Rough Setsin Approximate Spatial Reasoning

ThomasBittner andJohnG. Stell

1 Centrederecherchengeomatiquel_aval University QuebecCanada.
Thomas.Bittner@scg.ulal.ca
2 Departmenbf ComputerScienceKeeleUniversity UK. john@cs.kele.ac.uk

Abstract. In spatialreasoninghe qualitative descriptionof relationsbetweers-

patial regionsis of practicalimportanceandhasbeenwidely studied.Examples
of suchrelationsarethat two regions may meetonly at their boundariesor that

oneregionis a properpartof anotherThis papershavs how systemf relations
betweerregionscanbe extendedfrom preciselyknown regionsto approximate
ones.Oneway of approximatingregionswith respecto a partition of the plane
is thatprovided by roughsettheoryfor approximatingsubset®f a set.Relations
betweerregionsapproximatedn thisway canbedescribedy anextensionof the

RCC5systemof relationsfor preciseregions.Two techniquegor extendingRC-

C5 arepresentedandthe equivalencebetweerthemis proved. A moreelaborate
approximationtechniquefor regions (boundarysensitve approximation)takes

accountof someof the topologicalstructureof regions.Usingthis techniquean

extensionto the RCC8systemof spatialrelationsis presented.

Keywords:qualitative spatialreasoningapproximateegions.

1 Introduction

Roughsettheory[Paw91] providesa way of approximatingsubsetof a setwhenthe
setis equippedwith a partition or equivalencerelation.Givena set X with a partition
{a; | i € T}, anarbitrarysubseth C X canbe approximatedy afunctiony;, : Z —
{fo, po, no}. Thevalueof ¢, (%) is definedto befo if a; C b,itisnoif a;Nb= @, and
otherwisethe valueis po. The threevaluesfo, po, andno standrespectrely for “full
overlap’,‘partial overlap’and‘no overlap’; they measureheextentto which b overlaps
theelementof the partitionof X.

In spatialreasoningt is often necessaryo approximatenot subsetof anarbitrary
set, but partsof a setwith topologicalor geometricstructure.For examplethe set X
above might be replacedby a regular closedsubsetof the plane,andwe might want
to approximateregular closedsubsetof X . This approximatiommight be with respect
to a partition of X wherethe cells (elementsof the partition) might overlapon their
boundariesbut nottheirinteriors.Becausef the additionaltopologicalstructurejt is
possibleto make a moredetailedclassificatiorof overlapsbetweersubset@andcellsin
thepartition.An accounbf how this canbedonewasgivenin ourearlierpapeBS98].
This is, hawever, only oneof the directionsin which the basicroughsetsapproacho
approximatiorcanbe generalizedo spatialapproximation.



Ourconcernn thepresenpapetis relationshipdetweerspatialregionswhenthese
regionshave beengivenapproximatedescriptionsThe studyof relationshipdbetween
spatialregionsis of practicalimportancein Geographidnformation Systems(GIS),
andhasresultedn mary paperdEF91,RCC92,SP9Ben9§. Examplef relationships
mightbethattwo regionsmeetonly attheirboundarie®r thatoneregionis aproperart
of anotherWhile suchrelationship$ave beenwidely studied thetopic of relationships
betweerapproximateegionshasreceivedlittle attention.

Thestructureof the paperis asfollows. In section2 we setouttheparticulartype of
approximateegionswe usein the main partof the paper In section3 we discussone
particularschemeof relationshipdetweerregions,known asthe RCC5,andin section
4 we shov how this canbe generalizedo approximateegions.In section5 we briefly
considerhow our work canbe extendedto dealwith more detailedboundary-sensitie
approximationandthe RCC8systemof relationshipdbetweerregions.Finally in sec-
tion 6 we presentonclusionsandsuggestirectionsfor furtherwork.

2 Approximating regions

Spatialregionscanbe describedy specifyinghow they relateto a frameof reference.
In the caseof two-dimensionalegions,the frame of referencecould be a partition of

theplaneinto cellswhich mayshareboundariedut which do notoverlap.A regioncan
thenbedescribedy giving the relationshipbetweertheregion andeachcell.

2.1 Boundary insensitive approximation

Approximation functions Suppose spacer of detailedor preciseregions.By impos-
ing a partition, G, on R we canapproximateelementsof R by elementsof 02§. That
is, we approximateregionsin R by functionsfrom G to the set(2; = {fo, po, no}.
The function which assigngo eachregionr € R its approximationwill be denoted
az : R — 0. Thevalueof (asr)g is fo if r coversall the of thecell g, it is po if r
coverssomebut notall of theinterior of g, andit is no if thereis no overlapbetween-
andg. We call the elementsof 2§ the boundaryinsensitie approximationsf regions
r € R with respecto theunderlyingregionalpartitionG.

Eachapproximateegion X € (2§ standsfor a setof preciseregions,i.e. all those
preciseregionshaving the approximationX . This setwhich will bedenotedX] pro-
videsa semanticgor approximateegions:[X] = {r € R | asr = X }.

Operations on approximation functions The domainof regionsis equipedwith a
meetoperationinterpretedastheintersectionof regions.In the domainof approxima-
tion functionsthe meetoperationbetweerregionsis approximatedy pairsof greatest
minimal, A, andleastmaximal,A,,,,.,, Meetoperation®n approximatiormappings
[BS99.

Considerthe operationsA,i, and A4, on the set2; = {fo,po,no} thatare
definedasfollows.



Amin|NO po fo Amaz|NO pO fo

no |no no no no |no no no
po |no no po po |no po po
fo |nopo fo fo |no po fo

Theseoperationsextendto elementof 2 (i.e. the setof functionsfrom G to £2;) by
(X Amin Y)g = (X!]) Amin (Yg)

and similarly for A,,,.. This definition of the operationson Q?? is equivalentto the
constructiorfor operationgyivenby Bittner andStell [BS98 page108].

2.2 Boundary sensitive approximation

We can further refine the approximationof regions R with respectto the partition
G by taking boundarysegmentssharedby neighboringpartition cells into accoun-
t. Thatis, we approximateregionsin R by functionsfrom G x G to the set(2; =
{fo, fho, pbo, nbo, no}. Thefunctionwhich assigngo eachregionr € R its boundary
sensitve approximatiorwill bedenotedys : R — 2%, Thevalueof (asr)(g;, g;)
is fo if r coversall of the cell g;, it is fhbo if r coversall of the boundarysegment,
(9:,95), sharedby thecell g; andg; andsomebut notall of theinterior of g;, it is pbo
if » coverssomebut notall of theboundarysggment(g;, g;) andsomebut notall of the
interior of g;, it is nbo if » doesnotintersecwith boundarysegment(g;, g;) andsome
but notall of theinterior of g;, andit is no if thereis no overlapbetween- andg;.

Letbs = (g; N g;) betheboundarysggmentsharedby thecell g; andg;. We define
boundarysensitie approximatiorin termsof pairsof approximatiorfunctions,as, as
follows [BS99:

(a5 7)(g:,9;) =|(3 r)bs = fo (a3 r)bs = po (a3 r)bs = nO

(az r)g; = fo fo - -
(a3 r)gi = po fbo pbo nbo
(a3 r)gi = no - - no

Eachapproximateregion X € 025*¢ standsfor a setof preciseregions,i.e. all those
preciseregionshaving theapproximationX: [X] = {r € R | asr = X}.
We definethe operationh,,,,, Ontheset(2; = {fo, fbo, pbo, nbo, no} as:

|Amaz||n0[nbo[pbo]fbo] fo ]
no |[no|no | no | no|no
nbo ||no|nbo{nbo|nbo|nbo
pbo ||no|nbo|pbo|pbo|pbo
fbo ||no|nbo|pbo|fbo|fbo
fo ||no|nbo|pbo|fbo| fo

This operationextendsto elementof !25GXG (i.e.thesetof functionsfrom G x G
t0 (25) by (X Amaz Y)(9i,95) = (X (9i,95)) Amaz (Y (gi,95)). Thedefinition of the
operationA,:, is similar but silightly more complicatedthe detailscanbe found in
[BS98,.



3 RCC5rdations

Qualitative spatialreasonind QSR)is awell-establishedubfieldof Al. It is concerned
with therepresentatiomndprocessingf knowledgeof spaceandactiities which de-
pendonspaceHowever, therepresentationgsedfor this arequalitative, ratherthanthe
guantitatve onesof corventionalcoordinategeometryOneof the mostwidely studied
formal approacheto QSRis the Rggion-ConnectiorCalculus(RCC)[CBGG97. This
systemprovidesanaxiomatizatiorof spacan which regionsthemselesareprimitives,
ratherthanbeingconstructedrom more primitive setsof points.An importantaspect
of the body of work on RCC s the treatmenbf relationsbetweerregions.For exam-
ple two regionscould be overlapping,or perhaponly touchat their boundariesThere
aretwo principalscheme®f relationshetweerRCCregions:five boundaryinsensitve
relationsknown asRCC5,andeightboundarysensitve relationsknown asRCCS.

In this papemwe proposea specificstyleof definingRCCrelations This styleallows
to defineRCCrelationsexclusively basedon constraintgegardingthe outcomeof the
meetoperationbetween(one andtwo dimensionalyegions.Furthermorethis style of
definitionsallows usto obtaina partialorderingwith minimalandmaximalelementon
the relationsdefined.Both aspectsrecritical for the generalizatiorof theserelations
to theapproximatiorcase.

Giventwo regionsz andy the RCCbrelationbetweerthemcanbe determinedy
consideringhetriple of boolearnvalues:

(xANy# L, zAhy=z, x Ny =y).

The correspondencbetweensuchtriples and the RCC5 classificationis givenin the
following table.Possiblegeometricnterpretationsregivenin figure 1.

cANy# LlxAy=zlz Ay =y| |RCCSH
F F F DR
T F F PO
T T F PP
T F T PPi
T T T EQ

Thesetof triplesis partially orderedby setting(ay , as, as) < (b1, be, bs) iff a; < b;
for i = 1,2, 3, wherethe Booleanvaluesare orderedby F < T. This is the same
orderinginducedby the RCC5conceptuabraph[GC94]. But notethatthe conceptual
graphhasPO andEQ asneighboursvhichis notthecasein the Hassediagramfor the
partially orderedset(Rightdiagramin figure 1). We referto this asthe RCC5lattice to
distinguishit from the conceptuaheighborhoodyraph.

4 Semantic and Syntactic Generalizations of RCC5

The original formulation of RCC dealtwith ideal regions which did not suffer from
imperfectionssuchasvaguenesdndeterminag or limited resolution.However, these
arefactorswhich affect spatialdatain practicalexamplesandwhich aresignificantin
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Fig. 1. RCCbrelationsandRCC5lattice

applicationssuchasgeographiénformationsystemgGIS)[BF95. Theissueof vague-
nessandindeterminag hasbeentackledin thework of [CG96. Thetopicof thepresent
paperis not vaguenessr indeterminayg in the widestsensebut ratherthe specialcase
wherespatialdatais approximatedy beinggivenalimited resolutiondescription.

4.1 Syntactic and semantic generalizations

Therearetwo approachesve cantake to generalizingthe RCC5 classificationfrom
preciseregionsto approximateones.Thesetwo may be called the semanticand the
syntactic.The syntactichasmary variants.

Semantic We candefinethe RCCb5relationshipbetweerapproximateregions X and
Y to bethe setof relationshipswvhich occurbetweenary pair of preciseregions
representing andY . Thatis, we candefine

SEM(X,Y) = {RCC5(z,y) | z € [X] andy € [Y]}.

Syntactic We cantake a formal definition of RCC5in the precisecasewhich uses
operation®n R andgeneralizehisto work with approximateegionsby replacing
theoperationson R by analogousnesfor 21,

4.2 Syntactic generalization

Theabove formulationof the RCCbrelationscanbe extendedto approximateegions.
Oneway to do this is to replacethe operationA with an appropriateoperationfor

! This techniquenasmary variantssincetherearemary differentwaysin whichthe RCC5can
beformally definedin the precisecase andsomeof thesecanbe generalizedn differentways
to theapproximatecase Thefactthatseveraldifferentgeneralizationsanarisefrom the same

formulais becausesomeof the operationsn R (suchasA andV) have themselesmorethan
onegeneralizatiorio operationon 2.



approximateegions.If X andY areapproximateegions(i.e. functionsfrom G to {23)
we canconsiderthetwo triples of Booleanvalues:

(X AminY # L, X AminY = X, X Amin Y =Y), o
(X Amae Y # L, X Amaz Y =X, X Amaz Y =Y).

In thecontext of approximateegions,thebottomelement,L, is thefunctionfrom G to
23 which takesthevalueno for every elementof G. Eachof theabovetriplesprovides
anRCCb5relation,sotherelationbetweenX andY canbemeasuredby a pairof RCC5
relations.Theserelationswill bedenotedby R, (X,Y) andR 44 (X,Y).

Theorem 1 Thepairs (R,in(X,Y), R (X,Y)) whichcanoccurareall pairs(a, b)
whete a < b with the exceptionof (PP, EQ) and (PPi, EQ).

Proof Firstweshowv thatR,,in(X,Y) < Rpmaz (X, Y). SupposehatR,,,;»(X,Y) =
(a1,a2,a3) andthat R,,,.. (X,Y) = (b1, ba,b3). We have to show thata; < b; for

1 = 1,2,3. Taking the first componentif X A, Y # L thenfor eachg such
that Xg Ain Yg # NO, we alsohave, by examiningthe tablesfor A,,;, andAp,az,

that X g Apae Y9 # NO. HenceX A, Y # L. Taking the secondcomponentif

X Amin Y = X thenX Ao Y = X becausdrom Xg A Yg = Xg it follows

that Xg Az Yg = Xg. This canbe seenfrom the tablesfor A,,;,, andA,q by

consideringeachof the threepossiblevaluesfor X g. The caseof the third component
follows from the secondsinceA,,,;, andA,, ., arecommutatve.

Finally we have to shaw that the pairs (PP, EQ) and (PPi, EQ) cannotoccur If
Riuz(X,Y) = EQ, thenX =Y soX Apin Y = X musttake the samevalueas
X Amin Y = Y. Thusthe only triples which are possiblefor R,,,;,(X,Y") arethose
wherethe secondand third componentsre equal. This rules out the possibility that
R,in(X,Y) is PP or PPi.

4.3 Correspondence of semantic and syntactic generalization
Let the syntacticgeneralizatiorof RCC5definedby
SEN(Xa Y) = (Rmzn (Xa Y): Rpoz (X, Y));

whereR,,,;, andR,,,,, areasdefinedabore.

Theorem 2 For any approximateregions X and Y, the two waysof measuringthe
relationshipof X to Y are equivalenin the sensehat

SEM(X,Y) = {p € RCC5| Rpnin(X,Y) < p < Rpmaz(X,Y)},

where RCC5is the set{EQ, PP, PPi, PO, DR}, and < is the ordering in the RCC5
lattice.

The proof of this theoremdependson assumptionsaboutthe set of preciseregions
R. We assumethat R is a model of the RCC axiomsso that we are approximating
continuousspaceandnot approximatinga spaceof alreadyapproximatedegions.



Proof  Thereare threethingsto demonstrateFirstly that for all z € [X], and
y € [Y], that Rpin(X,Y) < RCC5(z,y). Secondly for all z andy as before,
that RCC5(x,y) < Rmqee(X,Y), andthirdly thatif p is any RCC5relationsuchthat
Ryin(X,Y) < p < Rinae(X,Y) thenthereexist particularz andy which standin the
relationp to eachother To provethefirst of theset is necessaryo considereachof the
threecomponentsX Ain Y # L, X Apin Y = X andX A Y = Yin turn. If
X AminY # Listrue,wehaveto shaw for all x andy thatz Ay # L isalsotrue.From
X Amin Y # L it follows thatthereis atleastonecell g whereoneof X andY fully
overlapsg, andthe otheratleastpartially overlapsg. Hencethereareinterpretationof
X andY having non-emptyintersectionlf X A, Y = X is truethenfor all cellsg
wehave X g = no orY g = fo. In eachcaseeveryinterpretatiormustsatisfyz Ay = x.
Notethatthis dependsn thefactthatthe combinationXg = po = Y g cannotoccur
The caseof thefinal componentX A,,,;, Y =Y is similar. Thuswe have demonstrated
forall z € [X] andy € [Y] thatR,,in(X,Y) < RCC5(z,y). Thetaskof shoving
that RCC5(x,y) < Rmaz(X,Y) is accomplishedy a similar analysis.Finally, we
have to shav thatfor eachRCC5relation, p, whereR,,in (X,Y) < p < Rpmas(X,Y),
therearez € [X] andy € [Y] suchthattherelationof z to y is p. This is doneby
consideringthe variouspossibilitiesfor R,,,;»(X,Y) and R4, (X, Y"). We will only
considerone of the caseshere,but the othersaresimilar. If R,,;,(X,Y) = PO and
R0 (X,Y) = EQ, thenfor eachcell g, thevaluesof X g andY g areequalandthere
mustbe somecellswherethis valueis po andsomecellswherethevalueis fo. Precise
regionsz € [X] andy € [Y] canbeconstructedy selectingsub-rgionsof eachcell g
sayz, andy,, anddefiningz andy to betheunionsof thesesetsof sub-reions.In this
particularcasethereis sufficientfreedomwith thosecellswhereX g = Y g = po to be
ableto selectr, andy, sothattherelationof z toy canbeary p wherePO < p < EQ.

I

5 Generalizing RCC8relations

5.1 RCCS8relations

RCC8relationstake the topologicaldistinction betweninterior andboundaryinto ac-
count.In orderto describeRCC8relationswe definethe relationshipbetween: andy

by usinga triple, but wherethe threeentriesmay take oneof threetruth valuesrather
thanthetwo Booleanones.Thescheméhastheform

(zAygt Lizhy=z,xAy=~y)

where

T if theinteriorsof z andy overlap
e, x ANy # L

M if only theboundaries andy overlap
i.e,xAy=_Landdx Ady # L

F if thereis no overlapbetween: andy,
i.e,xAy=_Landdz Ady = L

rAys L=



andwhere

T if z is containedn y andthe boundariesreeitherdisjoint or identical
i.e,z Ay =z and(d(z) Ad(y) = Lord(x) Ad(y) = d(x))
Ay ~ x = M if z is containedn y andtheboundariesarenot disjointandnotidentical
i.e,x Ay =z anddx Ady # Landd(z) Ad(y) # é(x)
F if z isnotcontainedvithiny,i.e.,x Ay # =

andsimilarly forz Ay ~ y.
The correspondencbetweensuchtriples andthe RCC8classificationis givenin
thefollowing table.Possiblegeometridnterpretationg€anbefoundin figure 2.

cAy# LlzAy=~zlzAy~y| |[RCC8
DC
EC
PO
TPP
NTPP
TPPi
NTPPi

EQ

The RCCb5relationDR refinesto DC andEC andthe RCC5relationPP (%) refinesto
TPP(i) andNTPP(:). WedefineF < M < T andcall thecorrespondindiassediagram
RCCS8lattice (figure 2 to distinguishit from the conceptuaheighborhoodjraph.

-0
O T

444444
T4 7T
e s =< W B B

DC(x,y) EC(xy) PO(x,y)  TPP(xy) NTPP(x,y) EQ(x,y)

Fig.2. RCC8lattice

5.2 Syntactic generalization of RCC8

Let X andY beboundarysensitve approximation®f regionsz andy. Thegeneralized
schemehastheform
(X Amaz Y # L X Aoz Y * X, X Apae Y

Y),
Y))

~
~
~
~



where

T X Amin ¥ # L
X/'\minY¢J_: MX/\mmY:LandéX/\mméY#J_
F XApminY = LanddX Apin 0Y = L

andwhere

T X Apin Y =X and(0X Apin Y = LOrX Apin Y =Y)
XAinY 8 X ={ MX Apin Y = X anddX Apin 6Y # LandX Apin Y Y
FXApinY #X

andsimilarlyfor X ApinY = Y, X ApaeY # L, X Apaz Y = X,andX Ay Y &Y.
In this context thebottomelement,L, is thefunctionfrom G x G to 25 whichtakesthe
valueno for everyelemeniof G x G. Theformulad X A, 6Y # L istrueif we can
derive from boundarysensitve approximationsX andY thatfor all z € [X] andy €
[Y] the leastrelationthat canhold betweenz andy involvesboundaryintersectio.
Correspondinglyd X A,q; Y # L istrueif thelargestrelationthatcanhold between
z € [X] andy € [Y] involvesboundaryintersection.

Eachof the above triples definesa RCC8relation, so the relationbetweenX and
Y canbe measuredy a pair of RCC8relations.Theserelationswill be denotedby
RS .. (X,Y)andR®,  _ (X,Y).[BS00]shawv thecorrespondendeetweerthis syntactic
generalizatiorandthe semantirgeneralizatiorcorrespondingo the RCC5case.

6 Conclusions

In this papemwe discussedpproximation®f spatialregionswith respecto anunderly-
ing regional partitions.We usedapproximationdasedn approximatiorfunctionsand
discussedhecloserelationshipo Roughsets We definedpairsof greatestninimaland
leastmaximalmeetoperationson approximationfunctionsthat constrainthe possible
outcomeof themeetoperatiorbetweertheapproximatedegionsthemseles. Themeet
operationon approximatiormappinggrovide the basisfor approximatejualitative s-

patialreasoninghatwasproposedn this paper

Approximatequalitative spatialreasonings basedn:

1. Jointly exhaustve andpair-wise disjoint setsof qualitative relationsbetweerexact
regions,whicharedefinedn termsof themeetoperatiorof theunderlyingBoolean
algebrastructureof the domainof regions. As a settheserelationsmustform a
latticewith bottomandtop element.

2. Approximationsof regionswith respectto a regional partition of the underlying
space Semanticallyanapproximatiorcorrespondso the setof regionsit approxi-
mates.

3. Pairs of meetoperationson thoseapproximationswhich approximatethe meet
operationon exactregions.

2 For detailssee[BS00].



Basedon those'ingredients’ syntacticand semanticgeneralizationsf jointly exhaus-
tive and pair-wise disjoint relationsbetweenexact regionswere defined.Generalized
relationshold betweenapproximationf regionsratherthanbetween(exact) regions
themseles.Syntacticgeneralizations basedon replacingthe meetoperationdefining
relationsbetweenexact regionsby its minimal and maximal counterpart®n approxi-
mations.Semanticallysyntacticgeneralizationgield upperandlower bounds(within
the underlyinglattice structure)on relationsthat canhold betweerthe corresponding
approximatedxactregions.

Thereis considerablscopeor furtherwork building ontheresultsin this paperWe
have assumedofarthattheregionsbeingapproximatedrepreciselyknown regionsin
a continuousspace However, therearepracticalexampleswhereapproximateregions
arethemselesapproximatedThis canoccurwhen spatialdatais requiredat several
levels of detail, andthe lessdetailedrepresentationare approximationf the more
detailedones.Thusonedirectionfor futureinvestigationis to extendthe techniquesn
this paperto the casewherethe regionsbeing approximatedare discrete ratherthan
continuousThis couldmake useof thealgebraicapproacto qualitative discretespace
presentedn [?]. Subjectof ongoingresearchis to apply techniquegpresentedn this
paperto thetemporaldomain[Bit00].
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