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Abstract. In this paperl define spatio-temporategions as pairs consistingof
a spatialand a temporalcomponentand | definetopologicalrelationsbetween
them.Usingthe notion of roughsetsl defineapproximation®f spatio-temporal
regionsandrelationsbetweerthoseapproximationsBasedon relationsbetween
approximatedspatio-temporategions configurationsof spatio-temporabbjects
canbecharacterize@venif only approximatelescription®of the objectsforming
themareavailable.

1 Introduction

Roughsettheory[Paw82] providesa way of approximatingsubsetf a setwhenthe
setis equippedwith a partition or equivalencerelation. Roughsetswere extensively
usedin the context of Data Mining, e.g.,[Lin95,LC97]. So far, however, they were
usedmainly in nonspatio-temporatontexts, for example,in orderto classifyandana-
lyze phenomendik e diseasegjivenafinite numberof obsenationsor symptomse.g.,
[NSR92BNSNTH95]. It is the purposeof this paperto apply rough setsin a spatio-
temporalcontext, i.e., to describeandclassify (configurationof) spatio-temporabb-
jects.

An importanttaskin spatio-temporatlatamining is to discover characteristicon-
figurationsof spatialobjects.Characterizingpatialconfigurationss important,for ex-
ample,in orderto retrieve your new ‘ideal’ homefrom a propertydatabassuchthatit
hasaccesgo a highway, is locatedby the shoreof alake, within a beautifulforest,and
far away from the next nuclearpower station.Anotherimportanttaskis to find classes
of configurationghat characterizenoleculedik e amino-acidsand proteins[GFA93].
Spatiotempoal relationsare often importantto identify causalrelationshipsetween
eventsin which arespatio-temporabbjectsareinvolved:In orderto interactwith each
otherthingsoftenneedto be atthe sameplaceat the sametime.

Thereare threemajor aspectsharacterizingspatio-tempoal objects (1) Aspects
characterizingvhatthey are,e.g.,theclassof thingsthey belongto; (2) Aspectscharac-
terizingwheethey are,i.e., their spatiallocation;(3) Aspectscharacterizingvhenthey
existedandwhenthey have been,are,or will be where,i.e., their temporallocation.
Betweenspatio-temporabbjectshold spatio-tempaal relationssuchas‘being in the
sameplaceatthesametime’, or ‘having beenin aplacebeforesomethingelse’. Setsof
spatio-temporabbjectsform spatio-spatiabonfigurationsthatarecharacterizetdy sets
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of spatial temporal andspatio-temporalelationghathold betweerobjectsformingthe
configuration.n this paperl concentraten topologicalspatio-temporatelations(like
‘being in the sameplaceat the sametime’). Topologicalrelationsbetweerregions of
spaceandtime play a majorrole in characterizingspatialandtemporalconfigurations
[EFG9TAIIB3].

Todaythe classificatiorof spatio-temporatonfigurationds basedon relationsbe-
tweenobjectsand on relationsbetweenthe spatio-temporategionsthey occupy. Un-
fortunately it is oftenimpossibleto identify theregion of spaceandtime thoseobjects
exactly occupy, i.e., theexactlocationof spatio-temporabbjectsis oftenindeterminate
[BF95]. [Bit99] aguedthatoftenapproximatelocationof spatialobjectsis known. The
notion of approximatdocationis basedon the notion of roughsets,i.e., the approx-
imation of (exact) locationwith respectto a regional partition of spaceandtime. In
this paperl discusshow roughsetscanbe usedin orderto describeapproximatdoca-
tion in spaceandtime andhow to derive possiblerelationsbetweerobjectsgiventheir
approximations.

This paperis structuredas follows. In Section2 | definethe notionsof spatio-
temporalobject, location, region, and the relationshipshetweenthem.| definetopo-
logical relationsbetweenspatio-temporategionsin Section3. The notion of a rough
setis usedin Section4 in orderto approximatespatio-temporalegionswith respecto
regionalpartitionsof spaceandtime. In Section5 binarytopologicalrelationsbetween
thoseapproximationsredefined.Theserelationscanbe usedto characterize&onfigu-
rationsof spatio-temporabbjectsevenif we know only their approximatdocation.In
Section6 theconclusionsaregiven.

2 Location of spatio-temporal objects

Every spatio-temporabbject, o, is locatedin® a uniqueregion of time, t(o), bounded
by the begin andthe end of its existence.In every momentof time a spatio-temporal
objectis exactlylocatedin asingleregion, z®, of spacgCV95]. Thisregionis theexact
or precisespatiallocationof o atthetime pointt, i.e.,z® = r;(0) att. Spatio-temporal
wholeshave temporalparts,which arelocatedin partsof thetemporalregionsoccupied
by their whole€. Consideyfor example,the region of time, z*, wherethe object,o, is
locatedtemporally while being spatially locatedin the region z*. If 2? is a maximal
connectedemporalregion, i.e., o wasoncespatiallylocatedin z® for awhile, left and
never cameback, thenz? is boundedby the time instancegpoints)¢; andt,. Since
time is a totally orderedsetof time points (the setof all possibleboundariesof time
intervals) forming a directedone-dimensionapacgGea68, we havet; < t.. In this
papertime is modeledas a one dimensionaldirectedline and spaceis modeledas a

! We saythat the objectz is locatedin the (spatial,temporalor spatio-temporalfegion y in
orderto stresshe exactfit of objectandregion (the objectmatchegheregion).lt is important
to distinguishthe exactmatchfrom the caseof an objectbeinglocatedwithin a region which
intuitive meaningallows the region to be biggerthanthe objectand the caseof the object
coveringaregion whichintuitively impliestheregion to be smallerthanthe object.

2 Noticethatthis implies a four dimensionabntologyof spatio-temporabbjects[Sim87]



2-dimensionaplane.In theremainden concentraten regionsof time andspaceand
topologicalrelationsbetweerthem.

Spatio-temporabbjectsmay be at rest, i.e., beinglocatedin the sameregion of
spaceor aperiodof time, or they maychangei.e., beinglocatedin differentregionsof
spaceat eachmomentof time®. Spatialchangemaybe continuousij.e., regionsof con-
secutve momentf time aretopologicallycloseasin the caseof changeof bona-fide
objects[SV97] like cars,planetsandhumanbeings,or discontinuousas(sometimes)
in the caseof changeof fiat objects|SV97] like land property

Considemanobjectatrest.l assumehattheexactregionof aspatio-temporabbject,
o, hasalwaysa correspondingime interval*, z*, which is boundedoy the momentof
time, t1, whereo ‘stopped’at 2* andthe moment,ts, of time whereo ‘leaves’ z° (or
the currentmomentof time if o is currentlyrestingat z%), i.e.,Vt € a2t : ri(0) = z°.
| definethe spatio-tempaal region of the restingobjecto asa pair, 77, (0) = (zt, z*).
Theregion z? is a partof the exacttemporalregion of o, i.e., P(zt,t(0)).

Spatialchangecausesspatio-temporabbjectsto be locatedin differentregionsof
spaceat differentmomentsof time. Considera changing(moving, growing, shrinking,
...) spatio-temporabbject, o, within the time interval zt = [t;,t.]. Let z°= bethe
sum, V, of theregionsin which o waslocatedduring ¢, i.e., z™: = \/{r;(o) | t, <
t < t.}. | definethespatio-tempaal region of the spatially changingobjecto asa pair,
r¢,(0) = (z*, z*~). Notice,thatdoingthis we do notknow arymore,whereexactly o is
locatedduringz?t. It canbe everywherewithin z*=, butit cannotbe someavhereelse.In
the specialcaseof continuousmovementtheregion 2*~ canbethoughtof asthe path
of the object’s movementduring z¢. In the remainder will usethe metaphorpath of
changeduringz!’ in orderto referto the sumof spatialregionsof a spatiallychanging
objectduringtheinterval z?.

3 Binary topological relations between spatio-temporal objects

Binary topological relationsbetweenregions such as overlap, contained/containing,
disjoint, arewell known in the spatialreasoningcommunity e.g.,[EF91,RCC92].Re-
cently, [BS00]proposeaspecificstylethatallowsto definebinarytopologicalrelations
betweerregionsexclusively basedn constraintsegardingtheoutcomeof themeet(in-
tersection)operationdenotedby A, between(oneandtwo dimensionalyegions.This
is critical for the generalizatiorof theserelationsto the approximationcasein Section
5. In this sectionl shortly review thosedefinitionsbasedon [BS0Q andapplythemto
temporalandspatio-temporalegionsafterwards.

3.1 Relations between regions of (2D) space

Giventwo regionsz andy the boundaryinsensitve binarytopologicalrelation(RCC5
relationgRCC92])betweerthemcanbedeterminedy consideringhetriple of boolean
values[BS0Q:
(xAy# L, zAhy=z, xANy=1y).
% Thisimpliesanontologyof absolutespaceandtime, i.e., regionsdo notchange.
4 A maximalconnectedegion of time.



Theformulaz Ay # L istrueif theintersectiorof y andy is nottheemptyregion; The
formulaxz A y = z is trueif theintersectionof z andy is identicalto z; The formula
x Ay = y istrueif theintersectionof z andy is identicalto y. The correspondence
betweersuchtriplesof boolearvaluesandthe RCCb5classificatioris givenin thetable
below. Possiblegeometridnterpretationsaregivenin Figurel [BS0Q.

ANy # LlxAy=zlz Ay =y| |RCCSH
F F F DR
T F F PO
T T F PP
T F T PPi
T T T EQ

Thesetof triplesis partially orderedby defining (a1, az,as) < (b1, ba, bs) iff a; < b;
for i = 1,2, 3, wherethe booleanvaluesare orderedby F < T. [BS0Q referto the
Hasseadiagramof the partially orderedset(Theright diagramin Figurel.) astheRCC5

lattice.

(T,T,T) EQ

/ \
DO @0 o e

(T,F,F) PO
DR(x,y) PO(x.y) PP(x,y) PPI(xy)  EQ(xy) {

(F, F,F) DR

Fig. 1. RCCbrelationsandRCC5lattice

3.2 Relations between temporal regions

Considethemaximalconnectednedimensionategions,z andy, i.e.,intervals.Bound-
aryinsensitvetopologicalrelationbetweerintervalsz andy onadirectedine (RCCY relations)
canbedeterminedy consideringhetriple of valuesbelongingto the set

{FLO, FLI, T, FRI,FRO}:

Ayt L, zAhy~z, sAy~y)

where
FLOifzAy=landz <y

zAy4L=¢FROifxAy=Landz >y
T ifzAny#L



where
(FLO ifz Ay # zandz Ay # yandz < y

FLI ifzAy#zandz Ay =yandz <y
zAy~xz=< FROifxAy#zxzandz Ay # yandz >y
FRI ifxAy#zandz Ay =yandz <y

| T ifzAy==x

andwhere
(FLO ifx Ay #yandz Ay # zandz < y
FLI ifxAy#yandzAy=zandy >z
zAy~y=< FROifz Ay #yandz Ay #xandx >y
FRI ifz Ay #yandz Ay =zandy < z
(T ifzAy=y
with
<= T if L(z) A L(y) = L(z) andL(x) A L(y) # L(y)
TSY=\ F otherwise
>y = T if R(x) A R(y) = R(xz) andR(z) A R(y) # R(y)
¥ 2 Y=\ F otherwise

L(z) (R(y)) is the onedimensionakegion occupying the whole line left (right)® of z.
Theintuition behindz Ay ~ 2z = FLO (x Ay ~ ¢ = FRO) isthat“z Ay = z is
falsebecausef partsof z ‘sticking out’ to the left (right) of y”. Theintuition behind
Ay ~y=FL (x Ay ~y =FRIl)isthat“z A y = y is falsebecausef partsof y
‘sticking out’ to theright (left) z”.

Thetriplesformally describgointly exhaustieandpairwisedisjointrelationsunder
theassumptiorthatz andy areintervalsin aonedimensionatlirectedspaceThecorre-
spondencdetweerthetriplesandthe boundaryinsensitve relationsbetweerintervals
is givenin the tablebelow. Possiblegeometricinterpretationof the definedrelations
aregivenin Figure2.

zAy £ Lz Ay ~zlz Ay ~y| [RCCY
FLO FLO FLO DRL
FRO FRO FRO DRR

T FLO FLO || POL
T FRO | FRO ||POR
T T FLI PPL
T T FRI PPR
T FLI T PPIL
T FRI T PPiR
T T T EQ

For example.TherelationDRL(z,y) holdsif = andy do notoverlapandz is left of y;
POL(z,y) holdsif x andy partly overlapandthe non overlappingpartsof z areleft

5 | usethe spatialmetaphof aline extendingfrom theleft to theright ratherthanthetime-line
extendingfrom the pastto the future in orderto focus on the aspectsf the time-line asa
one-dimensionalirectedspaceTime itself is muchmoredifficult.



of y; PPL(z, y) holdsif x is containedn y but z doesnot coverthevery right partsof
y; PPiL(z,y) holdsif y is a partof  andthereare partsof x sticking out to the left
of y; PPR(z,y) holdsif x is apartof y andz doesnot cover the very left partsof y;
PPiR(z,y) holdsif y is a partof z andtherearepartsof z sticking out to theright of
Y.

Assumingthe orderingFFLO < FLI < T < FRI < FRO alatticeis formed,
whichhas(FLO, FLO, FLO) asminimal elementand(F RO, F RO, F RO) asmax-
imal element.Theorderingis indicatedby thearrowvsin Figure2.

PPiL(x,y) PPIR(x,y)

DRL(x,y) POL(x,y) PPL(x,y) EQ PPR(x,y) POR(x,y) DRR(x,y)

Fig. 2. Possiblegeometridnterpretation®f the RCC relations.

3.3 Relations between spatio-temporal regions

Let 0, and o, be two spatio-temporabbjectsat rest with spatio-temporalocation
r7.(01) = (zf,2%) andr7,(02) = (y!,y°®), wherez! andy® aretime intervals, i.e.,
maximally connectedemporalregions,andz® andy?® arearbitrary possiblyscattered,
2D regions.Thespatio-temporalelationbetweer(z?, z°) and(y?, y*) canbedescribed
usingthefollowing pair of triples:

(@' Ayt £ L, 2t Ayt ~ ot 2t Ayt ~yh),

(@ Ay # L, 2° Ay® =2°, 2° Ny® = y?))
Therelationshipbetweerthosepairsof triplesandspatio-temporalelationsis givenin
thefollowing table:

zAy L LlzAy~zlzAy~ylzAy# L]z Ay =z[x Ay =y|(RCC] ,RCC5)
FLO FLO FLO F F F (DRL,DR)
FLO FLO FLO T F F (DRL,PO)
T FLO FLO T F F (POL,PO)
T FLO FLO T T F (POL,PP)
T FLO FLO T F T (POL,PPI)
T FLO FLO T T T (POLEQ)
T T FLI F F F (PPL,DR)
T T FLI T F F (PPL,PO)
T T T T T T (EQ.EQ)
FRO FRO FRO F F F (DRR,DR)




Thethe Hassediagramof the partially orderedsetis calledthe (RCC$ ,RCC5) lattice.

For example.Therelation (DRL, PO)((x?, z%), (y¢,y*)) is interpretedasfollows:
Thespatialregionsz? andy?® partially overlapandtherelationbetweerthetimeinterval
2t wheno; restedin z* andthe time interval y* when o, restedin y* is DRL. The
scenarioj.e., the sequencef events,could be describedas:o; changego locationz?®
andreststhereduringzt. At sometimein thefuture (o, hasalreadyleft z?), 0, changes
to y* suchthatPO(z?, y*)°.

Therelation(POL, PO)((z¢, z*), (yt, ¥®)) is interpretecasfollows: The spatialre-
gionsz® andy® partially overlapandthe relation betweenthe time interval z¢ when
o, restedin z° andthetime interval y* wheno, restedin y* is POL. The scenarids:
o1 changedo its locationz® andreststhereduring zt. While o, is restingin z°, o,
changego y* suchthatPO(z*, y*) holds.While o, is still restingin y*, 0, changego
anothermegion. This new region mayor may notoverlapy?.

Formally, for changingobjectsthe samestyle of definition applies.Only the exact
regionsof o, ando,, 2 andy?® duringzt andyt, arereplacedby the pathof change
2®= andy®~, of o; ando, duringz? andy?. In this casewe do notdescribeherelation
betweenthe location of restof o; duringz® andthe locationof restof o, duringy?,
but the relation betweenthe path of changeof o; during 2! andthe pathof change
of o2 duringy®. Therelation (POL, PO)((zt, z%), (v¢,y*)) is interpretedas follows:
Thepathof changeof o; duringz? andthe pathof changeof o, duringy? do partially
overlapandthe relationPOL(z?,y!) holdsbetweerthe time intervals 2t andyt. The
interpretationof POL (2, yt) is thatwe startedmonitoringthe pathof o, earlierthan
monitoringthe pathof o, andfinishedmonitoringthe pathof o, earlierthanmonitoring
thepathof o,.

4 Rough approximations

Roughsettheory[Paw82] providesa way of approximatingsubsetf a setwhenthe
setis equippedwith a partition or equivalencerelation.Givena set X with a partition
{a; | i € T}, anarbitrarysubseth C X canbeapproximatedy afunctiony;, : Z —
{fo, po, no}. Thevalueof ¢ () is definedto befo if a; C b,itisnoif a;Nb= @, and
otherwisethe valueis po. The threevaluesfo, po, andno standrespectrely for “full
overlap’,‘partial overlap’and‘no overlap’; they measureheextentto which b overlaps
theelementof the partitionof X.

4.1 Approximating spatial and temporal regions

[BSOQ shavedthatregionsof spaceandtime canbedescribedy specifyinghow they
relateto a partitionof spaceandtime into cellswhich may shareboundariedut which
do not overlap.A region canthenbe describedy giving the relationshipbetweerthe
regionandeachcell. Suppose spaceS of preciseregions.By imposinga partition, G,
on S we canapproximateelementsof S by elementof 2§, Thatis, we approximate
regionsin S by functionsfrom G to the setf2; = {fo, po, no}. The function which

5 Rememberregionsdo notchange.



assigngo eachregionz € S its approximationis denotedns : S — 2. Thevalueof
(as z) gisfo if z coversall theof thecell g, it is po if x coverssomebut notall of the
interior of g, andit is no if thereis no overlapbetween: andg.
Eachapproximateegion X € (2§ standsfor asetof preciseregions,i.e., all those
preciseregionshaving the approximationX . This setwhich will bedenoted] X] pro-
videsa semanticdor approximateegions:[X] = {z € S | azz = X } [BS0Q.

4.2 Themeet operation

The domainof regionsis equippedwith a meetoperationinterpretedasthe intersec-
tion of regions.In the domainof approximatiorfunctionsthe meetoperationbetween
regionsis approximatedy pairsof greatesminimal, A, andleastmaximal, A, meet
operationon approximatiormappinggBS9g. Considerthe operationsA and A on
thesetf2; = {fo, po, no} thataredefinedasfollows:

A |no po fo A |no po fo
nofno no no nojno no no
po(no no po po(no po po
fo|no po fo fo|no po fo

Theseoperationsxtendto elementof 2§ (i.e. the setof functionsfrom G to £23) by
(XAY)g=(Xg)A(Yyg)

andsimilarly for A.

4.3 Approximating spatio-temporal regions

Spatio-temporategionsarepairs, (zt, 2*), consistingof a spatialcomponentz?, and
atemporalcomponentzt. Both componentsan be approximatedseparatelyby ap-
proximationfunctions, X* and X* with respecto partitionsG andG's of time and
spaceasdescribedabore. Consequentlyan approximatespatio-temporategionsis a
pair (Xt, X?). Eachapproximatespatio-temporategion (X?, X*) € 2671 x (Gs
standsfor a setof precisespatio-temporategions,i.e., all thosepreciseregionshav-
ing theapproximation( X, X #). This setwhichwill bedenoted[(X?, X*)] providesa
semanticgor approximatespatio-temporalegions:

[(X5X5] ={(="2°) € T x S| az’ = X" anda z* = X*},

where7T denoteghe setof regionsof the time-line andS denoteghe regionsof the

plane.The greatestminimal and leastmaximal meetoperationshetweenapproxima-
tionsof spatialandtemporalregionsgeneralizén thenaturalway to approximation®f

spatio-temporategions:

(XL X)AXLY?) = (XTAY,, X AYY)

andsimilarly for A.



5 Approximating binary topological relations

| discussedabove the importanceof qualitatve spatialrelationfor the descriptionof
spatialconfigurationsln thissectionl defineapproximateopologicalrelationshetween
approximation®f spatial temporalandspatio-temporalegions.In thiscontet | apply
the specificstyle of definitionsdiscussedn Section3. Relationsbetweenapproxima-
tions of spatialhave beendiscussedeparatelyin [BS00]. This will be reviewed and
thenappliedto relationsbetweerapproximatedemporalandspatio-temporalegions.
In orderto definerelationsbhetweerapproximation®f spatialregionsandtemporal
intervals| firstly pursuethe syntacticapproach(1) | replacein the definitionsof rela-
tionsbetweerspatialregionsandtemporalntervalsthe (variablegangingover) regions
by (variablesrangingover) approximationse.qg.,| replacer € S by X € 2§; and(2) |
replacethe meetoperationbetweerregionsby the greatesminimal andleastmaximal
operationsetweenapproximationsj.e., | replacen by A and A. Secondlyl check
whetherthe syntacticallygenerategairs of relationsconstrainthe appropriateset of
relationshetweerthe approximatedegions(the semantiapproach).

5.1 Relations between approximations of spatial regions

Theabove formulationof the RCCbrelationscanbe extendedto approximateegions.
Oneway to do this is to replacethe operationA with an appropriateoperationfor
approximateegions.If X andY areapproximateegions(i.e. functionsfrom G to {23)
we canconsiderthetwo triples of Booleanvalues|BS0Q:

(XAY #1, XAY = X, XAY =Y),
(XAY #1, XAY =X, XAY =Y).

In the context of approximateregions, the bottom element, L, is the function from
G to {23 which takesthe valueno for every elementof G. Eachof the above triples
providesan RCC5relation, so the relationbetweenX andY canbe measuredy a
pair of RCC5relations. Theserelationswill bedenotedby R(X,Y) andR(X,Y). The
pairs (R(X,Y), R(X,Y)) which canoccurareall pairs(a,b) wherea < b with the
exceptionof (PP, EQ) and(PPi, EQ) [BSO0Q.

Considerthe orderingof the RCC5lattice. The relation R(X,Y") is the minimal
relationandthe relation R(X,Y) is the maximalrelationthat can hold betweenz €
[X] andy € [Y]. For all relationsR, with R(X,Y) < R < R(X,Y) thereare
z € [X] andy € [Y] suchthatR(z, y) [BSOQ.

5.2 Syntactic generalization of relations between temporal intervals

In orderto generalizethe above formulationof RCCY relationsto relationsbetween
approximation®f temporalntervalswe needto defineoperationsX <« Y andX > Y
correspondingo operationst < y andz > y. Thebehaior of X « Y is shown in
Figure3. Formallywe defineX < Y as

T if L(X)AL(Y) = L(X)andL(X) AL(Y) # L(Y)
¥ <y = JMit LE)AL(Y) = L(X) andL(X) AL(Y) = L(Y) and
B L(X)AL(Y) < L(X)ANL(Y)

F otherwise



andsimilarly X > Y using R(X) and R(Y"), where L(X) yields the approximation
of the partof thetime-lineleft of z € [X] andR(Y) yieldsthe approximatiorof the
partof the time-lineright of y € [Y] respectiely. Formally, L and R aredefinedas
follows. Firstly, we definethe complemenbperationX’ g; = (X g;)' with no’ = fo,

po’ = po, andfo’ = no. Assumingthat partition cells g; arenumberedn increasing
orderin directionof theunderlyingspacewe secondlydefineL(X) andR(Y') as:

(X g;)"if i < min{k (Y g;) if i > max{k
(L(X) gi) = | (X gr) #no} 5 (R(Y)g:) = | (Y gx) # no} .
no otherwise no otherwise
X<<Y=T X<<Y=T X<<Y=M X<<Y=F

Fig.3. Thebehaior of X « Y, wherez € [X] is above thetime-lineandy € [Y] is belov
thetime-line.

We needtwo moreoperationsX > Y and X « Y, whereX Y = T meanshat
z € [X] is containedn y € [Y] andz doesnot cover the very right partsof y and
X «Y = Tisinterpretedasz € [X] is containedn y € [y] andz doesnot coverthe
very left partsof y. Thebehaior of X > Y areshavn in Figure4. Formally we define
asetlI'(X,Y) = {(R(X)AY) gi | g: € G}, containingthe elementf the co-domain
of (R(X)AY), andtheoperation

T iffoe I'(X,Y) or {po,po} C I'(X,Y)
XY =< MifpoeI'(X,Y) and{po,po} Z I'(X,Y) .
F otherwise

We defineX « Y respectiely by replacingR(X) by L(X) in thedefinitionof X > Y.

X[>Y=T X|>Y=T X[>Y=M X[>Y=F

Fig. 4. Thebehaior of X b Y, wherex € [X] is abore thetime-lineandy € [Y7] is below the
time-line.

We arenow ableto generalizethe above formulationof RCCY relationsto rela-
tionsbetweerapproximationsLet X andY beboundaryinsensitve approximation®f
temporalintervals.We canconsidertthetwo triplesof values:

(XAY # L, XAY ~ X, XAY ~Y)).



where
FLO ifXAY =land(X <Y) #Fand(X <Y

XAY £ 1={ FROIfXAY = Land(X > Y) # Fand(X > Y)
T ifXAY #L

(X>Y)

>
> (X KY)

where

(FLOif XAY #XandXAY #YandX <Y £#FandX < Y > X >V
FLI if XAY # XandX AY =Y andleftCheck(X,Y)

XAY ~X={ FROfXAY #XandXAY #YandX >Y #FandX > Y > X <Y
FRI f XAY # XandX AY =Y andrightCheck(X,Y)

T fXAY =X

\

andwhere

(FLOf XAY #YandX AY #XandX « Y #FandX < Y > X >V
FLI f XAY #Y andX AY = X andrightCheck(Y, X)

XAY ~X=(¢ FROIfXAY #YandX AY # XandX >Y #FandX >Y > X KY .
FRI if XAY #Y andX AY = X andle ftCheck(Y, X)
T #fXAY =X

\

Thefunctionsle ftCheck(X,Y) andrightCheck(X,Y) aredefinedasfollows:

T fY<«X=Tor(Y<«<X=MandY>X =F)
F fY<«X#TandY b X =T
X <Y #Fand otherwise ’
XLKY>2X>Y

leftCheck(X,Y) =

T fYpX=Tor(Y>pX=MandY <X =F)
F ifY>X #TandV <X =T

X>Y #Fand otherwise

X>Y>XKY

rightCheck(X,Y) =

Bothfunctionsassumehaty € [Y] is containedn z € [X]. Thebehaior of le ftCheck
is shawn in Figure5. The definitionsof X AY # L, XAY ~ Y, andXAY ~Y

areobtainedby replacingA by A in thedefinitionsof X AY £ 1, XAY ~ Y, and
XAY ~Y.

leftCheck(Y,X)=T leftCheck(Y,X)=T leftCheck(Y,X)=F leftCheck(Y,X)=T

Fig.5. Thebehaior of le ftCheck(Y, X), wherex € [X] is above thetime-lineandy € [Y]
is below thetime-line.

Eachof theabove triples definesanRCC relation,sotherelationbetweenX and
Y canbe measuredy a pair of RCCY relations.Theserelationswill be denotedby
R°(X,Y)andR(X,Y).



Theorem 1 Thepairs
(min{B*(X,Y), R*(X,Y)}, max{R*(X,Y), B°(X,Y)})

that can occur are all pairs (a,b) wheea < b < EQ and EQ < a < b with the
exceptionof (PPL, EQ), (PPR, EQ), (PPIL, EQ), (PPIiR, EQ), and (EQ, DRR).

Proof  The pairs(PPL,EQ), (PPR,EQ), (PPiL,EQ), (PPIR,EQ) cannotoccur
sinceRCCY relationsarerefinementof RCC5relationsandthe pairs (PP, EQ) and
(PPi, EQ) cannotoccurin the RCC5case[BS0(. The pair (EQ, DRR) cannotoccur
dueto the non-symmetnyof theunderlyingdefinitions.In orderto generatall remain-
ing pairsapproximationof time intervals in regional partitionsconsistingof at least
threeelementsneedto be consideredA Haslell [Tho99 programgeneratingall re-
mainingpairsof relationsbetweerapproximationsvith respecto a partitionconsisting
of threeintervalscanbefoundat [Bit0Ob]. ]

5.3 Semantic generalization of relations between temporal intervals

At the semantidevel we considethow syntacticallygenerategbairs, (R°(X,Y),
RO(X,Y))’, relateto relationsbetweernthe approximatedegionsz € [X] andy €
[Y]. The aim is that the syntacticallygenerategairs constrainthe possiblerelations
thatcanhold betweertheapproximatedntervalsz andy [BSOO]:

{RIBY(X,Y) < R(X,Y) <R(X,Y)} = {p(z,y) | z € [X],y € [Y]}

We proceedby consideringall pairs containingthe relation EQ. Considerconfig-
uration (a) in Figure 6, which representshe mostindeterminatecase.The syntactic
approachdescribedaborve yields the pair (DRL, EQ). Sincein this kind of configura-
tion the pair (DRL, EQ) is consistentwith (EQ,DRR) and (DRL, EQ) waschosen
arbitrarily, (DRL, EQ) is correctedsyntacticallyto (DRL, DRR).

Considerconfiguration(b) in Figure6. The syntacticapproactyieldsthe pair
(DRL, EQ) which is not correctif 2 andy areintervals asdepicted.Notice that the
meetoperationswere originally definedfor arbitraryregionsnot for one-dimensional
intervals. Assumingz € [X] andy € [Y] to be (time) intervals the outcomeof the
minimal meetmustnot be empty This needgo betakeninto accountin the definition
of A.Let X andY beboundaryinsensitve approximation®f time intervals:

PO if (X g;) = PO and(Y g;) = PO) and
' _ ((X i—l) > PO and(Y i—l) > PO) or
(Xgla¥ o) = (X g112) > PO and(¥ gis1) > PO))
(X g:) A (Y g;) otherwise

Applying (A’) to X andY in Figure6 (b) yieldsEQ asminimalrelation.But (EQ, EQ)
still doesnot characterizé=igure6 (b) correctly sincebetweenr € [X] andy € [Y]

"In the remainder of the paper | write (R°(X,Y),R°(X,Y)) instead of
(min{R%(X,Y), R%(X,Y)}, max{R°(X,Y), RO(X,Y)}).



therelations{POL(z, y), EQ(z,y), POR(z,y)} canhold. ConsideralsoFigure6 (c)
for whichtheoperationglefinedaboveyield (POL, EQ)(X,Y"), buttheapproximations
X andY arealsoconsistentith POR(z,y) for z € [X] andy € [Y]. Consequently
if max{R°(X,Y),R%(X,Y)} = EQ andmin{R®(X,Y), R%(X,Y)} # DRL andthe
leftmostor the rightmostnon-emptyapproximatiorvaluesof X andY have thevalue
PO thenthe RCCY relationbetweenX andY is (POL,POR)(X,Y). This alsoap-
pliesto the configurationFigure 6 (d). The correctedrelationsare denotedR? (X, Y)

andR(X,Y).

(@) <DRL,EQ>(X,Y) (b) <DRL,EQ>(X,Y) (c) <POL,EQ>(X,Y) (d) <POL,EQ>(X,Y)

Fig. 6. Configurationsharacterizedy pairscontainingtherelationEQ(X,Y"), wherez € [X]
is above thetime-lineandy € [Y] is belav thetime-line.

Finally, considerthe configuration(a) in Figure7. Our definitionsyield

(PPIL, PPIL)(X,Y) buttheapproximationsY andY arealsoconsistentvith PPiR(z, y)
but not with EQ(z,y) for z € [X] andy € [Y]. Theinterval y cancover the very
right partof x or the very left partof  or somepartin the middle. The sameholds
if we switch X andY” (Figure7 (b)): Our definitionsyield (PPL, PPL)(X,Y") but the
approximationsX andY arealsoconsistenwith PPR(z,y) but not with EQ(z, y).
ConsiderFigure 7 (c) and (d). Thesecasesare different: Assumingthat z andy are
intervalsz cancover neitherthevery letf of y northeveryright of y. Consequentlythe
configurationis consistentith both (PPL, PPL) and(PPR, PPR) but in this casest
is 0.k. to choseone,sincez mustcover partsin themiddle of y.

(a) <PPIL,PPIL>(X,Y) (b) <PPL,PPL>(X,Y) (c) <PPL,PPL>(X,Y) (d) <PPL,PPL>(X,Y)

Fig. 7. Configurationscharacterizedby pairs (PPL, PPL) or (PPiL, PPiL), wherex € [X] is
abore thetime-lineandy € [Y7] is below thetime-line.

The casedlepictedin Figure7 (a) and(b) needto be handledseparatelyFor them
thetheorenbelov doesnothold. Theproblemdisappearg boundarysensitie approx-
imationsareused.For all othercasewe stateTheoren2:

Theorem 2 Therelation R?(X,Y") is theminimalrelationandtherelation RS (X,Y")
is themaximalrelationthat canhold between: € [X] andy € [Y]. For all relations
R, with R2(X,Y) < R < R(X,Y) thereare z € [X] andy € [Y] suc that
R(z,y).



Proof  RCCY relationsarerefinementof RCC5relations.Figure 2 shaws thatthe
RCCY lattice canbe separatednto the left andthe right RCC5sub-latticegDRL <
R < EQ andEQ < R < DRR). Theoreml tells usthatour syntacticprocedureyields
minimalandmaximalrelationpairsthateitherbelongto theleft RCC5sub-latticeor the
right RCC5sublatticelt alsotells usthatthegenerateghairsaresamepairsoccuringin
the RCC5case.Consequentlywith the exeptionof the specialcasediscussedbove,
Theorem?2 of [BSOQ applies,statingthat the syntacticapproachconstrainghe right
setof relations.Consequentlywhatremainsto show is thatthe theoremholdsfor the
specialcases{DRL, DRR) and(POL, POR).

Thecasg DRL, DRR) occursin configurationsvherethesyntactigprocedurgyields
(DRL, EQ), i.e., in configurationghat are equivalentto the configurationin Figure 6
(a). DRL andDRR aretrivially minimal andmaximalandit is easyto verify thatall
relationp with DRL(X,Y") < p(z,y) < DRR(X,Y") canactuallyoccurfor z € [X]
andy € [Y].

ThecasgPOL, POR) occursin configurationsvherethesyntactigprocedurgields
thatmax{R®(X,Y), R%(X,Y)} = EQ andmin{R%(X,Y),R?(X,Y)} # DRL and
thattheleftmostor therightmostnon-emptyapproximationvaluesof X andY havethe
valuePQ, i.e.,in configurationghataresimilarto theconfigurationn Figure6 (b-d). It
is easyto verify thatexactly therelationsp with POL(X,Y) < p(z,y) < POR(X,Y)
canactuallyoccurfor 2 € [X] andy € [Y].

5.4 Approximating topological relations between spatio-temporal objects

Basedon relationsbetweenapproximationof spatialregions and relationsbetween
approximationof temporalregionswe now definerelationsbetweenapproximations
of spatio-temporategions.Let 0; ando, betwo spatio-temporabbjectsat restwith
spatio-temporalocationr¢,(01) = (xt,z®) andrS,(02) = (y¢,y®) with approxima-
tions(X*t, X?¢) and(Y'!,Y?). Considetthefollowing structure:

(XPAY £ L, XPAY! ~ X XTAY! ~ YY)
(XPAY®# 1, XPAY® = X* X5AY?® =Y?)),
(XITAYt 4 L, XEAYE ~ Xt Xt/\Yt~Yt),
(XPAY* # 1, X°AY* = X°, X?AY?® =Y¥)))

Eachcpmponentf the above pair of pairsof triples definesa spatio-temporatelation,
(RCC? , RCC5). Sotherelationbetween(X*, X#) and(Y*, Y'*) canbemeasuredby a
pair of spatio-temporatelations:((R?(X,Y), R(X,Y)), (R*(X,Y), R(X,Y))). The
pairs

(min{RS(X,Y), RA(X,Y)}), B), (max{R2(X,Y), R}(X,Y)}, R))

thatcanoccurareexactly thosethatcanoccurin the separatéreatmeniof approxima-
tionsof RCC5andRCCY relations.

Consequentlyelationsbetweerapproximation®f spatio-temporalegions,( X, X %)
and (Y't,Y?), arerepresentedy pairs of minimal and maximal spatio-temporate-

lations ((R2, R), (R?, R)) suchthat (R2, R)((X®,X"), (Y*!,Y?)) is the leastspatio-



temporalrelationand (R?, R)((X*, X*), (Y,Y®)) is thelargestspatio-temporaiela-
tionthatcanhold betweerspatio-temporalegions(z?, z%) € [(X?, X®)] and(yt,y*) €
[, V)]

6 Conclusions

In this paper| definedspatio-temporategions as pairs consistingof a spatialanda
temporalcomponent! definedtopologicalrelationsbetweenspatio-temporategions
basedon topologicalrelationsbetweerthe spatialandtemporalcomponentsApprox-
imationsof spatio-temporategions were definedusing approximationsof their spa-
tial andtemporalcomponentsl definedtopologicalrelationsbetweerapproximations
of spatio-temporategionsbasedon a specificstyle that allows to definerelationsbe-
tweenspatio-temporategionsexclusively basedon constrainton the outcomeon the
meetoperation.The proposedramenvork canbe usedin orderto describespatialcon-
figurationsbasedon approximatedescriptionsof spatio-temporabbjectsandrelation
betweerthoseapproximationsThoseapproximatelescriptionanbe mucheasiemnb-
tainedfrom obsenationsof reality thanexactdescriptions.

Theformalismdiscussedh this paperdealsonly with boundaryinsensitve topolog-
ical relationsbetweerspatio-temporalegions.This canbeeasilyextendedo boundary
sensitve relationsusingthe formalismsproposedn [BS00] and[Bit00a).
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