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Abstract. In this paperI definespatio-temporalregionsaspairsconsistingof
a spatialanda temporalcomponentand I definetopologicalrelationsbetween
them.Usingthenotionof roughsetsI defineapproximationsof spatio-temporal
regionsandrelationsbetweenthoseapproximations.Basedonrelationsbetween
approximatedspatio-temporalregionsconfigurationsof spatio-temporalobjects
canbecharacterizedevenif only approximatedescriptionsof theobjectsforming
themareavailable.

1 Introduction

Roughsettheory[Paw82] providesa way of approximatingsubsetsof a setwhenthe
set is equippedwith a partition or equivalencerelation.Roughsetswereextensively
usedin the context of Data Mining, e.g., [Lin95,LC97]. So far, however, they were
usedmainly in nonspatio-temporalcontexts,for example,in orderto classifyandana-
lyzephenomena,likediseases,givenafinite numberof observationsor symptoms,e.g.,
[NSR92,BNSNT

�
95]. It is the purposeof this paperto apply roughsetsin a spatio-

temporalcontext, i.e., to describeandclassify(configurationsof) spatio-temporalob-
jects.

An importanttaskin spatio-temporaldatamining is to discover characteristiccon-
figurationsof spatialobjects.Characterizingspatialconfigurationsis important,for ex-
ample,in orderto retrieveyour new ‘ideal’ homefrom a propertydatabasesuchthatit
hasaccessto a highway, is locatedby theshoreof a lake,within a beautifulforest,and
far away from thenext nuclearpower station.Anotherimportanttaskis to find classes
of configurationsthat characterizemoleculeslike amino-acidsandproteins[GFA93].
Spatio-temporal relationsareoften importantto identify causalrelationshipsbetween
eventsin which arespatio-temporalobjectsareinvolved:In orderto interactwith each
otherthingsoftenneedto beat thesameplaceat thesametime.

Therearethreemajor aspectscharacterizingspatio-temporal objects: (1) Aspects
characterizingwhatthey are,e.g.,theclassof thingsthey belongto; (2) Aspectscharac-
terizingwhere they are,i.e., theirspatiallocation;(3) Aspectscharacterizingwhenthey
existedandwhenthey have been,are,or will be where,i.e., their temporallocation.
Betweenspatio-temporalobjectshold spatio-temporal relationssuchas‘being in the
sameplaceat thesametime’, or ‘having beenin aplacebeforesomethingelse’.Setsof
spatio-temporalobjectsform spatio-spatialconfigurationsthatarecharacterizedby sets�
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of spatial,temporal,andspatio-temporalrelationsthatholdbetweenobjectsformingthe
configuration.In this paperI concentrateon topologicalspatio-temporalrelations(like
‘being in the sameplaceat the sametime’). Topologicalrelationsbetweenregionsof
spaceandtime play a major role in characterizingspatialandtemporalconfigurations
[EFG97,All83].

Todaytheclassificationof spatio-temporalconfigurationsis basedon relationsbe-
tweenobjectsandon relationsbetweenthe spatio-temporalregionsthey occupy. Un-
fortunately, it is oftenimpossibleto identify theregion of spaceandtime thoseobjects
exactlyoccupy, i.e., theexactlocationof spatio-temporalobjectsis oftenindeterminate
[BF95]. [Bit99] arguedthatoftenapproximatelocationof spatialobjectsis known.The
notion of approximatelocationis basedon the notion of roughsets,i.e., the approx-
imation of (exact) locationwith respectto a regional partition of spaceand time. In
this paperI discusshow roughsetscanbeusedin orderto describeapproximateloca-
tion in spaceandtime andhow to derivepossiblerelationsbetweenobjectsgiventheir
approximations.

This paperis structuredas follows. In Section2 I definethe notionsof spatio-
temporalobject, location,region, and the relationshipsbetweenthem.I definetopo-
logical relationsbetweenspatio-temporalregionsin Section3. The notion of a rough
setis usedin Section4 in orderto approximatespatio-temporalregionswith respectto
regionalpartitionsof spaceandtime. In Section5 binarytopologicalrelationsbetween
thoseapproximationsaredefined.Theserelationscanbeusedto characterizeconfigu-
rationsof spatio-temporalobjectsevenif we know only their approximatelocation.In
Section6 theconclusionsaregiven.

2 Location of spatio-temporal objects

Every spatio-temporalobject, � , is locatedin1 a uniqueregion of time, �����	� , bounded
by the begin andthe endof its existence.In every momentof time a spatio-temporal
objectis exactly locatedin asingleregion, 
�� , of space[CV95]. Thisregionis theexact
or precisespatiallocationof � at thetime point � , i.e., 
���
��������	� at � . Spatio-temporal
wholeshavetemporalparts,whicharelocatedin partsof thetemporalregionsoccupied
by their wholes2. Consider, for example,theregion of time, 
 � , wheretheobject, � , is
locatedtemporally, while beingspatially locatedin the region 
�� . If 
 � is a maximal
connectedtemporalregion, i.e., � wasoncespatiallylocatedin 
�� for a while, left and
never cameback,then 
 � is boundedby the time instances(points) ��� and ��� . Since
time is a totally orderedsetof time points(the setof all possibleboundariesof time
intervals) forming a directedone-dimensionalspace[Gea66], we have ��������� . In this
papertime is modeledasa onedimensionaldirectedline andspaceis modeledasa

1 We saythat the object � is locatedin the (spatial,temporalor spatio-temporal)region � in
orderto stresstheexactfit of objectandregion (theobjectmatchestheregion). It is important
to distinguishtheexactmatchfrom thecaseof anobjectbeinglocatedwithin a region which
intuitive meaningallows the region to be bigger than the object and the caseof the object
coveringa region which intuitively impliestheregion to besmallerthantheobject.

2 Noticethatthis impliesa four dimensionalontologyof spatio-temporalobjects[Sim87]



2-dimensionalplane.In the remainderI concentrateon regionsof time andspaceand
topologicalrelationsbetweenthem.

Spatio-temporalobjectsmay be at rest, i.e., being locatedin the sameregion of
spacefor aperiodof time,or they maychange,i.e.,beinglocatedin differentregionsof
spaceat eachmomentof time3. Spatialchangemaybecontinuous,i.e., regionsof con-
secutive momentsof time aretopologicallycloseasin thecaseof changeof bona-fide
objects[SV97] like cars,planets,andhumanbeings,or discontinuous,as(sometimes)
in thecaseof changeof fiat objects[SV97] like landproperty.

Consideranobjectatrest.I assumethattheexactregionof aspatio-temporalobject,� , hasalwaysa correspondingtime interval4, 
 � , which is boundedby the momentof
time, ��� , where � ‘stopped’at 
 � andthe moment,��� , of time where � ‘leaves’ 
 � (or
thecurrentmomentof time if � is currentlyrestingat 
�� ), i.e., ����� 
 ��! � � ���	�"
#
�� .
I definethespatio-temporal region of the restingobject � asa pair, �%$� � ���	�&
'�(
 �*) 
���� .
Theregion 
 � is a partof theexacttemporalregionof � , i.e., +,�(
 �-) �����	��� .

Spatialchangecausesspatio-temporalobjectsto be locatedin differentregionsof
spaceat differentmomentsof time.Considera changing(moving, growing, shrinking,
. . . ) spatio-temporalobject, � , within the time interval 
 � 
/. �10 ) �12�3 . Let 
��54 be the
sum, 6 , of the regionsin which � waslocatedduring 
 � , i.e., 
87�9:
<;>=?���*���	�:@8�10�A�BAC�12?D . I definethespatio-temporal regionof thespatiallychangingobject � asapair,�FE� � ���	�G
H��
 �*) 
��54�� . Notice,thatdoingthiswedonotknow anymore,whereexactly � is
locatedduring 
 � . It canbeeverywherewithin 
��54 , but it cannotbesomewhereelse.In
thespecialcaseof continuousmovementtheregion 
��54 canbethoughtof asthepath
of theobject’s movementduring 
 � . In theremainderI will usethemetaphor‘path of
changeduring 
 � ’ in orderto referto thesumof spatialregionsof a spatiallychanging
objectduringtheinterval 
 � .
3 Binary topological relations between spatio-temporal objects

Binary topological relationsbetweenregions suchas overlap, contained/containing,
disjoint, arewell known in thespatialreasoningcommunity, e.g.,[EF91,RCC92].Re-
cently, [BS00]proposedaspecificstylethatallowsto definebinarytopologicalrelations
betweenregionsexclusivelybasedonconstraintsregardingtheoutcomeof themeet(in-
tersection)operation,denotedby I , between(oneandtwo dimensional)regions.This
is critical for thegeneralizationof theserelationsto theapproximationcasein Section
5. In this sectionI shortly review thosedefinitionsbasedon [BS00] andapplythemto
temporalandspatio-temporalregionsafterwards.

3.1 Relations between regions of (2D) space

Giventwo regions 
 and J theboundaryinsensitive binarytopologicalrelation(RCC5
relations[RCC92])betweenthemcanbedeterminedbyconsideringthetripleof boolean
values[BS00]: ��
�IKJML
ON ) 
:IPJ,
Q
 ) 
�IPJR
SJT��U

3 This impliesanontologyof absolutespaceandtime, i.e., regionsdo notchange.
4 A maximalconnectedregion of time.



Theformula 
VI"JWL
XN is trueif theintersectionof J and J is not theemptyregion;The
formula 
>IYJM
H
 is true if the intersectionof 
 and J is identicalto 
 ; Theformula
PIMJZ
<J is true if the intersectionof 
 and J is identicalto J . The correspondence
betweensuchtriplesof booleanvaluesandtheRCC5classificationis givenin thetable
below. Possiblegeometricinterpretationsaregivenin Figure1 [BS00].
�IPJML
ON 
[IKJ,
\
 
�IKJ,
QJ RCC5

F F F DR
T F F PO
T T F PP
T F T PPi
T T T EQ

Thesetof triples is partially orderedby defining ��]^� ) ]_� ) ]a`b�"Ac�ed�� ) d*� ) d*`?� if f ]_fVAOd�f
for g�
ih )-jT)�k , wherethe booleanvaluesareorderedby F � T. [BS00] refer to the
Hassediagramof thepartiallyorderedset(Theright diagramin Figure1.) astheRCC5
lattice.

DR(x,y) PO(x,y) PP(x,y) PPI(x,y) EQ(x,y)

l
T m T m T n EQo o oqp rs s sl

T m T m F n PP
l
T m F m T n PPirs s s o o oqpl

T m F m F n PO

l
F m F m F n DR

t
Fig. 1. RCC5relationsandRCC5lattice

3.2 Relations between temporal regions

Considerthemaximalconnectedonedimensionalregions,
 andJ , i.e.,intervals.Bound-
aryinsensitivetopologicalrelationbetweenintervals
 andJ onadirectedline (RCC u � relations)
canbedeterminedby consideringthetriple of valuesbelongingto theset= FLO ) FLI ) T ) FRI ) FRO D :�(
�IKJMLv N ) 
�IPJ v 
 ) 
�IKJ v J^�
where 
:IPJMLv NO
 wx y FLO if 
�IKJ:
XN and
{ziJ

FRO if 
�IKJ:
XN and
{|iJ}
if 
�IKJ~L
XN



where


:I>J v 
K

w����x ����y

FLO if 
�IPJML
S
 and
�IKJ~L
SJ and 
{ziJ
FLI if 
�IPJML
S
 and
�IKJ:
SJ and 
{ziJ
FRO if 
�IPJML
S
 and
�IKJ~L
SJ and 
{|iJ
FRI if 
�IPJML
S
 and
�IKJ:
SJ and 
{ziJ
T if 
�IPJR
S


andwhere


�IPJ v J:

w����x ����y

FLO if 
�IKJ~L
SJ and
�IKJML
\
 and 
YziJ
FLI if 
�IKJ~L
SJ and
�IKJR
\
 and J,|i

FRO if 
�IKJ~L
SJ and
�IKJML
\
 and 
Y|iJ
FRI if 
�IKJ~L
SJ and
�IKJR
\
 and J,zi

T if 
�IKJ:
SJ

with 
{z�JR
�� } if ����
���I{����J^��
�����
�� and�&�(
���IK�&�(J^�&L
\�&�(J^��
otherwise
{|�JR
 � } if �R�(
���IK�R��JT��
S�R�(
�� and�:��
���I{�R�(J^�&L
S�:��J^��
otherwise���(
�� ( �:��J^� ) is theonedimensionalregion occupying thewhole line left (right)5 of 
 .

The intuition behind 
PIMJ v 
C
 FLO ( 
PIWJ v 
�
 FRO) is that “ 
PIMJ 
�
 is
falsebecauseof partsof 
 ‘sticking out’ to the left (right) of J ”. The intuition behind
RI{J v J{
 FLI ( 
RIYJ v JK
 FRI) is that“ 
,I{J{
�J is falsebecauseof partsof J
‘sticking out’ to theright (left) 
 ”.

Thetriplesformally describejointly exhaustiveandpairwisedisjointrelationsunder
theassumptionthat 
 andJ areintervalsin aonedimensionaldirectedspace.Thecorre-
spondencebetweenthetriplesandtheboundaryinsensitive relationsbetweenintervals
is given in the tablebelow. Possiblegeometricinterpretationsof the definedrelations
aregivenin Figure2. 
:I>JWLv N 
[IKJ v 
 
�IKJ v J RCC u �

FLO FLO FLO DRL
FRO FRO FRO DRR

T FLO FLO POL
T FRO FRO POR
T T FLI PPL
T T FRI PPR
T FLI T PPiL
T FRI T PPiR
T T T EQ

For example.TherelationDRL ��
 ) J^� holdsif 
 and J do not overlapand 
 is left of J ;
POL �(
 ) J^� holdsif 
 and J partly overlapandthe nonoverlappingpartsof 
 areleft

5 I usethespatialmetaphorof a line extendingfrom theleft to theright ratherthanthetime-line
extendingfrom the pastto the future in order to focus on the aspectsof the time-line asa
one-dimensionaldirectedspace.Time itself is muchmoredifficult.



of J ; PPL �(
 ) J^� holdsif 
 is containedin J but 
 doesnot cover thevery right partsofJ ; PPiL ��
 ) J^� holdsif J is a part of 
 andtherearepartsof 
 sticking out to the left
of J ; PPR �(
 ) J^� holdsif 
 is a partof J and 
 doesnot cover thevery left partsof J ;
PPiR ��
 ) JT� holdsif J is a partof 
 andtherearepartsof 
 stickingout to theright ofJ .

Assumingthe ordering
� ����� � �B� � T � � ����� � ��� a lattice is formed,

whichhas � � �B� ) � ��� ) � ����� asminimalelementand � � ��� ) � ��� ) � ����� asmax-
imal element.Theorderingis indicatedby thearrowsin Figure2.

DRL(x,y)

PPiL(x,y) PPiR(x,y)

POL(x,y) EQ POR(x,y) DRR(x,y)PPL(x,y) PPR(x,y)

x y

Fig. 2. Possiblegeometricinterpretationsof theRCC � � relations.

3.3 Relations between spatio-temporal regions

Let ��� and �F� be two spatio-temporalobjectsat rest with spatio-temporallocation�%$� � �������Y
��(
 �*) 
���� and �F$� � ���F�%�Y
��(J �-) J^�*� , where 
 � and J � are time intervals, i.e.,
maximallyconnectedtemporalregions,and 
�� and J^� arearbitrary, possiblyscattered,
2D regions.Thespatio-temporalrelationbetween��
 �*) 
���� and �(J �-) J^�*� canbedescribed
usingthefollowing pair of triples:�1�(
 � IPJ � Lv N ) 
 � IKJ � v 
 �*) 
 � IKJ � v J � � )�(
���IPJ^��L
XN ) 
���IPJ^�V
\
�� ) 
���IKJ^��
SJ^�*�1�
Therelationshipbetweenthosepairsof triplesandspatio-temporalrelationsis givenin
thefollowing table:���[�>���� �&�[� � � ����� � � �&���P�� � ���[� � � �&�[� � � (RCC � � ,RCC5)

FLO FLO FLO F F F (DRL,DR)
FLO FLO FLO T F F (DRL,PO)
. . . . . . . . . . . . . . . . . . . . .
T FLO FLO T F F (POL,PO)
T FLO FLO T T F (POL,PP)
T FLO FLO T F T (POL,PPi)
T FLO FLO T T T (POL,EQ)
T T FLI F F F (PPL,DR)
T T FLI T F F (PPL,PO)

. . . . . . . . . . . . . . . . . . . . .
T T T T T T (EQ,EQ)

FRO FRO FRO F F F (DRR,DR)
. . . . . . . . . . . . . . . . . . . . .



ThetheHassediagramof thepartiallyorderedsetis calledthe(RCC u � ,RCC5) lattice.
For example.The relation � DRL ) PO ���1�(
 ��) 
���� ) �(J �-) J^�*�1� is interpretedasfollows:

Thespatialregions
�� and J^� partiallyoverlapandtherelationbetweenthetimeinterval
 � when ��� restedin 
�� and the time interval J � when �F� restedin J^� is DRL. The
scenario,i.e., thesequenceof events,couldbedescribedas: ��� changesto location 
��
andreststhereduring 
 � . At sometimein thefuture( ��� hasalreadyleft 
 � ), �F� changes
to J � suchthatPO ��
 � ) J � � 6.

Therelation � POL ) PO �����(
 ��) 
���� ) �(J �-) J^�*�1� is interpretedasfollows:Thespatialre-
gions 
�� and J^� partially overlapandthe relationbetweenthe time interval 
 � when��� restedin 
�� andthe time interval J � when �F� restedin J^� is POL. Thescenariois:��� changesto its location 
�� andreststhereduring 
 � . While ��� is restingin 
�� , �F�
changesto J^� suchthatPO �(
�� ) J^�*� holds.While �F� is still restingin J^� , ��� changesto
anotherregion.This new regionmayor maynotoverlap J^� .

Formally, for changingobjectsthesamestyleof definitionapplies.Only theexact
regionsof � � and � � , 
�� and J^� during 
 � and J � , arereplacedby the pathof change
��54 and J^�54 , of ��� and �F� during 
 � and J � . In thiscasewedonotdescribetherelation
betweenthe locationof restof ��� during 
 � andthe locationof restof �F� during J � ,
but the relation betweenthe path of changeof ��� during 
 � and the pathof change
of �F� during J � . The relation � POL ) PO �����(
 �*) 
���� ) ��J �-) JT�*��� is interpretedas follows:
Thepathof changeof ��� during 
 � andthepathof changeof �F� during J � do partially
overlapandthe relationPOL �(
 ��) J � � holdsbetweenthe time intervals 
 � and J � . The
interpretationof POL ��
 �*) J � � is thatwe startedmonitoringthe pathof ��� earlierthan
monitoringthepathof �F� andfinishedmonitoringthepathof ��� earlierthanmonitoring
thepathof � � .
4 Rough approximations

Roughsettheory[Paw82] providesa way of approximatingsubsetsof a setwhenthe
setis equippedwith a partitionor equivalencerelation.Givena set   with a partition=b] f @_g��Y¡VD , anarbitrarysubsetd�¢�  canbeapproximatedby a function £�0 ! ¡\¤= fo ) po ) no D . Thevalueof £�0b��g5� is definedto befo if ] f ¢\d , it is no if ] f_¥ dV
O¦ , and
otherwisethe valueis po. The threevaluesfo, po, andno standrespectively for ‘full
overlap’,‘partial overlap’and‘no overlap’; they measuretheextentto which d overlaps
theelementsof thepartitionof   .

4.1 Approximating spatial and temporal regions

[BS00] showedthatregionsof spaceandtimecanbedescribedby specifyinghow they
relateto a partitionof spaceandtime into cellswhich mayshareboundariesbut which
do not overlap.A region canthenbedescribedby giving therelationshipbetweenthe
regionandeachcell. Supposeaspace§ of preciseregions.By imposingapartition, ¨ ,
on § we canapproximateelementsof § by elementsof ©"ª` . That is, we approximate
regionsin § by functionsfrom ¨ to the set ©�`~
i= fo ) po ) no D . The function which

6 Remember, regionsdonotchange.



assignsto eachregion 
M�Y§ its approximationis denoted«q` ! §\¤�©�ª` . Thevalueof��«q`�
��_¬ is fo if 
 coversall theof thecell ¬ , it is po if 
 coverssomebut notall of the
interiorof ¬ , andit is no if thereis no overlapbetween
 and ¬ .

Eachapproximateregion  ­� © ª` standsfor a setof preciseregions,i.e.,all those
preciseregionshaving theapproximation  . This setwhich will bedenoted. .  ~3 3 pro-
videsa semanticsfor approximateregions: . .  ~3 3�
�=?
~�K§X@F« ` 
{
\  D [BS00].

4.2 The meet operation

The domainof regionsis equippedwith a meetoperationinterpretedasthe intersec-
tion of regions.In thedomainof approximationfunctionsthemeetoperationbetween
regionsis approximatedby pairsof greatestminimal, I , andleastmaximal, I , meet
operationson approximationmappings[BS98]. ConsidertheoperationsI and I on
theset ©V`"
O= fo ) po ) no D thataredefinedasfollows:I no po fo

no no no no
po no no po
fo no po fo

I no po fo
no no no no
po no po po
fo no po fo

Theseoperationsextendto elementsof ©�ª` (i.e. thesetof functionsfrom ¨ to ©�` ) by�( HI ®[�¯¬,
H�� ~¬T�°I ��®�¬^�
andsimilarly for I .

4.3 Approximating spatio-temporal regions

Spatio-temporalregionsarepairs, ��
 �*) 
���� , consistingof a spatialcomponent,
�� , and
a temporalcomponent,
 � . Both componentscanbe approximatedseparatelyby ap-
proximationfunctions,  ±� and   � with respectto partitions ¨�² and ¨�³ of time and
space,asdescribedabove.Consequently, an approximatespatio-temporalregionsis a
pair �(  �-)  ±�-� . Eachapproximatespatio-temporalregion �(  ��)  ±�*� �´©�ª¶µS·S©"ª�¸
standsfor a setof precisespatio-temporalregions,i.e., all thosepreciseregionshav-
ing theapproximation�(  �-)  Z�*� . Thissetwhichwill bedenoted. .¹�(  �-)  ±�-�¯3 3 providesa
semanticsfor approximatespatio-temporalregions:. .º��  � )   � �53 3�
�=a�(
 � ) 
 � ���Y»¼·K§�@F«M
 � 
S  � and «~
 � 
S  � D )
where » denotesthe setof regionsof the time-line and § denotesthe regionsof the
plane.The greatestminimal and leastmaximalmeetoperationsbetweenapproxima-
tionsof spatialandtemporalregionsgeneralizein thenaturalway to approximationsof
spatio-temporalregions:�(  � )   � �^I ��® � ) ® � ��
#�(  � I ® � )   � I ® � �
andsimilarly for I .



5 Approximating binary topological relations

I discussedabove the importanceof qualitative spatialrelation for the descriptionof
spatialconfigurations.In thissectionI defineapproximatetopologicalrelationsbetween
approximationsof spatial,temporal,andspatio-temporalregions.In thiscontext I apply
the specificstyleof definitionsdiscussedin Section3. Relationsbetweenapproxima-
tions of spatialhave beendiscussedseparatelyin [BS00]. This will be reviewed and
thenappliedto relationsbetweenapproximatedtemporalandspatio-temporalregions.

In orderto definerelationsbetweenapproximationsof spatialregionsandtemporal
intervalsI firstly pursuethesyntacticapproach:(1) I replacein thedefinitionsof rela-
tionsbetweenspatialregionsandtemporalintervalsthe(variablesrangingover)regions
by (variablesrangingover)approximations,e.g.,I replace
~�{§ by  i�Z©�ª` ; and(2) I
replacethemeetoperationbetweenregionsby thegreatestminimal andleastmaximal
operationsbetweenapproximations,i.e., I replaceI by I and I . Secondly, I check
whetherthe syntacticallygeneratedpairsof relationsconstrainthe appropriatesetof
relationsbetweentheapproximatedregions(thesemanticapproach).

5.1 Relations between approximations of spatial regions

Theabove formulationof theRCC5relationscanbeextendedto approximateregions.
One way to do this is to replacethe operation I with an appropriateoperationfor
approximateregions.If   and ® areapproximateregions(i.e. functionsfrom ¨ to © ` )
we canconsiderthetwo triplesof Booleanvalues[BS00]:�� �I ®½L
ON )  �I ®H
S  )  HI ®#
\®�� )��  I:®½L
ON )   IR®H
S  )   I:®#
\®���U
In the context of approximateregions, the bottom element, N , is the function from¨ to © ` which takesthe valueno for every elementof ¨ . Eachof the above triples
providesan RCC5relation,so the relationbetween  and ® canbe measuredby a
pairof RCC5relations.Theserelationswill bedenotedby � �(  ) ®[� and ����  ) ®:� . The
pairs ��� ��  ) ®:� ) ����  ) ®:�1� which canoccurareall pairs ��] ) d�� where ]�A�d with the
exceptionof � PP ) EQ � and � PPi ) EQ � [BS00].

Considerthe orderingof the RCC5 lattice. The relation � �(  ) ®[� is the minimal
relationandthe relation �R�(  ) ®[� is the maximalrelationthat canhold between
��. .  M3 3 and J��¾. . ®�3 3 . For all relations � , with � �(  ) ®��¿A­�ÀA �R�(  ) ®[� thereare
M�Z. .  ~3 3 and JK�Z. . ®�3 3 suchthat �R�(
 ) J^� [BS00].

5.2 Syntactic generalization of relations between temporal intervals

In order to generalizethe above formulationof RCC u � relationsto relationsbetween
approximationsof temporalintervalsweneedto defineoperations Áz­® and  Á|­®
correspondingto operations
¿zÂJ and 
Z|ÂJ . Thebehavior of  ÃzÂ® is shown in
Figure3. Formallywedefine Áz­® as

 Äz�®H
 w��x ��y T if �&�( ±� I�����®[�G
S���( Z� and ���( Z� I[�&��®:�&L
\����®��
M if �&�( ±� I�����®[�G
S���( Z� and �&�( ±� I�����®���
�����®[� and�&�( ±�°I �&��®����Q���� ±� I�����®[�
F otherwise



andsimilarly  Å|Æ® using �R�( Z� and �R��®:� , where ���� ±� yields the approximation
of thepartof thetime-line left of 
��\. .  ~3 3 and �R��®�� yields theapproximationof the
part of the time-line right of J���. . ®�3 3 respectively. Formally, � and � aredefinedas
follows. Firstly, we definethecomplementoperation WÇ-¬ f 
¾�� O¬ f �1Ç with no Ç�
 fo,
po ÇG
 po, andfo Ç�
 no. Assumingthatpartitioncells ¬ f arenumberedin increasing
orderin directionof theunderlyingspace,wesecondlydefine �&�( ±� and �R��®[� as:

������ ±�a¬�f���
 wx y �( È¬�fe��Ç if gGA�ÉRÊ¹ËÌ=%Í@T�( O¬ÏÎ	�&L
 no D
no �%�1Ð°Ñb�%ÒÓg�ÔbÑ Õ ���:��®��a¬�fe�G


wx y ��®¿¬�fe��Ç if gGÖCÉ,×FØ�=%Í@^��®¿¬ÏÎF�&L
 no D
no �%�1Ð8Ñb�%ÒÓg�Ô?Ñ U

X << Y = T X << Y = T X << Y = M X << Y = F

Fig. 3. Thebehavior of Ù½ÚÜÛ , where �MÝ Þ Þ Ù:ß ß is above the time-lineand �KÝ Þ Þ Û�ß ß is below
thetime-line.

We needtwo moreoperations: ¾à"® and  ¾á&® , where  ½à�®�
 T meansthat
S��. .  M3 3 is containedin Jâ��. . ®�3 3 and 
 doesnot cover the very right partsof J and <á�®�
 T is interpretedas 
±��. .  M3 3 is containedin J{�â. . Ja3 3 and 
 doesnot cover the
very left partsof J . Thebehavior of  <àÓ® areshown in Figure4. Formally we define
aset ã���  ) ®[��
�=a���R�( ±�^I ®��_¬ f @b¬ f �Y¨:D , containingtheelementsof theco-domain
of ���R�( ±�°I ®�� , andtheoperation

 �à�®#
 wx y T if fo �~ã���  ) ®[� or = po ) po D�¢Qã:�(  ) ®[�
M if po �Yã���  ) ®[� and = po ) po DRL¢Cã:�(  ) ®[�
F otherwise

U
We define �á�® respectively by replacing�R�( ±� by �&�( ±� in thedefinitionof  �à�® .

X |> Y = T X |> Y = T X |> Y = M X |> Y = F

Fig. 4. Thebehavior of Ù�äGÛ , where �>Ý~Þ Þ Ù:ß ß is above thetime-lineand �:ÝMÞ Þ Û�ß ß is below the
time-line.

We arenow able to generalizethe above formulationof RCC u � relationsto rela-
tionsbetweenapproximations.Let   and ® beboundaryinsensitiveapproximationsof
temporalintervals.We canconsiderthetwo triplesof values:�1�� HI ®'Lv N )  #I ® v   )  HI ® v ®:� )�(  I:®½Lv N )   I:® v   )   I�® v ®����*U



where

 HI ®½Lv NO
 wx y � �B� if  HI ®#
XN and �( Äz�®[�"L
 F and �( �z�®���ÖÈ�( Ä|�®[�� ��� if  HI ®#
XN and �( Ä|�®[�"L
 F and �( �|�®���åÈ�( Äz�®[�}
if  HI ®½L
XN

where

ÙC� Û � Ù �çæèèèèé èèèèê
ë�ì�í

if ÙC� Ûc�� Ù andÙC� Û#�� Û and Ù�Ú<Ûc�� F andÙ#Ú´Û�îWÙ#ï'Ûë�ì�ð
if ÙC� Ûc�� Ù andÙC� Û � Û and ñóò�ôÏõ�öV÷_ò*ø-ù^úûÙRü5Û"ýë�þVí
if ÙC� Ûc�� Ù andÙC� Û#�� Û and Ù�ï<Ûc�� F andÙ#ï´Û�ÿWÙ#Ú'Ûë�þ�ð
if ÙC� Ûc�� Ù andÙC� Û � Û and � ��� ÷Ïõ5öV÷_ò*ø-ù^úûÙRü5Û&ý�
if ÙC� Û � Ù

andwhere

ÙC� Û � Ù �çæèèèèé èèèèê
ë�ì�í

if ÙC� Ûc�� Û andÙQ� Ûc�� Ù and Ù�Ú<Ûc�� F andÙ#Ú´Û�îWÙ#ï'Ûë�ì�ð
if ÙC� Ûc�� Û andÙQ� Û � Ù and � ��� ÷Ïõ5öV÷_ò*ø-ù^úûÛqü5Ù>ýë�þVí
if ÙC� Ûc�� Û andÙQ� Ûc�� Ù and Ù�ï<Ûc�� F andÙ#ï´Û�ÿWÙ#Ú'Ûë�þ�ð
if ÙC� Ûc�� Û andÙQ� Û � Ù and ñóò�ôÏõ�öV÷_ò*ø-ù^úûÛqü5Ù,ý�
if ÙC� Û � Ù �

Thefunctions ��Ñ����
	�Ð°Ñ���Í��(  ) ®�� and �%ge¬TÐ°�
	�Ð8Ñ
�?ÍÌ�(  ) ®[� aredefinedasfollows:

ñ¹ò?ôÏõ5öV÷_ò*ø-ù^úûÙRü�Û&ý � æèèé èèê
�

if Û���Ù � � or úûÛ���Ù ��� and Û¿ä�Ù � ë ýë
if Û���Ù¾�� � and Û¿ä�Ù � �Ù�Ú<Ûc�� F and otherwiseÙ�Ú<ÛXîWÙcï'Û ü

� ��� ÷Ïõ�öV÷aò�ø�ù°úûÙRü¯Û�ý � æèèé èèê
�

if Û¿ä�Ù � � or úûÛZä�Ù ��� and Û���Ù � ë ýë
if Û¿ä�ÙÁ�� � and Û���Ù � �Ùcï<Ûc�� F and otherwiseÙcï<ÛXÿWÙcÚ'Û �

Bothfunctionsassumethat J>� . . ®�3 3 is containedin 
~�¿. .  ~3 3 . Thebehavior of ��Ñ����
	�Ð°Ñ���Í
is shown in Figure5. The definitionsof   I:®ÅLv N ,   I:® v ® , and   I:® v ®
areobtainedby replacing I by I in thedefinitionsof  HI ®ÄLv N ,  #I ® v ® , and �I ® v ® .

leftCheck(Y,X)=TleftCheck(Y,X)=T leftCheck(Y,X)=T leftCheck(Y,X)=F

Fig. 5. Thebehavior of ñóò�ôÏõ�öV÷aò�ø�ù°úûÛ¶ü5Ù>ý , where �{Ý±Þ Þ Ù:ß ß is above thetime-lineand �PÝWÞ Þ Û�ß ß
is below thetime-line.

Eachof theabove triplesdefinesanRCC u � relation,sotherelationbetween  and® canbe measuredby a pair of RCC u � relations.Theserelationswill be denotedby�"u �(  ) ®[� and � u �(  ) ®�� .



Theorem 1 Thepairs��ÉRÊºË�=b� u ��  ) ®[� ) � u ��  ) ®:�-D ) É,×FØ�=b� u ��  ) ®:� ) � u �(  ) ®[�-DF�
that can occur are all pairs ��] ) d�� where ]\AÁdWA EQ and EQ A½]\AÁd with the
exceptionof � PPL ) EQ � , � PPR ) EQ � , � PPiL ) EQ � , � PPiR ) EQ � , and � EQ ) DRR � .
Proof The pairs � PPL ) EQ � , � PPR ) EQ � , � PPiL ) EQ � , � PPiR ) EQ � cannotoccur
sinceRCC u � relationsarerefinementsof RCC5relationsandthe pairs � PP ) EQ � and� PPi )���� � cannotoccurin theRCC5case[BS00]. Thepair � EQ ) DRR � cannotoccur
dueto thenon-symmetryof theunderlyingdefinitions.In orderto generateall remain-
ing pairsapproximationsof time intervals in regional partitionsconsistingof at least
threeelementsneedto be considered.A Haskell [Tho99] programgeneratingall re-
mainingpairsof relationsbetweenapproximationswith respectto apartitionconsisting
of threeintervalscanbefoundat [Bit00b].

5.3 Semantic generalization of relations between temporal intervals

At thesemanticlevel weconsiderhow syntacticallygeneratedpairs, ��� u �(  ) ®[� )� u �(  ) ®[�1� 7, relateto relationsbetweenthe approximatedregions 
O�#. .  ~3 3 and JQ�. . ®�3 3 . The aim is that the syntacticallygeneratedpairsconstrainthe possiblerelations
thatcanhold betweentheapproximatedintervals 
 and J [BS00]:=%�c@F� u ��  ) ®��VA��R�(  ) ®[�VA � u �(  ) ®��*D"
O=
����
 ) J^��@%
W�Z. .  ~3 3 ) JP�Z. . ®�3 3eD

We proceedby consideringall pairscontainingthe relationEQ. Considerconfig-
uration (a) in Figure 6, which representsthe most indeterminatecase.The syntactic
approachdescribedabove yields the pair � DRL ) EQ � . Sincein this kind of configura-
tion the pair � DRL ) EQ � is consistentwith � EQ ) DRR � and � DRL ) EQ � waschosen
arbitrarily, � DRL ) EQ � is correctedsyntacticallyto � DRL ) DRR � .

Considerconfiguration(b) in Figure6. Thesyntacticapproachyieldsthepair� DRL ) EQ � which is not correctif 
 and J are intervals asdepicted.Notice that the
meetoperationswereoriginally definedfor arbitraryregionsnot for one-dimensional
intervals.Assuming 
S��. .  M3 3 and Jâ�H. . ®�3 3 to be (time) intervals the outcomeof the
minimal meetmustnot beempty. This needsto betakeninto accountin thedefinition
of I . Let   and ® beboundaryinsensitiveapproximationsof time intervals:

�( O¬ f ����I Ç ����®¿¬ f �G
 w��x ��y PO if �1�( È¬ f ��
 PO and ��®¿¬ f ��
 PO � and�1�� È¬�f������VÖ PO and ��®¿¬�f��Ì���VÖ PO � or�( È¬�f � ����Ö PO and ��®¿¬�f � ����Ö PO �1��( O¬�f¯�^I ��®¿¬�fe� otherwise

Applying �ÏI Ç¹� to   and® in Figure6 (b)yieldsEQ asminimalrelation.But � EQ ) EQ �
still doesnot characterizeFigure6 (b) correctly, sincebetween
 �C. .  M3 3 and JW�C. . ®�3 3

7 In the remainder of the paper I write ú þ � úûÙRü¯Û�ý�ü þ � úûÙRü5Û&ý5ý instead ofú������! þ � úûÙRü5Û&ý�ü þ � úûÙRü¯Û�ý#"%ü$�&%(') þ � úûÙRü5Û"ý�ü þ � úûÙRü5Û"ý#"?ý .



the relations = POL �(
 ) J^� ) EQ �(
 ) J^� ) POR ��
 ) JT�*D canhold. ConsideralsoFigure6 (c)
for whichtheoperationsdefinedaboveyield � POL ) EQ ���(  ) ®�� , but theapproximations  and ® arealsoconsistentwith POR ��
 ) J^� for 
W�¿. .  ~3 3 and J{�Z. . ®�3 3 . Consequently,
if É,×	Ø8=%�"u �(  ) ®[� ) � u ��  ) ®[�*D"
 EQ and É:Ê¹ËÌ=%�"u �(  ) ®[� ) � u �(  ) ®��*D,L
 DRL andthe
leftmostor therightmostnon-emptyapproximationvaluesof   and ® have thevalue
PO thenthe RCC u � relationbetween  and ® is � POL ) POR ����  ) ®:� . This alsoap-
plies to the configurationFigure6 (d). The correctedrelationsaredenoted��uE ��  ) ®:�
and � uE �(  ) ®[� .

(a)  <DRL,EQ>(X,Y) (b)  <DRL,EQ>(X,Y) (c)  <POL,EQ>(X,Y) (d)  <POL,EQ>(X,Y)

Fig. 6. Configurationscharacterizedby pairscontainingtherelationEQ úûÙRü¯Û"ý , where �,Ý~Þ Þ Ù:ß ß
is above thetime-lineand �[Ý{Þ Þ Û�ß ß is below thetime-line.

Finally, considertheconfiguration(a) in Figure7. Ourdefinitionsyield� PPiL ) PPiL ���(  ) ®�� but theapproximations  and® arealsoconsistentwith PPiR ��
 ) J^�
but not with EQ �(
 ) J^� for 
X�H. .  ~3 3 and JQ�#. . ®�3 3 . The interval J cancover the very
right part of 
 or the very left part of 
 or somepart in the middle. The sameholds
if we switch   and ® (Figure7 (b)): Our definitionsyield � PPL ) PPL ���(  ) ®�� but the
approximations  and ® arealsoconsistentwith PPR �(
 ) J^� but not with EQ ��
 ) JT� .
ConsiderFigure7 (c) and(d). Thesecasesaredifferent:Assumingthat 
 and J are
intervals 
 cancoverneitherthevery letf of J nor theveryright of J . Consequently, the
configurationis consistentwith both � PPL ) PPL � and � PPR ) PPR � but in this casesit
is o.k. to choseone,since
 mustcoverpartsin themiddleof J .

(a)  <PPiL,PPiL>(X,Y) (b)  <PPL,PPL>(X,Y) (c)  <PPL,PPL>(X,Y) (d)  <PPL,PPL>(X,Y)

Fig. 7. Configurationscharacterizedby pairs ú PPL ü PPL ý or ú PPiL ü PPiL ý , where �¿ÝQÞ Þ Ù:ß ß is
above thetime-lineand ��ÝKÞ Þ ÛÓß ß is below thetime-line.

Thecasesdepictedin Figure7 (a) and(b) needto behandledseparately. For them
thetheorembelow doesnothold.Theproblemdisappearsif boundarysensitiveapprox-
imationsareused.For all othercasewe stateTheorem2:

Theorem 2 Therelation ��uE ��  ) ®:� is theminimalrelationandtherelation � uE ��  ) ®:�
is themaximalrelationthat canhold between
Z�â. .  ~3 3 and J{��. . ®�3 3 . For all relations� , with �"uE �(  ) ®��ZAi�ÂA � uE �(  ) ®[� there are 
��¾. .  ~3 3 and JH�¾. . ®�3 3 such that�:��
 ) JT� .



Proof RCC u � relationsarerefinementsof RCC5relations.Figure2 shows that the
RCC u � lattice canbe separatedinto the left andthe right RCC5sub-lattices(DRL A�HA EQ andEQ AQ�HA DRR). Theorem1 tellsusthatoursyntacticprocedureyields
minimalandmaximalrelationpairsthateitherbelongto theleft RCC5sub-latticeor the
right RCC5sublattice.It alsotellsusthatthegeneratedpairsaresamepairsoccuringin
theRCC5case.Consequently, with theexeptionof thespecialcasesdiscussedabove,
Theorem2 of [BS00] applies,statingthat the syntacticapproachconstrainsthe right
setof relations.Consequently, what remainsto show is that the theoremholdsfor the
specialcases:� DRL ) DRR � and � POL ) POR � .

Thecase� DRL ) DRR � occursin configurationswherethesyntacticprocedureyields� DRL ) EQ � , i.e., in configurationsthat areequivalentto the configurationin Figure6
(a). DRL andDRR aretrivially minimal andmaximalandit is easyto verify that all
relation � with DRL ��  ) ®��"A*����
 ) JT�"A DRR �(  ) ®�� canactuallyoccurfor 
¿��. .  ~3 3
and J>� . . ®�3 3 .

Thecase� POL ) POR � occursin configurationswherethesyntacticprocedureyields
that É,×FØ�=%�"u �(  ) ®�� ) � u �(  ) ®��*D:
 EQ and ÉRÊºË�=b��u ��  ) ®[� ) � u �(  ) ®[�-DML
 DRL and
thattheleftmostor therightmostnon-emptyapproximationvaluesof   and ® havethe
valuePO, i.e., in configurationsthataresimilar to theconfigurationin Figure6 (b-d).It
is easyto verify thatexactly therelations� with POL �(  ) ®���A+���(
 ) J^�VA POR ��  ) ®:�
canactuallyoccurfor 
M�¿. .  ~3 3 and JP�¿. . ®�3 3 .
5.4 Approximating topological relations between spatio-temporal objects

Basedon relationsbetweenapproximationsof spatialregionsand relationsbetween
approximationsof temporalregionswe now definerelationsbetweenapproximations
of spatio-temporalregions.Let ��� and �F� be two spatio-temporalobjectsat restwith
spatio-temporallocation �FE� � �������>
���
 �*) 
���� and �	E� � ���F�%�R
ç�(J �-) J^��� with approxima-
tions �(  ��)  ±�*� and ��® �*) ®[��� . Considerthefollowing structure:�1���(  � I ® � Lv N )   � I ® � v   ��)   � I ® � v ® � ��( ±��I ®���L
ON )  Z��I ®:��
S ±� )  ±��I ®���
\®:�*�1� )�1��  � I:® � Lv N )   � IR® � v   �-)   � I:® � v ® � � )�( ±� I:®��[L
XN )  ±� I:®:�V
\ ±� )  ±� I:®��V
S®����1��� U
Eachcpmponentof theabovepair of pairsof triplesdefinesa spatio-temporalrelation,
(RCC u � , RCC5). Sotherelationbetween��  �-)  ±�*� and ��® �*) ®[��� canbemeasuredby a
pair of spatio-temporalrelations: �1����u �(  ) ®[� ) � �(  ) ®��1� ) � � u �(  ) ®�� ) �R�(  ) ®[�1��� . The
pairs ���(ÉRÊºË�=b� uE ��  ) ®�� ) � uE �(  ) ®��-DF� ) � � ) �(É,×	Ø�=%� uE �(  ) ®[� ) � uE ��  ) ®:�-D ) �"���
thatcanoccurareexactly thosethatcanoccurin theseparatetreatmentof approxima-
tionsof RCC5andRCC u � relations.

Consequently, relationsbetweenapproximationsof spatio-temporalregions, �(  �-)  Z�*�
and ��® ��) ®��*� , are representedby pairs of minimal and maximal spatio-temporalre-
lations �1����uE ) � � ) � � uE ) �"��� suchthat ����uE ) � �����( ±� )   � � ) ��® �*) ®[���1� is the leastspatio-



temporalrelationand � � uE ) �����1�� ±� )   � � ) ��® �-) ®:�*�1� is thelargestspatio-temporalrela-
tion thatcanholdbetweenspatio-temporalregions ��
 �*) 
������¿. .º��  �-)  ±�*�53 3 and �(J �-) J^�*�V�. .º��® � ) ® � �¯3 3 .
6 Conclusions

In this paperI definedspatio-temporalregionsaspairs consistingof a spatialanda
temporalcomponent.I definedtopologicalrelationsbetweenspatio-temporalregions
basedon topologicalrelationsbetweenthespatialandtemporalcomponents.Approx-
imationsof spatio-temporalregionsweredefinedusingapproximationsof their spa-
tial andtemporalcomponents.I definedtopologicalrelationsbetweenapproximations
of spatio-temporalregionsbasedon a specificstyle thatallows to definerelationsbe-
tweenspatio-temporalregionsexclusively basedon constraintson theoutcomeon the
meetoperation.Theproposedframework canbeusedin orderto describespatialcon-
figurationsbasedon approximatedescriptionsof spatio-temporalobjectsandrelation
betweenthoseapproximations.Thoseapproximatedescriptionscanbemucheasierob-
tainedfrom observationsof reality thanexactdescriptions.

Theformalismdiscussedin thispaperdealsonly with boundaryinsensitivetopolog-
ical relationsbetweenspatio-temporalregions.Thiscanbeeasilyextendedto boundary
sensitive relationsusingtheformalismsproposedin [BS00] and[Bit00a].
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