0. Thus, it follows from (14) that
JTK : De
K � _wK ¼ 0: ð15Þ
Using (9), (14), and (15) in (13) yields the thermodynamic constraint
JTK : Fe
K Lv

K Fe�1
K ¼ JFeT

K TK Fe�T
K : Dv

K P 0: ð16Þ
In the following, the Mandel stress
MK :¼ Jdev FeT
K TK Fe�T

K

n o
ð17Þ
is used as the driving stress of viscous deformation while the viscoplastic constitutive equations are written such that
MK : Dv
K P 0: ð18Þ
3.4.3. Flow rule for viscous flow
The direction of viscous flow is supposed to be aligned with the direction of the driving Mandel stress. Formally, we write

the flow rule
MK ¼ gK Dv
K ð19Þ
with the deformation and rate dependent viscosity gK P 0. The rate dependent viscosity is defined through the nonlinear
relationship �mK ¼ �mKð�dKÞ between the equivalent Mandel stress
�mK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

MK : MK

r
ð20Þ
and the equivalent viscous strain rate
�dK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3

Dv
K : Dv

K

r
: ð21Þ
Using (20) and (21) in (19), we obtain
gK ¼
2
3

�mK

�dK
: ð22Þ



J. Shim, D. Mohr / International Journal of Plasticity 27 (2011) 868–886 877
3.5. Specialization of the Maxwell model for Network A

Network A represents the rubbery response of the soft domain which is modeled through a Maxwell element composed
of a nonlinear elastic Gent spring and a nonlinear viscous damper.

3.5.1. Gent elasticity of Network A
For isochoric deformation, Gent’s (1996) free energy function may be written as
wA ¼ �
1
2
lAJA ln 1� trðCe

AÞ � 3
JA

� �
ð23Þ
with the material parameters lA > 0 (initial modulus) and JA > 1 (locking stretch). With this form of free energy, the Cauchy
stress TA in Network A reads:
TA ¼
lA

J
1� trðCe

AÞ � 3
JA

� ��1

dev Fe
AFeT

A

� �
: ð24Þ
3.5.2. Nonlinear viscous response of Network A
Fig. 6a suggests that the viscoelastic contribution to the stress of Network A increases monotonically as the deformation

increases. Furthermore, the experimental results suggest a power-law relation between the viscosity gA and the equivalent
rate of viscous deformation. Thus, the nonlinear viscous evolution law for Network A is written as
�mA ¼
3
2
gA

�dA ¼ PA exp f� 1½ �
�dA

d0

 !nA

ð25Þ
with the reference rate of deformation d0 = 1/s, the viscosity constant PA > 0, and the exponent nA > 0 controlling the rate-
sensitivity.

3.6. Specialization of the constitutive equations for Network B

3.6.1. Hencky elasticity of Network B
The stiffness of Network B governs the stiff macroscopic response of polyurea at small strains. Here, we make use of the

isochoric part of Hencky’s strain energy function,
wB ¼ lBðln Ue
BÞ : ðln Ue

BÞ; ð26Þ
where the elastic stretch tensor Ue
B is found from the polar decomposition of the elastic deformation gradient, Fe

B ¼ Re
BUe

B

with ReT
B Re

B ¼ 1 Upon evaluation, we obtain the deviatoric part of the Cauchy stress acting on Network B,
TB ¼
2lB

J
Re

Bðln Ue
BÞR

eT
B : ð27Þ
The reader is referred to Anand and Ames (2006) or Gurtin et al. (2010) for details on the derivation of (27) from (26).

3.6.2. Nonlinear viscous response of Network B
Fig. 7a suggests that the overall viscoelastic response of Network B is similar to the linear viscoelastic response of a

Maxwell model composed of a linear spring (of Young’s modulus E) and a linear viscous damper (of viscosity g). The
stress–strain (r–e) response of a Maxwell model with the linear components at a constant strain rate reads (e.g. Brinson
and Brinson, 2008)
r ¼ Es _e0 1� exp � e
s _e0

� �	 

; ð28Þ
where s = g/E is the relaxation time, and _e0 is the applied constant strain rate. Note that even though the Maxwell model is
composed of only linear elements, the stress–strain response is nonlinear at constant strain rates. However, our experiments
suggest that the stress–strain response of Network B is linear for small strains regardless of strain rate.

Inspired by the results for the one-dimensional Maxwell model with linear components (Eq. (28)), we propose a consti-
tutive equation that guarantees a linear elastic response of Network B at small strains,
�mB ¼
ffiffiffi
3
p

lBQ B

�dB

d0

 !nB

1� exp � f
Q B

�dB

d0

 !�nB
" #( )

; ð29Þ
where the dimensionless material constants QB and nB characterize the viscous properties of Network B.



Fig. 7. Material model parameter identification for Network B. (a) Estimated experimental stress–strain curve for Network B; (b) equivalent Mandel stress
as a function of the scalar deformation measure f; (c) fB as function of the equivalent viscous deformation rate �dB; identification of the model parameters QB

and nB.
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4. Identification of the model parameters

The proposed constitutive model comprises eight material parameters: four parameters (lA, JA, PA, nA) for Network A,
three parameters (lB, QB, nB) for Network B, and one parameter (j) describing the elastic volumetric response. The consti-
tutive equations are detailed for uniaxial stress loading in order to identify all material parameters from the monotonic load-
ing and unloading compression experiments.

4.1. Constitutive equations for uniaxial loading

Under uniaxial stress loading, the macroscopic stress tensor takes the form

T ¼ re1 � e1; ð30Þ
where r is the true stress (macroscopic Cauchy stress) while the macroscopic deformation gradient reads
Ftot ¼ k1e1 � e1 þ k2 e2 � e2 þ e3 � e3½ �; ð31Þ
J ¼ det Ftot ¼ k1ðk2Þ2: ð32Þ
At the network level, the isochoric part of the deformation gradient may be expressed as a function of the stretch k,
F ¼ ke1 � e1 þ
1ffiffiffi
k
p e2 � e2 þ e3 � e3½ � with k ¼ k1

k2

� �2
3

: ð33Þ
The total stretch of a Maxwell element K can be decomposed further into its elastic part ke
K and the viscous part kv

K ,
k ¼ ke
Kkv

K : ð34Þ
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Using this notation, the kinematic variables used in our constitutive equations may be expressed as a function of the elastic
and viscous stretches and their respective time derivatives:
trCe
K ¼ ðk

e
KÞ

2 þ 2
ke

K

; ð35Þ

dev Fe
K FeT

K

� �
¼ 2

3
ðke

KÞ
2 � 1

ke
K

� �
e1 � e1 �

1
2

e2 � e2 �
1
2

e3 � e3

� �
; ð36Þ

ln Ue
K ¼ lnðke

KÞ e1 � e1 �
1
2

e2 � e2 �
1
2

e3 � e3

� �
; ð37Þ

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 2

k
� 3

r
; ð38Þ

�dK ¼
_kv

K

�� ��
kv

K

: ð39Þ
The deviatoric stress tensors TK acting on the Maxwell elements are written as
TK ¼
rK

3
2e1 � e1 � e2 � e2 � e3 � e3ð Þ; ð40Þ
while

r ¼ rA þ rB: ð41Þ
rA and rB are true stresses acting on Network A and B, respectively. Using expressions (30)–(41), we obtain the simplified
constitutive equations for uniaxial loading:

(1) Volumetric deformation induced nonlinear elasticity with the model parameter j,
r ¼ 3j
ln J

J
: ð42Þ
(2) Gent elasticity of Network A with the model parameters JA and lA,
rA ¼
lA

J

ðke
AÞ

2 � 1
ke

A

1� 1
JA
ðke

AÞ
2 þ 2

ke
A
� 1

� � : ð43Þ
(3) Nonlinear viscous response of Network A with the model parameters PA and nA,
rAj j ¼
PA

J
ðexp f� 1Þ

�dA

d0

 !nA

: ð44Þ
(4) Hencky elasticity of Network B with the model parameter lB,
rB ¼
3lB

J
lnðke

BÞ: ð45Þ
(5) Nonlinear viscous response of Network B with the model parameters QB and nB,
jrBj ¼
ffiffiffi
3
p lB

J
Q B

�dB

d0

 !nB

1� exp � f
Q B

�dB

d0

 !�nB
" #( )

: ð46Þ
4.2. Model calibration

The 1-D calibration process is composed of two steps: the parameters lA, JA, PA, nA, lB, QB and nB are identified assuming
material incompressibility (J = 1), before the bulk modulus j is estimated based on the Lamé moduli and the Poison’s ratio. A
summary of all identified material parameters is given in Table 1.

4.2.1. Material parameters of Network A (lA, JA, PA, nA)
The model is calibrated such that the response of Network A describes the rate dependency of the average stress–strain

curves in the continuous compression experiments. As discussed in Section 3.1 (see also Fig. 6a), the stress rA ¼ rAðk; �dAÞ for
a given strain rate amplitude �dA is approximated by the average of the measured loading and unloading stress–strain curves
at a total strain rate _e,
rAðk; �dAÞ ffi
1
2

rðk; _eÞ þ rðk;� _eÞ½ � with �dA ffi j _ej: ð47Þ



Table 1
Summary of material parameters indentified from monotonic loading/unloading tests under five
different strain rates.

Isochoric part of Network A Rubber spring lA 7.00 MPa
JA 10.7

Viscous damper PA 4.42 MPa
nA 0.0646

Isochoric part of Network B Linear spring lB 82.3 MPa
Viscous damper QB 0.0447

nB 0.0755
Volumetric part j 829 MPa
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The material parameters (lA, JA, PA, nA) for Network A are calibrated in an iterative manner:

1. Assuming ke
AðtÞ ffi kðtÞ, we estimate ðlA; JAÞ from the best fit of (43) to the experimentally obtained stress–strain curve for

the highest strain rate case (here: j _ej ¼ 101=s).
2. For the remaining strain rates, we calculate ke

AðtÞ based on (43) using ðlA; JAÞ.
3. Using the relationship kv

AðtÞ ¼ kðtÞ=ke
AðtÞ, we calculate |rA| as a function of the strain-like variable f for each experiment

(Fig. 6b); in Fig. 6b, the curve labels indicate the average effective viscous strain rate �dA.
4. The parameters PA and nA are then obtained from the approximation (44) of the curves shown in Fig. 6c.
5. It is useful to evaluate the term PA = |rA|/( exp f � 1) from each experimental curve. PA is a function of the effective vis-

cous strain rate �dA only and independent of the total strain. In other words, each curve shown in Fig. 6b reduces to a single
data point in Fig. 6c. The subsequent curve fit PA ¼ PA

J

�dA
d0

� �nA
of the data points in Fig. 6c yields the model parameters PA

and nA.

After completing Steps 1–5, we obtain:
lA ¼ 6:85 MPa; JA ¼ 11:0;
PA ¼ 4:44 MPa; nA ¼ 0:0648:

ð48Þ
A second calibration loop is performed, starting with ke
AðtÞ ¼ kðtÞ=kv

AðtÞ in Step 1, where kv
AðtÞ is the viscous deformation pre-

dicted by the model parameters (48). Subsequent evaluation yields:
lA ¼ 7:00 MPa; JA ¼ 10:7;
PA ¼ 4:42 MPa; nA ¼ 0:0646:

ð49Þ
The calibration procedure has been stopped at this point as additional iterations did not improve the accuracy of the curve
fit.

4.2.2. Material parameters of Network B (lB, QB, nB)
The stress contribution of Network B is obtained by subtracting the identified stress contribution of Network A (using the

parameters (49) in (44)) from the original stress–strain curve for each strain rate,
rBðk; _eÞ ¼ rðk; _eÞ � rAðk; �dAÞ; ð50Þ
where �dA corresponds to the average viscous strain rates that have been determined throughout the calibration of Network
A. Fig. 7 shows the corresponding results for different strain rates. According the proposed rheological model, viscoelastic
behavior of Network B should be symmetric with respect to the stress, i.e. rBðk;� _eÞ ¼ �rBðk; _eÞ. However, the curves in
Fig. 7 illustrate that this symmetry assumption holds only approximately true when using the calibrated analytical expres-
sion (44) for Network A. In close analogy with the calibration procedure for Network A, we identify the model parameters
associated with Network B:

1. We assume ke
BðtÞ ffi kðtÞ for the highest strain rate case (i.e. strain rate of 101/s), and

2. determine lB from the best curve fit for the experimental stress–strain curve for the loading phase using (45).
3. Using lB, we can then calculate ke

BðtÞ and kv
BðtÞ ¼ kðtÞ=ke

BðtÞ for the other experiments. The corresponding |rB| versus f
curves are shown in Fig. 7b. According to (47), we have
jrBj ¼
ffiffiffi
3
p lB

J
fB 1� exp � f

fB

� �	 

; ð51Þ
where fB ¼ QB
�dB
d0

� �nB
is a function of the strain rate only. Thus, we determine fB from the approximation of (51) to the jrBj vs.

f curves. Subsequently, the material constants QB and nB are found from plotting fB as a function of the effective viscous
strain rate �dB.
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A second parameter identification loop is performed using ke
BðtÞ ¼ kðtÞ=kv

BðtÞ leading to:
1 For
lB ¼ 82:3 MPa;
Q B ¼ 0:0447; nB ¼ 0:0755:

ð52Þ
4.2.3. Bulk modulus of material (j)
The initial shear modulus for the proposed model is the sum of the shear modulus of each network, i.e.,

l ¼ lA þ lB ¼ 89:3 MPa. Experiments revealed that the Poisson’s ratio of m = 0.45 is nearly rate-independent throughout
the deformation up to the strain of 100% (Shim and Mohr, 2009). Since the free energy for the volumetric deformation is
based on the elastic model in (6), we can determine the bulk modulus using the relation between the elastic moduli,
j ¼ 2lð1þ mÞ
3ð1� 2mÞ ¼ 829 MPa: ð53Þ
5. Comparison of simulation and experiments

The constitutive model has been programmed as a user material subroutine for the finite element software Abaqus/
explicit. Using the identified material model parameters, we perform the simulations of all experiments described in
Section 2.

5.1. Continuous compression

Fig. 2c summarizes the numerically predicted stress–strain curves for different strain rates. Similarly to the experi-
ments (Fig. 2b), the simulation results exhibit a high strain rate sensitivity during the loading phases. In addition, the char-
acteristic convergence of the stress–stain curves for different loading velocities is also captured by the simulations. The
comparisons of experiment and simulation for individual strain rates are shown in Fig. 8a–e. The stress–strain curves
show a better agreement during loading than during unloading. The loading portions typically feature the largest error
for small strains (less than 0.2) while good predictions are achieved for large strains. The predicted response during
unloading is too stiff for all strain rates, i.e. the simulations reach a stress of zero at larger compressive strains than mea-
sured in the experiments. From an energetic point of view, it is worth noting that the differences during the loading phase
underestimate the mechanical work, while the work is overestimated during unloading. However, these two errors com-
pensate each other when calculating the viscous energy dissipation for the entire loading–unloading cycle. In other words,
despite small errors in the stress level during loading and unloading, the overall energy dissipation is well predicted over a
wide range of strain rates.

The graphs in Fig. 8 also depict the predicted individual contributions of Network A (dotted blue1 line) and Network B
(dashed green line). During the model calibration, we assumed that the effective viscous strain rate �dA is the same during load-
ing and unloading, which implies that Network A exhibits the same stress–strain response during loading and unloading. How-
ever, since the total viscous strain kv

A keeps on decreasing during unloading (the driving stress for Network A is compression
during both loading and unloading) even though k increases, the decrease of the stress level is faster during unloading than
the corresponding increase during loading (hysteresis behavior of a Maxwell element). The differences between the loading
and unloading portion for Network A (blue dashed curves) illustrate this behavior.

The model’s symmetric response of Network B (the green dashed curves show only the loading portion) is characterized
by a plateau over a wide range of strains. Since the elastic strains in Network B are small, the driving stress of viscous defor-
mation in Network B changes rapidly from compression during loading to tension during unloading. As a result, the effective
rate of viscous deformation �dB is the same during loading and unloading which is consistent with the assumptions made
during calibration. Thus, it is concluded that the differences between the experiments and model predictions are associated
with the response of Network A.

5.2. Multistep compression

Fig. 3c provides an overview on the simulation results for all loading cases next to the experimentally-measured stress–
strain curves from multistep compression tests. A direct comparison of the experimental and the simulation results for each
loading velocity is shown in Fig. 9a–e. Overall, we observe the same model accuracy as for the monotonic loading and
unloading experiments, i.e. the model slightly underestimates the stress level for small strains and predicts a faster decrease
in stress level after reversal of the loading direction.

The relaxation behavior of Network B is symmetric for loading and unloading (green dashed lines in Fig. 9). Conversely,
the stress–strain curves for Network A (blue dotted lines in Fig. 9) reveal that stress relaxation is more pronounced during
the loading phase, while unloading is mainly elastic. This non-symmetric feature of Network A is also visible at the
interpretation of color in Figs. 1, 8 and 9, the reader is referred to the web version of this article.



Fig. 8. Comparison of simulation results and experiments for continuous loading–unloading cycles. (a) _e ¼ 10�3=s, (b) _e ¼ 10�2=s, (c) _e ¼ 10�1=s, (d)
_e ¼ 100=s and (e) _e ¼ 101=s.
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macroscopic level where the model predicts the experimental observation of a faster relaxation during loading than during
unloading. The model provides accurate estimates of the relaxation-induced stress decrease (jump) for small strains during
the loading phase, while this decrease is underestimated at large strains. This is attributed to the fact that the stress contri-
bution of Network B reaches its plateau level at small strains; as a result, the amplitude of stress relaxation within Network B
is very similar for small and large strains.



Fig. 9. Comparison of simulation results and experiments for multistep loading–unloading cycles. (a) _e ¼ 10�3=s, (b) _e ¼ 10�2=s, (c) _e ¼ 10�1=s, (d)
_e ¼ 100=s and (e) _e ¼ 101=s.
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5.3. Relaxation

Fig. 1b shows the predicted stress histories for all relaxation experiments. In addition, the histories of the relaxation mod-
ulus are presented in Fig. 1d. The relaxation modulus histories are well predicted for the entire range of strains. However, the
comparison of the true stress versus time curves indicates that the model predicts slower stress relaxation than observed in
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the experiments. Similar conclusions may be drawn from the comparison of the experimental and simulated isochronous
stress–strain curves. Observe that the instantaneous stress–strain curves agree well with the test results, while the long-
term behavior (e.g. blue curves for 616 s) predicted by the model overestimates the stress level at large strains.

5.4. Discussion

The model is able to predict the strain rate dependent loading and relaxation behavior polyurea with reasonable accuracy.
Furthermore, the model provides good estimates of the rate dependent viscous dissipation throughout the loading–
unloading cycles. In the present rheological framework of two parallel Maxwell elements, the identification of the behavior
of Network A is important. Here, the response of Network A has been defined through the rate-dependent average stress–
strain response; the mechanical response of Network A is identical throughout compressive loading and compressive
unloading. Furthermore, in the particular case of polyurea, the rate dependent average stress–strain response depends on
the absolute value of the total true strain rate. The response of the calibrated constitutive model illustrates that the assump-
tion of a Maxwell model does not lead to an exact description of the material behavior for both loading and unloading. The
hysteresis behavior for loading and unloading at a constant total strain rate is an inherent feature of Maxwell models.
Consequently, the rate dependency of the average stress–strain response (which is hysteresis free) cannot be represented
accurately by a Maxwell model. An attempt has been made to calibrate the material model parameters using a numerical
parameter identification scheme (minimization of the error between the experiments and simulations). In other words,
the separation of the contributions of Network A and Network B has been omitted throughout the material model param-
eters identification. However, the identified model response was not more satisfactory as improvements on the unloading
response could only be obtained at the expense of the quality of the loading curve prediction.

It is noted that the model by Boyce et al. (2000) can also describe the monotonic loading part of the present experiments.
However, after calibrating the model by Boyce et al. (2000), we observed a poor agreement with experimental data for
unloading. Recall that the proposed model can successfully capture the characteristic convergence of the unloading behavior
for different strain rates. Furthermore, the Boyce et al. (2000) model describes the viscous behavior as a thermally activated
process, while the proposed model includes a phenomenological viscous formulation which requires less material model
parameters.

In order to come up with an improved constitutive model, one may consider a different rheological model for Network A,
but to the best of the authors’ knowledge, no thermodynamically consistent model has been published in the open literature
that can model the apparent elastic (same loading and unloading curve), but yet strain rate dependent behavior of Network
A. Thus, alternative modeling approaches need to be explored in the future. One thermodynamically consistent option is the
introduction of loading and unloading conditions for viscous evolution. However, more research is needed at the microstruc-
tural (i.e. molecular) level to justify such loading and unloading conditions from a mechanism point of view.

6. Conclusions

The large strain compression response of polyurea is investigated for strain rates ranging from 10�3/s to 101/s. Continuous
and multistep loading and unloading experiments are performed in addition to simple relaxation tests. The experimental
results reveal that the so-called equilibrium path concept breaks down in the case of polyurea. In contradiction with the def-
inition of the equilibrium path, the identified average stress–strain curves in continuous loading–unloading experiments de-
pend on the rate of loading. Thus, as an alternative to the equilibrium path concept based rheological models of the Zener
type, a new constitutive model is formulated assuming two parallel Maxwell elements. The finite strain constitutive equa-
tions are outlined in detail. Subsequently, the eight material model constants are calibrated to describe the mechanical
behavior of polyurea. The model predictions are in good agreement with the experimental results. The characteristic conver-
gence of the unloading paths for different strain rates is successfully captured by the model. Furthermore, the rate dependent
viscous dissipation throughout a loading–unloading cycle is described with reasonable accuracy. The predicted unloading
behavior is too stiff which is associated with the limitations of the Maxwell model that describes the soft domain of polyurea.
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