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1 Introduction

In this paper we consider two Rankin-Selberg integrals which were discovered by David
Ginzburg, and announced in [G-H1]. These integrals are defined on a split form of GSOs,
(see below for precise definition), and involve a generic cuspidal automorphic representation
of this group. We content ourselves with showing that both integrals unfold to Eulerian in-
tegrals involving Whittaker functions, and computing the contributions from the unramified
places. In each case we get a product of two partial Langlands L functions, at least one of
which is a “Spin” L-function.

Recall that a Langlands L function requires two pieces of data. The first is an automor-
phic representation 7 defined on some group G, from which we obtain a family, indexed by
all but finitely many places of our global field, of semisimple conjugacy classes in a certain
complex Lie group “G. The second is a finite dimensional representation r of that complex
Lie group. Recall also that the special orthogonal group SO,, is not simply connected, but
possesses a simply connected double cover, known as the spin group. This group possesses
two fundamental representations, usually called the half-spin representations, which do not
factor through the projection. By a Spin L function we mean a Langlands L function in
which the role of 7 is played by either of these two representations.

In this paper we consider an integral on GSO;¢ and a similar one on GSO15. In both
cases we unfold the integral and compute the contribution from the unramified places (being
Archimedean is treated as a form of ramification), obtaining a product of partial Langlands

L functions. These are: in the GS0Oq( case
L5(3s) — 259, 7, Spin~)L5(3s1 + 255 — 2,7, Spin™)
and in the GSOqy case

3
L5(585 — 2,7 ® X2, St)L° (45, — 3 ® X1, Spin).



The reason for considering nontrivial characters in one case but not the other is explained
below.

As the two half-spin representations are related by a symmetry of the Dynkin diagram,
what one can prove about one L function follows for the other, and so it is customary in the
field to refer to either of these L functions as “the” Spin L function. In this paper we have
to be a bit more careful because one of our integrals yields the product of the two half-spin
L functions, and while the distinction between one and the other may be safely blurred, the
distinction between one of each and two of the same may not.

There are several other known constructions of Spin L functions associated to represen-
tations on even orthogonal groups, along the lines of those in this paper. The constructions
of Ginzburg in [G] give the same Spin L functions we obtain here by themselves, rather than
in a product. In [G-H1] a threefold product was obtained, of the Standard L function and
two copies of the same half-spin, each with a different complex-variable argument. A close
cousin of this construction was discovered by Wee Teck Gan and studied in [Ga-H]. It is
defined on a quasi-split adjoint group of type D4. In the split case it gives the product of
the three L functions associated to the three 8 dimensional representations of Sping(C) i.e.,
the standard and the two half-spins once each. When G is not split, G is more compli-
cated and its action on this 24 dimensional space has one or two irreducible components.
The same construction gives the L function, or product of two associated to this action.
Finally, in [G-H2] a construction is given for the L function associated to an automorphic
form on the group GSO;g x PGL,y, with the representation of “G, which in that case is
G Spinyp(C) x SLy(C) being the 32 dimensional tensor product of the Spin representation
of GSpinyp(C) and the standard representation of SLy(C).

Please note that, with the exception of the case in [Ga-H| when the 24 dimensional
representation of “G is irreducible, all of these L functions have also been studied via the
Langlands-Shahidi method [Sh]. In addition, there is also a Spin L function associated to
automorphic forms on symplectic groups, which has been studied more extensively. Rather
than attempt an independent survey we refer the reader to those of Professor Bump [Bul,
Bu2], in particular Section 13 of [Bu2]. In the theory of automorphic forms on symplectic
groups, one encounters a mixture of papers written in “general G” language and papers
written in the classical language of Siegel modular forms. The paper of Asgari and Schmidt
explains the relationships clearly. Note that if II (defined on GSOy,) is a weak functorial
lift of 7 (defined on GSps,—2) associated to the embedding Sping,_1(C) — Sping,(C) then
the two partial Spin L functions of II agree with one another and with the partial Spin L



function of 7.

Next we address the question of whether our integrals here might have applications,
relating periods, poles of L functions, and functorial liftings, along the lines of [G-R-S],
[G-H1] and [G-H2|. As applied to our GSOyq integral, this question may be easily answered
in the negative: it is proved in [G] that the L functions we obtain in that case are always entire
(even without the restriction on central character). For GSOjs, on the other hand, what
Ginzburg proves is that L(s,m ® x, Spin) can have a simple pole when w,x? is nontrivial
and quadratic. This is the reason why we allow nontrivial characters in one case and not the
other: for the GSOyq case it is a harmless restriction which simplifies the notation somewhat,
while in the GSO;, case it omits the most interesting cases from consideration. A possible
explanation for this phenomenon arises naturally in connection to the question we consider
here. We remark on the structure of the proofs in [G-H1] and [G-H2|. In each case we relate

three things:
1. A partial L function or some partial L functions having poles.

2. The cuspidal representations that appear in them being lifts associated with the inclu-

sion of the stabilizer of a generic point.
3. Nonvanishing of a period.

This motivates the investigation of the stabilizer of a generic point in the Spin representation
of GSpini2(C). Most of the work is done by Igusa [I] who describes the orbits for the action
of Spini2(C) and shows that the stabilizer of a generic point is isomorphic to SLg(C). One
may easily check that in GSpin there is a second connected component; the stabilizer of
a generic point is isomorphic to SLg(C) x {£1}. Also, the stabilizer of a generic point
in the standard representation is GSping;(C) and the intersection of these two groups is
SL5(C) x{£1}. Note that SL,,(C) x {£1} is essentially the L group of a quasi-split unitary

group. On the L-group side we have the diagram of inclusions:

SLs(C) x {£1} —*— SL(C) x {£1}

LQJ Lgl (1)

GSpin;(C)  ——  GSpiniy(C)

which indicates which liftings we may expect to need to consider. Our integral is best suited
to studying the lifting associated with the composite inclusion, but might also be used on

the right-hand arrow, the bottom arrow having been handled already in [G-R-S].



In the proofs in [G-H1| and [G-H2], the flow is (2) = (1) = (3) = (2). The integral
representation is a tool for proving the implication (1) = (3). Indeed, obtaining the nonva-
nishing of a period from the integral representation is immediate, at least if we allow a very
vague notion of “period,” as seems appropriate. However, one wants to prove (1) = (3) for
a period such that (3) = (2) can be proved, and so one needs some handle on the lifting to
proceed. At present the author is unaware of any such handle on the liftings associated with
the vertical arrows in (1).

For the implication (2) = (1) we restrict a representation of the L group to a stabilizer.
One of the components is the trivial representation corresponding to the stabilized point.
We need to know that the L functions attached to the other components of this restriction
do not vanish.

Motivated by this, we record the decompositions of the various restrictions. Both semidi-
rect products have a one-dimensional trivial representation which we denote by 1 and a non-
trivial one-dimensional representation with kernel equal to the identity component, which
we denote by €. The remaining representations arising here may be described by giving their
restrictions to the identity component: there is only one way for —1 to act. We denote the
standard representation of SL,(C) by V..

Restricting St to SLg(C) x {£1} yields Vi @& V', which is irreducible. When we restrict
further to SL5(C) x {£1}, we get 1@ @ (V5@ V;"). We insert parentheses because (V@ VZ)
is a single irreducible representation of the semidirect product. Similarly, when Spin is
restricted to SLg(C) x {£1}, we get 1 & e @ (A° Ve ® A* Vi), and restricting further to
SLs(C) x {£1}, we get 1@ e ® (AN Vs @ N\ V3) @ (Vs @ V2.

Now let us describe the notation used in the paper and give the precise statement of the
main theorem. We consider the group G = GSOs, generated by matrices preserving the
bilinear form given by the matrix J with ones on the diagonal running from upper right to
lower left, together with matrices of the form diag(AIl,, I,,). This is a split form of GSOs,.
The set of diagonal matrices in this group is a maximal torus, which we denote by T and the
set of upper triangular matrices in this group is a Borel subgroup B = T'U. We define the
notation, e;’j = €;j — €ant1—i2nt+1—j, Where ¢; ; is the matrix with a one in the 7, j entry and
zeros elsewhere. For each root «, for the action of T on G, the one dimensional unipotent
subgroup on which T acts by « is the image of the homomorphism z,(r) = z; ;(r) = [ +re}
for some 7, j. We denote this subgroup by X, or by X,; as convenient. We number the
simple positive roots determined by our choice of Borel ay,...,a, so that X, = X,

forv =1,...,n -1, and X,, = X,_1,4+1. We identify the Weyl group with the group



of permutation matrices that are in G, and for i = 1,...,n, let w[i] denote the simple
reflection corresponding to the root «;. We shall write wliyis ... ,] for wlijJw[is] ... w[i,].
Let M(iy,...,ix) denote the standard Levi containing the subgroups X,,, for i = iy,... i,
and let P(iy,...,1) denote the standard parabolic of which it is a Levi subgroup.

Let Z denote the center of G. Let P = P(1,2,...,n — 1) and when n > 4, let Q =
P(1,2,4,...,n). Let m denote an irreducible cuspidal representation of G(A), and ¢ a vector
in the space of m. We consider two integrals, which correspond to the cases n =5 and n = 6.
When n = 5, we assume that the central character w, of 7 is trivial, while when n = 6
we do not. When n = 5, we let Eg(g,s1) denote the Eisenstein series on G(A) associated
to the induced representation [ ndggig ;3, and Fp(g,se) the one associated to the induced

representation [/ ndggii 07 . We consider the integral

v(9)Eq(g, 51)Ep(g, s2)dg. (2)
Z(A)G(F)\G(A)
When n = 6, the integral is much the same except that we allow 7 to have nontrivial central

character, and allow nontrivial characters in the Eisenstein series as well. It has the form

/ o(9) Ealg, X3 Er(g, Xo)xXo(M9))dg, (3)
Z(A)G(F)\G(A)

where A is the rational character of G giving the similitude factor, and y/ are quasicharacters
chosen so that the integrand is Z(A)-invariant. See section 4 for precise notation.

As a final piece of notation, we will need to fix a character of F\A, which we will
denote by 1. We then define a character, also denoted by v, of the group U by ¥ (u) =
P(ur g+ -+ Un—1, + Un—1n11). We let W, denote the image of ¢ in the (U, ¢)-Whittaker
model of 7. Our integral will be zero unless W, is nonzero, so we assume 7 is generic.

The L-group of GSOs, is GSping,(C). For n = 5 we assume the central character is
trivial and hence may work with Spin;o(C) instead. We let Spin~ and Spin™ denote the
16 dimensional representations of this group whose highest weights are the fourth and fifth
fundamental weights, respectively. When n = 6, we specify a representation of GSpinga(C)
by describing the action of Spini2(C) and the scalars. Specifically, we let St be the 12
dimensional representation where Spinis acts by the standard representation and scalars act
trivially. We let Spin denote the representation where Spini2(C) acts by the representation
associated to the fifth fundamental weight and scalars act by multiplication.

Our main theorem is then as follows,

Theorem: When n = 5, (resp. 6) the integral (2) (resp. (3))unfolds to give an Eulerian inte-
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gral involving the Whittaker function W,,. When n = 5, the contribution from the unramified

places is the quotient of
L5(3sy — 289, 7, Spin~)L%(3s1 + 255 — 2,7, Spin™)

by the product of the normalizing factors of the two FEisenstein series, and when n = 6 it is

the quotient of
3
L7559 — 2,7 ® o, St) L5 (45, — 3 ® X1, Spin)

by the product of the normalizing factors of the two FEisenstein series.

Here the term normalizing factor is used as follows: the poles of an Eisenstein series are
determined by the constant term, which is given in terms of intertwining operators which
factor over the places. At an unramified place this intertwining operator takes the normalized
spherical vector to a multiple of the normalized spherical vector, with the multiplier being
given by a ratio of products of local zeta functions. Taking the product over all the unramified
places we obtain a ratio of products of partial zeta functions. The normalizing factor is the
product appearing in the denominator.

We now describe the format of the paper. Sections 2 and 3 are devoted to the case
n = 5, with Section 2 being the unfolding and Section 3 being the unramified computation.
Similarly, Sections 4 and 5 are the unfolding and unramified computation in the case n = 6
respectively.

The author would like to express his deep gratitude to David Ginzburg, who suggested
the integrals, communicated the unfolding for the GSO;, case, and provided invaluable help
and advice at many times throughout the course of the work. He also wishes to thank
Christian Krattenthaler for pointing out the work of Okada and thus greatly ameliorating
the material in section 3, and to thank the referee for helpful suggestions. A portion of this
research was completed while the author was a visitor at the Tata Institute for Fundamental

Research. He would like to thank TIFR for the excellent working environment.

2 The GSOqy Integral

The unfolding in this case was communicated by Ginzburg. Any mistakes are the author’s
own. For g € G(A), fo.s € Io(s1) and fp, € Ip(s2) we define

0 = [ o w25 laanlrias(ra)aro)aan(r)g)s 00+ 1t s (0

A4



and

fEe(9) = /fP,sg(w[532143]$12(ll)I34(l2)$14(13)7$15(14)56‘35(55)$18(l6)9)¢_1(ll +b)dl; (5)

The main result of this section is the following

Theorem 3.1: For Re(s;) large, we have

©(9)Eq(g, s1)Ep(g, s2)dg = / Wo(9)f56,(9) Fs,(9)dg — (6)
2(A)G(F)\G(A) Z(AU(ANG(A)

Proof: We unfold the two Eisenstein series and obtain

> / 0(9) fs, (wg) £y (9)dyg.

wER\G/P(p(pyruw—1Q(F)w)\G(A)

By the Bruhat decomposition, every double coset in Q\G/P contains an element of the Weyl
group of G. The Weyl group of G may be identified with the set of permutations with sign 1
such that w(11—i) = 11—w(i) for all i. From the block structure of P and ) we see that there
are four elements of Q\G/P corresponding to the four possible values of #{i : i < 5, w(i) <
3}. For each double coset we choose the shortest element of the Weyl group in that coset as a
representative. Then the unipotent radical of P(2,3,4,5) is contained in (P(F)Nw™'Q(F)w)
for every coset but one. By cuspidality, all those integrals vanish. Our representative for the
remaining coset is wy = w([321532435]. The group (P(F)Nwy *Q(F)wy) consists of M (1,3, 4)
and the 7 dimensional unipotent group containing X;; fori = 1,2, j = 3,4, 5, as well as (1,9).
We make the change of variables g — w[534]g. The effect on the domain of integration is to
conjugate the “denominator” (P(F) N wy'Q(F)wg) by w[435]. The group M(1,3,4) maps
to M(1,3,5) and the unipotent subgroup now contains X;; for i =1,2,5 =5,7,8,9.

Next we perform a Fourier expansion of ¢ along the three dimensional unipotent subgroup
X35X45X47. Together with the unipotent subgroup we already have, this forms U(1,2,3,5),
hence the term corresponding to the trivial character vanishes. The action of M(1,3,5)
by conjugation permutes the remaining terms transitively. We choose as a representative
1 (u) = ¥ (ug5), which may also be viewed as a character of U(1,2,3,5). The stabilizer of
11 contains the two dimensional unipotent group X3;X3s and a subgroup M; of M(1,5)
isomorphic to GL; X GLy X GLy. Thus, (2) is equal to

for (Wag) fs, (w19) 0" (g)dyg, (7)
Z(A)N) (A)My (F)\G(A)



where Uy = U(1,2,3,5)X34X36, and V; is the product of X34 X34 and the seven dimensional
unipotent group above.

Next, we make the change of variables g — w[21]g. When N is conjugated by w[12],
X34 X36 is sent to to X14X16. We expand along X;5X;3. The nontrivial characters are per-
muted transitively by the action of M; on this group, while the trivial character contributes
zero by cuspidality. We take the character xq15(r1)z13(re) — 1(r1) as a representative. The
stabilizer contains Xs3, and a reductive part Mo isomorphic to GL? x G'Ly. We then expand
along X4 Xo6, choosing this time woy(r1)x26(r2) — ¥ (r1) as our representative for the non-
trivial orbit. The stabilizer contains X,4. Factoring the integration over Xs3.X,6, we have

shown that (7) is equal to

/ o (W29) foo (w19)0™* %% (g)dyg, (8)

Z(A)N3(A)M3(F)\G(A)

where N3 = Xo3 X6 X14X16w[12] Nyw(21], Us is the unipotent subgroup containing all positive
root spaces except X34 and Xsg, ¥3(u) = 1(ug + Ugy + ugs), and Mz = GL3 is the stabilizer
of Y3 in T.

We change variables g — w[34]g. The group w[43]Usw[34] consists of X5, and the
group V; which is the product of every positive root space except (4,5),(4,6) and (3,5).
If 14 (u) g (w[34]uw[43]) for u = vass(r) € wd3|Usw(34] 14(v) = 4(u) = (U1 + ugz + uszq).
Clearly, pUs¥3(w[34]g) = @wH3IUswBva(g) We express this as an integral over X5, and one
over the group Vj. generated by all the other root spaces. Then, we expand ¢ along Xs; :

/ dodrdr
&ZF/(F\A)Q /‘/4(F)\V4(A) (w5 (r)vsa(r)g)a(v)y (ar)dudrdr

As ¢ is left G(F)-invariant, we may introduce zs4(cv) at the far left. Now zsq(a)zss(r) =
x35(1)w34(ar)zss(a). We conjugate xs4 to the right, and after suitable changes of variable,

we obtain
[ e st )ar
A

Where U, = X35V4 and we extend the character v, trivially. The root space Xs54 is in

w[43] N3[w34], so we may collapse the integration. We now have
[t fa(ulsszisaget g)ds )
Z(A)Ns(A)Ma(F)\G(A)

where Ny is obtained by deleting the root space X5y from w[43] Nsw[34], Us is the product
of all the positive root spaces except Xy5 and X6, and M, is the stabilizer of ¢4 in T.
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We observe that w[5342134] = w[2532143]. The leading two can be deleted as fs, is P(F)-
invariant. Finally, we expand along X5 and X6, and then factor the unipotent integration
N4\U, to obtain the right-hand side of (6).

3 The Unramified Computation for GSO;

We now consider the local unramified integral which results from (9). In this section F' will
denote a non-archimedean local field, 7 an unramified irreducible representation of G(F'),
with trivial central character, and fgSl and f 1352 will denote the local analogues of the global
functionals defined above. Also, in this section we work exclusively with F' points of our
various algebraic groups (G, T, Z, etc.) and hence may suppress the “(F")” from the notation.

The integral we consider is

/ Wa(9)fE . (9)f5.,(9)dg. (10)

ZU\G

The main result of this section is
Proposition: For all unramified data and Re(s;) sufficiently large, the integral (10) is

equal to
L(3s1 — 289, m, Spin~)L(3s; + 2s9 — 2,7, Spin™)

((651)¢(651 — 1)2C(651 — 2)¢ (1251 — 4)((852)¢ (852 — 2)

The denominator here matches the product of the normalizing factors of the two Eisenstein

series exactly.

Proof: By the Iwasawa decomposition, (10) equals
[ w1808 0. (11)
Z\T
We now compute féiﬁ (t), which is defined by
fg,s1 (t) = / fQ751 (w[3254]x23(r1)x45 (T2)$46(T3)1’27(T4)t)¢_1(Tl + 19 + 7’3)d7’i. (12)
4
The integration in r4 gives an intertwining operator from [ ndg(% to Ind%y,, where

. e g |t
Xor (diag(ty, ta, s, ta, b, 1, - .. ) = [E75E5E5 5 [ t_g -




Let f;Sl denote the normalized spherical vector in this latter space. Then by a well known

calculation we get

fg,sl (t) == 68(;8: D) /f w(254 9523(7“1)5645(7"2)3346(7“3)75)1&71(7”1 + 79 4 1r3)dr;. (13)

Each of the roots aw, ay, a5 defines an embedding of S L, into G. As no two of these roots are
connected, the images of SLy commute. Put differently, we obtain an embedding of SL3 into
G. The integration in the remaining three variables essentially gives Whittaker functionals
on our three SLy’s.

More explicitly, beginning from (13) we conjugate ¢ to the right, and make a change of

variables in the r;. We now need to evaluate the integral
o _1,t2 ty ty
sz (U)[245]1‘23(7‘1).T45(7’2)l’46(7"3))’¢ (—7’1 + —ro + —Tg)dTi.
s ts 5 le

We split the integration in r3 into an integral over the ring of integers o and one over F' — o.
The first contributes

f;SI (w[24]:c23(7’1)a;45(r2))w* ( T+ t—rg d?“ldrg/w 7“3 d?“g,
2

t3

while the second gives

ty

[ [ 2, wtem(rmsta)ents s ) e+ s+ e,
F2 3 5 6

where ds(r;') = diag(1,1,1,73", 75", r3, 73,1, 1,1). This, in turn, is equal to

t
f051 (w[24]x23(r1)x45(7’2))1/) <t2 1 + —7”2 dT’ldT’Q |T |681 ! (t—T3>dT3.
2 3 7

The other variables behave similarly. Since

/w 7—71 d?“—i— / ’7”651 1¢ TT’) C(651 2) (1 N |7_‘631—2 q—651+2)7

s —1)
6s1—2
q—681+2>

6s1—2
q—681—|—2> <1 _

10

overall we get

ta

t3

21

ts

((6s —2)3 -
((651)¢ (651 — 1)




(7

lo

(1_

The computation of fﬁm is similar. In this case, the integrals in 3 to lg give intertwining

6s1—2
—6s1+2 6464 —6,—3,—351|424—143,—2,-2
q i ) ‘t1t3t4 5 lg ’1|t2t3 tyts g ‘

operators, and the integrals in /1 and [y give Whittaker functionals on embedded SLs’s. The

outcome is Rso—d
N P A PN Y e
52 C(SSQ)C(SSQ - 2) t2
¢ 8s0—4
(1 -5 q) [t ety atdts 2 e e 2 P
Also 18164442
_ Uilalgly
35(t) = G
Let 7; = t-til i =1to4 and 75 = ’;—2 Then the variables 7; define coordinates on Z\T. Let

K (t) = W,(t)65(t)"2. Then we have shown that (11) is equal to

C(6s1 —2)3¢(8sy — 4)?
((651)¢(6s1 — 1)%C(852)C(8s2 — 2) Jp

K (t)n(t)dt, (14)

77(75) _ H (1_|Tip’6slf2) H (1_|Tip‘85274)’7_1‘6517432|7_2|6s172|7_3|1251745272|7_4|3517232|T5|3sl+25272.
1=2,4,5 1=1,3

Next, we use the Casselman-Shalika formula. Let n; denote the valuation of 7;, so that
|7;| = ¢~ ™. Then the Casselman-Shalika formula states first that K, (t) is zero if any of
the n; is negative, and that if they are all positive, then it is equal to the trace of the
irreducible representation of Spinio(C) with highest weight > .n;w;, where w; is the ith
fundamental weight, evaluated at the semisimple conjugacy class associated to the local
unramified representation 7. Finally, we let © = ¢ 31+ y = ¢722*! Putting all of this

together, we find that the integral in (14) is equal to

oo

2(n;+1 4(n;+1 2n1+2n2+4nz+ng+ns ,,—2n1 —2n3—ng+n
E (n17n27n3,n4’n5> H (1—$( i )) H(l_y( i ))x 1 2 s¥natns,, 1 3—natns
n; =0 i=2,4,5 i=1,3

It follows from the result of Brion ( see [Br] and also [G] p. 781) that

L(3s1+ 25 = 2,m, Spin®) = ) (m1,0,0,0,m5) ()"

m1,m5=0

11



o0

L(3sy — 289, m, Spin™) = Z (1, 0,0, kg, 0) (zy~ 1) 2r s
k1,kqs=0

The proposition is now reduced to the identity

° 1 — g2(nit1) 1 — y4(ni+1) o 21t 4 o2
E (nb No, N3, N, n5) H 5 H . ni+2na+ n3+n4+n5y* ni1—2n3—ng+ns
‘ 11—z , 1—y
n;=0 1=2,4,5 i=1,3
(o]
=(1—2H(1 -2 § (m1,0,0,0,m5)(k1,0,0, ky, 0)g2mitmat2kithay 2mitms=2ki=ks (15)
mj,k;=0

The method of proof is as in [G-H2|. Let
P(u) = (1 —u®) + (u® —?)(1,0,0,0,0) +*(0,0,0,1,0) — u°(0,0,0,0,1),

P'(u) = (1 —u®) + (u® —u?)(1,0,0,0,0) +2*(0,0,0,0,1) — u*(0,0,0,1,0).
Then

P(zy)L(3s; + 2s9 — 2,7, Spin™) = Z(O, 0,0,0,m)(zy)™

m=0

P'(wy™")L(3s1 — 282, m, Spin~) = » (0,0,0,k,0)(zy™")".
k=0
We multiply the left hand side of (15) by P'(xy™1).

Lemma: The outcome is

o

1l—=x _

} :(nl’ Na, N3, N, n5>—x2n1+2n2+4n3+n4+n5y2m+2n3 n4tns (16)
n; =0

Proof of Lemma: We denote the weight ) . n;w; by n. Let
£1<ﬂ) = 2711 + 2712 + 4713 +ng + Ns,

gg(ﬂ) = 2711 + 2713 — Ny + Ns.

Let
hy(z,y) = 21yl H (1 — y~4mitD)) H (1 — 22Dy,

i=1,3 =245
which, up to a factor of (1 — 2?)3(1 — y=*)?, is the coefficient of (ny,ns, n3, ng, ns) in (15),
for n; > 0. Also, if any of the n; is —1, then h,(x,y) = 0. It follows that the coefficient of

(n17 No, N3, Ny, n5) in
o0

Pl(xy_l) Z (n17 Ng, 13, Ny, nS)hQ(xy y)

n; =0
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is
(1=a®y ) hu(z, y)+(2% Y (@ )42ty by (@, y) =2y (),
wel wel's wel'y

where I'; denotes the set of weights of the representation with highest weight w;. Let
Hy _ l'_él (Q)y—ﬁg(y) (1 - }/ly4w1—4)(1 . X2172_2w2)(1 o }/éy4w3—4) (1 o X4$2—2w4) (1 . X5l'2_2w5).

Then the lemma is equivalent to the identity

(1 — 2%y ®)Hy + (2° ZH +xy3ZH _5ZH£

weTy weT's wely
= (1 —2)2(1 —y (1 — 2 (1 — X52?).
This is just an identity of polynomials (with y~* being one of the variables), and may be

verified by the computer algebra system of your choice.
Now we multiply (16) by P(zy).

Lemma:
}OO: 1 — g5t 2n1+2np+4 2n1+2
P(J?y) (nth, n37n4,n5) : 5 pimtinet n3+n4+n5y n1+2n3—ng4+ns
— T
n;=0
(o]
E (0’ N, 0’ Na, n5)$2n2+n4+n5y*n4+n5. (17)

ng,n4,mn5=0
Proof of Lemma: Let
h! (z,y) = xél(@)yéz(@)(l _ $2(n5+1))'
The coefficient of (ny, ng, ns, n4, ns) on the left hand side of (17) is
(1 — 2% hl + (2% — 2%y?) Z by + 2°Y° Z oy — 2°Y° Z Py
MEFIﬂ yEFf MGF
where

(Note that |w;| < 1 for all 7, and all w under consideration. It is not necessary to exclude
the terms with ws > ny from our sum, because these terms vanish anyway.) We must show
that this sum is 0 if n; or ng is nonzero, and (1 — z?)x1®@y%21) otherwise.
Let
H! (z,y, X5) = 2~ 0@y~ _ X z22ws)
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so that
(2, y) = 2@y (2,y,27m).

For each o € {0,1}* we define
Ff:{geflalzl<:>wzzl}

Let
Q7 = (1 — %) Hj + (2%° — 2%y?) Z H,, + 2y’ Z H, — 2’y Z H,,.
wel' wel'] wel'g

Then lengthy but straightforward computation shows that

1-2*> 0=1(0,0,0,0),(1,0,1,0)
QU($>ZJ7X5): —1—|—ZE2 0 = (1707()’0)’(0707170)
0 otherwise.
The result follows.
Equation (15) is now reduced to
(1= 3 (0,m2,0,m4, ng)a? ey =t =N (0,0,0, k4, 0)(0,0,0,0,mg )zt ey mhiems,
ng,na,m5=0 ms,kqs=0
(18)
This, in turn, follows from the identity
(0,0,0, ks, 0)(0,0,0,0,ms) = > (0,a,0,b,¢).
a,b,c:a+rgxin(b,kc)Smin(k4,m5)
—c=kg—ms

which is due to Okada [O]. See also [K].

4 The Global Integral for GSO;

In this integral, we will allow nontrivial characters. Observe that now the Satake parameters
may not be in Spiniy(C) C GSpinga(C).
We define a rational character ds of Mg by

ds <gh*> = det g.

Here * is defined by the condition that this matrix is in GSO;5. Let P denote the Siegel
parabolic. We define a rational character dg of Mp by

ds (7' ¢,) = det gi.

14



Then the lattice of rational characters of @) (resp. P) is generated by d3 (resp. dg) and the
similitude factor A\, which is a rational character of GSO15. We fix two characters y; and
x2 of F\A, and let s; and sp be complex variables. We define three quasicharacter- valued

variables depending on this data:
Xi(r) = [r[* xi (r)wn(r)

Xa(r) = [r[**xa(r)

X5(r) = [r| 7T () P (w2 (r).
Then we consider two Eisenstein series: Eg(g, X)) associated with I ndggi‘;(x’l o d3), and

IGDE:; (xy 0ds). We let fy, and f,, denote the vectors in these

induced spaces, respectively. The integral we consider is

Ep(g,x5%), associated with Ind

©(9)Eq(9,x1)Epr (g, x5)x5(A(9))dg. (19)
Z(A)G(F)\G(A)

(Observe that the integrand is indeed Z(A)- invariant.)
Let

vlg) = /fxfl(w[3423156]9612(7“1)%4(7“2)$18(7“3)9334(T4)5E38(7“5)$56(7‘6)$57(7“7)9)¢(7’1+7“4+7“6—|-r7)d7“z‘,

A7
(20)

and let

f)ffz(g) = /fxg(w[643524]$21(51)$13(l2)$23(l3)$25(l4)$26(l5)9€29(l6)$45(l7)$46(58)9)¢(l3+l7)dli-
A8

Then we prove

Proposition: The integral (19) is equal to
W (9)f1: (9) 1 (9)x5(Mg))dg. (21)
Z(A)U(ANG(A)

Proof: We unfold the two Eisenstein series, and analyze the contributions from the double
cosets Q\G/P. As before, all but one of them contribute zero to the integral. For the one

that does not, we choose as a representative the element wy = w([346234512346]. We obtain,

/ ©(9) f; (wog) fr, (9)x3(A(g))dg, (22)

Z(A)Mo(F)No(F)\G(A)
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where My = M (1,2,4,5) and

I O Cy
I
No = I Cik : 01,02 € M(lt3><3 ,
I

and C7 is defined by the condition that this matrix is in G, which also puts conditions on
Cs.

Next, we conjugate by wy = w[546]. This takes My to M (1,2,4,6), and Ny to the product
of the groups X;;, where i <3 and j =6 or j > 8.

Next, we expand ¢ along X46X48X56. The term corresponding to the trivial character is
the constant term of ¢ along P(1,2,3,4,6), hence it contributes zero. The group M (4, 6)
permutes the remaining characters transitively. We choose as a representative the character

¥ (usg). Its stabilizer contains X45.X47. We factor the integration over this group, obtaining

p(9)7 0 o (wowr ™ g) fy (wi ' 9) x5 (A(9))dy, (23)
Z(A)My (F)N1(F)\G(A)
where Ny = X5 Xgrwi Now; ', Uy = Xu5X47Up(1,2,3,4,6), the character 1y, is given by ¥y, (u) =
¥(usg), and My = G L3 x GL1 X GLs is a subgroup of M(1,2,6) given by a relation between
the similitude factor and the determinant of the G L, component.

Next, we conjugate by ws = w[123]. This takes M(1,2,6) to M(2,3,6), and U; to
X15X1,7Upa,2346)- We then expand ¢ along X;5X;3X14. The constant term contains in-
tegration corresponding to the constant term of ¢ along P(2,3,4,5,6), and the remaining
terms are permuted transitively by wyMjw; . We choose as a representative 1 (u) = 1 (u12).

The stabilizer contains X53X54. We factor the integration over this group, and obtain

p(9)"2% fy (wowr  wy ' g) fy (wi M wy " 9)x3(A(9))dg, (24)
Z(A)Ma(F)N2(F)\G(A)

where Uy = X3 X24Up(2,3.4,5), Yu, (1) = ¥(ur2 +use), My is a subgroup of M (3, 6) isomorphic
to GL; x GLy X GLy, and N, is the product of the groups X;; for the following pairs
(i,5) : (1,5),(1,7),(1,9), (1,10), (1,11),(2,3), (2,4), and 2 < i < 4,j =6 or 8 < j < 12 — 1.
Next, we expand ¢ along Xs5X97. The constant term contributes zero by cuspidality.
The other characters are permuted transitively by the copy of G Ly containing Xs7, and the
stabilizer of the character ¥ (u) = 1(ugs) contains Xs;. We factor the integration over this

group, and obtain

/ ©(9)">¥7s fr (wowy w3 g) fg, (w1 w3 g)x5(A(g))dy, (25)
Z(A)M;(F)Ns(F)\G(A)

16



where Us = X57:Up(3,4,6), Yu, (1) = ¥ (u12 + ugs + use), My is a subgroup of M (3) isomorphic
to GL2 X GLl, and N3 = X5,7N2.
The next step is to prove the identity

drnig = [ [ a2 a(ra)g s (0 drdtd.
F\A A
Uz (F)\U3(A) ()
(26)

where Uj is the group generated by all the one parameter subgroups X;; contained in Us,
except X3, Xo3, and Xy, and we treat ¢y, as a character of Uj by restriction. This is done
via arguments completely analogous to those before (9) in section 2.

Plugging (26) into (25), and making a change of variables in g, we obtain

/ / / ©(w32(t1)w54(t2)zs5(ts)u’ g)du'dt; x

Z(A)M3(F)N3(F)\G(A)  \(F\A)? Uz (F)\Uz(A)

X / Fy (wowy 'wy w13 (r1) g) fr (wihwy M aas(r1)g)dry | x5(M(g))dy, (27)
A

where N3 = Xo3Xy6N5. (It is, perhaps, worth noting that X310 X35X5,U5 is not a group.)
We conjugate by ws = w[1254], which takes X35 to Xi3, X35 to X14, X54 to Xyg, and Uj to
the subgroup of U consisting of the product of all X;; except (¢,7) = (1,2); (1, 3); (1,4); (1,6);
(1,8);(4,6);(5,6);(5,7). It also takes Mjz to a group containing a copy of G Ly embed-
ded so that the image of (17) is x14(r). Note that X57 = Xgs. We expand on Xj3Xgs.
The trivial character contributes zero, the remaining characters are permuted by our G Lo,
and the stabilizer of 1(us7) contains X;4. We factor this integration. We also note that

wow; wy ' wyz(r ) wowiwg ' C Q. We get

/ p(g)V v Iy, (wow; 'wy 'wy ') / I (wy twy w3 (r)wy g)drixs(Mg))dg,
Z(A)My(F)Ni(F)\G(A) A
(28)

where Uy is the subset of U containing all the X;; except (4,j) = (1,2) and (5,6), M, =
{diag(a,b,b,b,b,c,b,c,c,c,c,atbc)}, Yy, (u) = ¥ (ugs+uss +uss +usy), and Ny is the product
of the X;; for the following (7,7): i =1o0r 3, 7 > 5, except 8 i =2or 4, j =17,8, and (2,4)
and 2, 10.
Finally, we expand ¢ on Xy and Xy, and factor the integration over Ny(A)\U(A).
Plugging in
wow; twy twy T = w([43423156],
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and
wi twy fwy !t = w[13643524],

as well as wsw13(r)wy ' = w91 (r1), yields (21).

5 The Unramified Calculation for GSOq5

We now consider the local unramified integral which results from (21). In this section F' will
denote a non-archimedean local field, 7 an unramified irreducible representation of G(F),
with trivial central character, and f)?l and f)f,Q will denote the local analogues of the global
functionals defined above. As in section 2.1, we suppress the “(F')” from the notation. The
integral we consider is
/ We(9) fr, (9)F (9)x5(M(9))dg. (29)
ZU\G
The main result of this section is

Proposition: The integral (29) is equal to
L(5sy —2,m ® X2, St)L(4s1 — %, T ® X1, Spin)

L(8s1, 3w, )L(8s1 — 1, x3w, ) L(8s1 — 2, X3w,)2L(16s1 — 6, xjw2)L(10s2, x3)L(10s2 — 2, X3)L(10sy — 4, x3)’
(30)

Once again, the denominator matches the product of the normalizing factors of the Eisen-

stein series exactly.

Proof: As before, we invoke the Iwasawa decompostion and compute ff,i and f)fé We omit
many details, but remark that the addition of characters does not make matters more compli-
cated: since we assume all data is unramified, we may define u;,7 = 1,2 so that x}(r) = |r|*.
The only new wrinkle is the handling of the variables [; and /5 in the definition of ff;a which

is as follows: f}?,g(t) is equal to

/ fX/2 (’LU[643524].’E21 (ll)x23(13)$25(l4>$26(Z5).’1329<l6)3345(l7)1'46(lg)t)w(’f’llz -+ l3 + l7)d7’i.

The integration in /; amounts to taking the Fourier transform in this variable. The function
Iy = fy (w[643524] 291 (1) h) is easily seen to be L' and L? for s, sufficiently large by plugging
in the Iwasawa decomposition of 23, (/;) and noting that the smooth function f,, is bounded
on the compact set Kh. The integration in [ then gives the value of the original function at

0. Other than this the computation is the same as before. The outcome is

L(8s1 — 3, x3wr)* 2] t3
R s A1 " "

(t) = 1— = 1— =
Xl( ) L(8317 X%C‘“ﬂ’)L<881 15 X%WW)L(Ssl 27 X%u’ﬂ’)Z X t2p X t4p
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n (s n (s / ﬁ)t%té

l=xi|p L= X1 =p) ) X} o ds(w[3423156]tw[6513243]) | —552

to tr tot Ftot3
L(10sy — 4, x3)? tats to ty
L A2 24 / " "

(t) = dg(w|643524]t) | 1 — — 1— — :
XQ( ) L(lOSQ’ X%)L(]_OSQ - 2’ X%) t3tgt%t7 XQO 6<w[ ] ) X2 tgp XQ t5p
Where p is a uniformizer, and we have introduced the notation 7 (r) = x}(r)|r|™3, and
X5(r) = x5(r)|r[~

While our full integrand is Z-invariant, the individual terms that make it up are not.

Y

So, to be quite explicit, we replace the integral over Z\T with one over the subgroup of T’

consisting of elements of the form
t = (TiToT3TuTsT6, ToT3T4T5T6, T3TaT5T6, TAT5T65 T5T6, 765 Ty - - - )

which maps isomorphically onto Z\T. We let K,(t) = W,(¢)d5(t)"2. Then the above choice
of subgroup will be convenient when we to evaluate K, (t).

We also get

Salt) = [0ty
ds(w[3423156)tw[6513243)) = To73TiToTE,
de(w[643524]tw([425346)) = Ty 37T,

and A\(t) = 7576.

Collecting everything together, we have shown that (29) is equal to

L(881 - 37 X%WW)ZLL(lOSQ - 4a X%>2
L(8s1, X3wx)L(8s1 — 1, x3wx ) L(8s2 — 2, x3wx)?L(10s2, x3) L(10s2 — 2, x3)

(31)

/Kw(t) H (1= x{(pm)) H(l—X'z'(pTz‘))Xi(TszTngTg)Xlz(717375373)X§(T576)

AT i=1,3,5,6 i=2,4
—-4_—-6_-10_-12,_-3_—7|1
|7y 51y Oy Ty Ty T |2t

The value of K,(t) is given by the Casselman-Shalika [C-S] formula as follows: for i =
1,...6, let |7;] = ¢7™, and let w; denote the ith fundamental weight of Spini2(C). Let
(ny,ng,n3, N4, N5, ng) denote the irreducible representation of Spinis(C) with highest weight
niwy, + -+ + ngwg. Let a be an integer such that a = ns + ng mod 2. Then there is
a unique representation of GSpini2(C) such that Spini2(C) acts by (ni,ns, ns, ng, ns, ne)
and every scalar \ acts by A\*. We denote this representation by (ni, no, ng, ng, ns, ne; a). So
St = (1,0,0,0,0,0;0) and Spin = (0,0,0,0,1,0;1). Then for ¢ as above with |r;| = ¢~™,

the value of K, (t) is equal to the trace of (ni,ns,ns, ng, ns, neg;ns + ng), evaluated at the
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semisimple conjugacy class in GSpin;o(C) associated to the representation 7. As before, we
abuse notation and refer to this evaluation as (nq, ng, ns, ng, ns, ne; 15 + ng) also.

Let 2 = x2(p)g 522,y = x1(p)g %2, w = wx(p). Observe that
(nla No, N3, Ny, N5, Mg, A + 2b) - wb<n17 N9, N3, Ty, N5, Ne; CL). (32)

By the Poincaré identity and work of Brion [Br|, we have

3 i 1 — (2w)E+D
(1—y4w2)L(451—§,7T®X1,Spin) = > (0,0, 0,64,65,0;2£2+4€4+£5)y2f2+4f4+f5( 1(‘” w; ),
l2,04,05=0 ( - y 'I,U)
and -
(1—2%)L(5s2 — 2,7 @ xa, 5t) = Y _(£1,0,0,0,0,0;0)z"
¢1=0

The stated result is now reduced to the following identity:

i 1 — wa (ni+1) 1 — g2(nitl)
> (n1,n,n5,n4,m5,n6;n5 +16) | | f_y;w 11 .2
;=0 i=1,3,5,6 i=2,4
xm+n3+n6y2n2+2n3+4n4+n5+n6wn2+n3+2n4
> 1 — (¢2q)¥s+D)
= 3 (0002,0, 04, 05,0526 + 4Ly + £5)(£1,0,0,0,0,0; 012+t 1<y “2
01,62,64,05=0 -y
(33)
If the central character of « is trivial, this reads
o0
1— 2(n;+1) 1 — 2(n;+1)
Z (n17 N2, N3, M4, N5, n6) H y_ 9 H 1 & 9 xn1+n3+n6y2n2+2n3+4n4+n5+n6
;=0 i=1,3,5,6 Yy i r
00 2(05+1
= D (0,62,0,6,65,0)(61,0,0,0,0,0) 252+4f4+‘51_1y—(5) (34)
01,09,04,65=0 Y

We show first that (34) implies (33). To do this, we replace each of the rational functions

by a sum, e.g.
1— ( n1+1

l—yw —Zy%w

We then use (32) to eliminate w entirely obtaining an identity of power series in x and y

alone. Then (33) amounts to a formula for the decomposition of Sym?(Spin)® Sym?®(St) into
irreducibles, and (34) is the same formula for restrictions to Spini2(C). The only information

lost is the action of scalars, and this is easily recovered: since scalars act trivially on St and
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by their first powers on Spin, they will act by their ath powers on every constituent of
Sym?(Spin) ® Sym®(St). This is reflected in the power series as the property that when we
expand the rational functions and absorb the w’s, then every term on both sides has the
property that the quantity after the semicolon is equal to the exponent of y.

Next, we prove (34). To do this we make use of work of Black, King, and Wybourne
[B-K-W]. Note that the relevant results have also been reformulated in the appendix to
[Ga-H], so as to make the meaning of the “modification rules” (see below) more transparent.
In their paper, the representation (n, ng, ng, ng, ns, ng) is denoted by [v]1 if ns = ng mod 2,
and [A;v]y if not, where n; = v; — ;11,0 = 1 to 5, 15 = LMJ, and the sign =+ is equal
to the sign of ng — ns. (When ns — ng, we technically don’t have a sign, but may safely put
either. Here, it will be convenient to put “—".) Thus we must break (34) into two pieces

corresponding to the “tensor” and “spinor” cases. The “tensor” identity is

oo 1 — 2(n;+1) 1— I.Q(Tli-l-l)
Z <n17 No, N3, Ny, N5, TLG) H 1 Y 2 1 2 $n1+n3+n6y2n2+2n3+4n4+n5+n6
_m=0 i=1,3,5,6 —Y i=2,4 -z
ng=ng mo
- 0, 62,0, £4,2¢5,0)(¢1,0,0,0,0,0)z" ”2+4f4+2‘f51_y—%+1) 35
- Z ( 2 4, 5 )( 1 ) 3/ 1 _ ) ( )
l1,02,04,05=0 y

while the spinor has ns # ng mod 2 on the left side and 2¢5 + 1 replacing 25 on the right
side.
The relevant formula from [B-K-W] is

Al =D (A ¢nB) - (1/¢)) -
UES

In our case, the value of p is given by
(g + Ly + £5)* (€4 + 05) 03,

while A is the partition with one part ¢;. So ( and n must also have one part, and the B just

goes away. We get
01 l1—1

ZZ (b —i—37)- (u/5)]-

=0 7=0
We next note that

:u/] = Za(gv a),

a

where the sum is over triples a = (aq, a4, ag) of nonnegative integers satisfying

ag < o, ay < Uy, ag < U, az + as + ag = J,
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and
O'(G,g) :€2+€4+£5,£2—a2+€4+€5,€4+€5,£4—a4+€5,€5,€5—a6,

and hence that

(—i—j)-(n/j) =) _7(tab)

a,b

where the sum is over 10-tuples a,b = (as, ..., br) of nonnegative integers satisfying

ag+ -+ by =14, —1, by < ay, ag + by < 4y,
by < ay, ay + by < 4y, bs < ag, ag + by < {5,

and
T(l,a,b) = lo+ly+Ll5+by, lo—as+by+Ly+l5, b4+ l5+bs, by —as+by+ U5, U5+bs, ls—ag+Dbg, br.

Thus, the original sum is equal to

2(205+1
Z[él - Z ag — Z bky T(£7 a, b)]_xfly2€2+4£4+255 ! _1y ( ; ) )
l,a,b k k - Y
where the sum is over 14-tuples (¢4, . .., b;7) of nonnegative integers, satisfying the inequalities

above, and the additional condition
él —Zak—Zbk ZO
k k

Now, we must apply modification rules. As noted on p.1581 of [B-K-W], it is necessary
to first apply the modification rule for Ug to obtain a pair of partitions with six or fewer
total parts, and then apply the one for SO;5 to obtain a single partition.

There are four possibilities:
1. If 64 — >, ar — >, by = by = 0 then no modification is necessary.

2. If by =", ar, — >, b, = by = 1, then the Us modification rule simply deletes these two
1’s and introduces a minus sign. (These terms will cancel some of the terms of the first

type.) The result does not need to be modified further.

3. I 6 — > a— Y b > 0, and by = bg = {5 — ag = 0, then the Us modification rule
leaves it alone, and the SO;5 rule does not. We go into this in more detail below,
but the main thing here is that this will produce characters of the form [v],, not [v]_.

Hence there is no cancellation between these, and the ones coming from the first two.
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4. In all other cases, the Ug modification rule gives 0.

Equation (35) thus splits further into two parts

> 1- yQ(ni—H) 1 - x2(ni+1) ni1+ns+ne, 2n ns+4ns+ns—+ne
Z (nl,ng,ng,n4,n5,n6) H [ y2 .2 1+n3+ 6y2 2+2n3+4na+ns+ne
n5znng:(t)nod 2 =1,3,56 =24
n52ne
1 — 226:+1)
- Z(1)(())627076472€5)0)(€17070707Oa0)$£1y2£2+4ﬁ4+265 y 2 +
L,ab l-y
1 — 2(265+1)
Z @ (07 627 07 647 2£5a O)(£17 07 07 Oa 07 0)x£1y2£2+4£4+%5 y—Qa (36)
tab l—y
and
o 1 — 2(n;+1) 1 — 2(n;+1)
Z (nl, No, N3, N4, N5, nﬁ) H 1 y_ y2 H 7 :E_ o xn1+n3+n6y2n2+2n3+4n4+n5+n6
nsznnﬁi:(y)nod ) 1=1,3,5,6 =24
n5<ng
1 — 2(205+1)
= Z ®) (Oa £2a 07 647 2€57 O)(fla 07 07 07 Oa O)$€1y2€2+4£4+2€51y_—y27 (37)

£,a,b

where Y~ () denotes summation with the additional conditions given in case i above. We

turn first to (36). In each sum, we make the change of variables

’ I / / /
a2:a2—bg, &4:&4—b4, CL6:CL6—Z)6, 62262—012—63:62—@2—()2—()3,

52264—a4—b5:€4—a2—b4—b5, 655265_a6:£5_a/6_bﬁ'

The conditions previously imposed are equivalent to the requirement that all of these new
variables be nonnegative. We collect the terms corresponding to ¢, a, b such that 7(¢, a, b) = v,

where v is given in terms of the n; as above. Specifically, this amounts to

/ / /
n1:b1+a2, n2:b2+€2, n3:b3+a4,
N5 — Ng

2

ny = by + 0}, ne = bs + ag, = bg + (5.
Now,
205 + 40y + 205 = 20, + 2al + 2by + 2bs + 40 + 4aly + 4by + 4bs + 205 + 2ag + 2bg
= 2ny + 2n3 + 4ny + ns + ng + 2a4, + 2a + 20bs.
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In the first sum,
61:a'2+aﬁ1—|—a’6+b1+2b2+bg+264+b5+2b6:n1+n3+n6+2b2+2()4+266,

while in the second sum, it is equal to this same quantity plus 2. Also, the first sum is
over all d’, b, ' satisfying the equalities above, while the second has the additional condition
(% > 0. We may express each sum as a sum over aj, al, ag, ba, by, bg. The shift bg — bg + 1
makes the exponents agree. Taking the difference, leaves only the terms corresponding to

bg = 0. The summation in aj, a/j, by, and by is straightforward, and yields

1 — xQ(ng—i—l) 1— x2(n4+1) 1— y2(n1+1) 1 — y2(n3+1)

1 — a2 1 — a2 1 —y? 1—92

The summation in ay is

- 1 — g2 not206) 1 2\—1 & 2 : 2(ng+1 ~ 2a!
Z y nG 0‘6 1 — e (1 — y )_ Z y (nﬁ_aG) _ y (n5+ ) Z y ag
ag=0 y a;=0 ag=0

1 _ yQ(NS"Fl) 1 _ yQ(n6+1)
1= y? 1—y?

This completes the proof of (36).
We now turn to (37). We first compute the contribution to (37) corresponding to a fixed
pair {8;7}. Let m; = 7, — 7341, for 1 < < 4. And let a, ¢;,i = 2,4, 6 be defined as before The

sum over triples ¢, a, b, such that f5 —ag = bg = by =0and {¢; — >, ap — >, bi;7({,a,b)} =

{5,7} is equal to the sum over ¢, a, b subject to the following conditions

a’2+b1:m1, €'2+b2:m2, af4+b3:m3, £2+b4:m4, €g+b5:7'5,
El:s+€5+a’2+ag+bl+ng+b3+2b4—l—b5:s+m1+m3—|—75—|—2b2—|—2b4.

Furthermore,
262 + 464 —+ 65 = 2m2 + 2m3 + 4TTL4 + 47'5 + 2&12 + 2&2 — 265

The sums on by, by, a}, and @) yield

1— xQ(mz—&-l) 1— xQ(m4+1) 1 — y2(m1+1) 1— yQ(m3+1)

1 —a? 1 —a? 1—y? 1—9y2
and
T5 1_ 2(205+1) 1_y(75+1) 2
—2 _ 20 2 2 —2r
Syt (v i) = ()
5=
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so overall we get

2(ma+1 2(ma+1 2(my+1 2(ma+1 2(75+1) \ 2
l‘ml+M3+T5+5y2m2+QM3+4m4+27'5 1 —g?math ] — g2t — Y (it ] — Y (math) /1 — Yy (1)
1—22 1 — a2 1 —y? 1—y? 1—9?
(38)
There are six pairs {3;7} such that under the SO;5 modification rule [5;7]_ = £[v],,

where v is associated to n; as above. They are:

{7
{vs+1
{vi+2
{vs+3
{ro+14
{ri+5

I
9

Y

V17U2’I/3,I/4,U5}
Vi,V2,V3, V4, Vg — 1}
Vi1,V2,V3, V5 — 17V6 - 1}

V17V27V4_17V5_17V6_1}

1/1,V3—1,V4—1,V5—1,V6—1}

vo— Livg—1vy—1vs — 1,15 — 1}

The signs 4+ alternate, starting with plus. The corresponding values of m;, 75, m1 + ms3 + s,

and 2mqy + 2ms + 4my + 275 are as follows:

m Ts5 mp+msg+75+S 2m2+2m3+4m4+27'5

N1, Na, N3, Ny e ny + ns + ng 29 + 203 + Ang + 15 + ng
nl,n2,n3,n4—|—n5+1 %—1 ni + N3 + ng 2n2+2n3+4n4+3n5+n6+2
nl,nQ,n3+n4+1,n5 %—1 n1+n3+2n4+n6+2 2n2+2n3+2n4+3n5+n6
ni, Ny +nz+ 1,ng,n5 | 257 — 1| ny +nz + 2ny + ng + 2 2Ny + 2n3 + 2ny4 + 3ns + ng
ny+ng + 1,3, 04,05 | P57 — 1| ny + 2np +ng + 2ng +ne + 4 | 2n3 + 2ny + 3ns + ng — 2

N9, N3, N4, N5 ot — 1 ny+2ng +ng + 2ng +ng +4 | 2n3 + 2ny + 3ns +ng — 2

Now we plug these six sets of values into (38), and introduce the notation X; = 2™, Y; = y™.

The identity (37) is reduced to the following equality of polynomials:

(1= X52%)(1 — Xia®)(1 = Vi) (1 — Yiy*) (1 — Y5Yey") Y5V

—(1 = X52%)(1 = XX (1= Vi) (1 = Ya'y®) (1 — Y5 Y)Y Y YTy

+(1 = X32%)(1 = X52) (1 = Yi'y?) (1 = VYY) (1 — Y Ye)  Xja Y)Yy

—(1 = X3X32") (1 = X32?) (1 = Yiy?) (1 = Yiy?) (1 = Y Y6 X3 Y'Yy

+(1 = X5a®)(1 = X5a?) (1 = YY) (1 = Yiy*) (1 — Y5 V) X5 XYy~

—(1 = X5a?)(1 = X52?)(1 = Y3y*) (1 = Y7y*) (1 — Ys '¥e) X3 XYty ™

= (1 X30%)(1 - X20%)(1 - Y2) (1 - Y2) (1 - Y2) (1 - Y2y V3v 7.

25




This is not hard to check: if one starts at the bottom and works one’s way up, then at each
stage, the sum only differs from the next term to be added in a few places. For example, the

difference of the last two terms consists of a large part that is the same in both:
(1 - X32°)(1 — X32%)(1 - Yy*) (1 - Y5 Yo ) X5 Xia Yy~
times a simple difference:
(1-YPYy') — (1 - Yo'y?) = Yoy (1 - YiP).
We get
(1— X2a?)(1 = X2)(1 = Y2)(1 = Y22)(1 - Y5 Yo 2 XEX 2 VY2,

which now has many terms in common with the third-to-last term, and so on. The “spinor”

case is handled similarly. (Note that the SO;5 modification rule is different in the “spinor

case.”)
References
[A-S] M. Asgari and R. Schmidt, Siegel modular forms and representations.

Manuscripta Math. 104 (2001), no. 2, 173200.

[B-K-W] G.R.E. Black, R.C. King, and B.G. Wybourne, Kronecker products for compact
semisimple Lie groups, J. Phys. A 16 (1983), no.8, 1555-1589.

[Br] M. Brion, Invariants d’un sous-groupe unipotent maximal d'un groupe semi-
simple, Ann. Inst. Fourier (Grenoble) 33 (1983), 1-27.

[Bul] D. Bump, The Rankin-Selberg method: a survey. Number theory, trace formulas
and discrete groups (Oslo, 1987), 49-109, Academic Press, Boston, MA, 1989

[Bu2] D. Bump, The Rankin-Selberg method: an introduction and survey,
inAutomorphic representations, L-functions and applications: progress and
prospects, 41-73, Ohio State Univ. Math. Res. Inst. Publ., 11, de Gruyter, Berlin,
2005.

[C-S] W. Casselman and J. Shalika, The unramified principal series of p-adic groups II:
The Whittaker function, Composition Math. 41 (1980), 207-231.

26



[Ga-H]

[(G-H1]

(G-H2]

[G-R-S]

W.T. Gan and J. Hundley, The Spin L function of quasi-split Dy, to appear in
IMRP.

D. Ginzburg, On Spin L Functions for Orthogonal Groups, Duke Math. J. Vol.
77, No. 3 (1995), 753-798.

D. Ginzburg and J. Hundley, Multivariable Rankin-Selberg Integrals for Orthog-
onal Groups, IMRN 2004, no. 58, 3097-3119.

D. Ginzburg and J. Hundley, On Spin L Functions for GSOy, to appear in J.
Reine Angewandte Mathematik.

D. Ginzburg, S. Rallis, and D. Soudry, Periods, poles of L functions, and
symplectic-orthogonal theta lifts, J. Reine Angew. Math. 487 (1997), 85-114.

J. Igusa, A Classification of Spinors Up to Dimension Twelve, Amer. J. Math.,
Vol. 92, No. 4 (1970), 997-1028.

C. Krattenthaler, Identities for classical group characters of nearly rectangular
shape. J. Algebra 209 (1998), no. 1, 1-64.

S. Okada, Applications of minor summation formulas to rectangular-shaped rep-
resentations of classical groups. J. Algebra 205 (1998), no. 2, 337-367.

F. Shahidi, On the Ramanujan Conjecture and finiteness of poles of certain L
functions, Annals of Math (2) Vol. 123 No. 3 1988 547-584

D. Soudry, Rankin-Selberg Convolutions for SOsy1 X GL,: Local Theory, Mem.
Amer. Math. Soc. 105 (1993), no. 500

27



