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Abstract. In spatialreasoningthequalitative descriptionof relationsbetweens-
patial regionsis of practicalimportanceandhasbeenwidely studied.Examples
of suchrelationsarethat two regionsmay meetonly at their boundariesor that
oneregion is aproperpartof another. Thispapershows how systemsof relations
betweenregionscanbe extendedfrom preciselyknown regionsto approximate
ones.Oneway of approximatingregionswith respectto a partitionof theplane
is thatprovidedby roughsettheoryfor approximatingsubsetsof a set.Relations
betweenregionsapproximatedin thiswaycanbedescribedby anextensionof the
RCC5systemof relationsfor preciseregions.Two techniquesfor extendingRC-
C5 arepresented,andtheequivalencebetweenthemis proved.A moreelaborate
approximationtechniquefor regions (boundarysensitive approximation)takes
accountof someof thetopologicalstructureof regions.Usingthis technique,an
extensionto theRCC8systemof spatialrelationsis presented.
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1 Introduction

Roughsettheory[Paw91] providesa way of approximatingsubsetsof a setwhenthe
setis equippedwith a partitionor equivalencerelation.Givena set

�
with a partition�����	��
���
��

, anarbitrarysubset��� � canbeapproximatedby a function ����� 
���
fo � po � no

�
. Thevalueof ����� 
�� is definedto befo if

��� ��� , it is no if
���� ��!#" , and

otherwisethe valueis po. The threevaluesfo, po, andno standrespectively for ‘full
overlap’,‘partial overlap’and‘no overlap’; they measuretheextentto which � overlaps
theelementsof thepartitionof

�
.

In spatialreasoningit is oftennecessaryto approximatenot subsetsof anarbitrary
set,but partsof a setwith topologicalor geometricstructure.For examplethe set

�
above might be replacedby a regular closedsubsetof the plane,andwe might want
to approximateregularclosedsubsetsof

�
. This approximationmight bewith respect

to a partition of
�

wherethe cells (elementsof the partition) might overlapon their
boundaries,but not their interiors.Becauseof theadditionaltopologicalstructure,it is
possibleto makeamoredetailedclassificationof overlapsbetweensubsetsandcellsin
thepartition.An accountof how thiscanbedonewasgivenin ourearlierpaper[BS98].
This is, however, only oneof thedirectionsin which thebasicroughsetsapproachto
approximationcanbegeneralizedto spatialapproximation.



Ourconcernin thepresentpaperis relationshipsbetweenspatialregionswhenthese
regionshave beengivenapproximatedescriptions.Thestudyof relationshipsbetween
spatialregions is of practicalimportancein GeographicInformation Systems(GIS),
andhasresultedin many papers[EF91,RCC92,SP92,Ben96]. Examplesof relationships
mightbethattwo regionsmeetonly attheirboundariesor thatoneregionisaproperpart
of another. While suchrelationshipshavebeenwidely studied,thetopicof relationships
betweenapproximateregionshasreceivedlittle attention.

Thestructureof thepaperis asfollows.In section2 wesetout theparticulartypeof
approximateregionswe usein themainpartof thepaper. In section3 we discussone
particularschemeof relationshipsbetweenregions,known astheRCC5,andin section
4 we show how this canbegeneralizedto approximateregions.In section5 we briefly
considerhow our work canbeextendedto dealwith moredetailedboundary-sensitive
approximationsandtheRCC8systemof relationshipsbetweenregions.Finally in sec-
tion 6 we presentconclusionsandsuggestdirectionsfor furtherwork.

2 Approximating regions

Spatialregionscanbedescribedby specifyinghow they relateto a frameof reference.
In thecaseof two-dimensionalregions,the frameof referencecouldbe a partition of
theplaneinto cellswhichmayshareboundariesbut whichdonotoverlap.A regioncan
thenbedescribedby giving therelationshipbetweentheregionandeachcell.

2.1 Boundary insensitive approximation

Approximation functions Supposeaspace$ of detailedor preciseregions.By impos-
ing a partition, % , on $ we canapproximateelementsof $ by elementsof &(') . That
is, we approximateregions in $ by functionsfrom % to the set & ) ! �

fo � po � no
�
.

The function which assignsto eachregion * � $ its approximationwill be denoted+ ) �,$ � &(') . Thevalueof � + ) * �.- is fo if * coversall the of thecell
-
, it is po if *

coverssomebut not all of theinteriorof
-
, andit is no if thereis no overlapbetween*

and
-
. We call theelementsof &(') theboundaryinsensitiveapproximationsof regions* � $ with respectto theunderlyingregionalpartition % .

Eachapproximateregion
� � &/') standsfor a setof preciseregions,i.e. all those

preciseregionshaving theapproximation
�

. This setwhich will bedenoted0 0 �21 1 pro-
videsa semanticsfor approximateregions: 0 0 �21 1 ! � * � $ � + ) *�! � � .
Operations on approximation functions The domainof regions is equipedwith a
meetoperationinterpretedasthe intersectionof regions.In thedomainof approxima-
tion functionsthemeetoperationbetweenregionsis approximatedby pairsof greatest
minimal, 3�4 �65 , andleastmaximal, 3�487:9 , meetoperationsonapproximationmappings
[BS98].

Considerthe operations3�4 �65 and 3�487:9 on the set & ) ! �
fo � po � no

�
that are

definedasfollows.



3�4 �;5 no po fo
no no no no
po no no po
fo no po fo

3�487:9 no po fo
no no no no
po no po po
fo no po fo

Theseoperationsextendto elementsof &/') (i.e. thesetof functionsfrom % to & ) ) by

� � 3 4 �;5�<=�.- !>� � -?� 3 4 �;5 � <�-@�
andsimilarly for 3�487:9 . This definition of the operationson &/') is equivalent to the
constructionfor operationsgivenby Bittner andStell [BS98, page108].

2.2 Boundary sensitive approximation

We can further refine the approximationof regions $ with respectto the partition% by taking boundarysegmentssharedby neighboringpartition cells into accoun-
t. That is, we approximateregions in $ by functionsfrom %BAC% to the set &8DC!�
fo � fbo � pbo � nbo � no

�
. Thefunctionwhich assignsto eachregion * � $ its boundary

sensitive approximationwill bedenoted+ DE�F$ � & 'HG?'D . Thevalueof � + DI* � � -J� � -LK��
is fo if * coversall of the cell

-J�
, it is fbo if * coversall of the boundarysegment,� - � � - K � , sharedby thecell

- �
and

- K
andsomebut not all of theinterior of

- �
, it is pbo

if * coverssomebut notall of theboundarysegment � - � � - K � andsomebut notall of the
interiorof

- �
, it is nbo if * doesnot intersectwith boundarysegment � - � � - K � andsome

but not all of theinteriorof
- �

, andit is no if thereis no overlapbetween* and
- �

.
Let �NMO!P� - �  Q- K � betheboundarysegmentsharedby thecell

- �
and

- K
. We define

boundarysensitive approximationin termsof pairsof approximationfunctions,+ ) , as
follows [BS98]:R SUT@V�W R X�Y�Z[X:\]WU^ R S`_�V�W[a:bc^ fo

R S`_�VLW[adbe^ po

R S`_�V�W[a:bc^ no
R S`_�VLWfX�Y,^ fo fo - -
R S _ VLWfX Y ^ po fbo pbo nbo
R S _ VLWfX Y ^ no - - no

Eachapproximateregion
� � & 'HG@') standsfor a setof preciseregions,i.e. all those

preciseregionshaving theapproximation
�

: 0 0 �21 1 ! � * � $ � + D */! � � .
We definetheoperation3�487:9 on theset & D ! � fo � fbo � pbo � nbo � no

�
as:

3 487:9 no nbo pbo fbo fo

no no no no no no
nbo no nbo nbo nbo nbo
pbo no nbo pbo pbo pbo
fbo no nbo pbo fbo fbo
fo no nbo pbo fbo fo

This operationextendsto elementsof & '�G?'D (i.e. thesetof functionsfrom %gAh%
to & D ) by � � 3�487:9 <�� � - � � - K � !i� � � - � � - K �j� 3�487:9Q� < � - � � - K �k� . Thedefinitionof the
operation3�4 �;5 is similar but silightly morecomplicatedthe detailscanbe found in
[BS98].



3 RCC5 relations

Qualitativespatialreasoning(QSR)is awell-establishedsubfieldof AI. It is concerned
with therepresentationandprocessingof knowledgeof spaceandactivities which de-
pendonspace.However, therepresentationsusedfor thisarequalitative,ratherthanthe
quantitativeonesof conventionalcoordinategeometry. Oneof themostwidely studied
formalapproachesto QSRis theRegion-ConnectionCalculus(RCC)[CBGG97]. This
systemprovidesanaxiomatizationof spacein whichregionsthemselvesareprimitives,
ratherthanbeingconstructedfrom moreprimitive setsof points.An importantaspect
of thebodyof work on RCCis the treatmentof relationsbetweenregions.For exam-
ple two regionscouldbeoverlapping,or perhapsonly touchat their boundaries.There
aretwo principalschemesof relationsbetweenRCCregions:fiveboundaryinsensitive
relationsknown asRCC5,andeightboundarysensitive relationsknown asRCC8.

In thispaperweproposeaspecificstyleof definingRCCrelations.Thisstyleallows
to defineRCCrelationsexclusively basedon constraintsregardingtheoutcomeof the
meetoperationbetween(oneandtwo dimensional)regions.Furthermorethis style of
definitionsallowsusto obtainapartialorderingwith minimalandmaximalelementon
the relationsdefined.Both aspectsarecritical for thegeneralizationof theserelations
to theapproximationcase.

Giventwo regions l and m theRCC5relationbetweenthemcanbedeterminedby
consideringthetriple of booleanvalues:

�nl�3omhp!#q��rlQ3smt!ulv�wl�3smE!xm �Ny
The correspondencebetweensuchtriples andthe RCC5classificationis given in the
following table.Possiblegeometricinterpretationsaregivenin figure1.

l�3smhp!#q l=3omt!�l l�3omt!um RCC5
F F F DR
T F F PO
T T F PP
T F T PPi
T T T EQ

Thesetof triplesis partiallyorderedby setting � �@z � �|{ � � ) �8} �f� z �~� { �~� ) � if f
����} � �

for

 !����~�?�~� , wherethe Booleanvaluesare orderedby F � T. This is the same

orderinginducedby theRCC5conceptualgraph[GC94]. But notethat theconceptual
graphhasPO andEQ asneighbourswhich is not thecasein theHassediagramfor the
partiallyorderedset(Rightdiagramin figure1). We referto this astheRCC5lattice to
distinguishit from theconceptualneighborhoodgraph.

4 Semantic and Syntactic Generalizations of RCC5

The original formulationof RCC dealtwith ideal regionswhich did not suffer from
imperfectionssuchasvagueness,indeterminacy or limited resolution.However, these
arefactorswhich affect spatialdatain practicalexamples,andwhich aresignificantin



DR(x,y) PO(x,y) PP(x,y) PPI(x,y) EQ(x,y)

�
T � T � T � EQ

� � �r� �� � �
�
T � T � F � PP

�
T � F � T � PPi�� � � � � �r�

�
T � F � F � PO

�
F � F � F � DR

�

Fig. 1. RCC5relationsandRCC5lattice

applicationssuchasgeographicinformationsystems(GIS)[BF95]. Theissueof vague-
nessandindeterminacy hasbeentackledin thework of [CG96]. Thetopicof thepresent
paperis not vaguenessor indeterminacy in thewidestsense,but ratherthespecialcase
wherespatialdatais approximatedby beinggivena limited resolutiondescription.

4.1 Syntactic and semantic generalizations

Thereare two approacheswe can take to generalizingthe RCC5 classificationfrom
preciseregions to approximateones.Thesetwo may be called the semanticand the
syntactic.Thesyntactichasmany variants.

Semantic We candefinetheRCC5relationshipbetweenapproximateregions
�

and<
to be the setof relationshipswhich occurbetweenany pair of preciseregions

representing
�

and
<

. Thatis, we candefine

�F��� � � � <�� ! � $������F��l��jm �8� l � 0 0 �h1 1 and m � 0 0 < 1 1 �|y
Syntactic We can take a formal definition of RCC5 in the precisecasewhich uses

operationson $ andgeneralizethis to work with approximateregionsby replacing
theoperationson $ by analogousonesfor &(' 1.

4.2 Syntactic generalization

Theabove formulationof theRCC5relationscanbeextendedto approximateregions.
One way to do this is to replacethe operation 3 with an appropriateoperationfor
1 This techniquehasmany variantssincetherearemany differentwaysin which theRCC5can

beformally definedin theprecisecase,andsomeof thesecanbegeneralizedin differentways
to theapproximatecase.Thefactthatseveraldifferentgeneralizationscanarisefrom thesame
formulais becausesomeof theoperationsin � (suchas � and � ) have themselvesmorethan
onegeneralizationto operationson �O� .



approximateregions.If
�

and
<

areapproximateregions(i.e. functionsfrom % to & ) )
we canconsiderthetwo triplesof Booleanvalues:

� � 3 4 �;5/< p!�q�� � 3 4 �65/< ! � � � 3 4 �;5/< ! <�� �� � 3�4�7N9 < p!�q�� � 3�487:9 < ! � � � 3�487:9 < ! <��Ny (1)

In thecontext of approximateregions,thebottomelement,q , is thefunctionfrom % to& ) which takesthevalueno for everyelementof % . Eachof theabovetriplesprovides
anRCC5relation,sotherelationbetween

�
and

<
canbemeasuredby apairof RCC5

relations.Theserelationswill bedenotedby $ 4 �;5 � � � <�� and $ 487:9 � � � <�� .
Theorem 1 Thepairs �n$(4 �65 � � � <�� �j$(487:9F� � � <Q�k� whichcanoccurareall pairs � � �d� �
where

��} � with theexceptionof � PP � EQ
�

and � PPi � EQ
�
.

Proof Firstweshow that $(4 �;5 � � � <=�H} $(4�7N9F� � � <=� . Supposethat $O4 �;5 � � � <�� !� � z � � { � � ) � and that $O487:9�� � � <=� !��f� z �~� { �~� ) � . We have to show that
� � } � � for
 !��J�~�@�j� . Taking the first component,if

� 3�4 �;5 < p!�q then for each
-

such
that

� - 3 4 �65Q<�- p! no, we alsohave, by examiningthe tablesfor 3 4 �;5 and 3 487:9 ,
that

� - 3 487:9 <�- p! no. Hence
� 3 487:9 < p! q . Taking the secondcomponent,if� 3 4 �65�< ! �

then
� 3 4�7N9 < ! �

becausefrom
� - 3 4 �65�<�- ! � -

it follows
that

� - 3 487:9 <¡- ! � -
. This canbe seenfrom the tablesfor 3 4 �;5 and 3 487:9 by

consideringeachof thethreepossiblevaluesfor
� -

. Thecaseof thethird component
follows from thesecondsince 3�4 �;5 and 3�487:9 arecommutative.

Finally we have to show that the pairs � PP � EQ
�

and � PPi � EQ
�

cannotoccur. If$O487:9�� � � <=� ! EQ, then
� ! <

so
� 3�4 �65 < ! �

must take the samevalueas� 3�4 �;5 < ! <
. Thusthe only triples which arepossiblefor $(4 �65 � � � <�� arethose

wherethe secondand third componentsareequal.This rulesout the possibility that$O4 �;5 � � � <=� is PP or PPi.

4.3 Correspondence of semantic and syntactic generalization

Let thesyntacticgeneralizationof RCC5definedby��¢,£ � � � <=� !¤�f$O4 �;5 � � � <�� �j$(487:9F� � � <=�j� �
where $(4 �65 and $O487:9 areasdefinedabove.

Theorem 2 For any approximateregions
�

and
<

, the two waysof measuringthe
relationshipof

�
to
<

are equivalentin thesensethat�F��� � � � <�� ! �I¥t� RCC5
� $O4 �;5 � � � <��H}¦¥�} $(487:9@� � � <Q�d� �

where RCC5is the set
�
EQ � PP � PPi � PO � DR

�
, and

}
is the ordering in the RCC5

lattice.

The proof of this theoremdependson assumptionsaboutthe set of preciseregions$ . We assumethat $ is a model of the RCC axiomsso that we are approximating
continuousspace,andnot approximatingaspaceof alreadyapproximatedregions.



Proof Thereare three things to demonstrate.Firstly that for all l � 0 0 �h1 1 , andm � 0 0 < 1 1 , that $O4 �;5 � � � <��u} $������@�nl��jm � . Secondly, for all l and m as before,
that $������@�nl��jm �(} $O487:9�� � � <=� , andthirdly that if

¥
is any RCC5relationsuchthat$ 4 �;5 � � � <=��}§¥�} $ 487:9 � � � <�� thenthereexist particularl and m whichstandin the

relation
¥

to eachother. To provethefirst of theseit is necessaryto considereachof the
threecomponents

� 3 4 �;5Q< p!¨q ,
� 3 4 �;5=< ! �

and
� 3 4 �;5Q< ! <

in turn. If� 3 4 �;5v< p!#q is true,wehaveto show for all l and m that l�3	m©p!�q is alsotrue.From� 3 4 �;5¡< p!Pq it follows that thereis at leastonecell
-

whereoneof
�

and
<

fully
overlaps

-
, andtheotherat leastpartiallyoverlaps

-
. Hencethereareinterpretationsof�

and
<

having non-emptyintersection.If
� 3�4 �65 < ! � is truethenfor all cells

-
wehave

� - ! no or
<�- ! fo. In eachcaseevery interpretationmustsatisfy le3Om�!�l .

Notethat this dependson thefact that thecombination
� - ! po ! </- cannotoccur.

Thecaseof thefinal component
� 3�4 �65 < ! < is similar. Thuswehavedemonstrated

for all l � 0 0 �21 1 and m � 0 0 < 1 1 that $O4 �;5 � � � <���} $������F��l��jm � . The taskof showing
that $������@�nl��jm �o} $(487:9F� � � <Q� is accomplishedby a similar analysis.Finally, we
have to show thatfor eachRCC5relation,

¥
, where $O4 �;5 � � � <���}¦¥s} $(487:9@� � � <�� ,

thereare l � 0 0 �21 1 and m � 0 0 < 1 1 suchthat the relationof l to m is
¥
. This is doneby

consideringthe variouspossibilitiesfor $ 4 �;5 � � � <=� and $ 487:9 � � � <Q� . We will only
consideroneof the caseshere,but the othersaresimilar. If $ 4 �;5 � � � <�� ! PO and$ 487:9 � � � <=� ! EQ, thenfor eachcell

-
, thevaluesof

� -
and

<�-
areequalandthere

mustbesomecellswherethis valueis po andsomecellswherethevalueis fo. Precise
regionsl � 0 0 �21 1 and m � 0 0 < 1 1 canbeconstructedby selectingsub-regionsof eachcell

-
say lFª and m«ª , anddefining l and m to betheunionsof thesesetsof sub-regions.In this
particularcase,thereis sufficient freedomwith thosecellswhere

� - ! </- ! po to be
ableto selectlFª and m«ª sothattherelationof l to m canbeany

¥
wherePO

}§¥�}
EQ.

5 Generalizing RCC8 relations

5.1 RCC8 relations

RCC8relationstake the topologicaldistinctionbetweninterior andboundaryinto ac-
count.In orderto describeRCC8relationswe definetherelationshipbetweenl and m
by usinga triple, but wherethe threeentriesmaytake oneof threetruth valuesrather
thanthetwo Booleanones.Theschemehastheform

�nl�3omhp¬ q��jl�3sm ¬ l��klQ3sm ¬ m �
where

l�3smhp¬ q�!

­®®®®®®¯ ®®®®®®°

T if theinteriorsof l and m overlap�
dy ±|y �jl=3sm²p!�q
M if only theboundariesl and m overlap�
dy ±|y �jl=3smt!�q and ³LlQ3o³Lm²p!�q
F if thereis no overlapbetweenl and m,�
dy ±|y �jl=3smt!�q and ³LlQ3o³Lmt!�q



andwhere

l,3rm ¬ l´!
­®®®®¯ ®®®®°

T if l is containedin m andtheboundariesareeitherdisjoint or identical
dy ±�y �kl=3omt!�l and �n³?�nl � 3´³?�nm � !#q or ³?�nl � 3´³?�nm � !�³?��l �k�
M if l is containedin m andtheboundariesarenot disjoint andnot identical�
dy ±�y �kl=3omt!�l and ³Ll�3´³Lmhp!#q and³?�nl � 3´³?��m � p!�³?��l �
F if l is not containedwithin mµ� 
dy ±�y �kl=3om²p!ul

andsimilarly for lQ3sm ¬ m .
The correspondencebetweensuchtriples andthe RCC8classificationis given in

thefollowing table.Possiblegeometricinterpretationscanbefoundin figure2.

l�3smhp¬ q l�3om ¬ l l�3om ¬ m RCC8
F F F DC
M F F EC
T F F PO
T M F TPP
T T F NTPP
T F M TPPi
T F T NTPPi
T T T EQ

TheRCC5relationDR refinesto DC andEC andtheRCC5relationPP � 
¶� refinesto
TPP � 
¶� andNTPP � 
¶� . WedefineF � M � T andcall thecorrespondingHassediagram
RCC8lattice (figure2 to distinguishit from theconceptualneighborhoodgraph.

PO(x,y) EQ(x,y)NTPP(x,y)DC(x,y) EC(x,y) TPP(x,y)

Fig. 2. RCC8lattice

5.2 Syntactic generalization of RCC8

Let
�

and
<

beboundarysensitiveapproximationsof regions l and m . Thegeneralized
schemehastheform

�j� � 3 4 �;5(< p¬ q�� � 3 4 �65/< ¬ � � � 3 4 �65/< ¬ <=� �� � 3 487:9 < p¬ q�� � 3 487:9 < ¬ � � � 3 487:9 < ¬ <Q�k�



where

� 3�4 �;5 < p¬ q#!
­¯ ° T

� 3�4 �;5 < p!�q
M
� 3�4 �;5 < !�q and ³ � 3�4 �65 ³ < p!�q

F
� 3�4 �;5 < !�q and ³ � 3�4 �65 ³ < !�q

andwhere

� 3 4 �65(< ¬ � !
­¯ ° T

� 3 4 �65�< ! � and �f³ � 3 4 �;5 ³ < !�q or
� 3 4 �;5(< ! <��

M
� 3 4 �65�< ! � and ³ � 3 4 �65 ³ < p!�q and

� 3 4 �65�< p! <
F
� 3 4 �65�< p! �

andsimilarly for
� 3�4 �65 < ¬ < ,

� 3�487:9 < p¬ q ,
� 3�487:9 < ¬ � ,and

� 3�487:9 < ¬ < .
In thiscontext thebottomelement,q , is thefunctionfrom %uA¡% to & D whichtakesthe
valueno for everyelementof %·A�% . Theformula ³ � 3�4 �65 ³ < p!#q is trueif we can
derive from boundarysensitive approximations

�
and

<
thatfor all l � 0 0 �h1 1 and m �0 0 < 1 1 the leastrelationthat canhold betweenl and m involvesboundaryintersection2.

Correspondingly, ³ � 3 487:9 ³ < p!#q is trueif thelargestrelationthatcanholdbetweenl � 0 0 �21 1 and m � 0 0 < 1 1 involvesboundaryintersection.
Eachof the above triples definesa RCC8relation,so the relationbetween

�
and<

canbe measuredby a pair of RCC8relations.Theserelationswill be denotedby$(¸4 �;5 � � � <=� and$/¸4�7N9 � � � <=� . [BS00]show thecorrespondencebetweenthissyntactic
generalizationandthesemantingeneralizationcorrespondingto theRCC5case.

6 Conclusions

In thispaperwediscussedapproximationsof spatialregionswith respectto anunderly-
ing regionalpartitions.We usedapproximationsbasedon approximationfunctionsand
discussedthecloserelationshipto Roughsets.Wedefinedpairsof greatestminimaland
leastmaximalmeetoperationson approximationfunctionsthatconstrainthe possible
outcomeof themeetoperationbetweentheapproximatedregionsthemselves.Themeet
operationsonapproximationmappingsprovidethebasisfor approximatequalitatives-
patialreasoningthatwasproposedin thispaper.

Approximatequalitativespatialreasoningis basedon:

1. Jointly exhaustiveandpair-wisedisjoint setsof qualitativerelationsbetweenexact
regions,whicharedefinedin termsof themeetoperationof theunderlyingBoolean
algebrastructureof the domainof regions.As a set theserelationsmust form a
latticewith bottomandtop element.

2. Approximationsof regionswith respectto a regional partition of the underlying
space.Semantically, anapproximationcorrespondsto thesetof regionsit approxi-
mates.

3. Pairs of meetoperationson thoseapproximations,which approximatethe meet
operationonexactregions.

2 For detailssee[BS00].



Basedon those‘ingredients’syntacticandsemanticgeneralizationsof jointly exhaus-
tive andpair-wise disjoint relationsbetweenexact regionsweredefined.Generalized
relationshold betweenapproximationsof regionsratherthanbetween(exact) regions
themselves.Syntacticgeneralizationis basedon replacingthemeetoperationdefining
relationsbetweenexact regionsby its minimal andmaximalcounterpartson approxi-
mations.Semantically, syntacticgeneralizationsyield upperandlower bounds(within
the underlyinglattice structure)on relationsthat canhold betweenthe corresponding
approximatedexactregions.

Thereis considerablescopefor furtherwork building ontheresultsin thispaper. We
haveassumedsofarthattheregionsbeingapproximatedarepreciselyknown regionsin
a continuousspace.However, therearepracticalexampleswhereapproximateregions
arethemselvesapproximated.This canoccurwhenspatialdatais requiredat several
levels of detail, and the lessdetailedrepresentationsareapproximationsof the more
detailedones.Thusonedirectionfor futureinvestigationis to extendthetechniquesin
this paperto the casewherethe regionsbeingapproximatedarediscrete,ratherthan
continuous.Thiscouldmakeuseof thealgebraicapproachto qualitativediscretespace
presentedin [?]. Subjectof ongoingresearchis to apply techniquespresentedin this
paperto thetemporaldomain[Bit00].
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