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Abstract

In this paper we begin the study of two Rankin-Selberg integrals defined on the
exceptional group of type GEg. We show that each factorizes and that the contribution
from the unramified places is, in one case, the degree 54 Euler product L (m x T, Eg X
G Ly, s) and in the other case the degree 30 Euler product L%(m x 7,A? x GLa, s).

1 Introduction

In this paper, we begin the study of the tower of Rankin-Selberg integrals which was
announced in [G-H3|. Specifically, we consider two integrals, which were labelled as
(c3) and (c4) in [G-H3]. In more details, let m denote an irreducible cuspidal generic
representation defined on the exceptional group GEg(A), and let 7 denote an irre-
ducible cuspidal representation of GL2(A). In the first integral we consider, we give a
Rankin-Selberg construction for the partial L function L (7 x 7, Eg X GLs, s). This is
an L function of degree 54. For the second construction, let @ denote an irreducible
cuspidal representation of GLg. The second L function we consider is the 30 degree L
function L® (7 x 7,A? x GLs, s).

One of the main ingredients of these two constructions is the way that the cuspidal
representation 7 is built in it. Starting with 7, we build a residual representation defined
on the group GSpinig(A), which we denote by 6. This representation was constructed
and studied in [G-H] where it was used in a slightly different way. In this paper, we
build it inside an Eisenstein series defined on the group GFEg(A). More precisely, let
P denote one of the standard maximal parabolic subgroups of GEg whose Levi part is
GSpinio. Let E-(g,s) denote the Eisenstein series which is associated to the induced
representation [ ndgiigA)GTdf;. In other words, our Eisenstein series is constructed
using a residual representation which is associated with a cuspidal representation on
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GL2(A). As far as we know this is the first time that such a construction is used. With
the above data, the first global integral we consider is given by

©0x(9)0(9)E+(g,5)dg
Z(A)G(F)\G(A)

where 6(g) is a vector in the space of the minimal representation of the exceptional
group Fg. The second integral is constructed using the same Eisenstein series, but it
is integrated over a subgroup of G FEg.

In each of the two cases, we first unfold the global integrals, and show that they are
Eulerian. This is now quite a standard procedure. Then, in each case, we carry out the
unramified computations. A part of the unramified computations for the first integral
involves an application of invariant theory to the Rankin-Selberg method in a way that
seems to be new. Specifically, we use a theorem of D.I. Panyushev [P1] which takes as
input an algebraic group G over an algebraically closed field of characteristic zero and a
G-variety X, and gives as output a subgroup K and a subvariety Y such that Y has the
structure of a K-variety and restriction of polynomial functions to a subvariety gives
an isomorphism of the two algebras of U-invariants. (Here U is a maximal unipotent
of G or K as appropriate.) This is applicable to our situation because checking that
the summation that is obtained from our integral is equal to the desired L function
amounts to the same thing as describing the decomposition of the symmetric algebra
of the representation (p, V') used to form an L function, which, in turn, amounts to the
same thing as describing the structure of the algebra C[V*]Y of U invariant polynomial
functions on the dual V*.

In both of the cases considered in this paper V = V; @ W where W is the standard
two dimensional representation of SL2(C) and (p1, V1) is an irreducible representation
of the other component in a product group. We pass from C[V*]V to C[V}* x V{]V.
Then, using the same trick as in [G-H2] Section 4 of multiplying by a certain polyno-
mial, we may simplify the summation. As described below this corresponds to passing
to C[Vj* x C]V where C is a certain cone. Each of these steps may be carried out for
either of the two representations we consider. Now, suppose we take G to be Eg(C)
and X to be the variety V}* x C obtained in the first case. Then K ~ GLg(C) and Y is
isomorphic to the analogous variety obtained in the second case. The required identity
then follows easily from the Littlewood-Richardson rule.

Interestingly enough, the treatment of the unramified computations corresponding
to the second integral does not “factor through” this identity. This is because the
summation obtained from the Rankin-Selberg integral in that case is not in a form
which is amenable to being multiplied by the polynomial to pass to C[V;* x CO]Y.

Finally, it should be mentioned that these L can be studied also using the Langlands
Shahidi method of Whittaker coefficients of Eisenstein series. Indeed, Fg x GLo is a
Levi subgroup of the exceptional group Eg, and E7 has a parabolic subgroup whose
Levi part is of type As x Aj. See [S] for details.
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with some of the algebro-geometric background for the work of Panyushev discussed
in section 4.3.

2  The Global integral for Egz x G L,

Let G = GEg denote the similitude group of the exceptional group FEg. For basic
definitions and notations we refer the reader to [G]. We shall denote the six simple
roots of G by «; ordered by the Dynkin diagram as in [G]. For each root « there is
a one dimensional unipotent subgroup U, of G associated to a. We fix a family of
isomorphisms z,, : G, — U,, where G, is the additive group, as in [Gk-Se] so that the
constants N(«, ) defined by

2a(r)zp(s)ta(=r)2s(=5) = Latps(N(a, B)rs)

are as in the table on p.416 of [Gk-Se]. We remark that they are all 0,1, or —1. (Here,
we abuse notation: if a+ 3 is not a root, there is no function z,3, but N(«a,3) =0
and z,45(0) is defined to be identity.) For 1 < i < 6, let s; denote the simple Weyl
element of G corresponding to the simple root «;. Let w; := x4, (1)z_q,(—1)xq,(1).
Then w; is a representative for s; in G, and wzg(r)w; ' = x4, 5(N(ay, B)r) with the
same coefficients N(a, ) as above, except in the case f = +aq;, in which case the
appropriate coefficient is —1. We remark that these coeflicients are all zero, 1 or -1,
and that there will be no delicate points regarding these signs in the first of our two
integrals. We shall denote by w[i1iz. . .4,] the product w;, wj, ... w;,.. As in [G] p. 104
we denote by h(to,t1,...,ts) the maximal torus of the group G. The action of the
Weyl group of G on this torus is described on that page.

Let 7 denote a generic cuspidal irreducible representation defined on the group
G(A), and for simplicity we shall assume that it has a trivial central character. Here
A is the ring of adeles of some global field F'. The precise definition of a generic
representation is given in [G] section 1.2. For our construction we will need to work with
the minimal representation of the group G. This representation was constructed and
studied in [G-R-S]. The construction there is defined on the group Eg, however there
are no problems to extend this definition to the similitude group. See [G-J] for a similar
definition for the similitude exceptional group GFE~. In this paper we shall denote a
function in the space of this representation by (g). Another representation we will need
for our construction was defined and studied in [G-H], section 3. The representation
constructed there was defined on the group GSO1p(A). A similar definition holds for the
group GSpinip(A). This representation depends on a cuspidal representation 7 defined
on PGLy(A), or, equivalently, defined on GLy(A) with trivial central character. We
shall denote a vector in this space by 6,(h) where h € GSpinio(A).

To introduce the Eisenstein series we shall use, let P denote the maximal standard
parabolic subgroup of G whose unipotent radical contains the one dimensional unipo-
tent subgroup U,,. Hence, the Levi factor of P is isomorphic to GSpinig x GL1. Let

E-(g,s) denote the Eisenstein series defined on the group G(A) from a vector f-(g,s)
(A)

in the induced representation ndg(i) 0,:0%. Here s is a complex variable.
Consider the global integral



©0r(9)0(9)E+(g,5)dg (1)
Z(A)G(F)\G(A)

Here ¢, is a vector in the space of m and Z denotes the center of G. Fix a character
¢ of the additive group F\A. We introduce a convenient shorthand for picking out
particular characters of our unipotent groups. The unipotent radical U(P) of P is
generated by the subgroups U, associated to those v = ), mja; such that ng > 0.
We put ¢y (p)(Tas(r)u’) = 1(r), and what this indicates is the ¢y py is trivial on U,
for all a not listed. Similarly, if V' denotes the maximal unipotent subgroup of the
Levi of P associated to our choice of simple roots, we define a character ¥y of V by
Yy (T, (1) Tay (12)Tas (13) Tas (r5)0) = ¥(r1 + 12 + 73 + 74), and we define a character
of the maximal unipotent subgroup U = VU (P) of G by

YU (Tay (1) %0y (12)Tag (73)Tay (T4) Tas (15) Tag (Tﬁ)“/) =Y(=r1—1r2 =13 — T4 —T5 — %)

Then the main result of this section is
Theorem: For Re(s) large, the integral (1) is equal to

/ oU P (g) Wi (21 (m1, ma, mz, ma)w[5645]9) fVY (22(11, lo)w[45]g, s)dmsdlidg,
Z(A)Uo(A)\G(A) AS

where

z1(m1, ma, m3, my) = L —(000010) (ml)x—(ooono)(m2)$—(000011)(m3)5€—(000111)(m4)

and z9(l1,12) = z_p00110(11)T000100(—12), and Uy is the 34 dimensional unipotent group

generated by {x010000(")Z001000(—7)Z010100(S)Z001100(—$)} and the unipotent subgroups

U, corresponding to the other 32 positive roots.

Remark: The above integral then factors as a product of local integrals. This follows

from the fact that each of the functionals pr — Wy(e),0 — 0UE)I¥(e), f.(-,5) —
Vi (e, s) lies in a one-dimensional space spanned by a product of local functionals.

Proof: We unfold the global integral (1). Assume that Re(s) is large. Unfolding the

Eisenstein series, integral (1) equals

©x(9)0(g) f-(g, s)dg. (2)
Z(A)P(F)\G(A)

ggﬁ;&é}. Next, we

expand the function (g) along the unipotent group U(P). We may sort the characters
of U(P) into orbits for the action of P by conjugation. By the smallness of the theta
representation (see [G-R-S]) only two of them contribute to the expansion. One is
the orbit consisting of the trivial character; the character iy (p) defined above is a
representative for the other.

We have

Here f:(g,s) is a function in the induced representation Ind

0(g) =0"Dlg)+ Y VDV (yg), (3)
+VEL(F)\P(F)
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where L is the stabilizer of 1y (p) in P, 0U(P)(g) is the constant term of #(g) along
U(P), and

gUPIY (g) = / 0(ug) by (p)(u)du.
U(P)(FNU(P)(A)

We plug the above expansion into (2). By the cuspidality of 7, the first term
contributes zero to the integral. We thus obtain

0x(9)0V 1 (9) £+ (g, s)dg. (4)
Z(A)L(F)\G(A)

The group L may be described as follows. Let M denote the group generated by all

unipotent elements x,(r) where a = Z?Zl m;a; and by all torus elements h(t, 1, . . ., t4, t2, t6).

Here m; are positive or negative. Thus M /Z = G Ls. Denote by V; the unipotent group
generated by all x,(r) where a = Z?Zl n;o; + as. Thus dimVy = 10. With these no-
tations we have L = MV,U(P).

Next we expand f, along V. The group M acts on the characters of V;(F\A) via
the exterior square representation. Thus there are three orbits. There are various ways
to visualize this action. For example having noted that the representation of GLj5 is
the exterior square, we may visualize its space as the space of 5 x 5 skew-symmetric
matrices. Then the 3 orbits correspond to the three possibilities for the rank, which
must be even. We also note that Vj is contained in a Levi isomorphic to G Spinig. For
purposes of understanding unipotent subgroups there is no problem with passing to
S019, and visualizing V7 as the set of matrices (I )I() in SOy, defined as in [G-H2],
in which case X is skew-symmetric about the non-standard diagonal. We may think
of a character as given by a matrix A of coefficients with the same skew-symmetry
property, by w(zl ; a;jx;j). For this presentation it is important to remember that the
action on characters is dual to the action on the matrices X. Alternatively, we may
parameterize characters by the elements of the Lie algebra of the corresponding lower
triangular parabolic of so1g (cf. [G-R-S], p.93).

One can check that the contributions to (4) coming from the small orbits are both
zero because of the cuspidality of w. Let us mention that in order to show this one
has to use the invariance properties of the function 8V )% (g), as described in [G-R-9]
Theorem 5.4. We choose as representative for the big orbit the character v; given by
1 (zo10110(71)To01110(r2)v]) = (11 + r2). Recall our convention from before: V; is the
product of the groups U, associated to roots a = Z?Zl n;ay; such that ng = 0,n5 > 0,
and what we mean is 1 |;; =1 for all o other than the two named. Thus, integral (4)
equals

0x(9)0V I (g) f1101 (g, 5)dg, (5)
Z(A)M: (F)Vi (F)U(P) (F)\G(A)

where fy LY (g, s) is defined in a similar way as V(")¥(g), and M; is the stabilizer of the

character v inside M. It consists of a four-dimensional unipotent groups Y; which is
the product of U,, a € {(100000); (101000); (101100); (111100)}, and a reductive part
isomorphic to GSp4 contained in the standard Levi with simple roots as, a3, ay. We



expand fy LY along Y7 and find that the nontrivial characters are permuted transitively

by this copy of GSps. We choose the representative described with our convention by
Ya2(y1) = ¥a(z100000(7)y}) = (). We denote the stabilizer of this character inside our
GSpy by Ms. As above, the trivial orbit contributes zero by cuspidality, and we now
factor the integration over the unipotent group U; = Y1V1U(P). Hence (5) equals

QU103 () gUPI (g) V242 (g ) dg. (6)
Z(A)Ma(F)UL(A)\G(A)

Here, we extended 1, to a character of Vo := Y1 V7 by 12 (y1v1) = 12(y1)¥1(v1). Also the
character 3 of Uy is given by v3(vou) = w;l(vg)wa(lp)(u) for vg € Vo and u € U(P).

The group M consists of a reductive part generated by U go100), the center Z,
the set of all h(a,b) = h(ab™',b?, ab?, ab?, ab*,v?,b), and a three dimensional unipotent
part

Y2 == {2010000(7")Z001000 (—7) Z010100(8)Z001100(—5)Z011100 (%) }-

Recall that f-(g, s) is a vector in the induced representation I ndggﬁg 6,6%. Hence the

unipotent integration that defines fy 2%2 amounts to taking a certain Fourier coefficient

of a function in the space of the representation .. In fact, it is essentially the same
Fourier coefficient denoted by 8%V in equation (7) of [G-H2]. Repeating the arguments
2

that appear in that paper, we first deduce that fy 29
the left, and then obtain the identity

is invariant by Upi1100(A) on

Pe0(g.8) = [ Pl L) ulaslg,s) @

where 22(l1,12) = T_(9o0110)(11)Z—(000100)(l2), and V4 is the product of the subgroups
U, corresponding to all of the roots a = ), n;a; with ng = 0 and ns > 0 except for
a itself. The character 14 of Vy is given by

¥4(2100000(71)2010000(72)Z001000 (T3) V) = Y (11 + 1o + 73).

We apply similar techniques to | F\A cp;] 13 (xo11100(7)g)dr. Recall that Uj is the product
of the subgroups U, corresponding to a certain set of roots. If, from this set, we delete
the roots (000010); (000110); (000011); (000111) and add

(001000); (001100); (011100); —(000010); —(000110), then the corresponding product of
U,’s is again a group, which we denote U,. By restricting 13 to the common subgroup
and then extending it trivially to Us, we obtain a character of Us which we again denote
by 3. Next, let Us = w[5645]Usw[5645] L, and 5(us) := 13(w[5645] usw[5645)).
Then

%(33100000(7"1)53010000(7“2)96001000(T3)5U000100(7“4)U,) =(—ry —ro—r3 —ry).

The identity

/ ¢¥1’¢3($011100(T)9)d7“=/ QY35 (2(my, ma, mg, ma)w[5645]g)dm;,  (8)
F\A A4



is an application of a trick, due to Jacquet-Shalika. The same trick appears on page
751 of [B-F-G] where it is explained in some detail. (The original instance, on page
218 of [J-S] is more complicated than our case here.) We now plug (7) and (8) into
(6), and factor the integration over the unipotent part of My to obtain

/ QU35 (21 (m1, ma, m3, ma)w[5645]9)0Y 1Y (g) fY404 (29(1y, o )w[45)g, s)dl;dm;dg

9)
Here the variable g is integrated over Z(A)GL2(F)Us(A)\G(A) and the variables [;
and m; are integrated over A. The group G L in the integration domain is generated
by the unipotent groups . (poo100)(7) and the torus h(a,b) defined above. The group
Uy, is the product of U; and the three dimensional unipotent part of Ms described
above. Finally, Us is the product of Us and this three dimensional unipotent part,
which may also be described as the product of the subgroups U, corresponding to all
of the positive roots a except for as, ag and as + ag.

Next we expand the function ¢5°'%% along the unipotent group generated by Zo00010 (r1)
and zgppo11(72) with points in F'\ A. Recall that My contains a subgroup isomorphic to
GLy. After conjugation by w[5645] this group acts with two orbits on this expansion.
The trivial one contributes zero by cuspidality. For the other we choose the representa-
tive 2000010(75) 000011 (") — ¥ (—r5), and the stabilizer consists of U,, and the torus T}
consisting of all A(1,b) for h(a, b) as above. Finally, we expand ¢ along zopp001(7¢) with
r¢ € F\A. The nontrivial characters are permuted by T3 (F') and we use 1)(—rg) as rep-
resentative. Observe ag root corresponds under w([5465] to ay and then under w[45] to
as. Hence when we factor the integration over Uy, (F')Y2(F)Uo11100(A)\Ua, (A)Y2(A)

we obtain f¥*¥ (22(11, la)w[45)g), and the stated identity follows. [ |

3 Unramified computations for EFgz x G L,

In this section, F' is a nonarchimedean local field at which all data is unramified.
Denote by I (Wx, 0, fr ) the integral

/Ww(zl (m1, ma, m3, ma)w[5645]9)0Y )Y (g) FY¥V (29(1y, 19)w[45]g, s)dl;dm;dg
ZU\G F6
(10)
Here W, 0V("):% and fy ¥ are the local functionals corresponding to the global objects
of the same name appearing in the last section. Since we are at an unramified prime
we may give formulae for them, as we will in due course. We shall prove
Proposition: Assume all data is unramified. Then for Re(s) large,

L(7T X T,E6 X GL2,4S — 3/2)
L(7,12s — 7/2)L(7, sym3,12s — 9/2)

Il (W7n 97 fT,s) —

Proof: We have

z1(ma, mg, m3, mq)w([5645] = w[5645]x000111 (1M1)Z000110(1M2)Z000010 (1123) Too0011 (1724).



We collapse the integrals over m; and g to obtain one integral of g over Z(A)U[\G(A)
where U is the subgroup of Uy which consists of all one dimensional unipotent root sub-
groups in Uy not including the roots 000111;000110;000010; 000011. Next we change
variables g — w[5645]g. We obtain

/Ww(9)9U(P)’w(w[5645]9)fy’wv(w[65]3?—000111(ll)x—ooouo(b)g, s)dl;dg  (12)
ZUI\G F2

Here Ul = w[5645] Ujw[5645]. Let U denote the maximal unipotent radical of G. The
quotient UJ\U is 6 dimensional, and can be identified with the unipotent group
33000010(m1)5r000011(m2)$000110(m3)1‘000111(m4)90010110(m5)96010111 (mg). Observe that the
functions, Wy, 0V P)¥ (w[5645]-), and f¥ (w[65]-, s) are all left-invariant by Up10110, Uo1o111.
The only dependency of the integrand on ms is a ¢¥(—msls) that comes from the com-
mutation relations and the equivariance of f; Vi along U,,. We may now interpret the
integration along [ as taking Fourier transform at ms. Integrating ms returns the value
of the original function at ms = 0. The situation with /; and mg is the same. Thus
(12) equals

/ /W )8V I (1[5645]y(my, ma, ma, ma)g) £YPY (w[65]z000010(11)Zoo0011 (M2)g, 8) (M1 )dmidg
ZU\G F4
(13)
Here Z/(mb ma,ms, m4) = $000010(m1)l‘000011(m2)$000110(m3)5€000111(m4)-
Lemma: We may express V(") ag

gU (P)v /fe 6]x000001 () g) Y (r)dr

where fy is the unramified vector in the induced representation I ndIGgél/ 4, normalized
so that

/fg(w[ﬁ]%OOOOOl(T))w(T)dT =1.
F

Proof: This follows from the construction of the minimal representation as a residue
of an Eisenstein series [G-R-S], together with the fact, which we have already used
in passing from the global integral to a product of local ones, that the functional
0 — V("% (¢), regarded as a U(P)-intertwining map from the minimal representation
to the one dimensional representation of U(P) by the character Yy (p), is unique up to
scalar and factors as a product of local functionals. Indeed, the proof of this uniquness
statement is similar to the one stated in [G-J] page 41. See also [Gu] proposition 4.8.1.
O

Using this realization, we obtain the identity

. 0V P)% ([5645)y(m1, ma, ms, ma)g)dmsdmy =
F

/fe(w[654]$000100(?“)96000110(?713)96000111(m4)g)¢(7’)d7’dm3dm4-
F3



Next we write the Iwasawa decomposition for G in integral (13), replacing inte-
gration over g € ZU\G by integration over t € Z\T. The appropriate measure is
0n (1 )( )dt, where t is the Haar measure on T, and dp ) is the modular quasicharacter
of the Borel subgroup B(G) of G. We recall the Casselman-Shalika formula, which may
be formulated as follows. Let ¢, be the semisimple conjulgacy class in LG associated
to the representation 7. For t € Z\T let K(t) = Wﬂ(t)ég(ﬁG). Let n; = v(a;(t)), where
v is the valuation in our local field. Consider Z?:1 n;w; where {w;} is the basis of
fundamental weights for G dual to the basis {a;} of roots of G. If this weight is
dominant, i.e., if all n; > 0, then the value of K, (¢) is the character (trace) of the irre-
ducible finite dimensional representation of G with this highest weight, evaluated at
tr. Otherwise, the value of K (t) is zero. We denote this by x g, (n1,n2, n3, n4, ns, ng)
or simply x g, (n), suppressing the dependence of ¢, which is fixed throughout.

A similar description holds for fY ’d’(t). Let ¢, denote the semisimple conjugacy
class in SLy(C) associated to 7 and let sym?t, denote its image in SL3(C) under the
symmetric square representation.

As in [G-H2], the construction of 6. is as a residue of an Eisenstein series [G-H2].
Let @ denote the parabolic of GSpinig used to define this Eisenstein series. Then, as
in section 4 of [G-H2] we have

FY(8,5) = Xy (mms)Xsia (n2) Xz, (n)5 (055 (055 (). (14)

Here the SLsy characters are evaluated at ¢,, and the SLj3 character is evaluated at
Symth.
We turn to the evaluation of

/f@(w[654]33000100(T)56000110(m3)$000111(m4)t)1/1(7“)d7’dm3dm4-
3

Conjugating t to the left, maklng appropriate Changes of variable, and using the fact

that fp is an element of IndG54 we obtain a factor of (54 Hw[654]tw[654] 1) |adatas(t))]
times the integral

/fe(w[654}:3000100(T)$ooo11o(m3)$ooo111(m4))¢(a4(t)r)drdm3dm4.
3

Direct computation shows that the value of this integral is the integer ng + 1.
We turn to

/2 £ (w[65]z000010(m1) Zooo011 (M2)t, 8)¥ (1 )dm; (15)
F

11
We collect (14) into two pieces: let p(t) = 6153(t)55(t)5§(MQ)(t) and

XSLy (1) = XsLs(11,13)XSLs (12)XSL, (15)



which we regard as a function on the weight lattice of Eg(C). In the integral (15) we
conjugate t to the left. It is convenient to introduce the notation t' = w[65]tw[65] "
and £V (t'; g, s) = pt) L £V (t'g, s). Then (15) equals

pu(t)|adag(t)| /F2 £V (' w[65] 000010 (M1)To00011 (M2), 8)1 (s (t)ma )dm;

If we collect together all of the quasicharacters from all of the factors, the result is

1 1 1 1
5 (w[654110(654) )| adadad(6)) 55 ()33 ()55 o) ()05 (1) = ladafadafaa(r) 2.

Let z = ¢~ *~3/2, putting everything together, (13) equals

o

D (1) xy (m)g?rm F3na st onat2ns s / . FEPV (5 w[65]2000010 (m1) 000011 (M2), 8)8 (p" ma )dim;.
77”;20 E

(16)
To compute the last integral we break the domain into four pieces depending on the
Iwasawa decomposition of w[65]xoo0010(m1)Z000011(m2) We introduce a bit of notation
which will help to keep the formulae short and focus attention where the action will
be for the next few pages. Thus, let

XEs (ﬁ/? a, b) = XEs (711, n2,ns,ng, a, b):

XsLy (05 a) = Xs15(n1,13)X5L, (n2) XL, (@),
l(n) = 2n; + 3ng + 4ng + 6ny + 2n5 + ne.
Then the first contribution, corresponding to |mq],|me| < 1 is

o0

I =" (na + Dxi,(0'; ns, n6) XL, (05 6 )2

(n)

Next we consider the case where |m1| < 1 and |mg| > 1. In this case we get

/ fy’w (t; a}{(m;l), s)dms

|mal>1
We have 1/3¢1/2 1/2
OP0g 5B(GL3>5B<GSO4)(QX (my 1)) = |mg| ~12577/2

The above integral is equal to
o
(1=q¢") ) XsL.(0';ne — k2)a®™,
ka=1

Since the volume of |ma| = ¢*2 is ¢*2(1 — ¢1), the contribution to (16) is

o0

IL=(1- qil) Z (ng + 1)XE'6 (ﬂ/; N5, 16)XSLs (ﬂ/; neg — k2)x£(ﬁ)+3k2'
n;=0, ng>ka>1

10



o0

=(1=q") D (na+1)xm(nins,ne + k2 + 1) s, (0 ng)a TR+,
ni=0, ka=0

The remaining part is

/ / Vv (' w[6]z000001 (m2)Zoo0010 (M7 M) ay (my 1), s)wb(p™>my )dmydms.

F imq|>1

Conjugating xoopo10 (mfl)ag/ (mfl) to the right and changing variables, we obtain

/ / f_[‘_/ﬂ/’V (t/tl (ml_l); w[6]x000001 (mg), 8)1/)(])”57711 + pnﬁmg) ]ml |712S+7/2dm1dm2.

F |m1|>1

The character 1(p™msy) is obtained from the left invariant properties of the function

f.,‘-/ YV This is also equal to

> x3k1/ffv’wv(t’m(pkl);w63?000001(m2)73)1/1(19n6m2) / D(p"Fe)dedms.
F

k1=1 lej=1

If |m2| < 1 then we obtain

ns+1
> X, ('sng + k)2t / Y(p™ M e)de
k=1 Je[=1
ns ns+1
=Y R, ('sne + k1)a®™ — g7 > N, (0sng + k),
k1=1 ki=1
and the contribution to (16) is
0o ns
Is=> > (na+ 1)xes (0 ns5,n6) XL, (05 6 + k) +35
n;=0k;=1
oo ns+1
g7 ) (na+ Dxes (0 ns,m6) XL, (05 g + k) H38
n;=0 k1=1

&.°] o0
- Z Z (7’L4 + 1)XE6 (Ela ns + kl, 7’L6))~(SL2 (ﬂl7 ne + kl)l‘e(ﬂ)+5k1
n;=0k1=1

[o¢] (o]
—q ) (D)X (s m5 + K1y ng) KoL, (s me + ky + 1)z FORTS,
n;=0k1=0

Similarly, when |ma| > 1, we get

o0
Z a3 g, (0 me + ki — ko) / (p™ e + p"o R ey)de;,

k1,ko=1 ‘€i|:1

11



and the contribution to (16) is

(S SIENe o]

I, = Z Z (na 4 1)X5g (03105 + k1, n6 + ko) Xsp, (03 ng + k)2t +ok1F4k

[e.9] o
7" DD (a4 D (05 m5 + ki, ne + ko) Xsz, (03 ng + by — 1)t FokHakt3
n;,ko=0k1=1
o0 o0

=g DY > (na+ Dxe (0 ns + kune + o) Xor, (05 ne + y + 1)at ) oRitak s
ni,klzo k2:1

oo
g2 > (a4 D)xme (s + k1,me + ko) XsL, (05 ng + ky)a! (I HORIFAREE,
TL“kZ:O

Collecting all this together, (16) is equal to

o0

D (na+ )Xz (05 + k1, 6 + k2)Xsr, (0 ng + ky )o@ ok
n;,k;=0

o0
—q'2® > (na+ D)xi (W5 + 1y ne + ko) Xor, (03 ng + by + 1)zt kAR
ni,ki=0
[o¢]

—q 2 Y (ua+ )xE (s ns + K1y ng + k) Xsy (s ng + ky — 1)o@ TRk
n;,k;=0
(ng-k1)#(0,0)

o0
+q 22 D (na+ D)X (05 n5 + 1y ng + k)X, (s ng + ky )o@ TPk,

ni,ki:O
[e.e]
= (1=¢ "2\, (1)+q%2%) D (nat1)xm (s ns+he, ne+ka) s, (s ng-th )o@ ok tkz,
ni,ki:()

where xsr,(1) denotes the character of the standard two-dimensional representation
of SLs, evaluated at the semisimple conjugacy class associated to 7, so that

(1 —q Ya®xsr,(1) + ¢ 22%) = L(1,125 — 7/2)7 L.

Thus the main equation (11) is reduced to

o)

D (a4 D)xms (s ns + k1, ne + k)X, (nsn6 + iy ) () Foka ks (17)
n;,k;i=0
_ L(m x 7, B x GLy,45 — 3/2)
L(r,sym3,12s — 9/2)
This identity is proved by the same method used in [G-H2]. We explain this method
and state a number of lemmas from which (17) follows. These lemmas will be proved in

12



the next section. Let diag(&,£71) be the conjugacy class in SLy(C), previously denoted
tr, which is associated to 7. Let I', denote the irreducible finite dimensional Eg(C)-
module of highest weight v and sym*T, its symmetric k-th power. Let ¢, denote the
semisimple conjugacy class in Eg(C) associated to m as above. Then the right hand
side of (17) is

(1=22¢*) (1=2®) (1=a®¢ ) (1=2%¢ %) Y Tr(sym Ty ltn) Y Tr(sym Tegg|tr) 2.
k=0 {=0

Here T'r(T'|t) denotes the trace of t acting on I' (which passes to a well-defined function
on conjugacy classes).

To describe the next step we introduce the representation ring, R[Es] of Eg(C).
This is a formal ring generated by the irreducible finite dimensional representations.
The trace maps R[Fg] isomorphically to the ring C[T]" of polynomial functions on
the maximal torus which are invariant by the Weyl group. See [F-H] Section 23.2. Let
P(u) be the following element of R[Eg][u] (i.e., a polynomial over the representation
ring of Eg):

2 3 5 6 7 8
1-Tgu +Tpu” —Tot’ + oy gmt. — Doyt — Dot

1 12 1 1
—|—I‘wl+w6u9 —Tmyu 04 Foyu ™ —Tggu 3 uld,

Then we have the following identity in R[Eg|[[u]] :

Lemma:
[e.e] [e.e]
P(u) Z sym T u’ = Z | TS
=0 (=0

Hence (17) follows from the following two assertions:
Lemma: We have

o0

P(x&") D (na+ Dxes(ns + kyyn + k2) Xsr, (03 ng + by )z W F5RFR - (18)
n;,k;=0

1 — g2(mit1) 1 _ ¢2(me+)

o
= (1=2%¢ N (A=2%1) Y xiy(ma, ma, ms, 0,ms, me)a' () gma+2ma=ms 1—¢2 1—¢2

Lemma: We have

> Tr(sym* Togg|tr) Tr(Tpagg tr) 2" H¢F (19)
k=0

1 — g2mi+l) 1 _ ¢2(metl)

(o)
= (1_33353)71(1_3335)71 Z XEa(m17m27m3)O)m5amG)xé(m)§m2+2m37m6

m;=0

1-¢2 1-¢

13



4 Lemmas for the Local Computations for Eg X
G L.

4.1 On the polynomial P

To explain the existence of the polynomial P it is convenient to adopt a slightly different
notation. Let t* denote the value of the weight p at the element ¢ of the torus.
Let W denote the Weyl group of Egs and [ the length function defined on it. Let
Ay =) ew t", so that the Weyl character formula expresses the character of the

irreducible finite-dimensional representation with highest weight v as AZ—? where p is
half the sum of the positive roots. Then

o0

Z u"Tr(sym"'g,) = H(l — tYu) 7!

n=0 v
where the product is over all the weights of the representation I'y,. In our case, the
set of weights is eqaul to the Weyl orbit of wg, so

. W e )
A, ! Z Ap(wgtptt” = A, ! Z 1 — vy’
n=0 v

where a(v) is the sum of (—1)1®)¢%? over only those elements of W such that wwg = v.
The polynomial P is obtained by putting this sum over a common denominator. It is
clear that the degree is at most 26. What is not at once clear that the coefficient of u™
is in fact a virtual character of Eg. However, suppose we extend the map t¥ — A, to
an operator C[T][u] — R[*G][u] by C[u]-linearity. Then

Puy=A[ J] @ —t"u)
v#£tog
The product is over weights of the representation with highest weight wg which are
not the highest one.

Once we know that the polynomial P exists, we may find it via computer experi-
mentation. In practice, it is better to work from both ends towards the middle, using
the following insight. Computing the coefficient of u* entails considering k-fold sums
V1 + - -+ + v of weights that are not wg. But, the sum of all the weights in any rep-
resentation is zero, so we may consider instead sums —v; — -+ — v,,_p_1 — w. This
gives an easy proof that the coefficient of 425 is zero (since —wg + p has a nontrivial
stabilizer in the Weyl group) and extends to a more practical method of checking that
the coefficients from 16 to 25 are also zero.

4.2 Proof of Identity (18):

We first collect the coefficient of xpg,(n) in the sum on the left hand side. An easy
computation shows that

ns  ne

$2
D> xsra(ng + k= ka)a® 1T = gt rey g p (g, ms) < e ) , (20)
k1=0k2=0 x71£71
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That is, our sum of SLy characters, each of which is evaluated at t, = diag(¢,£71)
as above, may be interpreted as an SL3 character, now evaluated not at sym?t,, but
at the matrix specified. It follows that the coefficient of xg,(n), which we denote by
cn(x,€), is given by

2

1'2 /
Xs1s(11,73) ( 1 5_2> XsL;(n2) <é 571> XSLs (N6, 15) ( ate! ) (ng+1)z" @),

$71§71
where now we reflect all of the semisimple conjugacy classes explicitly, and
' (n) = £(n) + 2n5 + ng = 2n1 + 3ng + 4ng + 6ny4 + 4ns + 2ng.

We recall a method of computing products of characters (and hence tensor products
of finite dimensional representations) which is due to Brauer. Let A be as in the last
section, so that the Weyl character formula is

Avip
A,

XEs (V) = (21)
for v dominant. We may extend the definition of y g, to all weights v by setting it
equal to the right hand side of (21). Then for xgs(X) = >, ma(v)t”, we have

X5 (M) X (1) =Y ma(v)xs (1 + v).-

Since, the weights u+v appearing on the left hand side need not be dominant, we use the
following facts: if Staby (n+ p) is nontrivial, then x g, (n) = 0, and if w(n+p) =1+ p,
then Xz, (1) = (=1)"") x5, (7).

We shall use this method to compute the products arising in the left hand side of
(18), with the character from the polynomial P playing the role of xg,(\) and the
weight n from the summation playing the role of p. Thus, we obtain a sum over all
weights v which appear in any of the representations in P. There are 883 such weights,
and some appear in more than one of the representations. It will be convenient to
collect the terms corresponding to a specific weight, writing

P(u) =Y _P,(u)t",

veEA

where A is our set of 883 weights.
Let us fix a dominant weight m. The coefficient of x g, (m) on the left hand side is
given by

Y () Wen(z, P (€T, (22)

(w;n,v)

where the expression c,(z,§) was defined just after (20), and the sum is over triples
(w,n,v) with w € W,v € A, and n dominant satisfying

wn+v+p)—p=m.
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Thus, our claim is that this sum is described by the right hand side of (18). We may
approximate (22) by
Zcm v(2,§) Py (2§~ ) (23)
veA
Indeed, it’s easy to see that they are precisely equal when all m; are sufficiently large.
For general m, they differ in two ways: (22) contains terms with w # 1, and (23)
contains terms with m—v not dominant. Observe, however, that if w(n+v+p)—p = m,
then n = w(m — wv + p) — p. We shall be able to use this fact to match up our two
different sorts of discrepancies, once we make some observations about the properties
satisfied by the weights v appearing in our set A. Before we proceed with this, however,
we record the following;:
Lemma: Let ¢, (x,&) = cp(x,&)/(ng + 1). Then,

w[z} n+p)— (513 5) = _Eﬂ(l',f) fori # 4

. —cn(2,€), i=1,6
Culil(a+p)—p(%:€) = {_cn(x,g) — (ni +1)en(2,6), i =2,3,5.

Proof: This is immediate from the formula for ¢ given above, and the fact that the jth
entry of w[i](n + p) — p is given by

—n; — 2 if j =1
n; +nj + 1 if the nodes corresponding to oy, «; in the Dynkin diagram are connected,

n; otherwise.

|
The next lemma rests on specific observations about the properties satisfied by all those
weights v that appear in the set A. The first is that for all such v, we have —2 < p; <2
for all 7.
Lemma: Take m dominant and v € A. Let w denote the product of all simple
reflections wli] corresponding to indices i such that v; = 2 and m; = 0. (We shall see
that this product may be taken in any order.) Then we have

Cm—v = (_1)1( )Cw(m v+p)— Z 5m1 05% 2Cm— V+5m4 061/4, (Cm v+ Cwl4](m—v+4p)— ) .
1=2,3,5

The ¢’s that appear here are Kronecker ¢’s. Furthermore, if n := w(m — v + p) then
either n is dominant, or n; = —1 for some 1.
Proof: We observe that if v € A, then

e the set of indices 7 such that v; = 2 has at most two elements,

e if v; = v; = 2, the nodes in the Dynkin diagram corresponding to ¢ and j are not
connected.

e with 7, j as above, if nodes ¢ and j are both connected to node k, then vy is strictly
negative.
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The assertion that the product of Weyl elements may be taken in any order follows
from the second observation. The formula follows from the first and second observations
and the previous lemma. For the assertion about n we require the third observation in
addition to the first two. |

Now, if n; = —1 for some i, then c,(z,£) = 0, while if n is dominant, then the
term (—1)""¢, P, is precisely the contribution to the coefficient of xp,(m) in (22)
corresponding to the triple (w, n, wv). (Here we use that w = w~! and that P,, = P,.)
Furthermore, all of the observations above remain true if 2 is replaced by —2, and from
this it follows that every triple (w,n,v’) which provides a nonzero contribution to (22)
is accounted for. That is, (23) minus (22) equals

Z Om.,0 ZP 1’5 Cm v(w § Oimy,0 Z Cm—l/(xaé) Cw[d](m—v+p)— (‘T é))

1=2,3,5 V=2 vivg=2

(In the last sum we have used the fact that if ny = —2, then ¢, = —¢, and cy)n =
Cwl4)(n-) At this point our main assertion follows from the following six identities:

Y tmw(@ P =0 Vm

vEA
ZV4Cm v m£ ( g ) Vm
veA
Z cm oz, 6)P,(z€Y) = Vm:m; =0, 1=2,3,5

veENv;=
> Pu<:c£—1> (Em—(%,€) = Cufg(mevtp)—p(7,€)) = (1 = %) (1 — 2% ") x
vEANvy=2
1 — g2(mit1) 1 _ ¢2(me+)
1—¢&2 1—¢&2
Now, each of these identities may be rewritten as a single identity of polynomials by
introducing auxiliary variables. Indeed, let C)(z,&, Y1, Yo, Y3, Y5, Ys, X5, X¢6) equal

Z(m)§m2+2m3—m6 Vm: mg=0.

Xx

Y1n£—2V1—2V3 1 Y1*1}/3*1£2V1+2V3

}/1§21/1 1 Y1_1€_2V1 (Y2y Vo Y 1 u2) —0'(v) %
1 1 1
X52X2 —2v5—2v4 Xnggly'S}%xyg)—&-ygé—ys—ue Xg1X51Y571}/671xy5+y(5£1/5+1/6
% X2 —2v5 X5—1Y5$y5€71/5 X5_1Y'5_1$V5§V5 ,
1 1 1
where | - | denotes a determinant. Then

(l‘, é-’ £2m1+27 gmg—i—l’ §2m3+2’ é-ms—i-l’ gmg—i-l’ xm5+l’ l‘m6+l)
CQ(£7 gv 527 ga 527 57 Ev Z, l‘)
Here, 0 = (0,0,0,0,0,0). Our first identity is equivalent to

> P(x¢ NCy(x,6,Y, X) =0.

veA

o, €) = o @ &
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With 883 terms, this is far too large to check by hand, but it is straightforward to verify
by computer. The others are similar. We give some details for the last identity, as that
is the only case in which the right hand side is nonzero. Let C, be as above and define
C!, to be the expression obtained by replacing v; by v; + 1 for i = 2, 3,5 throughout,
and multiplying by z'2. (So that z =) becomes z~¢#)~114+12 — ;='(")+1 ) Then
Cl/,(l', 67 €2m1+2’ gmg—&—l’ €2m3+2’ §m5+1’ €m6+1, xm5+17 xm6+1)

_ — b(m)
Culd](m—v+p)—p = T Co(w,&,62,6,6%,6,&, 2, 2)

What is to be checked is

Z PV(£§71>(CV(xa€7X7 X)—CL(.%,g,X, X) = (52_572)(g_gil)<x2_x71§)(x2_x71§71)X

vivg=2

x(27 M — a7 (1 = 23¢TN (1= PR YsY XX X (Y - 1)(YE - 1).

4.3 Proof of Identity (19)

We first reduce (19) to the analogous statement corresponding to the next representa-
tion in our tower using work of D.I. Panyushev. To facilitate reference to the relevant
papers, we adopt some of the notation of [P1]. Of note: in this section K is not the
maximal compact, and superscript S means the points of a variety fixed by a certain
subgroup S introduced below, rather than product over all places not in a finite set.
We first reformulate the problem using an observation which is due to Littelmann [L].
It will be convenient to formulate things initially in some generality.

We begin with a reductive algebraic group G defined over C, for which we have
fixed a torus, T, and a Z-basis of fundamental weights w; for the lattice of weights.
We work in the category of G-varieties. Let V, denote affine space of the appropriate
dimension equipped with an action of G by the irreducible representation with highest
weight w. Then the full symmetric algebra of V may be identified with the algebra
of polynomial functions on the G-module dual to Vg, which we denote by V. We also
denote the highest weight of this G-module by @w™* so that V} = V.

Now let @ be a fundamental weight. Under this interpretation, the subalgebra

P c ClVa]
¢

may be identified as the algebra of polynomial functions on the cone
Co :={Ag-vg: A€ C,g € G},

where vy is any highest weight vector in V«.

Consider the algebra C[V+ x Cg+]. This algebra has a natural bi-grading corre-
sponding to degree over V' and over C individually. The (k, ¢)-graded piece is precisely
Sym*(Ty) ® Ty The subalgebra C[Vy« x Cpx]Y is preserved by the action of T
and so it makes sense to speak of elements of this algebra having a weight. Indeed,
the highest-weight vectors of irreducible components of C[V+ X Cg+| are all in the
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subalgebra of U-invariants, and describing its structure is equivalent to describing the
decomposition of Sym”(T'y) ® 'y into irreducibles for arbitrary k, £.

In the case at hand, identity (19) amounts to the following description of the struc-
ture of C[Vy, x Cy,]Y: it is a polynomial algebra generated by 9 elements for which
the triples (degree over V,, degree over Cy,; weight ) are as follows:

(1707 wﬁ)? (27 07 wl)? (37 07 0)7 (07 17 w6)7 (17 1;@5), (17 17 wl)a (27 17 0)7 (27 17 w?)a (37 17 w?))-

In this section, we relate this assertion to its analog for the next representation in
our tower. That is, we prove
Lemma: Let U and U denote the maximal unipotent subgroups of Eg and SLg re-
spectively. Let w (resp. w)) denote the first (resp. fourth) fundamental weight of Eg
(resp. SLg) defined relative to U (resp. U). Then we have

C[Vay X O]V = ClVig, x O, 1Y,

Remark: Clearly, the assertion remains true if we replace w; by wg and/or w) by w.
Proof: This is proved by applying Theorem 1.8 of [P1] to X = Vg, x Cy,. There are
several intermediate steps. We sketch the general procedure and give the specifics of
our situation. We consider the action of G on the product of X and a sort of “dual”
G-variety X*. In our case G is Eg and X™ is simply Vg, X Cg,. We need to compute
a certain subgroup S and a closely related sub-semigroup 7 (X) of the semigroup of
dominant weights. The group S is the stabilizer of a point in general position for the
action of G on X x X* which is “canonical,” as defined on p.660 of [P1].

We first check that the stabilizer of a point in general position for the action of
Eg on X x X* = Vg, X Vg, X Oy, X Cgy, is isomorphic to SLs. By Lemmas 1 and
2 of [P2], this reduces to the same assertion about the stabilizer of a point in general
position for the action of Spinip(C) on Vg, x Vg, which, may be computed by the
procedure laid out explicitly in [P3]. Once we know that the group S is isomorphic to
SLy, it is immediate from the relations (3) and (4) between S and 7 (X)) given on pp.
659-60 of [P1] that the unique root of S is ay and 7 (X) is the semigroup generated by
{w; 11 #4}.

Next we need to find a subgroup K such that the identity component of the nor-
malizer of S is K times the identity component of S. There is an element of the Weyl
group that conjugates ay to the longest root, taking S to a conjugate S’. The identity
component of the normalizer of S’ is the product of S’ and the standard Levi of Fg
isomorphic to GLg. For K, we take the corresponding conjugate of this G Lg.

Observe that the S-fixed subspace Vgl is a 15-dimensional K-module. We identify
K with GLg in such a way that its highest weight is @/,. Then Cw& is identified with

{Mc-vg : A€ Cke K},

which is certainly contained in Cgl = Uyt N V. Thus Vi, x Oy is identified with a
subvariety of (Vi X C, )®. To use Panyushev’s result, we must check that Ve, X Oy 18

a principal component of (Vi5, X Cy,)®, as defined on pp.658-9 of [P1]. The isomorphism
is then given by restriction of functions. In fact, Vo x Oy = (Vi X Cw,)?, as follows
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from
Lemma: We have
Gug NV® = Kuy.

Proof: Let P, denote the maximal standard parabolic subgroup whose unipotent rad-
ical contains the root subgroup associated to the root a;. The action of P, preserves
the one dimensional subspace spanned by vg.

We fix a set of representatives for the Weyl group of K in K, and expand it to a
set of representatives for the Weyl group of G. We then fix a set W of representatives
for W/(W N Pg) such that every coset which contains an element of K is represented
by one.

We may write an arbitrary element of g as wwp, with p € Py, w € W, and
w € UY := UnNwUw™'. The action of p at most scales vy, so we may assume that
p = 1. Then wvg is some vector vy on which T acts by the weight \. This vector is
in VS = Ve, iff A is one of the weights appearing in the irreducible representation of
K on this space, in which case w € K. But then the group U" is contained in K as
well, and so gvy € Kvg. Now, suppose vy ¢ VS, The action of u is unipotent, so when
g - vp is written in terms of a basis of weight vectors including vy, the coefficient of vy
is 1, and hence ¢ - vy is not in V5. |

In order to complete the proof of (19), we need to show that C[Vi, x Cg,]V is a
polynomial algebra generated by nine elements for which the (degree over V, degree
over C; weight) triples are:

(17 0; @2)(0, 1; WQ)(27 0;w4)(1, 1; w1+w3)(17 1;4)(3,0;0), (2,1;0), (2, 1; W1+W5), (3,1; w3+ws).
This is equivalent to:

0o 00
YD Tr(sym o) © Tr(Lig,)z*y’ (24)
k=0 (=0

oo
k1+2ks+kqg+ks+3ke+2kr+2ks+3kg , ko+ka+ks+kr+ksg+k

:Zx1+ 3+ka+ks+3ke+2k7+2ks+ Qy ot+kat+ks+kr+ks+ QXSLG(k4+k8,k1+k2,k4+k9,k3+k5,k8+k9),

k;=0

where xsr4(n1,...,ns5) denotes the character of the irreducible finite-dimensional rep-
resentation of SLg with highest weight njw; + - - - + nsws. We omit the proof of (24).
It is similar to, but much easier than, the Littlewood-Richardson computation that is
done in 7.1.

5 The Global Integral for A2GLg x G L

We continue to use the notations of Section 1. Let @) denote the maximal parabolic
subgroup of G = GFg with Levi part isomorphic to GL; x GLg. The unipotent
radical of @, denoted by U(Q), is the product of the subgroups U, associated to those
positive roots a = Y n;a; such that ng > 0. We consider the subgroup H of the Levi
of @ generated by {xi.,(r) : i # 2} and the subgroup of the maximal torus of G
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consisting of elements of the form h(t; 1 t1,t9,t3,t4, 5, t6). This group is isomorphic to
the subgroup of G Lg consisting of elements with square determinant. The isomorphism
may be described concretely as follows. We identify x, (r) with I + e or. For each of
the other roots o € {£a; : 7 # 2} we identify z,(r) with I + e; ;r for some 4, j. The
pair (i, 7) is determined for all such « by the choice we made for a;. This pins down
a specific isomorphism between SLg and the subgroup generated by {ziq,(r) : ¢ # 2}.
It follows from the discussion on p. 410 of [Gk-Se] that this isomorphism identifies
Zo(r) with a matrix of the form I + re; j for the remaining roots as well. We obtain a
mapping of the torus of G to GLg by looking at the action on the root subgroups U,.
This mapping is

h(to, t1,...,te) = diag(tito, t] ' ts, t3 1 ta, taty ‘s, tats ‘e, tatg ). (25)

In particular, the image of h(ty ', t1, ta, t3, ta, ts, tg) is diag(tity 1, ] Vs, t5 M ta, tot) s, tots e, tatg ).
An element of the center of the Levi of ) is of the form h(t%tgG, t2_2t2, to, t;lté, 3,12, t6).

This torus contains the center of G, denoted by Z, given by the relations ty = a® and

te = a®. The group H clearly contains Z. Using the action of the torus on the simple

roots in GG, and the commutation relations among the subgroups U,, one can eas-

ily check that the group H commutes with the one dimensional unipotent subgroup

Ui22321. This root is the highest root in G.
Let ¢, denote a cuspform, in a generic cuspidal representation m defined on the

group G'Lg(A). We shall assume that 7 has a trivial central character. The global

integral we consider is given by

/ / / 0(uz122321 (1)) (r1)drigr(h) Er(uh, s)dudh
Z(A)H(F)\H(A) UQ)(F\U(Q)(A) (F\A) (26)
26
The functions 0 and E. were defined in Section 1. Since H commutes with x129321(r),
the above integral is well defined.
In this section, we prove the following:
Theorem Let W, be the function in the Whittaker model of m corresponding to ¢,
and let N be the unipotent subgroup of GLg defined by

1 r1 T2 Yy *
1 m x2 *x x
N — 1 —z1 *x %
1 ry *x
1 7
\ 1 Vs
Then, the global integral (26) is equal to
/ Wi (h)8Y D) (@ 111110(1)Z011210(1)ur h) X (27)
Z(A)N(AN\H(A) U1(Q)(A)

/ £V (z(my, mo)w[45wous h, s)dmgduy dh.

A2
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Here, z9 and fTV’w are defined as in section 2.

Proof: To unfold this integral, we start by unfolding the Eisenstein series. We need
to consider the space P\G/UH. It is not hard to check that this space has three
representatives given by e, w[6542] and wy = w[65423143542]. The contribution to
(26) from wy is given by

/ goﬂ(h)e(UQ.’Elggggl (rl)ulh)x (28)
Z(A)Pr(F)\H(A) Ur(Q)(A) U2(Q)(F)\U2(Q)(A) F\A
fr(wouguih, s)1(ry)dridusdu;dh,

where Py = H Nwy ' Pwo, U2(Q) = U(Q) Nwy ' Pwy, and U1(Q) = U2(Q)\U(Q). We
may identify this quotient with the group U(Q)Nwy U (P)wo, where P is the parabolic
subgroup opposite to P. The group Us(Q) is the product of U, for the following roots:

010111,011111,111111,011211,111211,011221, 112211, 111221, 112221, 112321. (29)

Similar contributions corresponding to w = e and w[6542], vanish because wUj22321w™

is in the group U(P) which leaves f; invariant. Thus (26) is equal to (28).
Lemma: We have

/ 0(z122321(r1)9)Y (r1)dr1 = Z 0V P)Y (ig2(8)g),
(F\A) 6EF1O
where Wy = w[5431243542] and
2(6) = 2010000(61)Z010100(02)Z011100(03)T010110(04)Z111100(I5)Z011110(J6) X

z111110(07)To11210(98) 111210 (09) 112210 (d10)-

Proof: We plug in the Fourier expansion (3) in the equivalent form

0(g) = 0" (g)+ > > 0PI (Y (e)yg).

e€F* yeS(1,2,3,4)(F)\M (P)

Here M (P) is the Levi of P, and S(1,2,3,4) is the maximal parabolic of this Levi whose
unipotent radical contains U,,. For each coset in S(1,2,3,4)(F)\M(P) we choose a
representative of the form w( where w is (the representative in G of ) the element
of minimal length in one of the cosets of (W N S(1,2,3,4))\(W N M(P)) and ¢ is an
element of the maximal unipotent subgroup V- = UNM (P) corresponding to our choice
of positive roots, with the property that w¢w™! is contained in the maximal unipotent
V opposite to V. Thus we consider integrals of the form

/ 0V P) (0 (e)wCar22301 (1)), (30)
F\A

with w and ¢ as above. For all such w, the root w - aq90321 is positive. We con-
jugate w122321(r1) to the left. If w - aq22321 # g then UP)Y g left-invariant by

22

1



wr122321(r1)w ™! and we get zero. The unique element w with the property required
above such that w - 192321 — Qg is QIJ(]. NOW, 1]]0.1‘122321(7“1)@0_1 = 1‘000001(7“1), and
60U ") (2000001 (r)g) = 9 ()Y 1% (9). Hence (30) is equal to 6V (a¥ (e)@oCg) fF\A P(ri(1-
€))dry. This integral is zero unless € = 1.

Finally, the function z is an explicit parameterization of V' N wg Wang. |

The group Py is a maximal unipotent subgroup of H. It’s Levi My, contains the
roots +a; for i = 1,3,4,5. It acts on {2(6) : § € F1°} with three orbits. (This action is
essentially the same as the action of the group M on the characters of V; described after
equation (4).) For § in either of the two small orbits, V()% (i59z(8)g) is invariant, as
a function of g, by the unipotent radical of the group Py. By the cuspidality of ¢,
these orbits contribute zero to our integral. We choose zg := z111110(1)Z011210(1) as a
representative of the big orbit. The stabilizer in Py consists of a reductive part

< oy (1) Txay (—71), Taag (r2), Aty 1 th, ta, ta, ta, 1285, 17 1s) >~ GSpy x GLy

and a 9 dimensional unipotent part L. This group L is the product of the unipotent
radical Lq of Py, which corresponds to the five roots

{000001,000011,000111,001111, 101111} (31)

and another subgroup Ly which corresponds to the four roots {000010,000110,001110,101110}.
The correspondence between a subgroup and a set of roots is that the subgroup is the
product of the groups U, for the roots listed. We shall continue to use this notion, keep-
ing in mind that not all subsets correspond to groups and not all unipotent subgroups
can be described in this way.

Since we have fixed an identification of H with a subgroup of GLg, we can also
describe this stabilizer in terms of matrices as:

g 1 T2
d y | :9€GSpy,de GLy, 21,290 € Matyx1,y € Matix1 ¢,
d

and L and Ly as

Is 1 Lo b
L1:{<5 11> :liEMat5><1} Ly = 1 :ZIQEMat4><1
1

If we identify GSp,s with its image above, we may now write (28) as

/ / / @r (h) OV (@oa111110(1) 011210 (1) ugur h)
Z(A)GSpa(F)L(F)\H(A) U1(Q)(A) U2(Q)(F)\U2(Q)(A)
(32)
fr(wouguih, s)dusduidh

Lemma: The function 8YF >’¢(w0zog) has the following left-equivariance proper-

ties:

gU(P)w( (P)(

Wozotag) = Vyra(q) (u2)d” Woz09),
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60U ") (20l g) = i, (1)67 ) (o 209),

where the characters ¢y, (), ¥ are defined, using the shorthand introduced after (1),
by
YUy (@) (Tor1211 (1) T111111 (r2)us) = (=11 — 72)

Y, (zooooo1 (r)l1) = ¥(—r).

Proof: As noted in the proof of the last Lemma, 8Y")% (12199301 (1) g) = 1 (—1)8Y )% (1i5pg).
On the other hand, if « is any positive root other than ag, or any negative root in the

span of {—a; : i = 1,2,3,4}, then Y)Y is left-invariant by U,. (See [G-R-S] Theo-

rem 5.4.) ;From this we deduce that the function §Y(")% (wgg) is left-invariant by Uy,

for all a listed in (29) and (31) above. Employing the notation [a,b] = aba='b~! for

the commutator, we note that 8V )% (4dyg) is also left-invariant by [zo, z4(r)] for o as
above, with only the following exceptions:

[207$011211(T’1)9&'111111(7’2)] = 30122321(7"1 + 7“2)

[20733000001(7“)] = 96011211(7“)33111111(7“)33122321(7“);

which account for ¢y, (q) and ¥y, respectively. O
Let Uy234 denote the product of the groups U, corresponding to the ten roots
Z?Zl nia; + as. It is the unipotent radical of the group S(1,2,3,4) defined earlier.
We recall that this group was a standard maximal parabolic not of G, but of the Levi
M(P) of P. Tt is not hard to check that woUsz(Q)wy' = Uiaza. If YUy 554(0) 1=
¢U2(Q)(waluw0)7 then v, , 45, (Too1110(71)To10110(r2)u) = V(11 + 72).
;From all this we deduce that (32) equals

Pl () U (P (@()ZOUIh)fTUl’2’3’4’¢(w0u1 h, s)duidh

Z(A)GSpa(F)Lo(F)L1(A)\H(A) U1(Q)(A)

(33)
Here
okt (p) = / er(lh)r, (L)dl,
Ly (F)\L1(A)
and
.,(.'[1’2’3’4’w (g, S) = / f‘r (ug, S)QzZ)U1,2,3,4 (u>du

Ui,2,3,4(F)\U1,2,3,4(A)

Next we consider the Fourier expansion of X% (h) along Ly(F)\Lz(A). The group
GSp4(F) acts on this expansion with two orbits. The trivial orbit contributes zero by
cuspidality. Thus we have

prt ¥ (h) = > pk¥ (vh)
YER1 (F)\GSpa(F)
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Here
L () = / o (IR, ()l
L(F)\L(A)

is defined using the character ¢L(I000001 (T1)$000010(T2)l/) = 1/)(—7“1 — T‘Q). This may
also be described via the identification of H with a subgroup of GLg as ¢r(l) =
Y(—las — l56). We remark that one of the minus signs is dictated by 11, above and
the other indicates our choice of a point in the open orbit here.

The subgroup R; of GSp4 is the stabilizer of v; inside GSp,4 and in matrices it is
given by

1 21 xo Y
1 )

1 —I
1

detg

Ry =GLyLg = g g E GLo

Returning to (33), we first plug in the expansion along Lo and collapse summation
with integration. Then we factor the integration over La(F)\L2(A). We have

GU(PW(15096111110(1)36011210(1)u112h) = QU(PW(@030111110(1)$011210(1)u1h)-

Hence, (33) equals

LV (m)0Y I (Goz111110(1)Tot1210 (1) urh) £ (wourh, s)dus dh,
Z(A)R1(F)L(A)\H(A) U1(Q)(A)

(34)
where
fyl’w(woulh, s) = / fr(vwourh, s)ipy; (v)dv.
Vi(F)\Vi(A)
Here V; is the unipotent group of EFg defined by V; = U172,374w0L2w0_1, and
Yy, (@o10110(71)Too1110(72) T 100000 (13) V1) = (11 + 12 + 13).
This Fourier coefficient fy ¥ is the same, as the one denoted by fy 2%2 in section
2. Applying again the arguments of [G-H2], we obtain
Y (wourh, s) = /fy‘*’w(zz(ml, ma)w[45lwouyh, s)dm; (35)

A2

where Vj is, as in section 2 the product of all the groups U, lying in the Levi of the
parabolic P, with the exception of U,,, and

fTV“"Z’(z(ml,mg)w[%}woulh, s) = / fr(vz(ma, ma)w([45|wous h)y, (v)dv.
Va(F)\Va(A)

The character ¢V4 is given by wV4 (wlooooo (7“1)1:010()00 (7”2)33001000 (7“3)1)/) = 1/1(7"1 +T’2 +T‘3).
We now plug the expansion (35) into (34), and we factor the integration over the
unipotent group L3 appearing in the description of R; above. We obtain
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LY ()OV I (Woz111110(1)To11210(V)ush)x  (36)
Z(A)GL2(F)Ls(A)\H(A) U1(Q)(A)
/ V2% (2(my, mo)w[db|wous h, s)dm;duy dh,
A2

where Ly = LL3, and (p{;“’w can be written terms of matrices as

1 r1 I2 y *
1 To *
1 —z * ok
Ly _ 1 VS
b= [ K 13 R CERS A
La(F)\L4a(A) 1 7y
1

(That is, the matrix appearing in the integrand gives an explicit parameterization of
Ly.)

Expand the above integral along the unipotent group of matrices of the form Ig +
niei 2 + ngey 3 where n; € F\A. (The corresponding roots of Eg are o and o + a3.)
The group GLs(F), embedded as a subgroup of Ry(F') defined above, acts on this
expansion with two orbits. The contribution from the trivial one is zero by cuspidality.
For the other we select the representative Is+njej 2+mnzer 3 — (—n1). The stabilizer,
Py, consists of U,, and a one dimensional torus. Thus

1 1 9 y * x
1 T3 x %
1 x4 *x %
LY (h) = Z / P 14 - Yh | Y(=r1—re—z1—24)dl5.
VEPo(ENGL2(F) L, (F)\ Ls(A) 1 7y
1

We plug this into (36) and factor the integration over Uy,,. We then perform another
Fourier expansion along the group Is + nsea 3, i.e., Uy,. The zero term vanishes and
the others are permuted by the torus contained in Py. We choose I+ nsea 3 — ¢ (—ns)
as a representative. Since w[45]woTas (7)(w[45]we) "t = T4 (1), we finally obtain

/ Wi ()0 P) (@ow111110(1) 2011210 (1) U1 7) X (37)
Z(A)N(AN\H(A) U1(Q)(A)

/fy’¢(2(m1,m2)w[45]w0“1hvS)dmiduldh’

A2

as desired. ]
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6 Unramified computations for A’2GLg x G L,

Assume all data is unramified. We want to compute the corresponding local integral
derived from (37). That is, we compute the integral

I(Wr,0, frs) = / / Wi (h)0V )Y (@ox111110(1) 011210 (1)us h) X (38)
ZN\H U1(Q)

/fy’¢(zg(m1,m2)w1u1h, s)dm;duydh

2

Here YV(F)% and fy ¥ are the defined as in section 3, and are the local functionals cor-

responding to the global objects of the same name encountered in the last section. Also

z2 and ’LZ)O are as in the last section, i.e., 22(m1,m2) = x_000100(m1)$_000110(m2), and

wp = w[5431243542] and we have introduced the notation w; = w[45lwy = w[456]wy.
We shall prove

Proposition: Assume all data is unramified. Then

L(m x 7,AN>GLg x GLo,4s — 3/2)
L(1,12s — 7/2)L(T, sym?,12s — 9/2)

I(Wﬂ'aeafT,s) = (39)
Proof: Let U denote the maximal unipotent of H which contains the group N. The
quotient N\U is two dimensional and inside G it can be identified with the group
2100000(71)Z101000(r2). Recall that the group U;(Q) is the unipotent subgroup of G
generated by the one dimensional unipotent subgroups corresponding to the following

11 roots:
010000;010100;011100;010110;111100;011110

111110;011210;111210;112210; 122321

We make the change of variables u; — z111110(—1)2011210(—1)u1, and then factor
the integration over N\U, which we identify with x100000(71)Z101000(72). The function
W, produces a factor of 1 (r1). Furthermore, x100000(71)Z101000(r2) normalizes U;(Q)
and is conjugated by wg to a unipotent element by which the function Y)Y ig
invariant. We introduce the notation

y(71,72) = 2100000(71)Z101000(72)
20 = z111110(1)Z011210(1),

Then, invoking the Iwasawa decomposition for H, we have

Ww(t)ég,(lH) (t) / Y(r) 0V (@ourt) £V (22 (ma, ma)wi 2y "y(r1, r2)uit, s)dridm;dt.
Z\T Ui (Q) JF4

We conjugate t past u; and make a change of variables in u;, obtaining a Jacobian
J(t). It will be convenient to hold off on writing J(¢) out explicitly.
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We now record a trick which is useful for killing unipotent integration:
Lemma: Suppose that ® is a function with the property that, for any € € 0,7 € F' we
have

O(za(r)) = (za(r)zg(e)) = (zp(€)Tass(er)zalr)) = Y(der)P(za(r)).

( The two +’s need not be the same.) Then ®(z4(r)) = 0, unless r € o.

The proof is self-evident. In applications, ® is typically an inner integral, the first

equality holds because we are in the unramified situation, and the third holds because

we may conjugate x,(r) and x,yg(xer) to the left and either absorb them into the

integration or use left -invariance and -equivariance properties of Wy, V(") or fy i
From this we obtain

Corollary: Write u; as a product of elements x,(r,) where a ranges over the roots

listed above in any order. Then HU(P)’w(QDOult) = 0 unless r, € o for all a # a129391.

If u; does satisfy this condition, then

1
HU(P)JZ} (woult) - w(_ra122321)6149(w0tu~]0_1>'

Proof: The left equivariance by 122321 comes from the fact that woxi22321(r)W, 1=
Zag (). The relatively simple dependence on ¢ stems from the fact that, as an element
of the torus of H, it commutes with %4,,,4,,, and the fact that the local minimal
representation is the unramified constituent of an induced representation. To see that
the rest of u; may simply be erased we inspect the list of roots a above, such that
Uy € Up(Q). This is precisely the set of roots « such that o« > 0 and g - a < 0. For
each such «, let § = 122321 — a. We observe that for each « on the list above, 5 is not
on the list. It follows that the above lemma may be applied with this choice of £ to
restrict the integration in r,, to 0. But then because we are in the unramified situation,

this integration may be done away with entirely. |
1
Motivated by this we put pi(t) = 65(1H)(t)¢](t)61‘§(w0tw51) and denote o, 59901 (Ta2501)

more simply by z(r3).
We have

Ww(t)ul(t)/ W(ry —rg)fy’w(ZQ(ml,mg)wlzaly(rl,rg)tz(rg),s)dridmidt. (40)
Z\T F5

Next we conjugate w; to the right, denoting the conjugates of z; ', y,t, 2 by 25, v/, ', 2.
Then 2z, = z_o10111(—1)z—001111(—1), ¥’ (71,72) = o10100(—71)Z010110(—72), and z(r3) =
.1‘_000111(—7"3). Hence

zo(ma, ma)zpy (r1,7m2) = ' (r1,72)Tay (r1ma + rama) za(ma, ma)y"” (1, r2) 2,

where y”(rl, TQ) = 56_000011(7“1)56_000001 (7”2), so that (40) equals

Wﬂ(t)ul(t)/ w(n—rg—rlml—rgmg)fY’w(zQ(ml,mg)y"(n,rg)zét’z’(rg),s)dridmidt.
Z\T F5

Now we conjugate t to the left and make changes of variable in the unipotent integra-
tion. Because t was in the kernel of a29321, t' is now in the kernel of agggi11, so the
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Jacobian is 1. Let ¢,d, and e denote ay(t'),aa(t') and as(t’) respectively. Then we
have

Ww(t)ul(t)/ Y(ery —r3 — rimy — rama)x (41)
Z\T F5

< [V (22 (ma, ma)y” (r1, 72) 2010111 (d) 2001111 (€) 2’ (r3), 8)drsdmdt.

Consider the inner integral over r1, 72, and r3. By an argument similar to the one
used to eliminate most of uy above, it is zero unless ms and ¢ — my are in 0. Now
conjugate z2(mq, ma) past y”(r1, r2). This produces a factor of z_ggp111(—r1m1 —rems)
which may be absorbed into r3, simplifying the expression inside ¥. Now we may erase
the integrals over m; and mg, replacing zo(mi,m2) by z2(c,0). We remark that this
cancellation between our two factors of r1my 4+ roms may also be seen as the assertion
that two threefold commutators are inverse to one another by tracing the genealogy
of the equivariance property of f¥¥ along U,, back to the original character Yy (py of
U(P), which is also the origin of our ¢(—r3).

We now have

W (t)pa () /F5 P(ery +13) %

Z\T
X f}_fﬂﬁ (t/$_000011 (7‘1)33_000001 (7’2)33_000111 (_T3)$—000100(C)I—010111 (_d)x—O(Jllll (_6)7 S)dTidmidt’

We now break the domain of integration into two pieces corresponding to |e| < 1 and
le] > 1. In the first piece, which we denote Iy, we may simply erase x_go1111(—¢€). In
the second, which we denote I;, we may replace it by

agorrii (e Hzooriii(—e).

Here and throughout we use " for the coroot associated to the root «, which is a
1-parameter subgroup. We conjugate this expression to the left. Inside of fTV’w we have

t'ago1111 (e zoo1111 (—€)Z001100(71)T001110(r2)Zo01000( —73)T 000011 (€~ 171) T 000001 (€172 X

x 2000111 (—e'7r3)2z_000100(¢)Z_010111(—d)-

Now, fy’w is invariant by Ugp1111Uoo1100U001110, but equivariant along Uygigo. ¢ From
the definition of e, (¥ ady111(e71)) = 1, so we get a factor of 1(r3). Making changes
of variable in the 7; we obtain a Jacobian of |e|3. Next, using the trick from above,
we note that the inner integral vanishes whenever any of |d|, |c|, and |r3| exceeds one.
Thus

L = Ww(t)ul(t)!€!3/2 W(cer1) £V (F agorini (€)@ —000011 (1) —000001 (72), 8)dridradt,
D1 F

where D is the subset of Z\T defined by the conditions |e| > 1, |c|,|d| < 1. We return
to Iy and break it into two pieces Iy; and Iy corresponding to |d| > 1 and |d| < 1. By
arguments nearly identical to those just above, we get

Iy = Ww(t)u1(t)!d|3/2 b(der) £770 (¢ agronns (4 1)z 000011 (71)2 000001 (r2), 8)dridradt,
Do F
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where Dy is defined by |d| > 1,]c|,|e|] < 1. Continuing, we break Iy into Ipop and
Ipp1. Corresponding to |¢| < 1 and |¢| > 1 respectively. This time, in Iyp1, when we
conjugate zogo100(c 1)y (1) to the left we obtain inside

2_o00011(cr1 — r3)z 000001 (—72)T—o00111(—¢~'73),

so that when we make appropriate changes of variable in the r;, the Jacobian is 1 and
¥ (ery — r3) becomes simply ¢(r1). Using the fact that FY% is invariant by Ua, on the
left, we can once again eliminate the integration over r3, obtaining

Ipo1 = Ww(ﬁ)m(t)/2 () FYY (tay (¢ —o00011 (1) 000001 (72), 8)dr1dradt,
Doo1 F

where Dgp; is the region defined by the conditions |e|, |d| < 1, |¢| > 1. Finally, we break
Tgoo into Iggoo and Ipggr. Observe that Ipggg is the same basic shape as I, Iy, and
Igp1- We leave it alone for now, returning in a moment to do some manipulations valid
for any integral of this shape. As for Ipgo1, we plug in 04800111(?”3_1)56000111(—7’3) and
conjugate them to the left, obtaining

Tooo1 = W (t)pa () / |rs|*(—rs)x

D()()() F—o

X /2 W(erirs) fYY (F agoorns (T3 1) Z—000011 (1) —000001 (72), sdridradradt.
P

Here Dy is the subset of Z\T defined by |c|, |d|,|e| < 1. It shall emerge in a moment
that the inner integral over r; and ro depends only on |r3|. It follows that

Inoo1 = — W (t)pa (t)g? /2 W(epr1) FYV( agoornn (012 —000011 (1) —000001 (72), sdr1dradrsdt
Dooo F

(p being a uniformizer and ¢~! its absolute value).
We now turn to some manipulations for a general integral of the following shape

I'(¢,t") := /2 V(@) Y (" z 000011 (1) 000001 (72), 8)drydrs.
F

We first introduce the notation to describe the answer. To avoid having two @)’s we

denote the maximal parabolic subgroup of GSpiniy used to construct the Eisenstein

series of which 6, is a residue (which was denoted by @ in section 3) by Q™) here.
1

Recall that if n; = v(a;(t)), and ps(t) = 5p(t)S5Q(1>(t)%(t)5]§(M (t), then, in the
o)
notation of section 3, we have
FEY () = p(t)Xsrs (05 n5).
We also reuse the notation z = ¢~*+3/2. Let m; = v(a;(t")), and let

v(€) ms

S'(v(e),m) = Z Z w12 g o, (msms + ki — ky).
k1=0ko=0
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Then we prove
Lemma: We have

I'(e,t") = L(1,12s — 7/2)us(t") S (v(é), m).

Since the answer depends only on v(¢), this allows for the simplification of Ipgp; noted
above.
Proof: Using the same approach as above, we obtain I’ = Ij) + I{, where

Iy = 10(5)/Ffy’¢(t//$—ooooo1(r2),S)dTQ,
(1, being the characteristic function of o) and
n= - Pp(ery)|r| /F¢(—05(t,/)7“2)f;/’w(t//agooon(?"fl)ﬂﬁ000001(7“2),8)(17“2617“1-
Let IT,(t",7") denote the inner integral over ro. It is equal to

10(@5(t//))fy’w(t//a6/00011(7“1_1)7 )+ o w(—%(t//)m)fy’w(t”agooon(7”1_1)0%(7“2_1): s)drs.
—0
Using the fact that
(1—q b if k <wv(a),
/ W(arg)dry = ¢ x —q tifk=wv(a)+1,
ro|=q*
Ir2l=q 0if k> v(a) + 1,

we obtain

ms
I ) = Lo(as () £ (" agooon (11, 8)+ Z S (" agooon (17 ) (P2), 5)¢™

ko=1
ms+1
— >0 YR anon (el (02)., 5)".
ko=1

We compute gus o af (p) and find it equal to 23. We get

ms
p3(t" agoo011 (11 1)) Z a2 (Yspy(m/,ms — ko) — ¢ 2 Yo, (m/,ms — ky — 1)) . (42)
k2 =0

Now, using the formula for the integral of ¥(¢r1) over the annulus |r1| = ¢*', we have

v(¢) v(€)+1
I=> ¢nIni oM —q ' > PN o).
k1=1 ki1=1

We compute ¢2113 0 agoor; (), finding it equal to x® again. Plugging in (42) we obtain

v(€) ms v(8) ms
HS(t”) Z Z x3k1+3k2>~<SL2 (m,,mS + kl _ kg) _ q_1$3 Z Z x3k1+3k2>25L2 (m’,mg, + kl _ k? _ 1)
k1=1ko=0 k1=1ko=0
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v(€) ms v(&) ms

—q~ 13 Z Z x3k1+3k2XSL2(m ms+ ki —ka+1)+q 20 Z Z $3k1+3k2XSL2 (m ms + k1 — ka)
k1=0 ko=0 k1=0ko=0

A similar computation yields

ms ms—1
Iy = ps(t") Y 22 Xg, (myms — k) — ¢ ' Y 2y, (m,ms — ky — 1),
ko=0 ko=0

This time, the cut-off in the sum is provided by the support of f;/’w. The result follows.
|

Recalling the definition of xsr,(m’, ms + k1 — k2) and the identity (20) mentioned
earlier, we also have

2

3 ¢ x o
16*2 XSLQ(mz)( g71)><5L3(v,m5) T e, )

which we denote more briefly by x&, (v, m).

Returning to the main argument, we have broken our original integral into five
pieces, each of which (in light of the observation that the inner integral in Ipg9; depends
only on |rg|) is of the form

S (v,m) = xs514(m1,m3) (

| WaOm (O T (O] (G, 1'T5)dt, (43)
Here o is simply standing in for one of our five labels 1,01,...,0001, and J,, ¢,, and
T, are just the appropriate expressions from the corresponding integral, for example
J1(t) = |e|® and ép1 = cd.

Now, recall that T is not the full torus of GEg but only the six-dimensional maximal
torus of H. Because of this {«;(¢') : 1 <i < 5} provides a complete set of coordinates
for Z\T. Let n; = v(;(t')). It is clear that each piece of the integrand above depends
only on ni,...,n5. We may therefore express each of our ﬁlve pieces as a sum over n

subject to constraints depending on the case. Let pa(t) = 5E(H)u1(t)u3(t/).

Lemma: We have us(t) = 2/®, where

(n) = 2n1 + 3ng + 4ng + 2n4 + ns.
1 11 1
Proof: We have psa(t) = (5129(}1)(t)J(t)éf,(t)éjé(t’)éé( )(t/)(sé(l)

Jacobian that emerged when ¢ was conjugated past u; € U 1(@). Each piece is naturally
interpreted as an element of Agr ®z C, where Ar denotes the root lattice of GEg. For
the pieces where the argument is t or ¢ we apply the appropriate Weyl element to

('), where J is the
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express them in terms of {c;(t')}. We find that

J(t) = (5,12,10,15,8,1) in terms of {o;(t)}
= (-4,-6,-8,—15,—13,—11) in terms of {c;(t')}
_1
53(2H)(t) = (—g, 0,—4, —g, —4, —g) in terms of {a;(t)}
B 19 13 5 ,
= (—4,-5,-7,— 5 "5 ,—2) in terms of {o;(t")}
1 -
Ip(t) = (2,3,4,6,5,4) in terms of {«;(t)}
= (2,3,4,3,2,1) in terms of {c;(t')}
Sp(t')? (8s,12s, 165, 245, 20s, 165) in terms of {c;(t')}
1 1 .
O Q<1))(t') = (1, ,0) in terms of {a;(t')}

1
27 7 7 2
3,

55(1)( = (2,3,4,6,3,0) in terms of {a;(t')}

Recall that for ¢ € T, ¢’ is in the kernel of (0,0,0,1,1,1). Reducing modulo the span
of this element, and summing, we obtain

9 3
(8s — 3,125 — 5,168 — 6,85 — 3,45 — 5,0),

which gives the stated result. |

_1
Now, recall that d (ZH)W7r (t) is described by the Casselman-Shalika formula in terms
of

(v(a1(t)), v(as(t)), v(aa(t)), v(as(t)), v(ag(t))) = (n2 + ng, ngs, ng + ng,n1, na + n3).

Specifically, it is zero unless each of these integers is non-negative, in which case it is the
trace of the irreducible representation of SLg(C) whose highest weight is given by the
quintuple, evaluated at the conjugacy class in SLg(C) associated to the representation
7. We denote this by xsz,(n”). Then Wy (t)u1 (t)uz(t') = xsrq(n” )™,

Finally, in each case, J,(t)us(7},) is some power of x. We have seen above that I,
is evenly divisible by L(12s — 7/2,7) for all 0. Let I denote the quotient. Then each
piece of our sum is of the following shape:

> Xspe (@) TR (0(Eg), m7).

Again, o is simply one of our labels 1,...,0001.
We record the values of A;v(¢é), and m in the following table, along with the con-
straints appropriate to each case:

case constraints | z2¢ v(Cy) mi ms ma ms
1|lng<0,m;>0,i#3] 27 | ng+ny | ny+ns 0| ny+ng ns

01| no<0,m;>0,i#3| 27372 | ng +ny n1 | ng + ng 0 ns
001 [ ngy <0,n; >0,i#3 1 0 ny | ng+ng | no+ng | ng + ns
0000 n; > 0all ¢ 1 4 ny n3 n9 ns
0001 n; > 0all i 2| ng—1 n| ng—1| ny—1 ns
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Note the order of the m;. (It is chosen for convenience of plugging into Ysr.,.)
Our original claim is reduced to

L(m x 7,A’GLg x GLo,4s — 3/2)
L(7, sym3,12s — 9/2).

This is essentially an identity of power series. To be precise, let R denote the repre-
sentation ring of SLg(C). It may be identified with the ring of polynomial functions
on the torus of SLg(C) which are symmetric with respect to the action of the Weyl
group. The characters of irreducible representations form a basis for R as a C-vector
space. We consider the ring R[Y7, Y2|[[X]] (formal power series over a polynomial ring
in two variables over R). Suppose that diag(&,£71) is a representative for the semisim-
ple conjugacy class in SLs(C) associated to 7. Then for each o there is an element I,
of R[Y1,Y5][[X]] such that I, may be obtained from I, by evaluating Y; at &, Vs at
€1, X at x = ¢~%13/2 and the characters in R at the semisimple conjugacy class in
SLg(C) corresponding to 7.

But L(7 x 7, A2GLg x GLa,4s —3/2)/L(t, sym3,12s —9/2) is obtained by the same
procedure from the power series (), defined by

fl + f01 + f001 + foooo - foool (44)

oo
1-X°YV)(1-X*V1)(1-X*Y) (1-X°YP) Y Tr(sym™Te,)Tr(sym T, ) Y V3 X7
n,m=0
Furthermore, other than the relation ££~! = 1, no specific information about the points

we are evaluating at plays any role in the proof.
Thus (39) is reduced to the identity in R[Y7, Y2][[X]]/(Y1Y2 — 1) :

Q = I + Iy + Ioo1 + Zooo1r + Toooo, (45)

which we prove in the appendix.

7 The proof of equation (45)

In this section we regard x as an indeterminate in a ring of formal power series, and &
and ¢! and the images of Y and Y3, respectively, in C[Y7,Y2]/(Y1Ys — 1). It will be
convenient to introduce u := z¢ and v 1= &L

7.1 The Littlewood Richardson Rule

We first expand @ as a more explicit summation. Let (nq,ng,ns,n4,ns) now denote
the character of the irreducible representation of SLg(C) with highest weight >, n;wo;,
viewed as an element of the representation ring R. The decomposition of sym"I'y, is
known:

Tr(sym"l's,) = Z (0,a,0,b,0).
a+2b+3c=n
(See [B].) Hence
Q=(1—u*)(1—-u*v)1—u?)(1 -3 Z Tr(sym"To,)Tr(sym™T o, )u"v™
m,n=0
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= (1 - u27j)(1 - uv2) Z (07 mi, 0, m2)(0, n1,0,ng, 0)Um1+2m21)n1+2n2_

m;,n; =0

We now expand (0, m1,0,m2)(0,n1,0,n2,0) using the Littlewood-Richardson rule. Thus
we associate to (0,n1,0,n9,0) the partition (n1 + ng)?(n2)? and it’s Young diagram,
which consists of two rows of length n; + ns and two of length ny. To describe the
multiplicities in (0,m1,0,m2)(0,711,0,n2,0) we consider all ways of adding m; + mg
boxes labeled a and an equal number labelled b, and then my each labelled ¢ and d,
to the Young diagram of (n1 + n2)?(ng)? subject to certain conditions, as described
in [F-H], page 456. We let a; denote the number of a’s in row i and define b;, ¢;, d;
similarly. Then we have:

ap > by +bs, az>bsy, by>c3, ni1>az3+by, na>as+bs, dg>c5, €3 >dy,

as + by > by + cy4, by + bg > c3 + ¢4, by + b3 + by > c3 4+ ¢4 + c5,
ng + by > as + bs + cs, ng + by + ¢4 > as + bs + c5 + ds, bs + c5 > dg,
a1+ a3 = by + b3 + by + bs, be = as, c3+c4+c5g =dg+ ds + dg = ma,

and all variables not appearing in any of the above must be zero. Also, a1 + a3+ a5 =
m1 + mg. We plug this into our sum and make appropriate changes of variable (e.g.,
ny — n1 + ag + b3) based on the inequalities in the first row. The first equality in the
last row becomes bs = a1 + a3. We eliminate mq, mo, b5, bg, and d5, and obtain a sum in
all remaining variables from 0 to co subject to the following reduced set of constraints.

az + b3 > cu, by + b3 + by > c4 + c5, ng +bs+dg > c3+c5
a1 + a3 > dg, by 4 b3 > c4, ng + by > cs, c3 + ¢y > dg.

(The last constraint here results from the nonnegativity of the eliminated variable ds.)
The representation corresponding to a given value of these variables is obtained as
follows: having added the boxes marked a,b, c,d to the original Young diagram, we
now have the Young diagram of a new partition. To translate back to the quintuple
notation, we simply subtract consecutive entries. Summarizing:

Q — (1 _ u2v)(1 _ uv2) E un1+2n2+2a1+3a3+b3+b4,Ual+a3+a5+b2+b3+b4+203+C4+C5+2d4

(a1+b3,  ni+ba,  as+bstcez—ca,  notbi—cz—cs+dat+ds,  artasztcztca—2dg),

where the summation is from 0 to oo in all variables subject to the constraints listed
above. Observe that a5 may be summed at once, canceling the factor of (1 — u?v) in
front.

7.2 Evaluation of the power series .

Now that both sides of (45) have been expressed as explicit summations, the claim is
that the coefficient of the character (mq,mg, ms, my, ms), is the same on both sides.
This, in turn, is equivalent to the identity of power series in that we obtain by replacing
(m1, ma, m3, myg, ms) with t7"* ... ¢L*® everywhere. By abuse of notation, we keep the
same notation for the new power series. As we shall see, the power series I, from
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section 6 are not difficult to evaluate in closed form. We first record a few lemmas.
Each is proved by a straightforward computation.

Lemma: We have
0 uy
nym ug
E X1 X3'xsps(n,m)| < u1u2—1>

n,m=0
1-X1Xo
(1 — Xlul)(l — X1UQ)(1 — X1u1_1u2_1)(1 — Xgul_l)(l — X2u2_1)(1 — X2U1u2)

Lemma: We have

) " 1
;X"XSLQ(H)H wt) = (1—Xu)(1 - Xu)

Lemma: We have

0 ul 1
Xn n70 u2 B =
> X"Xs1,(n,0)] ( U1U21> (1— Xu)(1 - Xug)(1 — Xuj 'uy )

n=0

Applying the symmetry of the Dynkin diagram to the last identity, we obtain

o uq 1
X" 0,n w2 ) =
7;) Xsia(0,m)] < “1“21) (1qufl)(leugl)(leuluﬁ

Referring back to our table in section 6, we write out the formal power series I,:

[e.e]

Toooo = E : t?z+n4tg5 tgs-i-m tzu tg2+n3:c2"1 +3n2+4ng+4ng+2ns %

n; =0

3 Ex
X XsLs(n1,ng)| {1 (2 ) XSE2 (n2) XsLs(na,ns)[ | =2 e, )
x

o0
Tooo1 = E :t7llz+n4t7215tg3+n4t21tgz-l—ng$2m+3n2+4n3+4n4+2n5+3X

n; =0

x
)XSLQ(”Q — 1) xsp5(na — 1,n5)| < 2~ - >
xr

Il — E t?2+n4tg«5tgls+n4t2bl tg2+n3$2n1+3n2+n3+4n4+2n5 %

3
X XsLs(ni,ng — [ | 1 -

n3<0

3 &x
X XsLs(n1 + ns, 0)] ( 1 §2>XSL2(TL2 +n3) XL, (13 + 14, 15)| < =2 >
xT

IOl — § t7ll2 +ngq t;ls tgm +n4q tZl th +n3 x2n1 +4nz+4ngs+2ns «

n2<0

3 3
X XsLs (11, n2 + n3)| ( 1 €2> X5Ls (12 + 14, m5)] ( = >
x
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(o)
1001 — E t7112 +na t;ls tgs +n4 tZl t7512 +n3 x2n1 +3n2+4nz+4ns+2ns «

na<0

13 13
X X1 (1,7 + )] ( 1 £2>xSLg<n2 + 14) X515 (0, 74+ 15)| < - )
X

In the last three sums, summation is from 0 to oo in the variables not indicated. Each
of these is straightforward to sum using the lemmas above. For example, to compute I
we just have to make the change of variables ng +— —n3—1,n; —n;+ns+1,¢1=1,3,4
( which also has the effect n; + ng +— n;,i = 1,3,4) to obtain summation from 0 to co
in all variables. We summarize the outcome. Let

Az = (1 —udPtstats),  Biz = (1 — uts)(1 — uvty) (1 — vty),

Ci3 = (1 — udvtsts)(1 — u?v?tsts) (1 — uvdtsts), Ays = (1 — uvitytots),

Bys = (1 —uty)(1 — vta)(1 — u?0’ty),  Cus = (1 — w’vtit3)(1 — u*v’tits) (1 — uvtyts)
Cy = (1u2vt1t5)(1 — u02t1t5)

Then
¥ A13A45 o 6 6.2 2 92 A13A45
Loooo = B13C13C2By5Cys5’ Tooor, = —uv i wrs B13C13C2B45Cy5
i - u3v3t%t4A45 I~01 _ u3v3t§A13A45
(1 — U3?)3t%t4>Blgch45C457 (1 — u3v3t§)B136’13B45C45’
Ioo1 = fa5 A1 .
(1 — tot2) B13C13C2Bas

Let fgoo = 1:0001 + 1:0000- It is indeed the power series corresponding to the integral Iygg
from section 6. Observe that a given quintuple (mq,mgo, ms, my, ms) will appear in
only one of the power series I, 0 € {1,01,001,000}. For example, if m; + ms — ms is
negative, it will only appear in Ino. This allows us to break Q into four parts Q, and
compare like parts. This turns out to be more convenient than summing, since when
we put everything over a common denominator, the numerator is irreducible of degree
42 in .

7.3 Evaluation of the power series (),

We recall the form of the quintuple that appears in our summation for Q):

(a1+b3,  ni+ba,  as+bstcez—ca,  notbi—cz—cst+dat+ds,  artasztcztca—2dg),

Comparing with (ng + ng4, ns,n3 + ng, n1, n2 + n3) we find that the key quantities are
a1 + ¢4 — dg, as + c3 — dg, bs +dg —cq

corresponding to the quantities ng, n3, and ng of subsection 7.2 respectively. To com-
plete the proof of (39) from section 6 we must check
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Proposition: For o = 1,01, 001,000, we have Q, = I,.
Proof: We recall the form of the sum:

(1 _ UUQ) E un1+2n2+2a1+3a3+b3+b4,Ual+a3+b2+b3+b4+QC3+C4+C5+2d4

(al—i-bg, n1+ba, asz+bs+cs—cy, no+bs—cg—cs+dy+dg, a1+a3+03+04—2d6),

with summation from 0 to co in all variables, subject to the constraints

az + bs > cq, by + b3 + by > c4 + c5, ng + by +dg > c3+c5
a1 + a3z > ds, by + b3 > ¢4, ng + by > cs, c3 + ¢4 > dg.

as well as the additional constraints which define the “piece” . We first observe that n;
and d4 do not appear in any constraints, and hence may be summed at once producing
factors of (1 — utz)™! and (1 — v?t4)~! respectively. Also, it will be convenient to
introduce r; = ng + by — c3 — ¢5 + dg and eliminate the variable nyo. The resulting sum
is

(1 _ UUQ) E u27“1+2a1+3a3+b3—b4+263+205—2d6,Ua1+a3+b2+b3+b4+203+04+05

(a1+b3, ba, as + bs + c3 — ¢y, 1, a1+a3—|—03—|—04—2d6),

and the new constraints are:

by +bs > ¢4 (46)
by +b3+bs > ca+cs (47)
az+b3 > ¢4 (48)
ri+c3 > dg (49)
ai +a3 > ds (50)
c3+ey > dg (51)
r+c3t+ces > by+dg (52)

The remainder of the computation is different in each case, but in all of the cases we
make use of the following
Lemma: For N <0 < M, we have

ST (a2 ()b ! (u” ") (u?v) !
(SZJ:V b4§:0 (o) (u™ o)™ = (1-w2)(1—ulv) (1-vlo)(1—-wu?) (1—u2v)(1—w?)

Proof: We break up the sum as

2

- 2 1 5 - & 2, \ba—6/, —1 b 1— (u”lo)MH! u?v — (uPo) N
Z Z(U ) (u o)t +Z Z(u V)0 (u o), = + .

— 1 — 2 — — 2
520 a0 o) (1—uto)(1 —wv?) (1 —u?v)(1l—uv?)

and then simplify. It’s worth noting that summing (u‘lv)‘S = £72 from 0 to co would
be invalid, but summing u?v = 23¢ or uv? = 3¢~ is valid for Re(s) sufficiently large.
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7.3.1 The sum @,

For (1 we have the additional constraint dg > az + c3 + 1. When we make the change
of variables dg — dg + a3 + c3 + 1, (49),(50), and (51) become

r1 > dg +az + 1, a; > dg+c3+1, cs > dg+az+1
respectively. We make additional changes of variable
ri—ri+deg+az+1 a1 — a; +dg+c3+1, cavrrcg+dg+ag+1,

and (48) becomes bs > ¢4 + dg + 1. Making the final change of variables b — b3 + ¢4 +
de + 1, we now have a sum from 0 to oo in all variables subject only to:

by + bg > as bo + b3+ by > ag + c5, 1+ ¢c5 > by.
The summand is:
u27’1+2a1+3a3+b3+b4+203+04+265+3d6+3,Ua1+2a3+b2+b3+b4+303+204+65+3d6+3
ta1+b3+63+64+2d6+2tb2tb3+03t7“1+a3+d6+1ta1+c4
1 2 l3 4 5 :
The unconstrained variables a1, c3, ¢4 and dg may be summed, yieldin
) b y ) y g

3v3t3ty
(1 — udv3t2ty) (1 — uvtits) (1 — uvdtits) (1 — uvtyts)

The remaining sum we may write as

Z Z Z Z vty) b2 (uvtyts)®™ b2(u3v tyg) 2t4 Z Z u? v)?(u~ v)b

s=0 by=0a3=07r1=0 d=a3z—s bg,c5=0
byg—c5=9

Now, let

G(X,Y,Z) Z Z Z Z X xshzkeyks — (1 - v)7lGy (X, 2).

5=0 k1=0 k2=0 k3=0

(The second equality defines G.) Then our sum is

GX,Y, Z) uw G X, u Y, Z)  wPuGutvX, Y, u vl 27) (53)
(1—uw 1)1 —u?v) (1—uto)(1—uv?) (1 —u2v)(1 — uv?)
where
X1 = ’Utz, X2 = ’U/Utltg, Y = u2t4, Z=u ’U2t4 (54)

We now prove
Lemma: We have the identity of power series

1-X1X27

Q&) = o) - X0 - %Z)
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Proof: Performing the sums in k; and ke we obtain
o0
(X1 — X2)~ )7 (= (X - X5,
s=0

which we break into four pieces and sum over s obtaining

X X Xz XoZ
(Xl—Xg)l(l—Z)1< ! 2 ! & >

1-X; 1-Xo 1-X17Z ' 1-Xo7

When we place the sum in parentheses over a common denominator the numerator is
precisely (X; — X2)(1 — Z)(1 — X1 X22). [ |

Returning to our specific situation, note that (1 — X;7) is fixed when we replace
X; by u?>vX; and Z by u~2v~'Z. Hence these factors are common to all three terms of
(53). We easily combine the first two terms using the identity

1 B u v _ (1 —ut0)(1 —u?Y)
1—u20)(1-Y) (1—-w?)(1l—-uvY) (1-u?v)(1—-u?)(1-Y)1-uloY)

Combining with the last term is more laborious and requires simplifying
(1—u?Y)(1-X1 X2 Z) (1—u?v X)) (1—u?vX5) — (u? —uv® Y )v(1- X1 X Zu?0) (1— X1 ) (1— X3)
Noting that in (54) we have uv?Y = Z, this simplifies to

(1—u?0)(1—-X12)(1 — X22)(1 — X1 Xou’v).

We cancel the (1 —u?v) in the denominator and the (1 —X12)(1— X22)(1 — X1 Xou?v)
factored out earlier. The (1 — uv?) in the denominator matches the one in front of
the sum. Plugging in (54) we find that 1 — X1 Xou?v = 1 — udv3t1tat3, and that the
terms which remain in the common denominator of (53) precisely match the part of
the denominator of I; which has not already been accounted for, i.e.

(1 — vta)(1 — uv?t2) (1 — uvtits)(1 — udvPtit3)(1 — u?ty) (1 — uvty).

7.3.2 The sum QOOl

For Qo1 we have the additional constraint ¢4 > b3 + dg + 1. Constraints (51) and (50)
follow from this and the other constraints, and we eliminate them. When we make the
change of variables ¢4 +— ¢4 + b3 + dg + 1, (46) and (48) become by, a3 > ¢4 + dg + 1
making the additional changes of variable by — bs +c4+dg+ 1, a3 +— as+c4+dg+ 1
The new set of constraints is

by 4 by > c5, r1+c3 > dg r1+c3+c5 > by + ds.

The remaining computation is entirely analogous to what was done for ;.
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7.3.3 The sum Q)

For Qo1 we have the additional constraint dg > a; + ¢4 + 1. Constraint (48) follows
from the others. We make the change of variables dg +— dg + a1 + ¢4 + 1, and then
a3+ a3 +dg+cqg+ 1 and c3 — c3 + a1 + dg + 1, leaving the sum

E u27“1+2a1+3a3+b3*b4+203+C4+265+3d6+3v3a1+a3+b2+b3+b4+263+204+C5+3d6+3
a1+b3 b2 ya1+az+b3+c3+2de+2,7r1 a3 +c3
tl t2 ZL/?) t4 t5 ’
subject to:
c4 < by + ba, cs <11+ cs, —(b2 b3 —cy) <by—c5 <ri4c3—cy.

Summing the unconstrained variables a1, a3, dg we obtain a factor of
3,,342
V13

(1 — wdv3t3)(1 — uvdty) (1 — udvtsts)

in front. Let

X Y Z Z ZZ i i Xk1X81—k’1 i Yk?zySz—kQ _ F(lﬂ X? Z)
k=0 L k2 =0 b - =X - 1)
=0 81,52=L R1= 2=

Then the remaining sum is

F(X,Y,uw?) R (X, um Y u?e)  wPoF (vt X, Y, um o)

1-uw2)(I—ul) (I—w?)l-uvlv)  (1—u?)(l—uv) (55)

(1 —uw?)F(X,Y,uv?) — (1 — o) F(X, v Y, u?v) — (1 —u ") F(u?vX, Y, uv)
(Xl — X2)<Y1 — Yg)(l — u2v)(1 — UU2)(1 — U_IU) ’

evaluated at
X1 = Utg, X2 = uvtltg, }/1 = u2t4, 1/2 = u2112t3t5. (56)

Also,
2

i X;Y;
FLY.2)= ) =Xy v, - Xiv,2)

ij=1
Observe that (1 — X;Y;Z) takes the same value, namely (1 — X;Yjuv?), in each of the
three terms in (55), for all 7, j. We check the identity

(1—w?)XY w1l —-u?0)XY  *(1—-u )XY
1-X)1-Y) (1-X)1-ulv) (Q—-u2X)1-Y)

(1 =u )1 = wP)(1 — w?XY)XY
1 -X)1-Y)(1-uY)(1 —uvX)’
and apply it to X;, Y; for each i, j. We then cancel (1—u"v)(1—u?v)(1—uv?X;Y;). The

sum on ¢, j now factors into two separate sums, which are easy to compute. Plugging
n (56), we check that the result matches Iyo;.
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7.3.4 The sum Qoo

For QQyop we have the additional constraints

as + cg > dg (57)
a1+ ¢4 > dg (58)
bs +de > ca (59)

Let
GW,X,)Y Z)= Z Wlal W;ZX{)QXSSY{I Y2cs Zf4 de

with the sum subject to all of our constraints except (47) and (52). Then, viewing
these two as defining a sum as considered in out lemma above, we find that our sum is

G(Ea XaX? ZhZQ> uilvG(E7X7uilea ZlaU/U71Z2) Uva(wa X7Za U2’UZl,Z2)

(1 —ut)(1 —u?v) (1 —u1v)(1 — uv?) (1 —u2v)(1 — uv?)
(60)
evaluated at
W1 == u“t1t5, W2 == u3m§3t5, X1 == Utg, X2 = uvtltg,
Y = u2t4, Y = ’U,21)2t3t5, A= ’Ut3_1t5, Loy = u*th2.

Now, let
H(Ka XY, Z) _ Z Wlal W2a3Xi)2X§3Y1T1 YVZCSZZ

where the sum is subject to
¢ < min(bg + b3, as + bg, rL +c3, a1 +as, az + 63).

Lemma: We have

1 — Wi XoYoZ1 Zo
(1= X221)(1 — W1YaZs)

GW,X.Y, Z) = HW, XY, Z17Z5),

and
1 - WiWeXoYoZ

(1T — W) (1 = Wa)(1 — W1 X3YaZ)

where F' is defined as in the last section.

Proof: The proof in both cases is just to break into two pieces and make appropriate
changes of variable in each piece. To prove the first identity we consider the subsum
defined by the additional condition ¢4 > dg. Which renders (51) and (58) redundant.
We then make the change of variable ¢4 — ¢4+dg, followed by bs — bs—+c4. The resulting
constraint-set is that of H with the role of ¢ played by dg. We obtain from this piece
(1—X2Z1)"'H. In the sum over c4+1 < dg we find that (59) is redundant, and we make
the change of variable dg +— dg + c4 + 1 followed by c3 — c3+dg+ 1,a1 — a1 +dg + 1.
Then we again obtain the sum defining H(W, X,Y | Z1Z5,), with the role of ¢ played
by ¢4 this time, and the sum over dg producing (W1Y2Z5)(1 — W1Y2Z5) 1. Simplifying
the sum of the two terms in front, we obtain the first identity. The second identity is
proved in the same manner, this time defining our two pieces by as > £ and £ > ag+ 1.

HW,X,Y,Z) =

F(Xa X? ZW2)7
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Corollary: We have:

GW,X,Y,Z) =

1-— W1W2X2Y2Z122
(1= W1)(1 — Wa)(1 — X221)(1 — W1YaZs)

F(X,Y,Z1Z,W3).

Returning to the evaluation of (60), note that the expression in front of the F' takes
the same value in all three of the terms of (60), and that value is

1 — ubvSt3t3e2
(1 — u2vt1t5)(1 — u3vt3t5)(1 - uv2t1t5)(1 — u2v3t1t3) '

The remaining expression involving F' is precisely (55), which has already been evalu-
ated. Once again we check matching of every term.
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