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Summary. This paper presents a formalized ontological framework for the analysis
of multiscale classifications of geographic objects. We propose a set of logical prin-
ciples that guide such geographic classifications. Then we demonstrate application
of these principles on a practical example of the “National Hierarchical Framework
of Ecological Units”. The framework has a potential to be used to facilitate inter-
operability between such geographic classifications.

1 Introduction

Objects in the geographic domain are different compared to objects at sur-
veyable scales like, for instance, table-top objects. Geographic objects are
intrinsically tied to space and inherit from space many of its structural prop-
erties such as topological, mereological (part–whole relations) and geometric
ones [1]. The goal of this paper is to investigate some of the properties of geo-
graphic objects using ecosystems as a representative example of a geographic
object.

To achieve this goal we will develop a formalized framework for handling of
the structure of ecosystem hierarchies. Our theory will be demonstrated using
“National Hierarchical Framework of Ecological Units” [2] that is adopted by
the United States Department of Agriculture Forest Service (USFS).

The framework that we are developing will be founded on theories of for-
mal ontology including mereology, a theory of classification, and a theory of
instantiation. Formal ontology as a tool for studying complex domains has al-
ready demonstrated notable successes in such areas of information technology
as medical information systems [3, 4] and biological classifications [5]. A simi-
lar ontological methodology was applied to the concepts of surface hydrology
in [6].
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There are several purposes for this study. The study itself will allow to
achieve better understanding of the existing ecosystem hierarchies and to
provide useful hints for creating new and improved ones. Formalization of
the framework and its specification as a small set of axioms is geared toward
facilitating of computer–computer interaction and interoperability between
various ecosystem hierarchies. Attempts of representing ecosystems and their
components on maps and in the computer memory had resulted in a large
variety of methods of delineating and classifying ecosystems [7]. The need for
interoperating and comparing of ecosystem hierarchies and classifications re-
quires to study basic principles behind the conceptualization of ecosystems
and similar objects.

2 Conceptualization of an Ecosystem as a Geographic Ob-
ject

The notion of an “ecosystem” had long been an integrating concept behind
mapping of natural resources such as soils, lands, forests, vegetation and many
others and implies close spatial and temporal interrelation between biotic and
abiotic map attribute components. The term ecosystem was first introduced
by Tansley in 1935 [8] and now is understood as:

a community of plants and animals within a particular physical envi-
ronment which is linked by a flow of materials through the non-living
(abiotic) as well as the living (biotic) sections of the system. . . [9,
“ecosystem”]

There are several aspects of the notion of an ecosystem that must be con-
sidered in order to understand its conceptualization. This includes but not
limited to such issues as the question of ecosystem existence, spatial organiza-
tion of ecosystems, individuation of ecosystems, the nature and the character
of ecosystem boundaries, ecosystem dynamics and others.

In geographic space in ontological sense we can speak about two signifi-
cantly ontologically distinct types of objects: bona-fide objects, i.e., ones that
exist in the world and fiat objects, i.e., ones that result from human cognition
[10]. Examples of the former are rivers, mountains, highways, the later are
hemispheres, countries, property lines. In this sense ecosystems are bona-fide
objects and they are not the products of human cognition or artifacts of map-
making or management practices. The same is true about ecosystem hierarchy
that is an emergent property of the process of ecosystem self-organization.

Ecosystems vary greatly in size and inherently posses a nested structure.
One can think of the whole Earth and a drop of water as ecosystems even
though those are not disconnected or even separate systems: for example,
the flow of energy and matter never stops between the drop of water and
remaining Earth. In this sense a drop of water is not a separate ecosystem
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but rather is a part of the larger Earth ecosystem. This is true also for other
ecosystems such as oceans, gullies, lakes, mountain slopes, biomes, etc. that
can satisfy the criteria of being of an ecosystem. As a result, ecosystems on
the Earth surface form a very sophisticated nested structure with multiple
levels of spatial organization [11].

Each ecosystem can be characterized by an infinite number of variables
ranging from physical parameters of its environment such as temperature,
humidity, pH to the composition of its biological species. Delineation of an
ecosystem implies certain homogeneity of its properties within a region of
space and time.

Ecosystems are dynamic objects that are individuated by a particular kind
of its dynamics. These includes cyclical changes on the scale from hours (like in
tidal zones) to centuries (like forest successions) or one-way (acyclic) dynamics
like, for example, erosion. Spatial and temporal extents of ecosystems are
highly correlated. Typically smaller ecosystems have shorter cycles.

3 Classifications of Ecosystems

United States Department of Agriculture Forest Service (USFS) has adopted
“National Hierarchical Framework of Ecological Units” [2] for ecosystem clas-
sification and mapping. The main purpose of the framework is to provide
support for ecosystem management at various geographic scales. This frame-
work organizes terrestrial ecosystems into eight scale levels depending upon
their size and delineation factors (Table 1). Each scale level is intended for a
certain group of management and analytical purposes. The size of map units
in each scale level typically falls within a certain range of sizes specific for that
particular level. The units of each level are nested in the units of an upper
level and exhaust them.

Delineation of ecological units at all scales of the hierarchy is based upon
the similarity of patterns of a wide range of ecological factors. These factors
include climate, lithology, hydrology, landforms and topography, soils, poten-
tial vegetation and prevailing natural processes. The combination of factors
is specific for each particular scale level. Climate is the leading criteria for
delineating of the ecological units at upper scale levels. Other factors such as
topography, soils, potential vegetation become more important at the lower
scale levels. At the bottom of the hierarchy (scale levels of landscapes and land
units) ecological units are designed on the basis of local natural processes and
ecological conditions.

3.1 Parts of Ecosystems vs Kinds of Ecosystems

Figure 1 shows a fragment of the map of ecoregions of Alaska [12]. Ecore-
gions on Figure 1 belong to the “Polar Domain” and represent “Tundra” and
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Table 1. National hierarchy of ecological units and corresponfing polygon sizes [2,
pages 184 and 186, modified]

Planning and analysis Scale Ecological Approximate
scale Level Unit Unit Size, mi2

Ecoregion
Global 1 Domain 106

Continental 2 Division 105

Regional 3 Province 104

Subregion 4 Section 103

5 Subsection 101 − 103

Landscape 6 Landtype
association 100 − 101

Land unit 7 Landtype 10−1 − 100

8 Landtype phase < 10−1

“Subarctic” divisions. Relationship between the same ecological units can be
presented schematically as shown on Figure 2. At one hand ecological units
are involved in part-of relations. The Figure 2(a) shows an abstracted vision
of the part-of relationship: if a smaller circle is contained in a bigger one than
one is a part of another in the same sense as a smaller ecosystem is a part of a
bigger one. It means that we can say that “Tundra Division” and “Subarctic
Division” are parts of the “Polar Domain”. This will be true in geographic
sense due to collocation of these units. This also will be true in ecosystem
sense because of particular character of energy and matter exchange between
the ecosystem components. On the other hand, each patch of land that is
categorized as “Tundra Division” at the same time has to be categorized as
“Polar Domain”. This relation of categorization we will call an “is-a” (kind-of)
relation (Figure 2(b)).

Fig. 1. Ecoregions of Alaska [12, modified]
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Fig. 2. Schematic representation of ecosystems shown on Figure 1

3.2 Classes and Individuals

It is important to make the distinction between a “part-of ” and a “is-a” rela-
tion and how they are applied to ecological mapping and classification [13]. To
improve understanding, among ecosystems we need to discuss the distinction
between classes and individuals in the geographic context.

The distinction between individuals and classes is an obvious and simple
in most non-geographic classifications: there is no doubt that my friend’s cat
Gertrude is a individual and is a very different entity from the biological
species4 “domestic cat” (Felis catus). In philosophical terms, individuals are
particulars. Particulars can be abstract (like the number two) or concrete
(like Gertrude). Concrete particulars are physically existing objects that have
specific spatial and temporal locations. For details see for example [14].

Between individuals and classes the relation of instantiation holds. For ex-
ample, Gertrude instantiates the class Felis catus, i.e., Gertrude is an instance
of the class Felis catus.

However, distinction between individuals and classes is not so obvious in
many geographic contexts. For example, in the case of ecosystem classification
many classes of ecological units at the upper scale levels have only on a single
instance, e.g., class “Polar Domain” has a single discontinuous region on the
Earth surface as its instance.

In the special case where classes have only a single instance, the part-of
relation, which holds between individuals, coincides with the is-a relation,
which holds between classes as shown in the Figures 2(a) and 2(b). Since the
is-a relation holds wherever the part-of relation holds the hierarchies induced
by both relations are identical. This can be demonstrated using the National
Hierarchical Framework of Ecological Units [2]. The units of each level of the
framework are nested in the units of an upper level. Such nested structure is

4a biological species is a class in the sense the word “class” is used in this paper.
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a manifestation of the part-of relationship. At the same time the patches of
land that are categorized as units at a certain level of the framework also can
be categorized as units of all higher levels. This represents an is-a hierarchy
of the ecosystem classes.

Nevertheless the distinction between individuals and classes is still impor-
tant also in the case of geographic classifications where classes have only a
single instance. For example, there were periods in the Earth history when
certain ecosystems did not exist. It is possible to imagine that after a few
hundred years ice caps will cease to exist due to global warming. However,
the class of ecosystems “Icecap Division” which would not have any instances
then will still be needed to describe historical data.

There is a clear distinction between the notions of a class and an individual
in geographic context at lower scale levels and this distinction is accepted in
ecological literature [15, 16]. For example, gullies of a particular region can be
classified into certain types using their physical character (deep vs shallow, v-
vs u-shape), age, soils, etc. Each type of a gully will receive its name basing
on the factors that were used for the classification. At the same time in most
cases it would be possible to refer to each particular gully using its local or
historical name.

4 A Formal Theory of Classes and Individuals

In this section we will introduce logical theories that are needed to formalize
relations behind ecosystem classifications and demonstrate their application
using the classification of the ecoregions of the United States (Table 2) as a
running example. Formalization of the theories will be presented using first or-
der predicate logic with variables x, y, z, z1, . . . ranging over individuals and
variables u, v, w, w1, . . . ranging over classes. Predicates always begin with
a capital letter. The logical connectors ¬, =, ∧ , ∨ , → , ↔ , ≡ have their
usual meanings: not, identical-to, and, or, ‘if . . . then’, ‘if and only if’ (iff),
and ‘defined to be logically equivalent’. We write (x) to symbolize univer-
sal quantification and (∃x) to symbolize existential quantification. Leading
universal quantifiers are assumed to be understood and are omitted. The def-
initions of these terms can be found in any introductory book on symbolic or
mathematical logic, for example, [17].

Strict distinction between classes and individuals is one of the cornerstones
of our theory. In the sense of this distinction Table 2 can be viewed as either
showing a hierarchy of classes or hierarchy between individuals. In our under-
standing ecoregions, i.e., such entities as “Polar Domain”, “Tundra Division”
or, for example, “California Dry Steppe Province” play both the roles of an
individual and a class. The same distinction is represented schematically on
the diagram on Figure 3. Figure 3 shows two parallel hierarchical structures.
Individuals (black circles on Figure 3) are connected with each other through
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Fig. 3. Individuals and classes in ecoregion taxonomy

the part-of relations (shown as straight solid lines with arrows). This rela-
tion will be introduced in Section 4.3. Classes (empty circles on Figure 3)
are connected with each other through subclass relation (shown as dotted
straight lines). Subclass relation will be discussed in Section 4.1. Classes and
individuals are connected between each other through the relation of instan-
tiation (curved solid lines, only a single relation is shown not to overload the
diagram). Instantiation will be considered in Section 4.2.

4.1 The Tree Structure of Classes

In this section we will describe properties of the relations between classes.
General examples of classes are the class human being or the class mammal.
In our particular study an ecoregion can designate either a class or an indi-
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vidual depending upon the context (for discussion see section 3.2). Classes
are organized hierarchically by the is-a or the subclass relation in the sense
that a male human being is-a human being and a human being is-a mammal
or, in our example, any patch of land that can be categorized as an “Icecap
Division” also can be categorized as a “Polar Domain” (Table 2).

In the present paper the is-a or subclass relation is denoted by the binary
relation symbol v and we use symbol @ for the proper subclass relation. We
will write u v v to say that class u is a subclass of class v. Also we will call v
a superclass of u if the relation u v v holds (Figure 4).

?>=<89:;v
OO

uvv

v is superclass of u

?>=<89:;u u is subclass of v

Fig. 4. Denotations of is-a (subclass) relationship

The proper subclass relation is asymmetric and transitive (ATM1–2). It
very closely corresponds to the common understanding of the is-a (kind-of)
relations:

(ATM1) u @ v → ¬v @ u
(ATM2) (u @ v ∧ v @ w) → u @ w

Axiom ATM1 postulates that if u is a proper subclass of v then v is not a
proper subclass of u. Transitivity (ATM2) implies that all proper subclasses
of a class are also proper subclasses of the superclass of that class. In our
example (Table 2) class “Arctic Tundra Province” is a proper subclass of
“Tundra Division” that in turn is a proper subclass of “Polar Domain”. Due
to the transitivity of the proper subclass relation we can say that class “Arctic
Tundra Division” is also a proper subclass of the class “Polar Domain”.

Next we define the relations of subclass v as Dv. Unlike proper subclass,
subclass relation allows for a class to be a subclass of itself:

Dv u v v ≡ u @ v ∨ u = v

Then then can prove that the subclass relation v is reflexive, transitive, and
antisymmetric, i.e., a partial ordering TTM1-3

TTM1 u v u
TTM2 (u v v ∧ v v u) → u = v
TTM3 (u v v ∧ v v w) → u v w

Class overlap (Ov) is defined as DOv :
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DOv Ov uv ≡ (∃w)(w v u ∧ w v v)

Classes overlap if there exists a class that is a subclass of both classes, e. g.,
in Table 2 class “California Dry Steppe Province” overlaps with the class
“Mediterranean Division”.

We now add the definition of a root class. A class is a root class if all other
classes are subclasses of it (Droot):

Droot root u ≡ (∀v)(v v u)

In practice in many classifications root classes are not specified explicitly
however their existence is implied. For example, Table 2 does not contain
a root class but it can be inferred from the context that the root class is
“All Terrestrial Ecosystems”. We have added this class for consistency to the
diagram on Figure 3.

Axioms ATM1-2 ensure that the hierarchy formed by classes satisfies the
laws of a partial ordering. Since the hierarchy formed by classes of ecosystems
are the result of a scientific classification process we can assume that the
resulting class hierarchy forms a tree. We are justified to assume that scientific
classifications are organized hierarchically in tree structures since scientific
classification employs the Aristotelean method of classification.

As [19] point out, in the Aristotelian method the definition of a class is the
specification of essence (nature, invariant structure) shared by all instances
of that class. Definitions according to Aristotle’s account are specified by
(i) working through a classificatory hierarchy from the top down, with the
relevant topmost node or nodes acting in every case as undefinable primitives.
The definition of a class lower down in the hierarchy is then provided by (ii)
specifying the parent of the class (which in a regime conforming to single
inheritance is of course in every case unique) together with (iii) the relevant
differentia, which tells us what marks out instances of the defined class or
species within the wider parent class or genus, as in: human = rational animal,
where rational is the differentia. (See also [20] for more details.) This method
can be illustrated with an ecoregions example too: “Tundra Division” is a
superclass for “Arctic Tundra Province” and “Bering Tundra Province”, in
this case “Tundra” is the genus and “Arctic” and “Bering” are differentia.

At the formal level we now add axioms that enforce tree structures. These
axioms will admit structures of the form shown in Figure 5(a) but will rule
out structures shown in figures 5(b) and 5(c). Firstly, we demand that there is
a root class (ATM4). Secondly, we add an axiom to rule out circles in the class
structure: if two classes overlap then one is a subclass of the other (ATM5).
This rules out the structure in Figure 5(b) and also it is very much true for
our running example: all overlapping classes in Table 2 are subclasses of each
other. We call ATM5 an instance of the no-partial-overlap principle (NPO).
In more general case it is possible to encounter classifications that involve
partial overlap of classes. As it is suggested in [21] in such cases it is often
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desirable to isolate subclassification which form proper trees. Example of such
ecosystem classification was discussed in [22].

Thirdly, we add an axiom to the effect that if u is a proper subclass
of v then there exists a class w such that w is a proper subclass of c and
w and u do not overlap (ATM6). This rules out cases where a class has a
single proper subclass or a chain of nested proper subclasses (ATM6). In
the literature on mereology ATM6 is often called the weak supplementation
principle (WSP) [23].

(ATM4) (∃u)root(u)
(ATM5) Ov uv → (u v v ∨ v @ u)
(ATM6) u @ v → (∃w)(w @ u ∧ ¬Ov wv)

root

a b

c d e f

(a) Proper tree

root

a b

c d f

(b) Overlaps

a

c d e

b

f

(c) Multiple roots

Fig. 5. Trees (a) and non-trees ((b) and (c)).

Upon inspection the classification in Table 2 violates axiom ATM6 because
there are classes that have only a single subclass, for example, “Laurentian
Mixed Forest Province” under “Warm Continental Division”. We explain this
as follows: Firstly, in Table 2 we are dealing only with a portion of a large
hierarchy and this portion is constituted of ecoregions that represent only the
territory of the U.S. Hierarchies for larger areas would be constituted of a
larger number of ecoregions and the ecoregions that in our case have only
a single subregions will have more subregions. Secondly, a reason for adding
ecoregions with single subregions into a class hierarchy is to simplify naviga-
tion of the hierarchy and ensure consistency of the scale levels. For example,
if “Marine Division” of “Humid Temperate Domain” is to be omitted then
“Pacific Lowland Mixed Forest Province” would immediately follow “Humid
Temperate Domain”. This would lead to a gap in the scale level of Divisions.

After the introduction of the axioms ATM4–6 we can prove that there
exists only a unique root class. We use the symbol R in order to refer to this
class. This rules out the structure shown in Figure 5(c).
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4.2 Classes and Individuals

Classes and individuals are related to each other by the relationship of instan-
tiation. This is a binary relation which first parameter is an individual and
which second parameter is a class. InstOf xu then is interpreted as “individual
x instantiates the class u”. From our underlying sorted logic it follows that
classes and individuals form disjoint domains, i.e., there cannot exist a entity
which is a class as well as an individual. Therefore instantiation is irreflexive,
asymmetric, and trivially transitive. In terms of our theory each individual
(an ecoregion) instantiates a class of the subsection hierarchy (Figure 3): for
instance, individual “Temperate Steppe Division” instantiates a class of the
same name.

The axioms (AI1+2) establish the relationship between instantiation and
the subclass v relation. AI1 tells us that for all classes that have at least one
instance it holds that u is a subclass of v if and only if every instance of u is
also an instance of v.

AI1 (∃x)(InstOf xu) →
(u v v ↔ (x)(InstOf xu → InstOf xv))

AI2 (∃x)(InstOf xu ∧ InstOf xv) → (u v v ∨ v @ u)

AI2 guarantees that if two classes share an instance then one is a sub-class of
the other.

From (AI1) it follows that two non-empty classes are identical if and only
if they are instantiated by the same individuals (TI1).

TI1 ((∃x)(InstOf xu) ∧ (∃x)(InstOf xv)) →
(u = v ↔ (x)(InstOf xu ↔ InstOf xv))

It is important to notice that in our framework it is possible to have classes
that do not have any instances (empty classes). For example, such classes of
ecosystems as “Icecap Division” or “Arctic Tundra Province” may cease to
exist due to global warming but our framework will still be able to accommo-
date them. Empty classes in our theory do not collapse into something like the
empty set in set theory, i.e., there does not exist a class which is a sub-class
of all classes. This is important since in we need to be able to distinguish the
classes “Icecap Division” and “Arctic Tundra Province” even when they are
empty.

We say that the class u is the most specific class which instantiates the
individual x, MSC ux, if and only if x is an instance of u and every other class
which has x as instance has u as sub-class.

DMSC MSC ux ≡ InstOf xu ∧ (v)(InstOf xv → u v v)
TI2 MSC ux ∧ MSC vx → u = v

We then can prove that every individual has exactly one most specific class
(TI2). This means that we are justified to say that if MSC ux holds then u is
the most specific class of x.
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If u is the most specific class of x then we say that x is a direct instance
of u. For instance, individual “Arctic Tundra Province” instantiates a class
of the same name. This class is its most specific class. Also “Arctic Tundra
Province” instantiates classes “Tundra Division” and “Polar Domain” that
are not its most specific classes. In general case any most specific class can be
instantiated by several individuals, in the example of ecoregions some of such
classes are instantiated strictly by a single individual.

4.3 The Mereology of Individuals

The properties of the part-of relation between individuals (or instances) can
be described using extensional mereology [23]. We use the binary predicate
P xy in order to say that the individual x is a part of individual y. The relation
of parthood can hold between individuals only. In our theory the relation of
parthood is primitive, i.e., we do not define it further. It closely corresponds
to the intuitive understanding of parthood like in the statements “a hand is
a part of a human body” or “California is a part of the U.S”. In the example
of ecoregions, we can say for instance that “California Dry Steppe Province”
is a part of “Mediterranean Division”.

We then add axioms to the effect that parthood is reflexive, antisymmetric,
and transitive (AM1-3), i.e., a partial ordering.

AM1 P xx
AM2 (P xy ∧ P yx) → x = y
AM3 (P xy ∧ P yz) → P xz

The first two axioms are rather obvious. Axiom AM1 states that every
individual is a part of itself. AM2 suggests that if individual x is a part of
individual y and at the same time individual y is a part of individual x then
both of these individuals are identical. The third axiom (AM3, transitivity)
implies that if x is a part of y and y is a part of z then x is also a part of
z. AM3 can be illustrated by the following example: “California Dry Steppe
Province” is a part of “Mediterranean Division” that in turn is a part of
“Humid Temperate Domain” thus it can be stated that “California Dry Steppe
Province” is a part of “Humid Temperate Domain”.

Next, in terms of parthood we define the relations of proper parthood and
overlap: x is a proper part of y if and only if x is a part of y and x and y are
not identical (DPP ):

DPP PP xy ≡ P xy ∧ ¬(x = y)

Two entities overlap if they share at least one part (DO):

DO O xy ≡ (∃z)(P zx ∧ P zy)

In our example “California Dry Steppe Province” overlaps with “Mediter-
ranean Division” because they both share a part that is “California Dry Steppe
Province”.



14 A. Sorokine, T. Bittner, C. Renschler

We then can prove that proper parthood is irreflexive, asymmetric, and
transitive, and that overlap is symmetric and non-transitive.

The axioms AM1-3 allow for models where an entity has a single proper
part or a finite or infinite sequence of nested proper parts. Such models have
to be ruled out because there are no plausible examples that can justify there
existence. If we say, for example, that a hand is a proper part of the body
than there is always a reminder that is a sum of all other parts of the body.

In order to rule out those models we add an axiom stating that if x is
a proper part of y then there exists a z such that z is a proper part of y
and x and z do not overlap (AM4). This is another instance of the weak
supplementation principle (WSP).

AM4 PP xy → (∃z)(PP zy ∧ ¬O zx) WSP

Finally we define that an entity is the universe of some domain if and only
if it has all entities in this domain as parts (DU ). In our case universe is the
terrestrial ecosystem of the Earth. We then add an axiom to the effect that
such an entity exists (AM5).

DU U x ≡ (y)(P yx)
AM5 (∃x)U x

We then can prove that this root-entity is unique. We use U in order to refer
to this entity.

4.4 Interaction Between Classifications and Part-Of Structures

At this point it is important to see that the part-of relation is not necessarily
a tree structure. For example, the left half of my body and the right half of
my body are parts of me which properly overlap, i.e., they share a part (the
upper left part of my body) without being parts of each other. However, as
we observed above in the case of ecosystems, under certain circumstances the
part-of structure of a domain does form a tree. In the case of ecosystems this
is due to the fact that there is a quite intimate relationship between the sub-
class relation among classes, the part-of relation among individuals, and the
instance-of relation which connects both domains. To make this relationship
explicit we add the following axioms.

First we demand that every individual has a most specific class (AEC1).

AEC1 (∃u)(MSC ux)

In our context it means that we constrain our domain to individuals which are
instantiated by one of the classes of the category tree formed by the ecoregions
classification, i.e., each individual instantiates at least one most specific class.
From TI2 it then follows that every individual instantiates exactly one most
specific class. For example, individual “Tundra Division” instantiates a class
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with the same name and a class“Polar Domain”. In this case class “Tundra
Division” is the most specific class of the individual “Tundra Division”.

We then add an axiom to the effect that u is a subclass of v if and only if
for non-empty classes u it holds that for every direct instance of x of u there
exists a direct instance y of v such that x is a part of y (AEC2).

AEC2 u v v ↔ ((∃x)MSC ux → (x)(MSC ux → (∃y)(MSC vy ∧ P xy)))

AEC2 ensures if a class is instantiated by some entity x then each of its
superclasses is instantiated by an entity y which has x as a part. Consequently,
if a class is non-empty then all of its superclasses are non-empty. Moreover, if
for a non-empty class u all of its instances are parts of instances of some class
v then u is a subclass of v.

This can be illustrated by the following example: individual “Arctic Tun-
dra Province” instantiates a class “Arctic Tundra Province” (its most specific
class) and all its superclasses (“Tundra Division” and “Polar Domain”). At
the same time individual “Arctic Tundra Province” is a part of the individuals
“Tundra Division” and “Polar Domain”.

In the case of ecosystem classification classes of ecological units at the
upper scale levels (Global, Continental, Regional and Subregional scales in
Table 1) have only a single instance, e.g., class “Polar Domain” has a single
discontinuous region as its instance. For upper scale levels of the ecoregion
classification it holds that every class contains at most one most specific in-
dividual (AECUL).

AECUL MSC ux ∧ MSC uy → x = y

AECUL is not necessarily true for lower levels of ecosystem hierarchy in Table 1
or other ecosystem classifications.

Using AEC2 and AECUL we then can prove that the sub-class structure
among classes corresponds to the part-of structure among individuals, i.e., if
u is the most specific class for x and v is the most specific instance for y then
u is a subclass of v if and only if x is a part of y.

TEC1 MSC ux ∧ MSC vy → (u v v ↔ P xy)

We are now able to show that under the assumption that AEC1-2 and
AECUL hold, the part-of hierarchy at the level of individuals forms a tree. To
see this consider the following. If we compare the axioms for the tree structure
of the class hierarchy imposed by ATM1-6 (tree-mereology) and the axioms of
general extensional mereology (AM1-5) then we see that AM1-3 correspond
to TTM1-3, i.e., both structures are partial orderings. AM4 in mereology
and ATM6 in tree mereology are both instances of the weak supplementation
system. The axiom ATM4 ensuring the existence of a root-class corresponds
to axiom AM5 ensuring the existence of the maximal individual, the universe.
Using AEC1, ATM5, and TEC1 we then can prove that if two entities overlap
then they are parts of each other (TEC2).
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TEC2 O xy → P xy ∨ PP yx

TEC2 theorem is another instance of the no-partial-overlap principle and cor-
responds to axiom ATM4 of tree mereology.

Consequently, under the assumptions AEC1-2 and AECUL the subsump-
tion relation v among classes and the part-of relation among individuals sat-
isfy equivalent sets of axioms. It follows that both form tree structures. It now
remains to study the relationships between those tree structures.

We start by proving that the root class in the class hierarchy, R, instan-
tiates the maximal individual U (TEC3 proved using AEC1 and AEC2).

TEC3 MSC RU

We now introduce a mapping h which maps every individual to its respec-
tive most specific class.

Dh h x = u ≡ MSC ux

We can define h in this way since: (i) from TI2 we know that every individ-
ual has at most one most specific class; (ii) from ACE1 we know that every
individual has at least one most specific class. Consequently, h is as mapping
well defined. For example (h Tundra Division) = “Tundra Division′′.

Given the definition of the mapping h then AECUL tells us that the inverse
of h, h−1, which returns an instantiating individual when given a class as input
is a (possibly partial) mapping too. For example (h−1 “Tundra Division′′) =
Tundra Division. h−1 is possibly partial since there might be empty classes
for which h−1 cannot yield an instantiating individual. An example of an
empty class for which h−1 cannot return anything would be the class “Icecap
Division” during the geologic periods when Earth surface was warm enough
to prevent this form of glaciation. For non-empty classes, however, AECUL

ensures that there is exactly one instance which then is returned by h−1.
From theorem TEC1 it then follows that if the individual x is a part of

the individual y, P xy, then the most specific class of x, (h x), is a subclass
of the most specific class of y, (h x). This tells us that the mapping h is is
an order-homomorphism, i.e., a mapping which preserves the partial ordering
structure: if P xy then (h x) v (h y).

We now distinguish two cases: (i) all classes have instances and (ii) there
are empty classes in the class hierarchy. In the former case it follows from
TEC1 that h is an order-isomorphism. This means that it is does not only
hold that the mapping h is an order-homomorphism but also its inverse, h−1.
The mapping h−1 takes a class as input and returns its single direct instance,
which by assumption (i) always exists. That h−1 is an order-homomorphism
then means that if the class u is a subclass of v, then the direct instance of
u is a part of the direct instance of v, i.e., if u v v then P (h−1u)(h−1v).
Consequently, if we ignore the distinction between a class having a single
instance and the instance itself then both structures are indistinguishable.
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In the second case (ii), where there are empty classes, h is a partial order-
isomorphism since the inverse of h, h−1, is not defined for empty classes. If
we, again, ignore the distinction between a class having a single instance and
the instance itself then the tree formed by the instances is a subtree of the
tree formed by the classes.

Existence of h and h−1 homomorphisms is likely the main reason why in
many geographic classifications of global and regional scales the distinction
between classes and individuals is not clearly outlined. In most cases mixing
hierarchies of classes with hierarchies of individuals does not prevent particu-
lar geographic classifications from achieving their goals. However, distinguish-
ing these two hierarchies as separate entities allows for better understanding
of the process of geographic classification and has a potential for improving
interoperability between classifications, scale levels, regions and datasets.

5 Conclusions

In this paper we have demonstrated how principles of formal ontology can
help to clarify the semantics of ecosystem hierarchies. We applied those prin-
ciples in an analysis of ecosystem hierarchies of the “National Hierarchical
Framework of Ecological Units” [2]. Our analysis showed that it is important
to strictly distinguish between the notion of a class and the notion of an in-
dividual. Our formal framework was created around three types of relations:
subclass (kind-of, is-a), part-of and instance-of. Subclass relation can be de-
fined between classes and is reflexive, antisymmetric, and transitive. Classes
are organized into classifications that form trees. Part-of relations can be de-
fined between individuals and it is also reflexive, antisymmetric, and transi-
tive. We have demonstrated that in some cases trees of classes and individuals
can be indistinguishable.

Even though most of the operations in our approach would seem obvious
for geographers and ecologists, such operations have to be outlined explicitly if
the goal of interoperation of two datasets is to be achieved or the information
contained in classifications is to be communicated to non-experts in the area.
For example, to interoperate ecosystem classifications for two different regions
one must first mark out classification trees according to the rules outlined in
Sect. 4.1. Then the trees from these two classifications have to be combined
into a single tree that also must satisfy axioms ATM1–6. Strict distinction
between the trees of classes and the trees of individuals in our theory would
allow to accommodate changes in the environment and classification systems.
The theory presented in this paper was successfully tested against other kinds
of geographic classifications such as regional ecosystem hierarchies and soil
taxonomy [22, 24].
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