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ABSTRACT

Model-Error Control Synthesis employs an optimal
real-time nonlinear estimator to determine model error
corrections to a nominal controller. Control compen-
sation is achieved by using the estimated model error
as a signal synthesis adaptive correction to the nom-
inal control input so that maximum performance is
achieved in the face of extreme model uncertainty and
disturbance inputs. In this paper the capability of the
model-error control synthesis is expanded by combin-
ing a nonlinear predictive filter using an approximate
receding-horizon optimal solution with a Kalman filter
in the overall control design. A robust stability anal-
ysis using the interlacing property from the Hermite-
Biehler theorem is presented for the new approach.
Simulation results for linear systems are shown to ver-
ify theoretical predictions.

INTRODUCTION

Robust control of dynamic systems is usually
achieved using one of two schemes. The first scheme
involves the design of a controller that is insensitive
as possible to model uncertainty and/or disturbance
inputs, e.g., Hy, and p-synthesis. The second scheme
involves updating model parameters or control gains
in real-time in order to achieve desired performance
specifications. Adaptive control methods fall into this
category. These control schemes can be used to pro-
vide robustness in a dynamic system with uncertain-
ties, each with its own advantages and disadvantages.

Model-Error Control Synthesis (MECS) is a sig-
nal synthesis adaptive control method.! Robustness
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is achieved by applying a correction control to elim-
inate the effect of model error at the output. The
error is estimated by a one step ahead predictive fil-
ter technique. The main advantage of this technique
is that the model error is determined during the esti-
mation process.? More details on the predictive filter
can be found in Refs. [2] and [3]. In Ref. [1] MECS
was first applied to suppress the wing rock motion of
a slender delta wing, which is described by a highly
nonlinear differential equation. In Ref. [4] a simple
approach to test the stability of the closed loop sys-
tem was presented using a Padé approximation. As
shown by the benchmark problem example in Ref. [4],
the one-step ahead prediction technique inherent in
MECS could not stabilize the system, which has one
pole at the origin and two poles on the imaginary axis.
However, when using a different approach to determine
the model error, given by an Approximate Receding-
Horizon Control (ARHC) law, the closed loop system
can be stabilized. The main topic of this paper is to
expand the previous results so that the MECS can
stabilize non-minimum phase unstable systems with
uncertainty.

As shown in Ref. [4], since the future state is un-
known in general, a trade-off between performance and
stability exists. Hence, the weighting factor, W, for
the model error has to be set to non-zero constant,
i.e., perfect cancellation of the model error cannot be
achieved. In addition, since the system measurement
is given before calculating the model error, there is al-
ways the possibility that the predictive filter may have
some bias error. To overcome this problem, we com-
bine the predictive filter approach using an approxi-
mate receding-horizon optimal solution with a Kalman
filter in the overall MECS approach. The closed form
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solution of the approximate receding-horizon control
using Quadratic Programming (QP) was first pre-
sented by Lu.® Also, in Ref. [5] the receding-horizon
control concept was extended to the output tracking
control problem. Although the problem is solved from
a control standpoint, the algorithm can be reformu-
lated as a filter and estimator problem.?

In this paper the model error is determined by the
approximate receding-horizon optimal solution and
the error is subtracted from the nominal control input.
Finally, we obtain a new MECS scheme which has bet-
ter characteristics than the one derived in Ref. [4]. To
optimally design and analyze the new MECS scheme,
we adopt the Hermite-Biehler theorem which gives the
necessary and sufficient conditions for the closed loop
system to be Hurwitz stable.® By the theorem, for the
system to be Hurwitz stable, the closed loop character-
istic polynomial has to satisfy an interlacing property,
which can be used to define some useful graphical re-
lations as stability checks. Specifically, we concentrate
on sixth-order polynomials, which can be easily ap-
plied for any polynomial less than sixth-order.

The organization of this paper is as follows. First,
we summarize the nonlinear predictive filter using an
approximate receding-horizon optimal solution, and
then combine the predictive filter with a Kalman fil-
ter. For robust design and analysis, we introduce
the Hermite-Biehler theorem and derive some graph-
ical relations for sixth-order characteristic equations
to be Hurwitz stable. Using these relations we intro-
duce a method to choose the optimal receding-horizon
subinterval and weight matrices. Finally, we verify the
results by some linear examples.

CONTROL DESIGN

In this section the predictive filter using an approx-
imate receding-horizon scheme with a QP solution is
summarized (see Ref. [4] for more details). In the non-
linear filter it is assumed that the state and output
estimates are given by a preliminary model and a to-
be-determined model error vector, given by

x(t) = £ [&()] + G &) ult) + G R a)  (la)

(1b)

where f : R" — R" is the assumed model vector,
G : R™ — R™ 4 is assumed control input and model
error distribution matrix, X € R" is the state estimate
vector, u € R? is the control input, 4 € R? is the
model error vector, ¢ : R™ — R™ is the measurement
vector, and y € R"™ is the estimated output vector.
Both f and G are C?, i.e., a function itself, where
the first and the second derivatives are continuous and
¢ () is sufficiently differentiable. In addition, f (0) =
0 (if not, we can transform the states X to some new
states so that this condition holds). Also, we assume
that a unique solution for X exists.

2

The receding-horizon optimization problem is set up
as follows:®

t+T
/t (&) R e(€)

+a’ (&) wa(g)] de

subject to the state equations (1a), (1b) and e(t+7') =
0, where the residual error is defined by

e(t) =y(t) —y(t) 3)

where y(t) is the measurement, and R and W are
positive definite and positive semi-definite weighting
matrices, respectively. Note that T is the receding-
horizon subinterval, which in general is not the sam-
pling interval.

At each time ¢ the optimal model error solution,
u*, over a finite horizon [¢, t + T is determined on-
line. Then, the current model error G(t) is set equal
to " and this process is repeated for every instant of
time ¢, continuously. Define h = T'//N for some integer
N > n/m, where N is the number of subintervals on
[t, t+T]. Now, y(t+kh) foreachk =1,2,--- , Nh =
T is approximated by an iterative first-order Taylor
series. For simplicity and avoiding the cross-product
terms of t(t+ih) and a(t+jh), G(x(t+kh)) = G(x(t))
and F(x(t + kh)) ~ F(x(t)), where F' = 8f/9%. In
addition, since future values of y(¢) and u(t) are not
known, we assume that y(¢) and u(t) are constant over
the finite horizon [t, ¢t + T]. Then, we obtain the fol-
lowing expression for 1 < k < N:°

{k (Hhﬁ)’}f

k—1 .
+)° (I + hF) G{ut)+a(t+(k—1- i)h)}]
=0
(4)

where €' = 9¢(X)/8% and f, I, and G are evaluated
at X(t). Define the following:

m{}nJ [x(t), t, 4] =

(2)

1

y(t+kh) ~y(t)+hC

I
o

L(kh)=e"(t+kh)R 'e(t +kh)

+al(t + kh)Wa(t + kh) ©)

The cost function to be minimized is approximated us-
ing a trapezoidal formula or Simpson’s rule as follows:®
when N is odd,

T [LO)
Jnd = oo |52+ LR+ o
+ +L((N—1)h)+L(]2Vh)

when N is even,
- T
Jr~J= 6N [L(0) +4L(h) + 2L(2h) + +4L(3h)

+2L(4h) + -+ AL((N — 1)h) + L(NR)]

(7)
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With the following definition:
vy = col{u(t),a(t+ h), - Dh)} (8)

where col represents a column vector, .J can be rewrit-
ten in quadratic form as
_ 1 R B

J=5v0 o Ho(%) vo + g5 [%,w, (1) vo + go[%, u, ¥ (t)]
(9)

where Hy, go and g are functions of L(k h).? Also, the

terminal constraint, e(t +7') = 0, can be formulated

as a constraint on v as follows:

,a(t+ (N —

oft+ N h) ~3(t) — §(t + N )
N—-1 .
~§(t) - 9(t) - C { > (1+nF) }f"(fc)
1=0
N-1 .
+ 3 (1+ hﬁ)l Glut) +alt+(k—1- z‘)h)}]
=0 A - N A A
—e(t) - C { 3 (I + hF) } {f(fc) + Gu(t)}
1=0
- MTv=0
(10)
Hence,
MTv =d(t) (11)
where
MT=C[I+nF)N'G, -+, (I+hF)G, G] (12)
and
N-1
da(t) = ~C Y (I +hEy {f + éu(t)} (13)
=0

Finally, the QP solution is given by
— — — -1 —
vo =~ [Hy' — Hy'M (MTH; M)~ MTH; | go(t)

+ [H5 (M7 G ) )
(14)

where the rank of M is m. The first ¢ equations give
a current model error minimizing the cost function,
which leads to a predictive filter structure:

u(t; x(t), u(t), y(t), h) = (15)

In addition, as indicated in Fig. 1 for the N = 3
case, since the output is held constant during the given
subinterval, the assumption becomes less accurate as
the receding horizon time T increases and/or the speed
of response increases. Therefore, the weights have to
be adjusted accordingly. To accomplish this a simple
exponential function is used, given by

gxN Vo

(16a)
(16Db)

ri=e"ri

w; = eWr Wi—1

3

Assumed Output

Real Output

T3 w2T/3 T

Error Bound Between Real Output and Assumed Output

g or Wy

5Y

Ideal Shape of Weightings, R and W

Fig. 1 Relation Between y(t) and R or W

where r; and w; are already given, r, and w, are non-
negative real values, R = diag[ry, ro, r3, 4], and W =
diag [wy, wa, ws, wy]. The weights are then reset at
each measurement sample.

Since the system output (measurement) is given be-
fore subtracting the model error from the reference
model, there is a possibility that the predictive filter
may have a bias error. To remove this error, the pre-
dictive filter is combined with the Kalman filter. Since
a response in the system must be given before compen-
sation is applied, the following model error correction
input is used:!

u(t) =a(t) —a(t —7) (17)
where () is the nominal control input, which can be
any controller (e.g., Proportional-Integral-Derivative
(PID), Linear Quadratic Regulator (LQR), Sliding
Mode Control (SMC), etc.). The measurement time
delay 7 in 01 is due to the fact that the model error is
determined after the response was already given. The
overall Kalman filter model can now be represented by

f(x) +
y=c(x)+v

G(x) {u+1a} +Gw

(18a)
(18Db)

where w and v are the process noise and the measure-
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ment noise with known covariances:

E {WWT} =Q, FE {VVT} =R,
E{w} =0, E{v}=0, E{WVT}:O

where R,, will be used as the first diagonal terms of R
in the cost function corresponding to the current error,
namely, 1. After correcting the model error there is no
deterministic error term in the system equation. We
can design a Kalman filter for this system as follows:”

x = f(%) + G(x) {u+ua}

+ K[y — ¢(x)] (19a)
P=FP+PFT - PCTR;'CP+Q (19b)
K =PCTR™! (19¢)
where
. of(x) . 9e(x)
F= , C= —
0x 0x
/\M r(t) _
~—*| Norminal u(t) b u@® Plant y(t)
+ Controller —
Time U(t-1) M"
y(v)
() Model Error [* n
Calculation ; X(t) Kalman [=
I Filter 0—‘
+ ¥t

Fig. 2 System Block Diagram

The overall MECS system block diagram is shown
in Fig. 2, where r(t) is the reference command. The
model error is determined using the estimated states,
the control input, and the current measurement. The
determined model error, @1, corrects not only the nom-
inal control input, @, but also the filter model. Also,
the time delay 7 is always applied because the response
y(t) and the measurement y(¢) are already given be-
fore the error is corrected.

ROBUST ANALYSIS

In this section a systematic approach for robust
analysis using the Hermite-Biehler theorem is pre-
sented. This theorem gives the necessary and sufficient
conditions for a system to be Hurwitz stable. A robust
stability analysis method is derived for sixth-order
characteristic equations, which can easily be applied
for any characteristic equation of order less than six.
The optimal subinterval size of the receding-horizon
time, T, and the weighting matrices are determined to
minimize an H,, or Hy; norm of the complementary
sensitivity function or the sensitivity function.

4

HERMITE-BIEHLER THEOREM

The Hermite-Biehler theorem gives the necessary
and sufficient conditions for a system to be Hurwitz
stable.%

Theorem 1 Hermite-Biehler Theorem
Consider the following polynomial:

dey(s) = cp 8™+ cp1 8"t +ideasiters+ceo=0
where ¢, # 0 can be decomposed as
da(s) = p(s) + sq(s)

where p(s) contains even power terms and q(s) con-
tains odd power terms. Then dg(s) is Hurwitz stable if
and only if ¢, and c,—1 are the same sign with all roots
of p(jw) and q(jw) real, and the nonnegative roots sat-
isfy the following interlacing property:

0 < Wel < Wol < Weg < Wpa < -+

where we; and wy; are the roots of p(jw) and q(jw),
respectively.

We now concentrate on sixth-order polynomials. Let
the characteristic equation be as follows:

dep = c6 8% +c58° +cy st FezsP a5 ey s+ (20)

The characteristic equation can be decomposed as

p(s) = c6s® 4 a8 + a5 + o (21a)
q(s) = css* +e35” + 1 (21b)
After substituting s = jw we obtain
p(jw) = —cew® + caw? — cow? + ¢ (22a)
q(jw) = csw* — csw® + ¢ (22D)

Since the above equations have only even powers, let
v = w?, yielding

(23)
(24)

p(7) = —c67® + cay? — 2y + o
q) =5y —ezy +a

For the given characteristic equation in Eqn. (20) to
be Hurwitz stable, cg and ¢ must have the same sign,
and the cubic and the quadratic equations must have
only positive real roots while satisfying the interlac-
ing property. Since general solutions for cubic and
quadratic equations exist, the roots can be directly
calculated. Using the interlacing property a set of sta-
bility inequalities can be formulated, but these may
not be easy to solve in general.

Let us consider the graphical properties of the given
problem, shown by Fig. 3. First, without loss of gen-
erality, let cg be positive. So one of the necessary
conditions for p(v) to have only real roots is

I: p(0)=¢cy >0 (25)
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P(V,) ~Hr-emmrmmmemenes

Fig. 3 Graphical Interpretation of I, IT, and III

The following two roots of ¢(7) have to be positive:

cst/c3—4eics

Il: 9= >0 (26a)

205

<= c3>4cicsand ¢3 >0, c5 >0 (26b)

and finally, to satisfy the interlacing property, the val-
ues of p(vy) at 71,2 must be

III: p(y1) <0 and p(vy2) >0 (27)
Since ¢(v1) = 0 or ¢(72) = 0 and 71 < 72, then
p(n) =—c67i +cari —c2m + o
c 1
=q(71) {—6’71 + = (cacs —c3 Cﬁ)}
Cs Cy
1
Tz (cresce —eacl +egeacs —cieg) M
5
1 (28)
+ 0_2 (Cocg —0164C5+010306)
5
1
= c_2 (010506 —czcg +c3cqc5 —cgcﬁ)'yl
5
1

2
—|—C—2 (6005—6104C5+010306)
5

Multiplying both sides of the above inequality by c2
we obtain

2 2
(61 C5Cg — Co Cy + C3C4 C5 — 0366) 1

) (29)
+cocs —cicacs +creges <0
Also, 71,2 is given by
+ 24
V1,2 = % % A% (30)

205

and since c5 has to be greater than zero by the second
condition of II, then

2 2 /
(016506—CQC5+0364C5—C3C6) (Cg— c§—4clc5>

—|—2coc‘g’—2clc4c§—|—2(zlcgc5c(; <0
(31)

Define the following:

A=cies¢6— o cg +c3eq05 — cg co (32a)
B=2cyc —2cicict +2cic305, o (32b)
then
csA+B<Ay/E—4dcics (33)
and for v = 7o
c3A+B>—-A\/c3—4cics (34)
By Eqns. (33) and (34),
les A+ B| < ’A\/c§4clc5 (35)

Note that if the first condition of II is not satisfied,
i.e., ¢3 < 4c;cs, the above condition is not satisfied
either. Squaring both sides of Eqn. (35) gives

4deres A2 4+2c3AB+B? <0 (36)

Finally, the inequalities to be satisfied are summarized
as follows:

I:¢o>0 (37a)
IT: ¢cg>0and c; >0 (37Db)
II: — (4,c1c5 4> +2¢3AB+B%*) >0  (37c)

with the assumption ¢g > 0. Now, bound each of the
coefficients as follows:
Qigci§6i7f0ri:1a2a"'76 (38)

Then, the first two conditions are easy to check, i.e.,

I: ¢,>0 (39a)
II-1: min (ezes) >0 (39b)
II-2 : min (c5¢6) >0 (39¢)

However, the third condition in Eqn. (37c) is difficult
to solve analytically. We can formulate III as a mini-
mization problem, but the problem is highly nonlinear
and we cannot guarantee that the calculated value is a
global minimum. To overcome this difficulty, extreme
polynomials defined in Ref. [8] are used. If III is sat-
isfied for the extreme polynomials, then it is satisfied
for the rest of uncertainty space. The coefficients for
the two extreme conditions are given by

(40a)
(40b)

111_1:567 957 64) 637 223 Qla 60

111_2 :QG7 657 241 Q3; é27 617 QO

In fact, we are not interested in the values of each
condition but whether or not all the conditions are
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greater than zero. Therefore, we are only interested in
the minimum value of all conditions, i.e.,

k = min (I, 1I-1, II-2, I1I-1, III-2) (41)
Define stability index, €, as follows:
e = sgn(k)|logyq |x[|, for x # 0 (42)
0, for k =0

If € > 0 then the characteristic equation is Hurwitz
stable, else it is not stable.

OPTIMAL T and R or W

The length of receding-horizon time, 7', and the
weights in the cost function, R and W, are critical
factors for the stability and performance of MECS. To
choose optimal values for T' and R and/or W, transfer
functions are derived for second order Single-Input-
Single-Output (SISO) linear systems, represented by
(we assume that %(t) =~ x(t))

Ng(s)

=D

[u(®)] + w(?) (43)
where y(t) is the system output, u(t) is the control in-
put, and w(t) is output disturbance. In this paper the
filter notation with zero initial conditions is used, i.e.,
y(t) = G(s)[u(t)] can be treated as the signal u(t) pass-
ing through the filter G(s) and generating the output
y(t).? The nominal control input is given by

_ Ni(s) _ Ni(s)

U= Bs = Dils)

[r(t) — y()]

[r(t) —y(®)] (44)

~

where N (s)/Dy(s) is the transfer function of nominal
controller and r(t) is reference command. Also, the
correction control input by MECS is given by

a(t) = a1y(t) + sazy(t) — ast(t — 1) + asu(t)

T [y(8) + v(0) (45)

where the a;’s are constants determined by the pre-
dictive filer, and v(t) is the measurement noise with
known variance. Then

o d(s)
i(t) = d(s) + asn(s)

(a1 + a4 + saz) Di(s) — agNg(s)
) { Dy(s)

(@) (46)

asNg(s)

e )]+ anolt)

where n(s)/d(s) is a Padé approximation of e~7%.%
Substituting the control input into the system, the
closed loop characteristic equation is given by

Dea(s) = {d(s) + asn(s)} Di(s)Ds(s)
+{(1 —a3) d(s) + azn(s)} Ni(s)Ns(s)
+d(s) (a1 + a4 + saz) Di(s)Ng(s)

(47)

6

Now the closed loop output system is

where

Ny(s) ={(1 —a3)d(s) + agn(s)} Nx(s)Ns(s) (49a)

Ny(s) = —aad(s)Di(s)Ns(s) (49Db)
Ny (s) ={d(s) + azn(s)} Dy (s)Ds(s) (49¢)
Then, the error dynamics is given by
e(t) =r(t) —yt)
D (s) — N.(s) Ny(s)
- Dcl S) [’I"(t)] - Dcl(S) [U(t)]
(50)
~ 22 fu(t)
DCZ(S)
=T(s) [r(t)] = Su(s) [v(t)] + S(s) [w(?)]

where T'(s) is the complementary sensitivity function,
S(s) is the sensitivity function, and S, (s) is the trans-
fer function for the measurement noise (in this paper
T(-) is used for the complementary sensitivity function
and T is used for the length of receding-horizon time).
Finally, we choose T, r, and/or w, by minimizing the
following H., norm or Hs norm:

min ||[Ws(jw)S(jw)le or
min |[Wr (jw)T (jw)||so
subject to € > 0

(51)

where Wg(jw) and Wr(jw) are design weighting func-
tions, and each norm is minimized for the nominal
values of ¢;. A flowchart of the summarized design
and analysis steps is given in Fig. 4.

EXAMPLES

In this section the previous results are applied to a
second order marginally stable system and an unstable
non-minimum phase system.

MARGINALLY STABLE SYSTEM

Here we will show the effect of the subinterval N
for a fixed variation in each system parameter. The
system is given by

i+ wie = bu(t) (52a)

g=x+v (52b)

Note that the given system has two poles on the pure
imaginary axis (marginally stable system), and the
measurement is displacement only with a zero-mean
Gaussian white noise process having known covariance

o2. The assumed model is given by:
&+ 200t + 023 = b

j=i

(53a)
(53b)
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Choose Nominal Values of the Given System

Adjust R or W H‘

Calculatee ‘
f

L No Is the Stable Region
Wide Enough?

Yes

Hoo

L

Choose Gains to Minimize the Norm of the Sensitivity

or the Complementary Sensitivity Function

'

No Satisfying the

Design Specification?

Yes

End

Fig. 4 Robust Design and Analysis Steps

where 4 = u + 1. The state-space matrices are

A 0 1 A 0 A

F= [—@% _2@”} , G= M , C=[1 0] (54)
To show the effect of the subinterval N, we first set

N = 2. Then, the following matrices for the predictive
filter are obtained:

0 4’LU2

where R = diag[ry, ro] and W = diag[w;, ws]. The
QP solution of Eqn. (14) is

0 0 1
vo = 3 | got)+ | M| d@t)  (56)
2T’LU2 0
where
s = |7 (57)
at) = LY 9y n {52 — Conia + bu(t))

(58)

7

Therefore, for N = 2 the model error 4(t) is given by

a(t) =

[1 0lwy=1[0 0 [901} +%d(t)

(59)
1 d(t) = 1 d(t)

hb hb

Since the first row elements of the matrix in front of
go(t) in Eqn. (56) are zero when N = 2, 4(t) is not a
function of weights R and W, but a function of N and
T (i.e. h) only.

On the other hand, for N = 3, since the first row
elements of the matrix in front of gy are not all zeros,
the determined model error, 4(t), is a function of the
weights as follows:

aty=1[1 0 0]
x [— {Hgl — Hy'M (MTH M) MTHgl} go(t)

+{Hg M (M7 M) ()]

(60)
where
T
H() = g X (61&)
[(274 4+ 73)h* + wyrsrym? ht 0 7
T3 Ty ’I’h2 T4 ’ﬁ’L2
h4 h4 + 2WQT4ﬁ12
= _ 0
742 r4 M2
L 0 0 2 ws |
(61b)

A \2 A A\ A o~
MT = [(1 + hF) a, (1 + hF) G, G] . (6lc)
R = diag[rl, T2, T3, 7‘4], W = diag[wl, wa, W3, 11)4}7
go(t) is the first order terms of v in the cost function,

and d(t) is given by

a(t) = 3 {30) (1)}

- g {é (I + hﬁ)i (Ff;(t) + éu(t)) }

As a nominal controller we simply use the following
Proportional-Derivative (PD) controller:

(62)

u(t) = —281(t) — 10&s(t) (63)

The simulation parameters are as follows: the weights,
R and W, are set to 1.0 x 1077 and identity matrix
with appropriate dimension for N = 2 and N = 3
cases, respectively, and the variance of the measure-
ment noise, o2, is 1.0 x 1076, The length of horizon,
T, is 1 sec, and the initial conditions of the system and
the estimator are set to xo = [—1.5267 5.5540]" and
%0 = [—1.5286 5.5749]", respectively.
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Fig. 6 PD Only(Solid) and PD4+MECS(Dotted)

As shown in Fig. 5, for N = 2 with parameter varia-
tions given by w, = 0.5, b = 2, { = 0.707, &, = 1, and
b= 1, the output diverges. However, for N = 3 the re-
sponse is stable with almost the same control input as
the N = 2 case. Since we have more design parameters
for the N = 3 case than N = 2, this result coincides
with our intuition. However, this result does not imply
that for N = 2 the algorithm fails to stabilize the sys-
tem. This example merely shows that dividing 7" into
more intervals, a wider range of parameters variations
can be tolerated.

Fig. 6 compares the Bode plots of PD control only
with PD control combined with MECS for N = 3. The
same parameter variations from the previous simula-
tion are used in this comparison. For the PD only case
the gain margin is -12.126 dB and the phase margin is
20.102°, so the given closed loop system for this case
is unstable. But for the PD with MECS case the gain
margin is 30.283 dB and the phase margin is infin-
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Fig. 7 N =3 Case: Time History of the States
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Fig. 8 PD-+MECS with Parameters Uncertainty
Variations

ity, yielding a stable closed loop system. Fig. 7 shows
the time histories of the states and estimation errors.
At the beginning there is transient response in the es-
timated state trajectories. However, even though the
measurement is displacement only with high noise, the
Kalman filter combined with predictive filter estimates
both states (displacement and velocity) well.

Fig. 8 shows Bode plots of PD control with MECS
for various parameter variations. The nominal values
are the same as in the above case. The actual values
of the system vary as follows: w, varies from 0.5 to
1.5 and b varies from 0.67 to 2.0. With the given pa-
rameter variations, which represent more than +30%
variations from the nominal values, the gain margins
for all cases are at least 20 dB and the phase margins
are infinity. In the magnitude plot for high frequen-
cies the slopes are about -40 dB/dec, hence, the overall
system has good high frequency rejection.
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NONMINIMUM PHASE UNSTABLE SYSTEM

In this example the advantages of the MECS design
are shown for non-minimum phase unstable systems.
The system is given by

(0s5+1)s— (64 +1)
s2— (01 —0.8) s — (42 +0.2)

y(t) = [u(®)]  (64)
For the nominal values, i.e., all §; = 0, the system
poles are -1 and 0.2, and the zero is 1. Let each §; be
given by

—01<6§;<01 fori=1,2,3,4 (65)
The nominal controller is PI control, as follows:

a(r) = 2R ) (66)

where k, = —0.43 and k; = —0.02.1° Using a (3,3)
Padé approximation for the time delay 7 in the MECS
design we have'!

e 7383 +12725% — 6075 + 120

s 67
€ B3 12052 f6ors + 120 0D

From Eqn. (47) a sixth-order characteristic equation
is obtained. Before proceeding further, note that for
each calculated ¢; the uncertainty factors d;’s appear
linearly, so each ¢; can be written as

ci=vix for i=0,1,2,---,6 (68)
where v; is a vector whose elements are coefficients of
i, and x = [ 01 02 03 04 1]T. Then, the upper and the
lower bounds of each coefficient are given by

if sgn(v;;) > 0 then max(d;)
¢ = v} |else min(d;) for j =1,2,3, 4 (69)
1

where v;; is the 4" element of v;. Similarly, the lower
bound is given by

if sgn(v;;) > 0 then min(é;)
else max(d;) for j =1, 2, 3,4 (70)
1

T
&=V

Then II-1 and II-2 in Eqn. (39) can be formulated as
follows:

(71a)
(71b)

min (CiCj) >0

<= min (xTviv?x) >0

Hence, if T is chosen for a given 7 so that vavi and
vsVvi are positive definite, then the conditions II-1 and
II-2 are completely decoupled from the uncertainty
factors. However, since viva is always rank 1, the
decoupling is impossible. The equation can be formu-
lated as a minimization problem as follows:

min {(STVH(S + (V12 + V21)T o+ U44} >0 (72)

subject to —d§; < & < d,, where Vq; is the left upper
4x 4 matrix, vig is the right upper 4 x 1 vector, vi,
is the left lower 1 x 4 vector, and vy is the scalar of
the lower right element of the following:

. Vit v
viv; = . (73)
Va1 Va4
€

17—

1.5 2 25 3 3.5 4 4.5 5 55
T [sec]

Fig. 9 Stability Index ¢ with Respect to T" and r,

For N = 3, go = [gi], Ho = [hij], F, G, and C are
given in appendix. With the time delay 7 = 0.01 sec,
w1 =1, w, =0, and 71 = 1 x 1075, the stability index
in Eqn. (42) with respect to variations in T and 7, is
shown in Fig. 9. Inside the contour line, the closed
loop system is guaranteed to be Hurwitz stable within
the given uncertainty bounds.

Settling time < 30 sec (Solid), Maximum Overshoot < 20% (Dashed)
12.75 T : : : e A e

12.65-
12.6*/

12.55¢ éOptlmaI T

e Norm Decreasing;: Direction

1.8 1.85 1.9 1.95 2 2.05 2.1 2.15 2.2
T [sec]

Fig. 10 [[Wr(jw)T (jw)l[eo

Now, in the stable region we search for the opti-
mal T" and 7, to minimize the H,, or Hy norm of the
weighted complementary sensitivity function or the
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weighted sensitivity function using the nominal val-
ues of the system. The weighting functions are given
by

540.1

Wr(s) = Ws(s) P}

- (74)
Figs. 10 and 11 show contour lines of the weighted
complementary sensitivity function and the weighted
sensitivity function, respectively. For each figure in-
side the solid line the settling time of the weighted
T(jw) is less than 30 sec and inside the dashed line
the overshoot of the weighted T'(jw) is less than 20%.
For each case the optimal receding-horizon subinterval
T and weighting factor r; are as follows:

Case-i: min||[Wr(jw)T (jw)]|co

T* = 2.077 sec, 1% = 12.627  (75a)
Case-ii: min||[Ws(jw)S(jw)l|eo

T =1.919 sec, r, = 12.588 (75b)

The choice of Case-i or Case-ii depends on which norm
we want to minimize. For each case the determined
4(t) are as follows:

Case-i:  4(t) = —0.296 & — 0.163 2o
—0.606 u(t) + 0.5155(t) (76a)
Case-ii:  4(t) =~ —0.349%; — 0.122 2
—0.552u(t) +0.5334(t)  (76b)

The time histories of each state for the above cases
are shown in Fig. 12, where x(0) = [0 1]7 and %(0) =
[00]T. Note that for the PI control only case the true
state is used, and for the other cases the estimated
state and the measurement are used. The uncertainty
factors are §; = 0.1 for 4 = 1, 2, 3, 4. As shown in
the time history of the states, Fig. 12, and the control
input, Fig. 13, PI control with MECS is vastly more
robust than PI control only.

10

PI Only(Solid), PI+MECS(Case-i, Dashed), PI+MECS(Case-ii, Dash-Dot)
2

X0

time [sec]

Fig. 12 Time History of the State

PI Only(Solid), PI+MECS(Case-i, Dashed), PI+MECS(Case-ii, Dash—Dot)
15

0.5

u(t)
o

40 50

-15 '
0 30
time [sec]

20 60

Fig. 13 Time History of the Control

CONCLUSION

An improved MECS controller is derived by com-
bining a predictive filter with a Kalman filter. The
model error in the plant is determined by an approxi-
mate receding-horizon optimal solution, which is used
to update the nominal control input. Also, systematic
robust design and analysis processes for sixth-order
characteristic equations are presented. A robust con-
troller was developed for given uncertainty bounds
to satisfy certain design specifications. As shown in
the examples the MECS design system can be ap-
plied for both minimum phase stable systems and
non-minimum phase unstable systems. Furthermore,
the closed loop system can tolerate relatively large un-
certainties, which leads to an extremely robust control
methodology.
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APPENDIX

The specific variables for the second example are
given by

e~"r h?
62507
+ (43250 h% 2" + 9450 B® ¢~ "7) b
— (40000 €2 + 23250 ¢~ "7) h?

+ (18750 €27 + 21250 e~ "7 + 5000) h

—3125e 2" — 6250e """ — 6250} 21 (t)

e~ h3

12507

+ (9000€™"™ +1800€~"") h?

— (8250e 2" 4+ 5500~ "?) h

+1875e 2™ + 25007 + 1250} Eo(t)
e " 3
1250 1

+ (16250 € 2" + 4050 ¢~ "?) h?

— (10125727 + 6750 "7)

+1875¢e 2" + 2500 e~ + 1250} u(t)
e~"r h?

507ry
—25¢72"

g = {4264 e h® — 222757 2" h*

+ {861 h* — 4350 %" B®

+

{16817 27> ' — 9225¢ 2" h?

{-41e?""h* + (90e>"» +90e ") h

—50e~"" — 50} g(t)

h2
~ 12507
+ (4275€7" + 10507 2"7) h?
—(2625¢72"» +2000e ") h
+625¢ 7" +1250e 2" } &y (t)
h3
2507
+ (975727 +200e2"") h
— (37572 +500e ") } #a(t)
h3
2507
+ (1350€ 73" + 4507 277) h
—375e73"™ —500e 2" } u(t)
h2
107

go {93672 h* — 3355 3" 1

{18973 b3 — 645¢e " h?

{36977 h® — 1420e73" B*

(9e™ ™ h—5e72" —10e72"") §(t)

h? (104 h® —315h% +300h) e~ 3"
21(t)
250 1
N 3h3 (Th* —20h +25) e 3" 0
5071 2
N h? (41h? —135h +75) e 3" h?e 3 _
507 B 27

g3 = —

hii {1681e " h® — 7380 %" B°

_h
12507

+ (10150 €37 + 4050 ¢~ 2"7) h*

— 4500 (73" +e72") B?

+(625¢ 7277 + 1250 2" +1250€” ") h*® + 625w, 1 }

W e 37 (5—9h) (41h% — 90k + 25+ 50¢™)

Mz = har = 25071

h3 (41h* — 90 h + 25)

hig = h31 =
e3m rq

h
h - 1 —37rp h4 o —37rp h3
2= g {81e 90e

+(25e7 3™ +50e72™) h2 4+ 50wy 7y "7}

W (5—9h)

hog = h3y =
e37rry

h (h2 +2e3Wp 37p 7"1)
2e37r 1y

hss =

where h =T/3.

Pe| 0y o e=[h) =1
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