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Abstract

This paper studies the problem of controlling a fleet of vehicles to search and collect informa-
tion reward within a specified mission time from a set of regions containing uncertain information.
We seek a decentralized time-allocation policy using pre-calculated routes to maximize the total
reward. We demonstrate that sharing regions among vehicles is beneficial. However, shared re-
gions make the decentralized time-allocation problem computationally intractable. To overcome
this, we develop an approximate formulation using an independency assumption. This approx-
imate model allows us to decompose, by vehicle, the time-allocation problem, and obtain an
easily implementable policy that takes on a Markovian form. We derive a tight upper bound for
the decentralized time-allocation policy using the obtained Markovian policy. We also develop a
sufficient condition under which the approximate formulation becomes exact. A numerical study
establishes the computational efficiency of the method-only a few CPU seconds are needed for
problems with a planning horizon of 300 time units and 40 regions, and demonstrates the benefit
of using a region-sharing strategy. The numerical study also examines the fleet’s workload sharing
behavior with respect to the cooperation factor (which measures the fused information reward
gained from sharing), the mission duration and the search sequence.
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1. Introduction, Motivation and Contribution

Information collection is a prerequisite in various real world operations. In military operations, a
mission commander’s decisions are typically made based on information about the enemy positions
and assets, which usually refer to the existence of military targets such as arsenal, radar station,
and airport. Collection of the information can, for example, correspond to a fixed period of video
surveillance. In disaster relief operations, the relief allocation is usually decided based on information
about the damage to the area where information can be the existence of casualties in a region and
collection of the information can be identifying the size of the casualty group (Gong and Batta, 2007)).
In rescue management, prior information is collected to facilitate rescue planning. For instance, in
the search of the Malaysia missing plane MH370 (BBC, 2014)), the search team attempts to localize
as many pieces of suspicious debris as possible over the sea. The debris is then checked by rescue
ships in hope of finding the plane. In forest fire fighting, besides knowing whether a wildfire exists,
information about the spreading direction and the level of the fire is also important for fighting wildfires
(Merino et al., [2006)). In border control (Pietz and Royset, 2013)), it is important to identify smugglers
(information) and track them (collection) so that smuggling can be stopped by the coast guard. In
space exploration, one important task is to collect environmental information from different sites of a
planet (Becker et al., [2004)).

Information collection is traditionally performed by manned aircraft such as helicopters or ground
vehicles, which can be very expensive. Recent development of automatic agents such as unmanned
aerial vehicles (UAVs) provides a more economical solution to collect information from a large area
with disjoint regions of interest (Romesh| 2013; Wayne, 2014). This paper considers a reconnaissance
problem of controlling a fleet of vehicles (agents) to collect information from a set of regions. In
each region, information may or may not exist, and if the information exists, it takes a vehicle a
random amount of time to detect it. After detecting it, the vehicle can decide whether to collect
the information, which takes a given amount of time and provides a reward (a measurement of the
information’s value) to the fleet. The goal is to maximize the total reward collected by the fleet within
a given mission time.

Two commonly used control policies are centralized and decentralized. Our focus is on a de-
centralized policy. Clearly, a centralized policy, by definition, provides better performance than a
decentralized policy; however, it requires that a central agent through online communication collects
real-time observations from individual members, processes the observations, and returns the control
decisions to individual member. These requirements create several drawbacks. First, the centralized
method lacks robustness due to communication loss (Seiler and Senguptal 2001), under which sce-
nario some individual members cannot contact the central agent. Second, transfer of each individual
member’s real-time observations to the central agent may be restricted by limited bandwidth. Under
either situation, the central agent cannot collect all the necessary observations to make a decision for
each member and centralized control fails. Third, deciding a centralized control policy has high com-
putational complexity and is difficult to implement efficiently (Shima and Rasmussen, [2009). Finally,
security is a concern since the communication network can be hacked and sensitive messages may be
revealed to the enemy, which creates a risk to the mission (Howard, 2013)). Even when centralized



policies can be implemented, strategies need to be developed for operations over a period of time when
communication is lost between vehicles and the central agent. Decentralized strategies provide a way
to operate in such a situation, with the understanding that once communications are restored a switch
is made back to a centralized policy.

The decentralized control problem studied in this paper can be viewed as a finite horizon partially
observable decentralized Markov decision process (DEC-POMDP), for which Seuken and Zilberstein
(2008) provide an excellent review. Optimizing such a process is proved to be NEXP-hard (Bernstein
et al, 2002)). Several exact and approximate methods are designed to solve a DEC-POMDP problem.
Szer et al. (2005) develop a search heuristic based on the widely applied A* algorithm (Hart et al.
1968), and in [Szer and Charpillet| (2006]) they propose a dynamic programming based approach, which
can be executed exactly or approximately. |Oliehoek et al. (2008b) apply approximate -learning
to a general DEC-PODMP problem, which is a classical approximate dynamic programming method
(Powell, |2007). As a meta-heuristic to the problem, Oliehoek et al.| (2008a)) implement the cross-entropy
method (Kroese, 2010) and compare the method’s performance with another heuristic called joint
equilibrium search for policies (JESP), which is designed for solving general DEC-PODMP problems
(Nair et al., 2003)). JESP starts from any feasible policy and iteratively improves the policy to an
equilibrium where no agent can improve its policy by itself. |Aras and Dutech| (2010) study the problem
using a mixed integer linear programming (MILP) approach, which can explore the high-efficiency
computation provided by commercial MILP solvers such as CPLEX (IBM] 2014). These reviewed
methods provide policies with good qualities but their applicability is limited to small problems with
fewer than 10 planning horizons but we attempt to solve realistic size problem far beyond these
methods’ computational capability.

General DEC-POMDPs require policies with history-dependent actions. An implementation in
our context will require exponential space. Therefore, we seek an alternative method and use a policy
whose action is only dependent on the vehicle’s remaining mission time. As illustrated later such a
policy only takes bilinear space, and generates a sequence of look-up tables, one for each region-vehicle
pair. In each look-up table, a decision is stored for each decision epoch (introduced in the next section)
and the remaining time. The policy is straightforward to implement: Whenever a vehicle reaches a
decision epoch, it simply executes the action listed in the look-up table. We develop a two-stage
solution procedure to obtain such a policy. We plan routes in the first stage to determine the regions
for each vehicle and the sequence to visit them. Multiple route families are generated in this stage,
each of which is composed of one route for each fleet member. In the second stage, we evaluate each
route family using a decentralized time-allocation policy, which provides entries to each lookup table.
To obtain the time-allocation policy for a route family, we need to solve a DEC-POMDP problem. The
final policy is established by finding the time-allocation policy that provides the maximal expected
reward to the fleet.

The first stage of the solution procedure relates to a stream of literature that uses deterministic
models to analyze the problem of controlling a fleet of UAVs in reconnaissance missions, e.g., Chao
et al.| (1996), |Schumacher et al.| (2006), |[Rathinam et al.| (2007), [Kress and Royset| (2008), [Murray
and Karwan| (2010), Mufalli et al.| (2012)), and [Pietz and Royset| (2013). The models established in
these papers consider different constraints and objectives but their final solution all assign a route to



each vehicle, which is composed of a sequence of way-points. Depending on the objectives, some of
the models also decide the amount of time spent in each of the way-points for each vehicle to collect
“reward”, e.g., Kress and Royset, (2008), Mutfalli et al.| (2012)), and [Pietz and Royset| (2013). The main
difference between these models and our work is the following: The objective value (e.g., the expected
total reward collected by the fleet) is automatically calculated in a deterministic model once the routes
are decided; however, in our problem we need to further solve a decentralized time-allocation problem
to know how much reward the fleet can collect from a route family. As opposed to deterministic models,
our approach creates a demonstrated need for sharing regions. It is illustrated in our numerical studies
that the extent to when sharing occurs and which regions get selected for sharing is a function of the
cooperation factor, the mission duration, and the search sequence for each vehicle.

We also make methodological contributions to solve the DEC-POMDP problem required by the
second stage of the solution procedure, which are:

e Design of an approximate formulation to obtain an efficient decentralized time-allocation policy
for each route family under an independency assumption.

e Derivation of a tight upper bound for the decentralized time-allocation policy.

e Development of a sufficient condition for the approximate formulation to be exact.

The rest of this paper is organized as follows: §2| presents the model description. §3| explains

how to create route families. formulates and solves the decentralized time-allocation problem for
a given route family. For an arbitrary route family, a closed form upper bound for the decentralized
time-allocation policy is developed in §5 The numerical study is presented in Finally, we make
our concluding discussion and propose future research directions in §7}

To enhance readability and conciseness of the paper, much of the material is presented in the
appendix: §A| provides integer programming formulations for the routing models introduced in
of the main article; §B| provides an algorithm that extracts two types of quantities from a time-
allocation policy, which are used in §4] of the main article; §C| contains the proofs of some theorems
and propositions that are omitted in the main article. §D]shows the tightness of the bound developed

in §5]

2. Model Description

Consider a reconnaissance problem in which a fleet of vehicles U = {1,2,...,n} is assigned to search
and collect information from a set of regions A = {1,2,..., L}. Each vehicle ¢ € U is assigned a start
depot and an end depot, and needs to visit a subset of regions in A and arrive at its end depot within
a given mission time 7. We use the remaining time (t) of a vehicle to represent the time that a vehicle
has left to reach its end depot. Time is modeled as a discrete entity.

At most one piece of information exists in region o« € A with a priori probability e,. Consider a
vehicle that arrives at region a and reserves & units of time to search for information. The actual time
it consumes to detect the information is a discrete random variable whose value is x with probability
eaPa(r), T = 1,2,..., % where p,(z) is the conditional probability of finding the information in the



2" unit time given that the information exists. The vehicle may also fail to detect any information
after spending & units of time with probability 1 — e Py (Z), where we call Py(Z) = S°7_ pa(z) as the
detection function of a region. An example of how to obtain P,(x) is provided in our numerical study
(§6). If the information is found, the vehicle can either collect it (which takes s, > 0 units of time) or
leave the region without collecting the information (which is instantaneous).

For region «, we define a random variable 6, that represents whether information exists (6, = 1)
or not (A, = 0). We also define a random variable w!, that indicates the time that vehicle i needs to
detect the information in region «. If vehicle ¢ schedules  units of time to search for information in
region «, the actual time it spends on searching is min{w!,z}. If Z > w’,, the vehicle will detect the
target; otherwise, it will not. Let f,(z) be the probability that an arbitrary random variable y takes
the value z and f,(z|-) be the corresponding conditional probability given any condition specified in

W

When 6, = 1 (information exists), we have
Juwi (|0 = 1) = pa(w), for w=0,1,2,...
When 6, = 0 (information does not exist), we have

1 ifw=T+41,
0 otherwise.

funla =0) = { )
Under , the vehicle can never detect the information when it does not exist and consumes all its
reserved search time since the vehicle can never schedule more than 7' units of time to search in a
region. To simplify the notation, throughout the reminder of this paper we use w’, and 6,, to represent
both the random variable and its realization.

If the vehicle does not detect any information after spending z units of time in searching, the
posterior probability that 6, = 1 can be obtained using Bayes’ rule. We define an observation variable
o', given that Z units of time are reserved for searching for information in region «, which satisfies

: T ifz<uw
(N q7 2
%a {—1 if 7 > w. 2
In (2), o, > 0 means that the information is not found and o}, units of time have been spent in
searching and o/, = —1 means that the information is found. The conditional probability that 6, = 1
given o, is
ea(1—Po(0})) e
fo(1le}) = § P C 20 )
1 if o}, = —1.

We make the following assumption for assigning regions to vehicles.
Assumption 1 A region can be assigned to at most two vehicles.

If a region « is searched by a single vehicle, a fixed reward g, is collected. If two vehicles successfully
collect the information, a reward of (1+74)g, is obtained by the fleet, where 7, > 0 is the cooperation



factor of the vehicles in region a. Information fusion (a technique that merges the information from
heterogeneous sources) can be used to obtain an appropriate value of 7, (Nakamura et all 2007)).
The cooperation factor provides a quantitative measure of the extra reward gained by fusing the
information.

We use P(+) to represent the probability that event “” will happen. For the search process of each
vehicle in each of its assigned regions, we make the following assumption.

Assumption 2 For any subset U’ C U and A° C A,i € U', we have

P<{w3}a€Ai,ieM’a {Ha}aeuieu/ .Ai) = H faa (‘904) H fwg (wéwa)' (4)

a€lJ;gyr At el ,ac Al

Equation (4)) implies three types of independency. Existence of information in a region is independent
of existence of information in other regions. A similar independency applies to the time needed to
detect information in a region. Lastly, for any shared region a € A°().A’, the detection time is
independent for both assigned vehicles given 6,

Our decentralized policy is constructed under the following considerations:

1. Each region is visited by a vehicle at most once.

2. Each vehicle follows a specified route, composed of a sequence of regions from lower order to
higher order. During the mission, the vehicle is only allowed to travel from a lower order region
to a higher order region. (Note that the order of a region can be different for different vehicles.)

With these considerations, we represent vehicle i’s route as H' = {h{, h%, h, ..., hiLi, hZLZ b iEU.
i1 <1< L;, indicates the index of a region and [ is the order indez of the region where a larger [
means a higher order. h} and hIL 41 are the start and end depots, respectively. The routes in a route
family are created such that each region is either visited by one or by two vehicles. This implies that
for each vehicle ¢ € U, we can divide the regions that it visits into two sets, S; (shared) and O; (not
shared).

Given the route, a vehicle has at most three decision epochs (in each region): when the vehicle
arrives, when the information is detected, and when the vehicle decides to leave. Consider a region
a that vehicle 7 is assigned, ¢ (-) is an integer that specifies the amount of search time to reserve
for searching; ¢’ (-) is a binary variable that specifies whether the information should be collected
(y'.(-) = 1) or not (y%(-) = 0); z%,(+) is an integer which indicates the order index of the next region to
visit. At the start depot we only have 2’ (T) which determines the first region to visit if the fleet is
given T' units of mission time.

3. Routing with Shared Regions

The first stage of the solution procedure is to create route families. An initial route family can be
obtained by using a suitable deterministic model. We provide two examples in §A] For each initial
route family, we use a Minimal Insertion Rule to select and assign shared regions according to a



threshold §. Let H* = {h}, hi, b, ...,h% hr..1} be vehicle i’s route assigned by the initial route family,
and d(aq, ) represents the travel time between region a; and region ay. The travel cost to insert a
region « to route H* is dps(c, H) = ming—g 1.1, {d(hx, @) + d(a, hiy1) — d(hg, hiy1)}. Let O be the

set of non-shared regions in vehicle i’s initial route. We define the selection rule:

Definition 1 (Minimal Insertion Rule) For i € U, assign region o € O' as a shared region to vehicle
j#iif dy(a, H) < 6 and dp(o, H) = minji{dy (o, H')}, where ties are broken arbitrarily.

Varying the threshold ¢ of the Minimal Insertion Rule, different sets of shared regions can be
created. To enumerate all possible combinations, we can increase ¢ one unit at a time from zero to an
upper bound, under which all regions are shared.

Observation 1 If dyee = MaXa, q;ea d(, a;), da(a, H?) < 2dypa for Vi e U, a € A.

Since for any regions oy, a, g, we have d(aq, ag) + d(ag, az) — d(ay, ag) < 2dy0, — 0, Observation
holds. According to Observation [I, any region in the area will be shared if 6 > dypaz-

For each set of shared regions that a vehicle receives, we re-optimize the vehicle’s route. To do
so, we consider two methods: Unconstrained and constrained re-optimization. The unconstrained
re-optimization method seeks a minimal travel time route for each vehicle to visit all its assigned
regions. The constrained re-optimization pursues a minimal travel time route but retains the orders
of the initial regions, i.e., if a region has a lower order than another region in the initial route, it
must retain a lower order than that region in the re-optimized route. We will explain the reason
to perform constrained re-optimization in §4.3] The integer programming formulations of these two
re-optimization methods are presented in §A]

4. Finding a decentralized time-allocation policy

To streamline presentation of the material, we divide this section into four parts. formulates the
decentralized time-allocation problem. develops a decomposable approximation for the formu-
lation in §4.1] contains an algorithm to find a locally optimal solution. Finally, develops
a sufficient condition for the approximation in to be exact, and also explains calculation of the
exact value of a Markovian policy. All of these elements are integral to our approach for finding a
decentralized time-allocation policy.

4.1 The decentralized time-allocation problem

To simplify notation, we use a two-vehicle setting to establish the results in the following two sections.
The model and its results can be naturally extended to the multi-vehicle scenario, for which we will
provide an explanation in the conclusion. Note that when there are two vehicles, we have U = {1, 2}
and § = &1 = &, and we use the notation interchangeably.

Assume that each vehicle 7 has been assigned a route H' = {h{, hi, h},...,h% ,h7 1} The time-
allocation problem for a given route family is to determine a decentralized time-allocation policy that



provides the maximum expected reward. We represent vectors in bold and define o}, = (0}, 0, ,...,0},)
) l 1 2 l

for 1 <1 < L;. We also define 0,, =0 for the consistency of the notation, which has no practical
0

meaning. The form of the optimal time-allocation policy is given in the following proposition.

Proposition 1 (Olichoek et al., |2008b) There exists an optimal decentralized time-allocation policy
7w = {m; }icu Such that m;, i € U, can be represented as

™, = {Z;L%(T)7 xz;'(t,02;‘71),y2;’<t,02;‘71),Z;'L;‘(t,of;'ﬁ‘il) it = 0, ]., 2, ...,T,l = 1, 2, 7LZ} (5)

Proposition (1| is a direct result of Proposition 2.1 in (Oliehoek et al.| (2008b).

The feasibility of a time-allocation policy is restricted by the vehicle’s remaining time and the
orders of the regions specified by the given route. More explicitly, for a policy to be feasible, the
vehicle should always have enough time to reach the end depot. In addition, when the vehicle decides
to leave a region, it can only travel to the region that has a higher order in the given route.

Observation 2 A policy m = {m; }icys in the form of @ is feasible if and only if fori e U

T —d(hi, h%i ) > d(hizi @y M) Li+12> zzé(T) >0, (6a)
0 0
t— xzf(t70’;‘f,1) 2 d( ;, lLi‘i’l)’ | = 1, ...7LZ'7T Z t Z d( ;, ZL¢+1)7VO’;Z};17 (6b)
t— yz%(to%_l)shf 2 d( ;7 Zi—l—l)a [ = 17 cey LuT 2 t 2 d( 27 il/,-—&—l)?vo;ﬁ_la (60)
t—d< ;’hiZz(tp;z )) Zd(hi’;l(tvozl )1 Z‘Li-l—l)’ [ = 177L17T2t2d( ;7 i[li_i_l),vozz;_l, (6d)
l -1 l -1
s (t0h ) > 1 1=01, L, T >t > d(hj, hj ). Yoy, . (6e)

We use ﬁz to represent the set of all feasible policies of vehicle © in the form of (@

Constraint states the initial condition that the vehicle can only start with a region if it still
has enough time to reach the end depot after arriving at the region. Constraints and state
that the vehicle has to reserve enough time to travel to the end depot when it decides to search for or
collect information in a region. Constraint ensures that if the vehicle decides to travel to region
h! where k = z]il;- (t, 02;-71), it must have enough time to reach the end depot after arriving at the region.
Constraint requires that the vehicle can only travel to a region that has a higher order than its
current region.

Throughout the paper, a vehicle succeeds in a region means that the vehicle detects information in
a region and collects it. For a feasible policy ; of vehicle i, we use 7. (m;) to represent the conditional
probability that the vehicle succeeds in region o given that information exists in the region. The
expected reward collected from a non-shared region 8 € O; is

Rs(m;) = epgpmiy(m).

For a decentralized policy m we let 71(7|1) be the conditional probability that vehicle 1 succeeds in
region « given that information exists and vehicle 2 also succeeds, and 7)(7|0) be the conditional

8



probability that vehicle 1 succeeds in region a given that information exists but vehicle 2 does not
succeed. The expected reward that the fleet collects from a shared region a € S under policy 7 is

Ra(m) = eagal7a(m]0)(1 = 72(m2)) + (1 = 7o (7| 1) 73(m2) + (1 + Ya) 7o (7| 1)7a (m2)].

For each vehicle i € U, we define R™ = 50, Rs(m;) as the expected reward that vehicle ¢ collects
from all its non-shared regions under policy 7;. The expected total reward collected by the fleet under
policy  is

R(m) =Y R™+ Y Ra(m). (7)
€U aES

Then we can formulate the time-allocation problem as

max R(m;) ®
s.t. T € ﬁl,ﬂ'g € ﬁz.

To solve the problem defined by , we need to optimize a DEC-POMDP, which is impractical
considering the size of the problem that we attempt to solve. Furthermore, a policy in the form of
is not only difficult to compute but also expensive to store since the number of possible realizations

of 021- is exponential in [ and we need to determine an action for each combination of the realization
. l

b

in the form of , we focus on the implementation of Markovian policies.

o/, and the corresponding remaining time ¢. With these difficulties associated with a general policy

Definition 2 A decentralized policy m = {m; }scs is a Markovian policy, if m;, i € U, can be represented
as

Similar to @, for a Markovian policy to be feasible, we have the following observation.
Observation 3 A Markovian policy m = {m; }icy is feasible if and only if for i € U

T - d<h67 hZZ;z (T)) > d(hz,z;z (T) 32¢+1)’ Li+12> Z;%(T) >0,
0 0

b= xzf(t) = d( ;’ ilzi-i-l)’ = 17"‘7Li7T >t d( ;7 2,--&-1)7

t— Yy (W)sps = d(hj, By ), 1= 1, L, T > ¢ > d(hj, B ),

t—dl é’hiii(t)) Zd(hizi(t)’ Z1"41'-i-1)’ l=1,.,L,T>1t>d( ?7 Zi-i-l)u
l l

We use I1; to represent the set of all feasible Markovian policies of vehicle i.

The size of a Markovian policy is bilinear on L; and T but it is still difficult to find the optimal
Markovian policy since it requires a forward induction over the entire Markovian policy space given by
@D. Nevertheless, a sub-optimal Markovian policy can be obtained by replacing the objective function
of with an approximation and decomposing the optimization problem into sub-problems each of
which can be considered as a single vehicle problem.

9



4.2 Formulation of a Decomposable Approximation

The approximation formulation is developed by using an approximate objective function. The expected
reward collected from a shared region a under a policy 7 is approximated as

-~

Ra(m) = €agalra(m)(1 — 72(m2)) + 72(m2) (1 = 7o (m1)) + (1 + 7o) 7o (m1)7a (72)]. (10)

The approximation is created based on the assumption that under any decentralized policy 7 in the
form of (@, whether a vehicle succeeds in a shared region a is conditionally independent of the other
vehicle given that information exists in the region. We should note that this assumption generally does
not hold but we will provide a sufficient condition in §4.4] under which this assumption is satisfied.
With the expected reward of applying policy 7 is approximated as

R(r) = R(m,m) = R™ + R™ + Y _ Ra(r). (11)

Under the fleet’s time-allocation problem is re-formulated as:
(IAP): Independent approximation problem.

max }A%(W)

st. m €1l,m € 1ls.

We first consider a subproblem of problem (IAP), (IAP?): max{R(r) : m; € ﬁi]ﬂj, J # i}, which
optimizes vehicle ¢’s policy by fixing the policy applied by the other vehicle. To prove our main theorem
we need the following lemma, which shows the fact that if the policy played by one vehicle is fixed,
the maximal expected reward that the other vehicle can collect for the fleet at any decision epoch is
only determined by the decision epoch and the vehicle’s remaining time given the objective function

)

Lemma 1 Assume that vehicle i always collects a reward of (1 —713(7;)) + Va7 (7;) in a shared region
a giwen that the other vehicle applies policy m;. Forl=1,2,....L;, T >t > dh%hiL.H there exist:

1.G(t), T =t = dyip ..+ The mazimal expected (future) reward that vehicle i can collect if it
l 7Ly

arrives at region h; with t units of remaining time.

2. Goi(t), T >t > dh;- Wy The mazimal expected (future) reward that vehicle i can collect if it
1 7Ly

detects the information in region h} with t units of remaining time.

5. GLt), T>t> dpi i, .- The mazimal expected (future) reward that vehicle i can collect if it
l i

leaves region hi with t units of remaining time.

Proof. Since no information reward can be collected at the end depot, we can define G5,  (t) = 0 for
L;+1

t=20,1,2,...,T, which is also the maximal expected reward that vehicle ¢ can collect when it arrives
at the end depot with ¢ units of remaining time. We will prove the lemma using induction. As the

10



induction hypothesis, we assume that for L, +1 > 1 > k, G5,(t), d(hj, b}, ;) <t < T is well defined.
. . l v
We will show that GZ;’ (1), GZ%- (t) and GZ;- (t), d(hj, by, 1) <t < T are also well defined for [ = k.
When vehicle i decides to leave region hi with ¢ units of remaining time, it can travel to region
i if &' >k and t — d(hj, h},) > d(hi,, h7, ). If the vehicle decides to travel to region hj,, according
to the induction hypothesis, it will collect a maximal expected reward of G%, (t). Because the vehicle
k/

has to travel to one of the regions in {hf I h"LZ; +1}’ the maximal expected future reward that the
vehicle can collect is Z

Gy (1) =max { G (= d(hj i) = Liga > k> 1 t—d(hi, b)) > (b by ) (12)

For T' >t > d(hj,h}, ), since t — d(hj,h} ) > 0=d(L; + 1,L; + 1), Gi}; (t) is well defined.

For Gf, (t), we consider two possible cases:
k

1. hi € O; (region hi is a non-shared region): If the vehicle decides to collect the information, the
vehicle collects an immediate reward of g;; and consumes s;; units of time.

2. hi € S (region hi is a shared region): If the vehicle decides to collect the information, due to the
lemma’s assumption, the vehicle collects a reward of g,: (v,: 77 () +1 — 7;; (7;)) and consumes
k k
Spi units of time.

Under both cases, if the vehicle decides to leave without collecting, the vehicle collects no immediate
reward and consumes no time. After either decision, the vehicle leaves region hi, and the maximal
expected reward that the vehicle can collect afterwards is given by G¢, (-). We define

k

o 0 if hz, € 0,
T T(m) iRl €S
k

Since the vehicle can only collect the information if ¢ —s,; > d(hj,, b}, ,,), the maximal expected future
reward that the vehicle can collect is

G (8) 3 d(hy, by, ) <t < d(hj ) + sugs
Gy (1) = * [ d ~i ~i - i pi
(13)

Since Giz (t) is well defined for T >t > d(hj, hi, ), G (t) is well defined for T >t > d(hi, h, ;).
When the vehicle arrives at region hi, it decides the maximal amount of time () to search for the
information. The information can be found after spending ¢ = 1,2, .., Z units of time and then the
vehicle needs to decide whether to collect the information, under which scenario the maximal expected
reward that the vehicle can collect is given by G¢,(+). The vehicle may also fail to find the information
under which scenario zero reward is collected féom region h and it will leave the region with the
expected future reward given by Gdz (-). Since the vehicle cannot schedule more than ¢ — d(hj, h7 ;)
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units of time to search for the information, the maximal expected reward that the vehicle can collect
is

0<@<t—d(hi,h ;)

Gi()=  max {Zemphz G (1 - >+<1—eh;;Ph;;c@))Gw—@}. (14)

Since & = 0 is always a feasible decision when t > d(hi, bl ), G5, (t) is well defined for T > t >
. . ¢ l

d(hj,, by, 1). The induction is complete and the lemma is proved. O
Our main result establishes a Markovian policy that solves problem (IAP?).

Theorem 1 There is a Markovian policy m; € 11; that solves problem (IAP') given 7; € ﬁj.

Proof. Given G, (t), Gf,(t), and G’Zi (t) defined for I = 1,2, ..., L;+ 1, we can design a Markovian policy
[ [ 1

as follows: For I =1,2,...,L; and T' >t > d(hj, h}_,,):

() = iDpi 1 —e,iPi(2)GL(t—2), (15
) =os max {Zeh P@)Giy(t -~ ) + (1= ey @G- D)}, (150)
: c _ d
yii(t) _ 1 if Gw( ) - Gh;( Shl) +ghl('7hl7-hz + (1 hz)) (15b)
h
0  otherwise.
2, (t) = arngX{GZi(t—d( LR L > k> 1, t— d(hihi) > d ;,hgi)}. (15¢)

Under the policy specified by 1’ the maximal expected rewards defined by G%,(t), G5, (t) and G¥,(t)
1 1 l

can be achieved for each decision epoch and the corresponding remaining time. When [ = 0, similar

to what we did for [ > 0, the maximal expected reward that the vehicle can collect from regions

ht R, ... hzz ., given that vehicle 4 leaves region hf, with 7" units of remaining time is

Gy (T) = maxc { Gy (T = (. )+ Ligs = k> 0, T = d(b, hi) = d(hi, b, ) }. (16)

The decision zhl (T') that achieves the maximal expected reward is

2, (T) = arg mEX{GZ?v(T (R hL)) s Lisy > k> 0, T — d(R, b)) > d(hi, hiLi)}. (17)
Now we show that the policy specified by and (|17) solves problem (IAP’) for any given 7, in the

form of . Let 7; be the policy specified by and . We consider any policy 7; in the form of
. According to the definition of G¥,(T"), we have
0

Y CadaThy (1) + Y eagaTa(m)[(L = 73(m5)) + YaTi ;)]

aceQ; aES
> Z eagaThz 7Tz Z €afaT, (ﬂ'l)[(l - T] (7]-])) + VaT, (T‘-J)]
acQ; aES

12



Given 7;, we consider R(m;, ;) — R(7;, 7;). We have

E(ﬂ'ia 7Tj) 7'('1, 7Tj Zeaga 1 - T, ( )) + T ( 2)(1 - Tolc<7rl)) + (1 + 704)7—014(77'07—2(71'2)]
a€eS
+R" 4+ RY — R — RY = eqgalra(i1)(1 = 72(m)) + 72(m2) (1 = 70 (71)) + (L + 7o) 7 (71) 72 (m2)]
aeS

= Z eozgo/rhz 7Tz Z eoa.goﬂ-hz 7Tz + Z eaga 1 — 7] (W])) + ’yaTo];(ﬂj)]

acQ; ac0; a€S
= eagari(#)(1 = 7L(m))) + Y0l ()] > 0.

a€eS

Since }A%(m, ;) is greater than ﬁ(frz, 7;) for any #; € II;, the policy established by and solves
problem (TAP?), which is a Markovian policy by its form. O

Remark 1 When no regions are shared, the solution of problem (IAP') mazimizes R™. Since we
also have R(m) = R™ + R™, the policies obtained by solving problems (IAP') and (IAP?) compose an
optimal time-allocation policy in this case.

For readability and conciseness of the paper, we delay the proofs of the remaining theorems and
propositions to §C| of the appendix.

4.3 Obtaining a Local Optimum

We first define a local optimum of problem (IAP).

( L,* L%

Definition 3 A Markovian policy #™* = (", 7y"") is a local optimum of problem (IAP) if

7 e argmax{R(m, 7L*) : m € I},
b € argmax{R(x"*, 7o) : m € Ty}

Algorithm (1| implements the idea of JESP algorithm (Nair et al., [2003)), which iteratively improves
one vehicle’s policy while fixing the policy applied by the other vehicle. Since we solve the approximate
problem (IAP) in the algorithm instead of the true problem, our algorithm runs much more efficiently.

Theorem 2 Algorithm converges to a local optimum of problem (IAP) in a finite number of steps.

Each restart of Algorithm [I] may converge to a different local optimum since the initial vehicle
i is randomly selected and the values of 7%, € S are also randomly generated. To interpret this,
we can regard Algorithm [1| as using a local-search method to find a local optimum of a non-convex
optimization problem. Starting from a different initial point, the local-search method may converge
to a different local optimum.

Now we explain why constrained re-optimization is performed. Any feasible time-allocation policy
for the initial route family is still feasible to the route family obtained by constrained re-optimization
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Algorithm 1
1: Initialization: Select a random i € {1,2} and generate a random 7i € [0,1], for Voo € S. Set R + 1, R* + 0 and

j€ {121\ ) | o

Solve (TAP")’s using the 7%, a € § and obtain the policy m;. For o € §: 77 « 72 (m;).

while R # R* do
R+ R*.
Solve (IAP7) and use the obtained policy to update 7;. (Do not update if the current m; solves (IAP7).)
For a € S: 71 « 7i(mj).
Solve (IAP?) and use the obtained policy to update 7;. (Do not update if the current ; solves (IAP?).)
For a € S: 77 « 71 (m;).
Obtain R(my, ) using and update R* « R(my, ).

end while

._
@

where the same expected reward is collected by the fleet from the two families. To this end, we consider
an arbitrary feasible policy for the initial route family. 2/ (-) decisions in the policy will not lead the
vehicle to a new region and all 2’ (-) decisions are still feasible since the orders of the initial regions
do not change. Also because the z¢ () and 4’ (-) decisions for each region are the same, each vehicle
will behave in the re-optimized route exactly the same as what it does in the initial route. Thus, if we
use the optimal policy of the initial route family to generate the 7, o € S for Algorithm , there is a
high chance that we will obtain a better time-allocation policy from the new route family.

Even though Algorithm |1} may still go over all feasible policies before convergence in the worst
case, in practice, it only goes over a few policies to converge, which we will illustrate in our numerical
study. More importantly, each iteration (lines 4-9) runs in polynomial time of L and T, this is the
main reason that the algorithm can solve realistic size problems. To this end, the problems in line 5
and line 7 are solved using backward induction on the recursions defined by , , and
with initial condition GhiLiH(t) =0,t=0,1,2,...,T. It is easy to verify that the backward induction
takes O(TL? + T?L) time. We use forward induction in line 6 and line 8 to update the variables
7 a € 8,i € U, for which we provide an algorithm in The forward induction is performed over
the route of each vehicle (from h, to hf_,, for vehicle i € ) but the size of the induction tree in each
iteration is linear in 7. The forward induction takes O(LT?) time. In line 9, we calculated ﬁg using
stored values and it takes only O(L) time.

4.4 Calculation of Exact Value of a Markovian Policy and a Sufficient
Condition for the Approximation to be Exact

Algorithm (1| provides an efficient method to find a policy; however, it does not offer the true value of

the obtained policy since R(7) is only an approximation of R(w). To calculate R(7), we use conditional

independency. The method is derived based on the shared order index of each shared region for each
vehicle, which is defined as follows:

Definition 4 The shared order index of a shared region « for vehicle i is defined as I, = k, if a has
the k™ highest order index among the vehicle’s shared regions.

14



The maximal and minimal shared order indices of region «a are defined as I, = max{I}, I?} and

I, =min{I}, I2}, respectively. Based on the shared order indices of the shared regions, we define the

dependent set of each shared region.
Definition 5 &, = {3: 15 < I,,3 € S} is the dependent set of a shared region «.

According to the definition of the dependent set, for any shared region «, if I; and [y are the cor-
responding order indices of region « in the two vehicles’ routes, it is easy to verify that &, =
NN R Yat - NS

For any region set V C A, we use 6y = {0,}.cy to represent a realization of the existence of
information in each region that belongs to V.

Theorem 3 Whether a vehicle succeeds in a shared region « is conditionally independent of the other
vehicle under a decentralized Markovian policy given 6, and Og,,.

Using Theorem [3| we can calculate R, (7) using conditional independence given 6, and s, .

Ro(m)= Y Plba,)[ra(mlbs,)(1 — 72(m2l0s,)) + 72 (m2lbs,) (1 — 7o (T110s,))
0p,, €{0,1}1%l (19)

+ (Yo + )7 (m1[00, )72 (72|00, )],

where 7/ (7;|0s,) is the conditional probability that vehicle i succeeds in region a given 6, and 0g, .
7. (m]0s,), i € U,a € S, can be calculated using the algorithm provided in and P(fsp,) can be
calculated using Lemma [2] provided in §C| The following proposition establishes the monotonicity of
the dependent set for each shared region of two vehicles with respect to the region’s minimal shared
order index.

Proposition 2 The dependent set of a shared region « is monotone w.r.t. 1

I, ie,if I, >1
o, O D,,.

-] = =9’

Using the result of Proposition , the complexity of calculating R(7) is determined by the size
of the largest dependent set. In other words, we only need to enumerate all possible realizations of
O, where B € arg maxqes{/,} so that we can calculate the expected reward collected in each shared
region and the number of possible realizations for 0y, is 21%51. Note that we have |®5] < |S| — 1 and
|®s| = |S| — 1 if and only if 8 is the last shared region for both vehicles to search.

Proposition 3 Whether a vehicle succeeds in o € S is conditionally independent of the other vehicle
giwen 0, under a decentralized policy m in the form of (@ if the shared regions are searched in an
exactly opposite order by the two vehicles.

Proposition |3 proposes a sufficient condition, under which provides the exact expected reward
collected by any Markovian policy from a shared region. Under a weaker condition, we are able to
prove an important result.

15



Theorem 4 If whether a vehicle succeeds in o € S is conditionally independent of the other vehicle
giwen 0, under an optimal decentralized policy ™ in the form of (@, there exists a Markovian policy
that solves the time-allocating problem optimally.

The result of Theorem [ provides a sufficient condition under which the approximate problem
(IAP) is equivalent to the original decentralized time-allocation problem, which, in its general form,
is a DEC-POMDP. The theorem also implies that under the condition of Proposition [3, the optimal
solution of problem (IAP) provides an optimal solution to the time-allocating problem for a given
route family.

We end this section with an illustration of the largest dependent set of a route family in Figure [T}
In scenario (L), since both vehicles visit the shared regions in the same order, the size of the largest
dependent set reaches its maximum, which is |S| — 1. In scenario (R), since both vehicles visit the
shared regions in an exact opposite order, the largest dependent set is still empty.

Dependent set of
,,,,,, (ggion a

U o

N
\ Region a ()

N S v \
7

@ :Regions belong to the
dependent set of region a.

@ :Shared regions.

@ :Vehicle 1’s non-shared regions.

@ :Vehicle 2’s non-shared regions.

The dependent set of each
shared region is empty.

Same Direction: Scenario (L) Opposite Direction: Scenario (R)

Figure 1: The dependent set of a shared region

5. An upper bound on the maximum reward collected from

a group of routes

In this section, we use the value provided by a local optimum of problem (IAP), i.e., E(WL’*), to
develop an upper bound on the maximum expected reward that the fleet can collect from a given
route family by following a decentralized time-allocation policy, i.e., R(7*). To establish the upper
R(rl*)

. B :

The lower bound on the ratio is established with respect to the cooperation factors of the shared

bound, we derive a lower bound on the ratio

regions, each of which can be greater, smaller, or equal to 1. When the cooperation factor is greater
than 1, the second vehicle that collects the information gains more reward for the fleet. This implies
that the fused information from different sensors provides much more value than the information
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from a single source. For instance, multi-sensor image fusion can provide a fused image that is more
informative than any of the input images (Haghighat et al.,|2011]). While it is also common to see that
the second vehicle collects less information than the first vehicle since the total information existing in
a region can decrease after each successful collection, under which situation we expect the cooperation
factor to be smaller than 1. The lower bound of the ratio is found in a closed form of 7 and v, which
satisfy 7 = max{1l, maxaes 7o} and v = min{1, minges Vo }-
Theorem 5 R

R(wt) 1

> .
R(m) — (2-2)7

(20)

We consider two special scenarios of Theorem [5]
Remark 2 When7vy =1, (@) degenerates to

R(m™) 1
R() ~ B0

(21)

When v = 1, @) degenerates to

R(xk) 1

R(m) — 7

Remark |2 highlights two special cases that are common in practice. The bound refers to the
scenario where the value of information in each shared region decreases after the first collection. For

this scenario, we have = > 1. This implies that R(m™*) achieves at least 50% of the optimal value

5=
in the worst case. Th(e bléund refers to the scenario where a much larger information reward
can be obtained by fuzing the information collected by two vehicles. We can observe that é(?TL’*)
can be arbitrarily bad compared to the optimal value if 7 approaches infinity. In §D] we provide two
corollaries to show that how the bounds and can be approached from a theoretical point

of view. We also notice that when v and 7 approach to 1, the general bound converges to 1,

(22)

>

which means that E(ﬂ'L’*) converges to the same value that the optimal policy provides. Under this
situation, bound can be used to estimate the convergence speed.

To examine the worst-case performance, we can first compute an upper bound of R(7*) using the
the value ﬁ(wL’*) and the bound . Then the worst-case performance ratio }ig?—;;;)
Since we notice that R(7wl*) and R(mw%*) are usually close in practice, we can use the bound as
an estimate of the true worst-case performance ratio.

can be derived.

6. Numerical Study

The purpose of the numerical study is threefold. §6.2] establishes the efficiency of the algorithm in
that finds a Markovian time-allocation policy for a given route family. explores the benefit
of using a region-sharing strategy. presents additional insights related to the mission duration,
cooperation factor value and search sequence. Tests are all performed on a personal computer with

Intel i7 CPU and 8 GB RAM under Window 7 system.
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6.1 Parameter Setup and Scenario Generation

A rectangular map of size W x L has two depots located at the middle points of the left and right
edges. Two vehicles are assigned to search N regions, which are uniformly generated at integer points
of the map, within 7" units of mission time. The travel time between two regions is calculated using
Euclidean distance rounded down to the nearest integer. Two basic scenarios are tested which are the
scenarios (L) and (R) presented in Figure [I] (at the end of §4)). In scenario (L), both vehicles travel
from the left depot to the right depot. In scenario (R), one vehicle travels from the left depot to the
right depot while the other vehicle travels from the right depot to the left depot.
We generate values for parameters associated with a region « as follows:

e ¢,, the a priori probability that information exists, is uniformly generated from a sub-interval
le,e] € [0,1].
® g,, the reward of collecting the information, is assumed to be 1.

® 5,, the time to collect the information, is an integer random variable whose value is equally likely
to be either 0,1,2,3.4 or 5.

® 7., the cooperation factor, is uniformly generated in the range [v,75] = [0.0,2.0].

e P,(t), the detection function, is assumed to follow the random search formula in Koopman| (1980))
and takes the form
Pa<t) =1- pfya (23)

where p, is uniformly generated from [p, p] € (0,1). According to the development in |[Koopman
(1980), p, is determined by the size of the region, the speed of the vehicle, and the effective
range of the sensor in practice and always falls within (0, 1).

For each map, we generate two initial route families using the formulations provided in §A] The
first family minimizes the total travel time of the fleet and the second family minimizes the maximal
travel time of a vehicle. We obtain the optimal policies for these two families and use N.S to represent
the better policy. For each initial route, we use the minimum insertion rule to select all possible sets
of shared regions for the two vehicles, and for each set of shared regions we obtain two route families
respectively using the constrained and unconstrained re-optimization. For each re-optimized route
family, a time-allocation policy is generated by Algorithm [I, We select one policy among the policies
generated for each initial route family that has the highest approximate value (R(7)). Then, the exact
values of the selected policies are calculated using and . We use S to represent the better
policy of the two selected policies.

The notation V@ (7) and V@ (4) is used to denote, respectively, the approximate and exact values
of the policy j for scenario i. For example, V(¥ (S) represents the exact value of the policy S obtained
under scenario (L).

6.2 The efficiency of finding a decentralized time-allocation policy

We investigate the efficiency of computing a Markovian policy for a given group family using Algorithm
. We use the following parameter setup: W x L = 30 x 60, [e,e] = [0.3,0.7], [p, p] = [0.15,0.35],
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and [7,7] = [0.0,2.0]. For each map, we randomly select an initial route family from the two initial
families. The threshold of the minimal insertion rule is set to § = 25. After adding the selected shared
regions to each vehicle’s initial route, we use one of the two re-optimization methods to modify vehicle
routes. The objective is to test how much computation time it takes to obtain a local optimum of
problem (IAP) and the time needed to calculate the policy’s expected value (R(m)).

We first present the results for scenario (R) under different units of mission time (7°) and different
numbers of regions (V). For each (7, N) pair, the results are collected from 50 random maps.

Table 1: Computation Complexity: Scenario (R)

(T,N) Iterations Time(C) Time(E) |S] |Ds]
min  mar avg min  max avg min max avg avg avg

(100, 20) 3 10 3.90 0.046 0.396 0.078 0.001 0.014 0.002 17.02 0.60
(200, 20) 3 8 4.46 0.276 1.354 0.488 0.004 0.068 0.009 15.24 1.24
(300, 20) 3 15 4.76 0.728 3.749 1.243 0.013 0.131 0.028 15.54 0.72
(100, 30) 3 11 3.96 0.078 0.390 0.124 0.001  0.505 0.026 24.00 2.08
(200, 30) 3 7 4.28 0.403 1.130 0.673 0.004 0.144 0.013 24.30 2.06
(300, 30) 3 13 4.70 1.061 4.907 1.791 0.012 0438 0.040 24.78 1.7
(100, 40) 3 8 3.80 0.103 0.754 0.162 0.001  0.076  0.005 32.04 3.22
(200, 40) 3 13 4.76 0.528 2.808 0.981 0.005 7.387 0.187 31.78 3.46
(300, 40) 3 9 4.82 1.553 4.732  2.578 0.011 18.757 0.464 31.80 2.68

In Table , “Iterations” represents the number of iterations for Algorithm to converge, “Time(C)”
captures the corresponding CPU seconds consumed, and “Time(E)” records the CPU seconds to
calculate R(7). In addition, for each quantity, min, maz and avg provide the corresponding minimum,
maximum and average of the corresponding quantity among the 50 random maps. |S| represents the
number of shared regions and |®4| refers to the size of the largest dependent set, for which we provide
their average values in the table.

For the largest problem, i.e., (300,40), the maximal time of computing a local optimum of problem
(IAP) is still small (less than 5 seconds), and the average time is about half of the maximal time. This
shows the efficiency of using the approximate formulation to find a decentralized time-allocation policy.
However, “Time(E)” has larger variation. Even though, on average, it takes negligible amount of time
to calculate R(w) under this scenario, it may take several seconds to compute it in the worst-case
situation. Under these situations, we observe large dependent sets.

Table [2| provides the test results for scenario (L). We observe large computation time for calculating
R(m) for the cases (100, 20), (200, 20) and (300, 20), and we do not list the computation time for the
other cases since we experienced constant “out-of-memory” problems during the experiments. This is
because the size of the dependent set can be much larger when the vehicles travel in the same direction
than that when the vehicles travel in an opposite direction, which can be observed by comparing the
|®5| columns in the two tables. We use a breadth-first algorithm to calculate R(w), which saves
computation time but may explode the memory when the size of the dependent size is large. Under
such a scenario, we can use a memory saving algorithm, e.g., a depth-first enumeration algorithm or
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Table 2: Computation Complexity: Scenario (L)

(T,N) Iterations Time(C) Time(E) |S]| |Ds]
min  maxr  avg min  max avg min max avg avg avg
(100, 20) 3 6 3.61 0.046 0.520 0.085 0.002  9.480 1.195 16.14 14.60
(200, 20) 3 8 4.25 0.277 1.014 0.451 0.0564 89.133 10.819 16.48 15.32
(300, 20) 3 11 4.26 0.584 2.673 1.050 0.164 126.078 18.457 16.16 14.62
(100, 30) 3 11 4.10 0.064 0.446 0.122 - - - 23.66 22.10
(200, 30) 3 12 4.86 0.380 1.944 0.779 - - - 23.96 22.12
(300, 30) 3 14 4.96 0.934 5.196 1.993 - - - 24.20 22.28
(100, 40) 3 8 3.74 0.064 0.500 0.114 - - - 32.54 30.42
(200, 40) 3 9 4.39 0.447 1.572 0.751 - - - 32.00 29.36
(300, 40) 3 17 537 1.080 7.238 2.213 - - - 31.54 29.16

Monte Carlo simulation to estimate R(7). We also observe from both tables that the time to compute
a policy and the number of iterations to converge do not change much even though the average size of
the largest dependent set (|®s|) differs significantly in the two tables. This observation implies that
the convergence of Algorithm [1) is not influenced by the size of the dependent set. It is shown in both
tables that the average computation time and iterations of obtaining a policy increase with N and 7.
This implies that it takes more iterations to converge for a larger problem. Since the time to perform
an iteration also increases with the problem size, the time to compute a policy also increases with the
problem size.

Finally, we do not provide the computation time of solving the routing problems since we use
standard routing models and solve them using a standard solver. According to our experiments, the
largest routing problems listed above, i.e., the problems generated under (300, 40), can be solved in a
few seconds by a standard commercial solver (CPLEX) using the formulations provided in [A] When
it becomes expensive to solve the routing problem exactly, heuristic methods can be applied to create
and re-optimize the routes.

6.3 Benefits of sharing

This section illustrates the influence of the cooperation factor and mission time values on sharing
strategies. We use the following parameter setup: W x L = 14 x 20, N = 16, [e,€] = [0.3,0.7] and
[p,p] = [0.15,0.35]. In each map, we use a constant cooperation factor for all regions. The tested
values are v = 0.2,0.5,0.8,1.1,1.4,1.7,2.0 and 50 random maps are generated for each value. The
tests are performed for scenario (L) with two different mission time, 7" = 80 and 7' = 100, and the
results are listed in Figures [2] and [3] respectively.

In each figure, the three lines present the maximum, average, and minimum of the percentage

V(IL)(9)
» VIL)(NS)
each cooperation factor value. We have the following observations from comparing the two figures.

improvements through region-sharing, i.e. — 1, among the 50 random maps generated for

First, the three quantities increase with the cooperation factor in both figures, which implies that
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Figure 2: Percentage improvements under scenario (L) for different cooperation factors and T' = 80

a larger cooperation factor bring a larger benefit through region-sharing. Second, in Figure [2] the
average improvements are much smaller than the ones in Figure[3] This implies that a larger benefit is
gained through region-sharing when the fleet is given more mission time. In addition, the average and
minimal performance improvements also increase much faster with respect to the cooperation factor
value in Figure 3| than that in Figure [2] especially when the cooperation factor is low. This indicates
that when the fleet has more mission time, they also benefit more from the increase of the cooperation
efficiency (i.e., cooperation factor value). Third, for p = 0.2,0.5 the average improvements in Figure
are less than 5%. This means that having two vehicles search one region is generally not economical
when the cooperation factor is low and the mission time is insufficient. Nevertheless, we still observe
in Figure [2[ that the maximal improvement at v = 0.2 is more than 10%, which implies the potential
benefit of region-sharing even when the fleet have low cooperation efficiency and insufficient mission
time. Furthermore, when more mission time is given to each vehicle, i.e., the scenarios presented in
Figure [3] the minimal performance improvement through region-sharing has already been 7.98% at
v = 0.5 and the average improvement is more than 10%. This shows that we can expect a stable
performance improvement through region-sharing at a relatively low cooperation factor if the fleet has
a sufficiently large mission time.

We present how the improvements are distributed among the random cases generated for v = 0.2, 2
and T = 80,110 in Figure @ Except for the setting where v = 0.2,7 = 80, we observe that the
improvement follows a unimodal distribution and the peak is close to the average. This shows that the
average improvement curves presented in Figures [2| and [3| generally reflect the benefit of using region-
sharing strategy for the corresponding cooperation factor value and mission time. However, for the
setting v = 0.2,T" = 80, the peak of the distribution is to the right of the average and the distribution
has a long tail. This shows that when the fleet has insufficient mission time and the cooperation
factor is low, the improvement has a decreasing chance to be larger but the chance of having a large
improvement cannot be ignored.

Finally, we investigate the benefit of sharing under an extreme scenario where we have v = 0 for all
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Figure 3: Percentage improvements under scenario (L) for different cooperation factors and 7' = 110

regions. This means that if one vehicle collects the information from a region, the other vehicle gains
no extra reward for the fleet even if it also collects the information. This time, we consider scenario (R)
and three settings are tested with the corresponding parameters listed in Table |3l For each setting, we
generate 25 maps. We present two ratios in the table. Ratio 1 presents the performance improvement
through region-sharing according to the policy’s approximate value (E(w)) and Ratio 2 presents the
true improvement. We present the maps that have the largest and the second largest Ratio 2 among
the 25 maps for the corresponding setting. We observe a performance improvement of 15.37% in map
2. In addition, in maps 1 and 3, we observe the improvements through region-sharing directly from
the approximate values of the corresponding policies. In maps 2, 4, 5, and 6, we do not observe large
improvements from the policies’ approxzimate values (Ratio 1) but the true improvements (Ratio 2) are
much larger. This is because a large dependent set can exist when the two vehicles travel in the same
direction which can make a significant difference between V) (S) and V®B)(S).

6.4 Additional Insights

This section investigates the joint behavior of the fleet through region-sharing with respective to the
mission duration, the value of the cooperation factor and the search sequence.

6.4.1 The study of an idealized scenario.

We first investigate the problem using an idealized scenario presented in Figure |5, We have 10 regions
located on a straight line and every two adjacent regions have a distance of 1 unit. For each region «,
we set e, = 0.5, p, = 0.25, and s, = 0. Such a scenario excludes the influence of the regions’ location
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Table 3: Results under scenario (R) where max,eg v, = 0

Map | WxL | N| T /| [e¢ [0, 7] VE(NS) | VB(S) | vB(S) | Ratio 1 | Ratio 2
1 10 x 15 | 16 | 65 | [0.3,0.7] | [0.15,0.35] 5.81 6.33 6.34 8.95% 9.12%
2 10 x 15 | 16 | 65 | [0.3,0.7] | [0.15,0.35] 5.92 6.06 6.83 2.36% | 15.37%
3 14 %20 | 16 | 70 | [0.3,0.7] | [0.15,0.35] 5.58 6.14 6.14 10.04% | 10.04%
4 | 14x20 |16 |70 | [0.3,0.7] | [0.15,0.35] 5.95 5.97 6.31 0.34% | 6.05%
5 16 x 20 | 16 | 75 | [0.3,0.7] | [0.15,0.35] 6.03 6.10 6.39 1.16% 5.97%
6 | 16x20 |16 | 75 | [0.3,0.7] | [0.15,0.35] 5.22 5.23 570 | 0.19% | 9.20%

. VR (g . VRS
Ratio 1: V(T(](V;) — 1, Ratio 2: V(T(](Vg') — 1.

since it is not beneficial to skip a region and the influence of the information collection time in each
region since a vehicle will always collect the information if it detects it.

In the given scenario, both vehicles have to spend 11 units of travel time whether or not they skip
a region. When T' = 16, each of them has 5 units of time to allocate. From the results for v = 0.5,
we observe that all regions are searched, which means that each of the vehicles searches 5 regions by
spending 1 unit of time in each of them and none of the regions is shared. For v = 1.5, however, only
5 regions are actually searched and all of them are shared by the two vehicles. For v = 0.5, when we
give the vehicles more mission time, each vehicle tends to allocate the additional time to the regions
that are initially searched by the other vehicle instead of their own regions. This can be observed from
the increase of the “Shared(No.)” in the upper bracket of the table. This shows that the vehicles can
prefer region-sharing rather than securing their own information reward even if the cooperation factor
is below 1 (i.e., with low cooperation efficiency). For v = 1.5, when the vehicles have more mission
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Table 4: Percentages of the regions that are searched and shared

Searched(No.) | 10 | 10 | 10 | 10 | 10 | 10 10
v =0.5 | Shared(No.) 0 2 4 6 8 10 10
T 16 17 18 19 20 21 22
Searched(No.) | 5 6 6 7 8 9 9
v=1.5 | Shared(No.) 5 6 6 7 8 9 9
T 16 17 18 19 20 21 22
Searched(No.): The number of regions that are actually searched.
Shared(No.): The number of regions that are shared.

time, the vehicles can prefer allocating more time to secure the joint reward in a shared region that
have already been searched than searching new regions (under high cooperation efficiency). This can be
observed from the “Searched(No.)” in the lower bracket of the table since only 9 regions are actually
searched when each vehicle is given 22 units of mission time.

To investigate the influence of the cooperation factor, we now let the 10 regions have different
cooperation factors, from 0.2 to 2.0 with an increment of 0.2 per region. Two scenarios are tested.
(A): The regions are located so that each region has a lower cooperation factor than the regions on its
left. (B): The regions are located so that each region has a lower cooperation factor than the regions
on its right. We present the test results for different mission time 7" in Tables [ and [6] respectively.

Comparing the rewards (i.e., V4 (S) and V(5)(S)) in the two tables, we find out that the expected
reward gained in scenario (A) is slightly higher than the one gained in scenario (B). In addition, the
numbers below the cooperation factors are the conditional probabilities that vehicles 1 (left) and 2
(right) succeed in the corresponding region given that the information exists. Since the regions are the
same except for their cooperation factors, when regions are shared, intuitively we should expect the
vehicles to have larger probabilities to succeed in the regions that have larger cooperation factors. We
observe this intuitive behavior in scenario (A) while in scenario (B) we find out that both vehicles have
the largest probabilities to succeed in the second last region (v = 1.8). This is explained as follows: If
both vehicles reserve large amounts of time for the last region they may end up wasting the remaining
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Table 5: Test results for scenario (A) with different mission time 7’

T v =20 =18 v =04 v =0.2 VA V(s
15 0438 0438 0273 0273  0.000 0.000  0.000 0.000 1.072 1.072
20 0578 0.578 0438 0438  0.000 0.079  0.079 0.000 2.420 2.420
25 0578 0578  0.578 0.578  0.000 0.250  0.250 0.000 3.651 3.651
30 0.684 0.684  0.684 0.684  0.328 0.027  0.051 0.255 4.768 4.767
35 0763 0.763  0.706 0.706  0.298 0.299  0.186 0.267 5.757 5.755
40 0822 0.822 0776 0.776  0.358 0.375  0.299 0.309 6.613 6.610

Table 6: Test results for scenario (B) with different mission time 7'

T v =20 v =18 v =04 v =02 VBI(S)  vB(S)
15 0273 0273 0438 0438  0.000 0.000  0.000 0.000 1.050 1.060
20 0455 0455 0458 0.458  0.000 0.250  0.000 0.000 2.360 2.360
25 0497 0484 0486 0481  0.000 0.250  0.250 0.000 3.571 3.573
30 0521 0521  0.633 0.633  0.000 0437  0.437 0.000 4.644 4.647
35 0.605 0.602  0.711 0.711 0437 0.000  0.000 0.437 5.601 5.603
40 0696 0.693  0.745 0.742 0578 0.250  0.000 0.578 6.432 6.435

time if they detect the information early in the last region. As a result, they reserve the largest amounts
of time for the second last region. The sequence also influences the vehicles’ behaviors in the region
with low cooperation factors. In scenario (A), we observe that both vehicles have large probabilities
to succeed in the regions with low cooperation factors (v = 0.2,0.4) when more mission time is given
(T = 35,40). This is because that the low cooperator regions are searched at the end and if any vehicle
spends less time in its early stages of the search it will search these regions. However, in scenario (B)
the low cooperator regions are searched in the beginning. As a result, only one vehicle will commit
to each of them since the cooperation factor is too low, i.e., it is not economical for both vehicles to
search them without knowing how much time they will need in the future.

To further investigate the influence of the sequence, we take scenario (A) and then change the
position (counted from the left) of the region with the highest cooperation factor (y = 2.0). The
results for 7" = 40 are presented in Table [7]

Two observations are obtained from Table [7, When the region is located in a later position, both
vehicles have smaller probabilities to succeed in the region. More importantly, the expected reward
that the fleet can collect also decreases. Combined with the former observations, the observations
suggest that it is more beneficial to search regions with higher cooperation factors before searching
regions with lower cooperation factors.
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Table 7: Results for different positions of the region with the highest cooperation factor

T 0.822 | 0.822] 0.799 | 0.799 | 0.799 | 0.789 | 0.785 | 0.785 | 0.770 | 0.699

72 0.822 | 0.822] 0.799 | 0.799 | 0.799 | 0.789 | 0.785 | 0.785 | 0.770 | 0.685
Reward | 6.611 | 6.610 | 6.609 | 6.608 | 6.605 | 6.602 | 6.597 | 6.586 | 6.560 | 6.488
Position 1 2 3 4 5 6 7 8 9 10

7' The conditional probability for vehicle i € {1, 2} to succeed in the region given that the information
exists.

6.4.2 The study of random scenarios.

In Table 3| we observe some cases where VB)(S) is very different from V#(S) (maps 2,4,5,6) while
in Tables [5| and @ VI (S) and VB (S) are very close. To further investigate this observation, we
use three different amounts of mission time 7" = 65, 80, 100, and randomly generate 25 maps for each
with the parameter setups listed in Table [8] The tests are performed for scenarios (L) and (R). As
illustrated in Figure [I]in §4] and the results presented in Tables [I] and [2| when the two vehicles travel
in the same direction, we expect large dependent sets; on the contrary, when they travel in opposite
directions, we expect the dependent sets to be small or empty.

We select the maps where we observed a considerable difference (more than 1.5% or smaller than
-1.5%) between the approximate and exact values of the best policy obtained after sharing for each
scenario (Ratio 1 and Ratio 2), or between the exact values of the best policies obtained for both
scenarios (Ratio 3). We found 8 out of 75 random maps, which are listed in Table[§l Comparing Ratio
1 and Ratio 2 in the table, we find that the exact and approximate values of the policy obtained for
the scenario (L) is more likely to be different. In maps 7, 8, 10, 11, 12, 13, and 14, we observe a large
difference between R(r) and R(m). On the contrary, the difference in scenario (R) can be negligible
except for map 22. This shows that a larger dependent set more likely leads to a difference between
ﬁ(ﬂ) and R(m). However, the influence of the dependency can be either beneficial or harmful. In
maps 8, 10, 13, 14, R(r) is greater than E(W) but in maps 7, 11, 12, R(w) is smaller. Combining this
observation with Ratio 3, we find that when the dependency influences in a positive way, the policy
obtained in scenario (L) can be better than the one obtained in scenario (R) where the influence of
the dependency is negligible. We also notice that 7 maps are selected for 7' = 80, 100 but only 1 map
is select for T'= 60. This shows that the dependency has a larger impact when the fleet is given more
mission time.

Finally, for both scenarios presented in Table , R(w) and R(w) are close in map 9 and R(7) is
greater than E(W) in map 14. However, in both maps we observe that the policy found in scenario
(R) is better than the one found in scenario (L). This means that regardless of the dependency, the
travel direction can make an significant influence on the performance of the policy obtained through
region-sharing. This observation is consistent with the observation obtained from Tables [ and [6] that
the search sequence of the regions can make an impact to the expected reward that the fleet can collect.
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Table 8: Random maps for testing the influence of travel directions

Map | Wx L | T | V®(S) | vB(S) | VB (S) | VIB(S) | Ratio 1 | Ratio 2 | Ratio 3
7 14 x 20 | 65 6.84 6.66 6.87 6.89 -2.63% | 0.29% | -3.34%
8 14 x 20 | 80 10.26 11.05 10.41 10.41 7.70% 0.00% 6.15%
9 14 x 20 | 80 8.73 8.73 9.32 9.32 0.00% 0.00% | -6.33%
10 | 14 x20 | 80 10.78 11.42 10.79 10.80 5.94% | 0.09% 5.74%
11 14 x 20 | 100 12.72 12.44 12.65 12.66 -2.20% | 0.08% | -1.74%
12 14 x 20 | 100 11.98 11.04 11.98 11.98 -7.85% | 0.00% | -7.85%
13 | 14 x 20 | 100 10.51 11.09 10.58 10.58 5.52% 0.00% 4.82%
14 | 14 x 20 | 100 11.16 11.65 11.19 12.02 4.39% 7.42% | -3.08%

Ratio 1: ;Ei;g — 1, Ratio 2: g:gg — 1, Ratio 3: “;E;—ig‘;; —1

Unlisted parameters: [v,5] = [0.0,2.0], [e,€] = [0.3,0.7], [p, p] = [0.15,0.35].

6.5 Multi-vehicle Implementation

Finally, we explain how to implement the method in cases having more than two vehicles under
Assumption . The approximate formulation (IAP) and the solution algorithm (Algorithm [1)) can be
modified in the following way: For each vehicle i, problem (IAP?) is constructed by fixing the policies
applied by all vehicles except vehicle ¢ where 7% (7),a € S; may be calculated from different vehicles’
policies. Then we can obtain a Markovian policy by solving problem (IAP?) using the same formulation
defined by and ([17). Within each iteration of the algorithm, we solve problem (IAP?) for all i € U
and the algorithm continues until no improvement is made during an entire iteration where a local
optimum of problem (IAP) is reached. To calculate the expected reward of the obtained policy, we
first calculate R™ i € U, i.e., the expected reward that vehicle ¢ collects from its non-shared regions,
for which we can use the same algorithm provided in §B] Since a shared region « is assigned to two
vehicles under Assumption [I, we can still use Theorem [3| to identify the dependent set of this region
with respect to the two vehicles. Then can be applied to calculate the expected reward collected
from the region. However, as explained in §4.4] calculating the expected reward from a shared region
requires enumerating 2!5/~! possible scenarios in the worst case, where |S| is the number of shared
regions between the two vehicles. If every vehicle shares regions with each of the other vehicles,
we need to enumerate a total number of ) . oy 215N Si1=1 possible scenarios in the worst case, which is
computationally expensive. This is the reason that we do not perform the numerical tests for scenarios
having more than two vehicles. Nevertheless, the computation time to obtain a Markovian policy that
establishes a local optimum of problem (IAP) does not increase significantly since the computation
time that each iteration of Algorithm [1| takes increases linearly with respect to the number of vehicles.
Finally, we should note that the bound in Theorem 5| still holds in the multi-vehicle case as long as
Assumption [1] holds. The corresponding proof can be mimicked using the steps presented in §C|
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7. Conclusion and Future Research

This paper studies how to route a fleet of vehicles to search and collect information from a set of regions
with uncertain information. We demonstrate the benefit of using a region-sharing strategy under a
decentralized environment and develop a method that conquers the computational difficulty of the
associated time-allocation problem. A Markovian policy is derived to guide the vehicles’ decentralized
decisions, which is obtained through a decomposable approximation of the original problem. We
propose the concept of dependent set to calculate the exact value of such a policy using conditional
independency. A sufficient condition is developed under which there exists an optimal Markovian
policy that solves the time-allocation problem, which also implies that the approximation is exact
given the condition. To examine the performance loss of using a Markovian policy, we develop a tight
upper bound on the performance of a decentralized time-allocation policy. Through a numerical study
we show that region-sharing is beneficial even in the scenarios where the regions’ cooperation factors
are low. In addition, when the cooperation factors increase, we observe an increasing trend of the
performance improvement through region-sharing. These results establish the value of the method
developed in this paper. Insights are gained for understanding how mission time, cooperation factor
and search sequence influence the vehicles’ behaviors under a region-sharing strategy.

The strength and simplicity of a Markovian policy makes it a valuable alternative solution for other
DEC-POMDPs, which involve multi-agent sequential resource-allocation. The resource to allocate is
not restricted to time. For instance, we may have a team of agents, each of which has a fixed budget to
fund several assigned projects. Each project may consume a different amount of money to continue in
each period and the success of a (some) project(s) provides a (joint) reward to the team. A Markovian
policy can be obtained using a similar iterative method under an independency assumption.

The study in this paper has several limitations. The theories only hold for the scenario where a
region is shared by no more than two vehicles since we do not provide a reward model to determine the
joint reward collected in a region that is searched by more than two vehicles. Given a proper reward
model, we can still find a Markovian policy using the iterative algorithm designed in the paper under
the same independency assumption but the upper bound will not hold. We leave the investigation for
future research considering that many missions may require cooperation among several vehicles for a
single task (region). Another extension is to allow a region to have multiple pieces of information.
Under this situation, a vehicle might not leave a region after detecting a single piece of information.
Moreover, our model is established by assuming that the existence of information and the corresponding
detection time in different regions are independent, and the detection time of two vehicles in a shared
region is conditionally independent given that information exists. Relaxation of these independencies
is suggested for future work. In short, our study is only an initial attempt to model and solve the
decentralized multi-vehicle resource-allocation for information searching and collecting. With future
relaxations, we believe that the model can cover a broader class of DEC-POMDP problems. Our hope
is that the proposed method can turn into a powerful tool to conquer those problems which are known
for their notorious computational complexities.
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A. Integer Programming Formulation for Routing Models

In this section, we provide two examples to illustrate how to create initial route families. The first
example minimizes the total travel time of the fleet under the condition that each region has to be
visited by exactly one vehicle. This model seeks the maximum total amount of remaining time for the
fleet to invest in searching and information collecting; however, it may assign unbalanced workload
to the fleet members. For instance, a vehicle may incur a large travel time to cover many regions so
that it has little time to invest in searching. On the contrary, another may have a large amount of
remaining time to spend but only have a few regions to search. To help circumvent this issue, the
second model minimizes the maximal travel time of a vehicle. This model seeks a solution under which
each vehicle will have a reasonable amount of time to spend in searching and information collecting
after the assignment. We define the following notation.

u set of vehicles.

A set of regions to search, A = {1,2,...,L}.

m index of a vehicle, m € U.

i, indices of regions, i,j € A.

0,L+1 indices represent a vehicle’s start and end depots, respectively.

ziy a binary variable represents whether vehicle m travels from region i to j, i,j € A.

xg% a binary variable represents whether vehicle m travels from its start depot to region i, i € A.

T a binary variable represents whether vehicle m travels from region i to its end depot, i € A.

xg?L 11 a binary variable represents whether vehicle m travels from its start depot to its end depot

d(i,7) a given integer provides the travel time between region 7 and j, 7,7 € A.

d™(0,1) a given integer provides the time for vehicle m to travel from its start depot to region i,
ie A

d™(i,L+1) agiven integer provides the time for vehicle m to travel from region i to its end depot, ¢ € A.
d™(0,L+1) agiven integer provides the time for vehicle m to travel from its start depot to its end depot.

k" an integer variable represents the order index of region 4 for vehicle m.
Zm an integer variable represents the total travel time of vehicle m.
Zmaz an integer variable represents the maximal travel time of a vehicle among the fleet.

We first present the formulation for the model that minimizes the total travel time of the fleet
subject to that each region in the area is visited by exactly one vehicle.
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(Routy): Minimize the total travel time.

min Z [ Z d(z, j)x; + Z(dm(o, gy +d™ (@ L+ D)) + dil 20 4]

meU i,jeA €A
s.t. ng"‘l + x5 =1, mel, (24a)
icA
Zx?,TLH + a4 =1, meU, (24b)
ieA
IEB%-I—ZJUE::ETLH—FZ@Z, i€A mel, (24c¢)
JeEA jeA
YD ali+af]l=1,icA mel, (24d)
meU j#i
K=k > a2l — (1 —a)(L—1), i,j € A, m €U, (24e)
zi; €40,1}, i,j € A, meU, (24f)
ro; €1{0,1}, i€ A, mel, (24g)
v €401}, i€ A, mel, (24h)
Tor1 €101}, mel. (24i)

In (Routy), the objective function is the total travel time of the fleet. (24a))-(24d) compose the flow
balance from the start depot to the end depot for each vehicle. requires that each region is visited
by exactly one vehicle. (24¢]) enforces a strict order of each region visited by a vehicle. — are
binary constraints.

Then we present the formulation for minimizing the maximal travel time of a fleet member while
each region still has to be assigned to at least one vehicle.
(Routy): Minimize the maximal travel time of each vehicle.

min 2,z

st (%))
mar = Y d(i )7+ > (d(0,8)af + d™ (i, L+ D)l ) + di 2, mEeU. (25)
ijeA icA
In (Routy), the right hand side of is the total travel time of vehicle m. Since z,,,, is greater than
or equal to each vehicle’s total travel time, minimizing 2,4, is equivalent to minimizing the maximal
travel time of a fleet member.

Next, we present our re-optimization methods. Consider that vehicle m receives a new assignment
H™ = {h{", by, ..., b7 WY .., hE .} Here h",h3',...,h] are the indices of the originally as-
signed regions and 1,2, ..., L,,, are their corresponding order indices in the original route. A7, |, ..., h7",
are the indices of the shared regions added to the route. We first introduce the formulation for the
unconstrained re-optimization method.
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(Routz): Minimize the total travel time of vehicle m.

min Y d(i, f)al + Y (d™(0,8)afy + d™ (i, L4 Day ) + di 1

i,jEH™ ieH™
s.t. > g =1, (26a)
i€H™
Z rip =1, (26b)
ieH'm
Z Ty + Toy = Z e+ a g, 1€ HY, (26¢)
jeH™ jeH™
S alitap =1 i€ H", (26d)
jeH™
i —t" > aly - (L—a)(L—1), i,j € H” (26e
zi; € {0, 1}, 4,5 € A, (26f

xg,Lz S {07 1}7 (AS -’4’ (
Q:ZlLJrl € {07 1}7 (&S Aa (26h
o € 0,1} (26i

In (Routs), the objective function is the total travel time of vehicle m. Constraints (26a))-(26¢)
establish the flow balance. (26d)) requires that each assigned region has to be visited by the vehicle.

(26€]) enforces a strict order of the assigned regions to be visited. (26f))-(261) are binary constraints.
Finally, we present the formulations for the constrained re-optimization method.
(Routs): Minimize the total travel time of vehicle m but retrain the orders of its original regions.

min 2,,qz

st (@)@

mo> =12, Ly — 1, (27)

hit1

(27) is the additional constraint that we put for the constrained re-optimization, which retains the
orders of the original regions. Note that region hj}, has a higher order than region h;" in the original
route and enforces that it must be visited later than region A" in the re-optimized route.

B. An Algorithm to Calculate the Expected Reward and
Success Probabilities

For a suggested route H; = {h, h{, h%,...,h b .} and a Markovian policy m;, Algorithm [2| provides

two outputs: 7/,(m;|6y: ) for hf € A and R™ (only when V = (). For any given V C S, we define
l h;

Vfl;» ={h%, hy, .., h V. Tif(mw"i;) is the conditional probability that vehicle i succeeds in region

hi given 0y and 6),; = 1.
hi
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Algorithm 2

Require: H' = {h,hi, hb,...,hG hy 1}, m = {ZZ;‘(T)5IZ;‘(t)7yZ;‘( ), 2 hl( ):t=0,1,2,...,

Initialization: R™ < 0; l. + 0; f;i(ﬂevp),fgi(ﬂevi.),f}fi(t|9\)zv ), [l (t0y: )« 0forl=1:L; t=0:T;
) l hZ' l h% 1 hZ’+1 l h?

T;Lz(ﬂ'zww) +—O0forli=1:1L,.
L h;

1:

2: le 4= 2, (T), fi (T — d(hi, i )|6y: ) + 1.
'

3: forl=1.:L; do

4: fort: ffl,» (t\t‘)w_) >0 do

5: for x =1: 2} ()do

6 eyt = alfys ) = Fe(t = alfys )+ cpn ().

1 L

7 end for

8: if h! ¢V then

9: for x =1:x) ()do

10: folt—aliy ) fiy(t—alov: )+ enny(o)

g hiiq ‘ I+1
11: end for
12: it = ah OOy ) fi(t =z (OlOye )+ [1 = eng Py (2, ()] f: (H0v2)-
l l Py hit1 l l hi

13: else

14: if HhL =1 then

15: forz=1: ) ()do

16: it $I9w ) = fri(t—=lbyi ) +pyi (@)

‘ hita ‘ hii1 )
17: end for
18: fff;'(f - x;;(tﬂev;i ) < fhz(t - ( )|9w ) +[1— Ph;‘(%;(t))]f,f;(t|9v;i)-
I+1 +1 "l
19: else
20: FL (= (Ol6y ) FLE— 2l (Dl0y: )+ Sty )
41 41 ‘1
21: end if
22: end if
23: end for
24:  fort: f7(t/6y: ) >0do
l h; B
25: Thi (il ) 4= 7 (il ) + 43 () fs (t0v: )/ (1= epy)-
' 1 : 'l
26: end for
27 fort: fhz (t|9VL )>0do
hita
28: if ' € O; and V = () then
29: R™ « R™ + y;ﬁ (t)f;i; (t‘av’ii )gh’{'
Y41
30: end if
31: f;c,,l;‘ (t— yz;‘ (t)shj ev;;i ) < f;f;‘ (t— y;;’ (t)shj ) + fﬁ; (ﬂevii )
’ I+1 : : 1+1 : 1+1
32: end for
33: fort: fhl (t|9vl, )>0do
l+1 X
34: lg Z ( ) fhl ( (h;a d)|9v2i )(_ f}?;(twv;ﬂ )
1 ‘ 1+1

35: end for !
36: end for

1+1

37: return R™ and 7/, (m;|6: ) for I =1: L.
1 h;‘

T,1=1,2,..,L;} and 6y.
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We use the following quantities in Algorithm : For a given 6y , f}:(t[6y: ) is the conditional
h; 1 h; B
probability that vehicle ¢ arrives at region hj with ¢ units of remaining time and fy,(¢[6y: ) is the
1 h;

conditional probability that vehicle ¢ detects the information in region h{ with ¢ units of remaining

time. For a given 6\ , f;(t|0\: ) is the conditional probability that vehicle i detects the information
| IR A
in hj with ¢ units of remaining time and f/(¢|6): ) is the conditional probability that vehicle i leaves
. l niy
region h; with ¢ units of remaining time.

In the algorithm, lines 3-23 correspond to searching. Lines 6-9 update f,j (t]6y: ). Lines 8-23 update
! h;
fi (6 ) and fi(t|6y: ): Lines 9-12 are for the scenario hj ¢ V; lines 15-18 are for the scenario
1 h;'+1 l h;+1

where 0,; = 1 is given in 6y ; line 20 is for the scenario where 6; = 0 is given in 6y: . Lines

+1 hl+1

24-32 correspond to information collecting. Lines 24-26 update 7/, (m;|6,: ) using f}f (|6, ) calculated
l h’lL 1 hi”

in lines 6-9. Lines 28-30 update the reward R™. Line 31 updates ff(t|fy: ). Lines 33-35 correspond
l 1

hl+1
to leaving a region where we update f;; (t|f: ) for the regions that will be visited afterwards using
lg hi

la
f oy ).
I+1

Finally, if we set V = (), the algorithm outputs R™ and 7}, (m;). If we set V = &5 where ®p is the
. l
largest dependent set, 7/, (m;|0y: ) is the conditional probability required by 1 in .
1 h;

C. Proofs

This section presents the proofs of the theorems and propositions proposed in §4| and §5| of the main
article. Let x be an arbitrary k-dimension integer vector, throughout the reminder of the appendix,
3" represents that the summation is over the k-dimension integer lattice, i.e., ZF.

ﬁroof of Theorem [3 The fleet’s policy changes only in line 5 and line 7 of Algorithm [ Without
losing generality, we assume that i = 1,7 = 2. Let (7}, 75) be the policy obtained after k iterations
of the loop defined in lines 3-10. R* and R** are the corresponding values of R and R* at the end of
the kth iteration (after line 9 is executed). R represents the objective value achieved in the former
iteration and R* is the objective value achieved in the current iteration. At iteration £ > 1, the
problem solved in line 5 is 7} € arg max{ﬁ(m, ™ m e ﬁl} and the problem solved in line 7 is
7k € argmax{R(w*, m) : m € II,}. We should note that R¥ = R(x*' 75~1) and R* = R(zk, xh).
First, we have

~

R* = R(xF ', 7Y < max{R(m, 75 ") : m € I} < max{R(7", m) : m € II,} = R*. (28)

If R > RF for k = 1,2, ..., K, we have R(xX, nl) > R(xF~" nf~1) > ... > R(x},x}). Thus, we must
go over K different policies. Since there is a finite number of policies, after a finite number of iterations

~ =

(K), we must reach R* = R, which is equivalent to ﬁ(ﬂ?j,@?—l) — R(xF, 7). According to ,

~

75~ must solve max{f%(m, 7571 o € I} in line 5 and 75~ must solve max{R(7¥ ™1, 1) : 1 € II5}
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in line 7 (note that no update is made at line 5); otherwise, R* must be strictly greater than R.

Therefore,
71'1?_1 € arg max{]f?(m,@?_l) = ﬁl},
751 ¢ argmax{R(7E " my) : my € 1L},

and the algorithm converges to a local optimum of problem (IAP). O
Assumption [2| serves as the key assumption to establish the proof. We first introduce a lemma that
develops three direct results from Assumption [2|

Lemma 2 Under Assumption[d, for any route family we have the following results:

i). ForV C A,

P({ba}tacv) = H Jou( (29)

acY
ii). Consider two region sets Vi,Vo C A. Let &' =V, (V2 and O =V;\ §',i € {1,2}, and we have

<{wé17 96!1 }0160’17 {ng’ 9012}&26(957 {wév wi}aes/‘{ea}aes’)

= I fus, (wel0a)for, 0a) 1] fuz, (oclbar) fou, (0ar) [T fun (wil) fus, (il0a) (50

a1€0] a2€0), aeS’!
:P({wél, 9111}01160’17 {wé}aeS’|{9a}a€$’)P({wigv Haz}aze(ﬂga {wi}a68’|{9a}a€8’)7

where

P({w;iaeai}aie(’);a {wg}aES’Hea}aES’ H fwl az al f9 oaz H fwl 7 1€ {172}

0;€0; aeS’
(31)
iii). Consider two region sets Vi, Vo C A satisfying Vi (V2 = 0. We have
P({ng? 9042 }a2EV27 {wiq’ 00&1 }016V1) = P({wiy QGQ}QQEW)P({wip 0041 }O¢1€V1)' (32)

Moreover, let g({w;veal}alevl) be a function of {wélaeal}alevl and x be a reachable value of
g({wép On, }ayev,). We have

({wa27 0042 }02€V2‘g({wa1>9a1 }01€V1 H waQ a2’9a2) ag( a2) (33)

g€V
Proof. i). Let U' = {1} in (4) and we have

P({fa}aev) = Y P({ws,ba}aev)

{wa}aev

Y 1 fue@ilba) fou, (6ar) = [T 10w, (6a) D fur (wilba)] = [ ] fo. (60)

{wl}aecy @€V acV w}, agV
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i7). It is obvious that

P({w;p 9(11 }a160’17 {w§27 eag}age(%: {w;, wi}aeS”{ea}aes/)
P({wéla 00&1 }oqEO’la {’LUEQ, 9042 }agEO’Qa {wém w?y’ 0a}a€8’) (34)
fm{ea}aesd

Using Assumption [2 and , can be written as

P({wy, s bas Yareoys {102, Oas Yaseoy {wh, W) Yacs[{0aacs')

[avcor fur, (Wh10:) fou, Oar) Taneoy Fuz, (W2,100,) fou, (00s) Tlacs: fus (wh10a) fus, (w210a) fo. (Oc)
B HaeS’ fe( )

= 11 fur, (whi100) fon, (Bar) TT fuz, (w2,1005) fou, (Bas) T fur (whlfa) fuz (w2]6a)-

a1€0] a2€0) a€eS’

We only need to show that is true. Using Assumption [2| and , we have

i 7 P({w&79az}al (’)'_,{w(i)“@a}a S/)
P({wa“eai}aieofﬂ{wa}a€$'|{0a}a€3/) — i €0; c

({9 }aeso
[aicor fur, (e, 100,) fou, (0a,) Taes fur, (e l0a) fou(
T T e S WX EATRINTRY | PN

a; €0} acsS’

iii). We first prove (32)). Using Assumption [2]

P({wiy 9012}0129)27 {wiq? 0011 }011€V1) = H fw}ll (wil ‘0041 )f9a1 (0011) H fng (wig ‘6042)f9a2 (9012)

a1€EVr az€Vs

:P({wiy HQQ}QQEVQ)P({wip 00&1 }OtlEVl)'

The last equality also comes from Assumption [2| by setting & = {i} and A" =V, for i € {1, 2}.
Now we prove (33). Define an indicator function x(z,y) so that x(z,y) = 1 if = y; otherwise,

k(x) = 0.
P({w(%Q?0a2}02€V2|g({wiM17eal}a1€V1) =)
Z{wélﬁal}alevl “(9({7”517 Qal}alevl)am)P({wiga Oz banevss {wiq?eal}alGVl)
- D Oty FOW0h, O Yasevis )PSO Farevs)
(3 0t o, BI0, O Yarewn ) @) P O Yor eI, By Yasevs)
- Dt by terew, K0, o Yareves @) P{), O, Yoy evs)
=P({w?2, 0y asevs) = [ fuz, (€2, 160s) fon, (Bes)-

agE€EV)

Note that the second equality comes from (32). O
We define a random variable tZi: For a random scenario, if region h{ is not skipped by vehicle ¢ under
l

policy m;, 7} is the remaining time of the vehicle when it arrives at region h}; otherwise, thz is equal to
1
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d(hj,h7, ). Here a random scenario refers to a realization of the random variables {w;’&  Opi Pr=t-1-

With the assist of tZ;, we can define an indicator function uhz (whl, thl) so that uy (whb, t’}:;) = 1 if vehicle

i succeeds in region hj given w}, and thi, otherwise, uhl (w}'ﬁ, tZ;) = 0. Such an 1nd1(:ator function can
be represented in the followmg.

. 1 1fw <zt (t7) and ¢, (t7 —w!,) =
i) = = 20 om0 i) 35
0 otherw1se.

To show that the indicator function defined by is consistent with the fact, we consider three
possible cases for a random scenario:

1. Region h} is skipped under the given scenario:  When region h! is skipped, we have tZi =
1

d(hj,h7, 1). It is obvious that <thl) 0<1<w
der this case.

e Thus, we have uhl(w}'ﬂ,tﬁ) = 0 un-

2. Region h} is visited by Vehicle i but does not have information: When region h! does not have
information, we have w};, = T + 1. Since xhl (ty ) < T < T+ 1, we also have u”l(w =0

hz? hz)
under this case.

3. Region A} is Visited by vehicle ¢ and has information: The search time Scheduled by vehicle ¢

in region hj is ), (t”’) and the information can be detected if and only if (t”’) wh ;. If the
l
information is detected by the vehicle, the vehicle will have ¢} — whz units of remalning time.
l
Then, the vehicle will collect the information if and only if yh,( — w ) = 1. Thus, the vehicle

will succeed in this case if and only if xhz( h;) > whz and yh;( W hf) =1.

Therefore, the indicator function is consistent with the fact.

The proof of Theorem [3| relies on the following lemma, which states that a vehicle’s remaining time
when it arrives at a region is only dependent on the realizations of the random variables associated
with the regions that have lower orders than the current region.

Lemma 3 Given a Markovian policy m;, t;: can be written as a function of {Qh};, wfl,- bi=14,-1 for any
I k
li Z 1, 1.€.
tzgl = g;lri({eh;? wz%}l:l:h*l)u (36)

where g;r;f (1) maps an integer vector to an integer value.
L

Proof. If [; < Z,Zz (T), we have t;; = d(hj,h% .,). Then we define ggf ({Hh;-, w}ii}l:l:li—l) =d(hj ,h .4).
0 1; ’ ¢ I A g i
Ifl; = z}lo (T), we have tZ; =T —d(hi,h%, ;). Then we define tZZ =T —d(hi,h}, ;). Therefore, the
lemma holds for [; < 2, (T').
0 .
We will prove the result for I; > z;; (T) using induction. As the induction hypothesis, suppose
0

holds for I; < k, where k > ZZ (T). To complete the induction we only need to show that li holds
0
for [; = k + 1. Consider two possible cases:
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1. If region hj_, is skipped under the scenario, we have ty = d(hi i1, hr,41). Then we can define
Plet
g;iﬂ({@h;, h;'}l=1:k) = d(th, hLiH)-

2. If the vehicle visits region hf 41, let h%, be the region that the vehicle comes from, where k&’ < k.
We have
=t —min fug, at (@)= (g 1T s, — d(h B (37)
In the right hand side of , the first term is the vehicle’s remaining time when it arrives at
region ht,. The second and the third terms are the time spent in searching and in collecting
information from region hi,, respectively. The last term is the travel time from region h, to
region hj . According to the induction hypothesis, tZﬁ (mi) = g;;;({ehf, wzi}lzlzk/,l). Define
9;£+1({(9h;‘7w2§}1=1:k) :9,7;3 ({Qh;‘,awig',}lfzhkul) — min {WZZNQT%, (gzi,({ehg,aw;;,}llezk/q))}

772

w7 (k97 (O 0l Foarm 1)), — 0 B
(38)

Combine the two cases and we have tm = ghl ({th hl }l/ 1.4,) well defined for [; = k + 1. It is easy
to verify that gy (+) only provides 1nteger values in since all terms used are integers. Thus, the
k+1

induction is complete and the lemma holds for [ > 2}, (T) O
Proof of Theorem[3 Let l; and Iy be the corresponding orders of a shared region @ in vehicle 1’s and
vehicle 2’s routes, i.e., @ = hll1 = hl22. For a random scenario, let {th wy i }1=14, be the realization
l
of the corresponding random variables that vehicle ¢ will encounter. Accordlng to Lemma , th =
l

ghl ({0, w hl ' h=10,-1), 1 € {1,2} where g’” (+), i € {1,2} are well defined functions. According to
the definition of dependent set, we have {h hy,....h) 3 (A3, h3, ... hi,_1} = ®4. Define O] =
{hi,hy, ... h) 3\ @5 for i € {1,2} and S" = O | J{a}.

Let 7o(7|0s,) be the conditional probability that both vehicles succeed in region & given fs =
{04} acs where 5 = 1. Using the indicator functions uhz (wt, ,t7), i € {1,2}, we have

Kt
Ta(m|0s,)
= Y }: {ug(w;,tﬁ)um(w;,t@)f&@%,wéﬁeﬁfu%g,hl,hgwg)}. (39)
{9h1 ’ ,1”1 7h1 }{9h2 whl2 ’ }

151 lo

To rewrite ([39)), we use the same indicator function (z,y) defined for proving i) of Lemma [2] and
To(m|0s) is equal to

Z Z ZZ{ Z% U)h1 )I{(tlvgglll({ghi7w}llllc}kzlzll—l»uz? (whz tg)

{Ghl, hl}z 10y {'9,127 hg}z 1y, 0
K(ta, 92?({9%; wh% Hre=t05-1)) P({0h1 w;llllﬂ}k:ul, {Onz, w}%%}k:hlg |93f)}-
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For P({0)1, wllz,lc}k=1¢lw {02, wii}k:1:12|951), we have

P({0n1, wyy dr=rys {0z, Wiz =1 057)
{ P({eanwél }a1€(’)’1a {eaza wiz}weoéa {wém wi}aES/‘eS’) if eh}cl = ehiz = éav Vh,lﬂ = hZQ =ac 8,7
0

otherwise.
(40)
For P({Ohi,wzi ), i € U, we have
k
. P({8a,, !, Yarcor, {w' Yacs/|0s)  if Oy = Oy for Vhi =a € &',
P({@h};,whz}k:uil@s') :{ 0 e ) othfell;wise ' (41)

Using i7) of Lemmal and , P({0h1, whl};C 115 {02, whg}k 1.,|0s) can be further rewritten

as

P({031, wpy bmrirs {0025 wha bemrts 0s) = [ P({00g wjs Ym0 (42)
€U

Using ([42), 7a(7|fa,) can be written as

Z ZU whutl (tlaggllll({Hh}cawii}k:l:ll—l))P({eh}C)wii}k:1:11|98’)
{0h11 wh}}l 1:0q a1

(43)

x Z Zu (whe 2)5(t2, gz ({On2 Wi Yo—tt-1)) P({0nz, Wi b1, |0)

{ehl27 hlg }l—l.lg t2

Since

Ta(milfe) = Y Zu whz i)hlti, gy ({Ons» wng Yot —1)) P({Ohs , wiy o1, [0s0),

{eh;fwh;}l 1:1; 1

which is the conditional probability that vehicle ¢ succeeds in region & given fs/. Therefore, whether
a vehicle succeeds in region « is conditionally independent of the other vehicle given 03, and the
information exists. O
Proof of Proposition[4 We just need to show that if a € ®,, we must have o € ®,,. To see this,
since a € ®,, we have I, <1 ay- According to the proposition’s condition, we have I,<1I a <1,
Therefore, we have a € ¢,,. O

The proof of Proposition [3| requires the following lemma, which considers the policy in the form
of and proves a similar result to Lemma |3| but for both the remaining time and the observation
variable.
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Lemma 4 Consider a policy m = (m1,m) where m; = {z,(t,0l, ),y .(t,0}; ),z hl(t o, ):t=
’ l -1 1 1-1 —1

0,1,2,...,7,1 = 0,1,2,....,L;}. Let {th,wﬁﬁ-}l:l;li be a realization of the scenario that vehzcle 1 will
1

encounter until leaving region h} Under this scenario, for any l; > 1,

t;: = ;i({%,wz%}zzl:li—l),

Ohi = Myt (s> Wy hi=r,),

where ¢} (+) and 0y (+) are functions that map an integer vector to an integer value.
1 L

Proof. Ifl; < Z;Lg (T), we have tZ; = ;{_({th,w%}l:l:li_l) =d(hj ,hf ) and ohl = nhl ({th wh,}l e
0. Therefore, the lemma holds for I; < z;,(T). If I; = z;,(T), we have t;; = ({th whl}l L1) =
0 0 L

T — d(h{, h;,). Given whl, define

ah, (T —d(hi, hi),0) if 2 (T — d(h{, h),0) < w;,
Mot ({Ons, wyi i=12,) = Y s
hi, T ‘ -1 if 2} (T d(hy, hy,),0) > w)

Y
L

Here 0 is a zero vector that represents previous observations. Thus, the lemma also holds for [; =

z;L (T) We define an indicator function uhl( h“t o), )forl=1,2, .., L;satisfying uy ( h“t o, )=
/ —1 —1
Lif x), (t o, )> wz and yhl (t — hwozz ) =1, Which corresponds to the scenario where Vehlcle i
-1 -1
finds the 1nf0rmat10n in region h! and collects it; otherwise, uhl( hio b o, )=0.

—1
For I; > Zhi (T'), we prove the lemma’s result using mductlon. As the induction hypothesis, we
0

assume 1} holds for I; < k where k > 2}, (T'). Now we consider I; = k + 1. Let hj, be the region that
0
vehicle i travels from. We have two possible cases:

1. If region hj_, is skipped under the scenario, we define:
;{H({Hh;'a wz;‘}lﬂ:k) = d(Rjt1, hi,+1) and 77 ({Gh%, wz;‘}l:l:kﬂ) = 0.

2. If the vehicle visits region hi, 41, let ht, be the region that the vehicle comes from, where k&’ < k.

We have
9 4T i (4T i u™ i U i o % i
th2+1 th};/ mm{xh;,(th; ,oh;, 1) whﬁc,} Uyt (whzl’thz,’oh;,)shif d(hyy, hiyq).

According to the induction hypothesis, we have:

th’ = Chl ({th whz}l 1:k'— 1) Ozl- = {77;;; ({th,whi}lzlzl/)}llzlzkz_l. We can define
K/ —1 v ! t

2:+1({9h;'7w2;‘}l:1:k) = C,ZZI({Qh;‘/,wz;/}z/:m'—l)
— min {whik, i (G ({0 whs Yo 1), {nf ({6 wig}l=1:l')}l'=1:k'71)} (46)

71'1

hl (w%,? }7:£,<{6h§,7wzli,}l’=1ik’*1)7{n;rg/({ehf7w;ﬁ}l=1tl’>}l’=1tk’*1)8hz, _d( ;:6/7 ZJrl)'
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For ohl we have
k+1
. (T o, if " ol w,
O _ h}c-&-l( h2+1 hi) h?ﬁ-l( h}c—‘—l? h}c) - h§c+1
h;’g - (¥} ’L l
+1 Wi if 2 t oL, ) <w
hk+1 h§c+1 ( h}c+1 ’ h}c) h}c+1

Then we can define

¢ . , . }
’;7,24_1( ];ri_‘_l ({Hh;, ) wzz/}l’:l:k% {772—%, ({ehfa U)Z% }l=1:l’>}l’=1:k>
ity (G ({6, wy Yrma), {ms ({Ong wh hmrar ) brman) 2
. ; hl ht Y ht R/ hi ) h : : - ht
772%;1({9%’@“2}}1:1:“1) = e v b’
Wi, |
Uy .
| if wh;H( k+1({9h;, hz/}l’:l:k)a {nh;'/({eh;awzg}lzlzl’)}l’:lzw < whkﬂ'
(47)
Combine the two cases, we have tzk = ;£+1({9h;-,w2§}l:1:k) and 022 = ”hz ({0 Zi}l:1:k+1)

well defined. It is easy to verify that Cﬂi; (-) and ngi N (+) defined in and ' only prov1de integer
values since all terms used are integers. Thus, the induction is complete

l; > Z;Lé (T). O

Proof of Proposition @ Consider a shared region hll1 = h122 = &. Let [; and [ be the orders of region
@ in vehicle 1’s and vehicle 2’s routes, respectively. Since the shared regions are searched in an exact
opposite order by the two vehicles, it is easy to verify that ®; = 0. Given 65 = 1, the conditional
probability that both vehicles succeed in region & is provided by using the indicator function
uzl( h“t 0 1) defined in the proof of Lemma .

the lemma holds for

Ta(m) =
T ( {1 01 ) ( 2 02 )
uhll whl 3 h1 9 hl uh2 wh2, h2, hl2271
{why w2yt 3 0! }
hl *Th2 h1 hl22 h111—1 hl?2 L
2
P(wh1 ,th ’thl 7th2 ,Oh1 ) Ohl2 _1|9d) (48)
— 1 2
- E : § : § : [“h} (whl ’th1 70’#171)“}12 (wh2 >th2 ’thzz—l)
{Ghl, hl}l Ly —1 {9h27 hg}l Lig— 1{th1 723 CITE hz }

-1 "gp-1

X P({ehl whl}l—l l1—1; {0h2 wh2}l—1 lz—lawhl ’wh2 ’thl ’thQ ,Ohl L 02122_1|‘907>]-

Given {01, w,, }i—14,—1 and {02, w?s }i—14,-1, using the indicator function x(x,y) defined in the proof
1 1 l 1
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of Theorem [3, we have

z : T T 2
Uhll (whl ,thl 70h111 l)uh2 (wh2 7th2 7()hl22 1)
{tﬂ-l 7t7r2 701 b 2 }
hl hl22 hlll 1 h122 1
1 2
({ehl whl}l 1:l1— 1,{9}12 th}l l:lo— laujh1 th ’thl ’th2 70hl1 1’0hl2 1|95é)
1— 2~

s T A T T ~ T 7T (49>
- 2 {uh;l<w,;11,ch;l<->,o}l1>uh§2<w2;2,<hi<~>,oi1>r<e<<h;l<‘>,t1>n<<h§<->,t2>

{t17t276111_176122_1}
ll 1 l2 1
ORI | S

In 1' we use 77 (-) and (7 (-) as concise forms of their counterparts defined in Lemma 0; ,isan
l l i

P(w;lllll ) wf@, {ehllaw}lLll}lzlzll—la {9}1127 wig }ll:l2—1|9&)}-

integer vector that has the same dimension as ofi_l, 1 € U. Since all shared regions are searched in an
exact opposite order, we have

{h%, cevy hlll—l} ﬂ{héu ceey hl22—1} = @

Using 4i) of Lemma [2| we can further rewrite (49) as

01) | P(why {0 wighizmrai-110a) o - (50)

L1
H Z uh’ <wh’ hi(')vaiq) [H K 77hz

€U ti,f)%

-1

Combine (48), and (50), 74(m) can be written as

H{ 3 z (0l G ()61 LR (st [ﬁ R (), 0 Z)]

e {ehzaw }l 1:1; tzvol

(51)
P(wﬁ;;i, {Qh;, w%}ll:li—ﬂ@&)},

which is product of the conditional probability that each vehicle will succeed in region & given 6;.
Therefore, whether a vehicle succeeds in the region is conditionally independent of the other vehicle
given f5z. O

Proof of Theorem . A Markovian policy can be viewed as a special case of the policy in the form of .
To see this, we can assign the same decision to vehicle ¢ € U in a policy in the form of (5)) as long as the
vehicle has the same remaining time at the same decision epoch no matter what history observations
the vehicle received. Then a Markovian policy is established. Let 7* = (7}, 75) be an optimal time-
allocation policy in the form of (b)) and R(7*) be the expected reward provided by 7*. Since whether
a vehicle succeeds in a shared region is independent of the other vehicle, we have R(w) = R(r).
Using T heoreml let #; be a Markovian policy that solves max{R(m,7}) : m € II;} and let 7, be a
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Markovian policy that solves max{R(#, ) : m € Il3}. We should have R(#y,#) > R(x*) = R(r*).
Since policy (71, 72) can be viewed as a special case of the policy in the form of , according to the
theorem’s condition, we should have R(#,#s) = R(#1,%2). Therefore, we have R(f1,7s) > R(7*).
Since 7* is an optimal policy, (7, 7o) must also be an optimal policy. O

We establish three lemmas to facilitate the proof of Theorem [5 In Lemma [f, we duplicate each
shared region « satisfying 7, < 1 and assign one to each vehicle. Then we relate the corresponding
expected rewards when the same policy is applied. We use a« € § : 7, < 1 to represent “for all for
a € 8 satisfying v, < 17; similarly, we also have o € § : 7, > 1 to represent “for all for « € S

satisfying v, > 17.

Lemma 5 For any policy # = (w1, m), let RO(w) be the expected reward the fleet will collect by
following policy 7 assuming that for Vo € S satisfying v, < 1, go will be collected by each vehicle if it
succeeds in the region. We have

RO(m) > R(n). (52)

Proof. The expected reward collected by the fleet under policy 7 is

R(m)= Y gata[ra(m0)(1 = 72(m2)) + T2(x|0)(1 = 7a(m)) + (1 + Ya)7a (x| 1)72(m2)] + R™

aES:v4 <1

TR+ Y gaealmi(m0)(L - 72(m2)) + r2(x0)(1 = TA(m)) + (14 7a) A (x| 1) 2(a)].

a€Siya>1

(53)

Due to the assumption that the same amount of reward will be collected regardless of the other vehicle’s
result, an expected reward of e, g,7.(7;) will be collected by vehicle ¢ in any shared region « satisfying
Yo < 1. Therefore, we have

RO(m) = R™ + R™ + Y gatalra(m) + 72(m2)]

a€S:y, <1

Y Gatalma(ml0)(1 = 12(m2)) + Ta(w]0)(1 = 7o (m1)) + (1 +7a)7a (7|1) 72 (7m2))-

aES:ya>1

Combine and , we have

RO(m) = R(m) = ) gacalra(m) + 72 (m2) =7 (w]0)(1 — 72 (7))

a€eS

(54)

— Ta(m0)(1 = 75 (1)) — (1 + 7)o ([ 1)73 (7).
Since
To(m0)(1 = 72(72)) + 72(7]0) (1 = 75 (1)) + (1 4 7a) 7 (7| 1) 75 (m2)
<7 (7]0) (1 = 73 (7)) + 7o (w[1)75 (M) + 72 (m|0) (1 — 75 (m1)) + 72 (7] 1) 75 (1) (55)
=T, (m) + 73(m2),

we have RY(m) > R(rm). Note that the inequality in comes from the fact that 7, < 1 and
Ta(m1)75(m2) = 73 (7[1)70(m1) = 7a(m) 2 0. O

(67
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In Lemma [6] we compensate each vehicle for its reward loss assuming that it is always the second
vehicle to collect the information if both vehicles succeed in a shared region and extend inequality
to . The compensation is calculated using a fixed 7, which provides each vehicle the conditional
probability that the other vehicle succeeds in each shared region « given that information exists in the
region. Let 7 = {7}, 72} nesiya<1 Where 0 < 72 72 < 1.

Lemma 6 For any policy m = (w1, m2), let R (w|T) be the expected reward that the fleet will receive by
applying policy  assuming that each vehicle i € U will collect an expected reward of gaeat: (m;)[(1 —
7)) + Tiva] from region o € S satisfying vo < 1. We have
RO(m) S R (m|r) + > Y €agall = 7a)7. (56)
1€U a€S:va<1
Proof. To compare RY(m;) and R*(m;|7), we only need to compare the the expected total reward
collected from each shared region « satisfying v, < 1 since the expected total rewards collected from
all the other regions are the same. We use a big M to represent the expected total reward collected
from all the other regions and have

RO(m) =M+ > gaalra(m) +72(m2)]-

a€eSy.<1

R ) +) . D eagall —7a)7e = M+

1€U aeSvy.<1

Y Gatalma(m)(1 = 72) + 7a(ma) (1 = 72) + Ya(ra(m)7a + 72 (m2)72) + (7a + 72) (1 = 7a)]

€S, <1

(57)
> M+ Y gatalta(m)(1 = 72) + 72 (ma) (1 = 72) + 7a ()70 + 72 (m2)72]
a€Sy,<1
=M+ Z JaalTi(m1) + 72(m2)] = RO (7).
a€Sy,<1

The inequality in holds since 72 + 72 > 72 (m) 7L + 72(me)72. O

Lemma (7| provides a ratio under which we can extend the inequalities derived in Lemma 5| and
Lemma [7] in the proof of Theorem [f| Let 7! = 72(m),72 = 71(m) for a € S and 7 = {7}, 72} ses.
Define Rt (m|7) = R™ + Y wes €afalTi(m) (1 — 72) + Yo7k (m)7L], which is the expected total reward

that vehicle 7 will collect if it collects a reward of [y,7% + (1 — 7!)] when it succeeds in any shared
region a € S.

Lemma 7 For any Markovian policy m = (7, ™), we have
1+7 ~i
(2- _) Z R+ (mi7) + Z Z €afal(l = Va)Ta (58)
€U 1€l aeSva<1

Proof. We first write }A%(W) as
Rim) =Y R+ Y eagalra(m)(l = 73(m2)) + 72(ma) (1 = 7a(m1) + (1 + 7a)7a (m) 72 (7))

€U a€S:va<1

D eadalta(m)(L = 72(m2)) + 72(m) (1 = 7a(m1)) + (1 4 7a)7a (1) 73 (72)).

a€S: 'Ya>1

(59)
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For any a € S where v, < 1, we have

(2 = N[rA(m) (1 = 72(m2)) + 72(m2) (1 = 72(m)) + (1 + Ya) Ta(m1) 72(72)]
> (2 — 7o) [ (m) (1 = 72(m2)) + T2(m2) (1 — Th(m1)) + (1 + Ya) 7h(m1)72(m2)]
= 72 (m) (1 = 72(m2)) + YaTh(m1) 72 (m2) + (1 = 7a)72(m2)
+72(m2) (1 = 7A(m)) + Va2 (m)TH(m) + (1 = 7a) A (m) (1 = 72(m))
+(1—%)(1+%) ()72 (m2) (60)
TH(m)(1 = 72(m2)) + YaTh(m)72(m2) + (1 = 7a)72(m2)
§72(ma)(1— 7 (m0)) + 2 () + (1= )7 ()
Z Ti(m) (1 = 72) + YaTi(m) 7]+ Y (1= 7).

Using (60]), we have
2=7) Y. eafalra(m)(1 = 72(m2)) + 72(m2) (1 — 7o(m)) + (1 + 7a) T (m1)72 (72)]

a€S:ya <1
> Z Z eaga 1 — T, ) + ’Va z + Z Z eozga ’Va)%oiz (61)
€U a€S:va<1 €U aeSvy.<1
> 117 + -7 Z > Cagalmh(m) (1 = 7) + vaTi(m)Fl + Y Y agall — )7
€U aeS:ya<1 i€l aeSya<1

Forae S:v,>1,
) (1 = 72(m2)) + 72 (1 — 7)) + (1t )7 ()2 (o)
LT ) (1 2 (m)) 4 2 (1 — 7))+ Mewnrs(m)}

2y "1+7 1+7
1 1 . .
> ;7[ L1 =)+ 721 — 7)) + 29,772 = +’VZ Z eadalTh(m) (1 — F1) 4+ Yo7t (7)) 7).
€U a€S:ya<1

This implies that

2=7) D Cabalralm)(l = 72(m2)) +7a(m2) (1 = 74 (m)) + (1 + 7a) 70 (m)7a (m2)]

a€S:iva>1
e (62)

> ! + o Z D eagalri(m) (1= 7) + qari(m) 7).

€U aeS:y,<1

Since HV Yieu BT <Yy R comblnlng and , we have hold. O

Wlth the assistance of the three lemmas, we can Complete the proof of Theorem [5]
Proof of Theorem @ Let 7% be an arbltrary local optimum of problem (IAP) and #* be an optimal
policy in the form of (5 . Set 71 = 7 (x7") for i € U, € S and we first show

R (w]7) < o) S0 R (7). (63)

icU
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According to Definition , 7" optimizes R (7“*|7) in II;. We have

R (n["|7) > R*(7]|7). (64)
Now we consider RT (7*|7).
:M*
R*(r*|7) = ZR’T + Y CafalTa(m)(1 = 7) + YaTa(m))70)]
€U a€S:y,<1
Y Cafalma(@i[0)(1 = 72(m3) + Ta(m5]0)(1 — Ta(n))
a€Srya>1 (65)
1+'Ya * 7
5 (ra(mi)7a(m3) + 7 (ma ) 7a (7)) < M 17 Y eagalra(m) +72(35))
a€S:ya>1
1 *
M + Z eafa(To(mF) + 72(73))]-
aeSiya>1

Note that the first inequality in holds since 71 (7}) = 71 (7510)(1 — 72(73)) + 72 (7F|1)72(75). On
the other hand, we have

DRt =M+ Y eagalra(m) (L= 7) + vama(m)7

€U a€S:ya>1 (66)
+7o(m3) (1= 72) + YaTa(m3)F2) > M+ > eagalTa(m) + 72(r3)).
aES:iya>1
Combining (64)), and (66), we have hold. Using Lemma [f| and Lemma [6 we have
WYY catall - )7 = R) 2 R(). o

€U a€Siya<1

Finally, combining (/58] , and @, we have

R(r*) S RY(T|7) 4+ Y eagall =77

1€U aeSy,<1

< [:H_T7 Z RY(x|nl*) + Z Z €aga(l —7a)7.)]

€U ieU aeS:y,<1

e DLUCTLLORD DD DEATERRLA

el 1€U aeSy,<1

72— PR

IA
<|

IN

D. Tightness of the upper bound

This section illustrates how the ratios highlighted in Remark [2| can be approached. We use € to
represent a very small positive number.
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Corollary 1 The ratio in can be approached arbitrarily close when v =0 ory = 1.

Before proving the corollary, we first study a special case of the time-allocation problem.

Lemma 8 If v, =1, Va € S, for any policy @ = (71,72) in the form of (3), (#1,72) is an optimal
policy if

7%1 € argmax{]??(m,frg) T € ﬁl}, (683)
#y € arg max{R(7y,m2) : m € Iy} (68b)

Proof. For @ € S and any policy m = (71, m2), we have

Ra(m1, T2) =gacalTa(m0)(1 — 75(m2)) + 7a(m]0)(1 — 74 (m2)) + (1 + 7a) 7o (7[1)72(72)

1 2 o) (69)
= Jata|To(m1) + 75 (m2)] = Ra(m1, m2).
Let (7}, m3) be an optimal policy. Combining (68a]) and (69)), we have
R(ft1, 72) = R™ + R™ 4+ gaealra (1) + 7a(72)] > R(n}, 7o)
a€eS
. (70)
=R+ R™+ ) gacalra(m}) + 72(702)).
a€eS
From ([70)), we can obtain
R(fy,m3) = R™ + R™ + ) _ gacalra(f1) + 72(73)]
. . a€eS (71)
> R™ + R™ + Zgaea[ﬂi(ﬁ) + 72(73)] = R(w, 7).
a€cS

Therefore, (71, 75) is also an optimal policy. Using a similar method to replace 75 with 75, we can
easily show that (7, 79) is also an optimal policy. O

Lemma [§ shows that a single iteration of Algorithm [I]finds an optimal time-allocation policy when
the cooperation factor is equal to one for all shared regions.

Proof of Corollary . Given 5y =1, if y = 1, then 7, = 1 for all @ € §. According to Lemma , a local

optimum of problem (IAP) is also an optimal time-allocation policy. Therefore, Ré’{;;) =1

We use an example to prove the rest of Corollary [l Consider the example illustrated in Figure

[6] where two vehicles are assigned to search three regions. Since we have only one shared region
in the example, R(r) = R(r) for any Markovian policy 7 according to Proposition . Combining
Proposition [3] and Theorem [} the optimal Markovian policy is also an optimal policy to the time-
allocation problem. Note that we also have the same result for the example that we will create to
prove Corollary 2]

We have the following parameter setups: For regions 1,2,3, we set e; = 0.5,e5 = 0.5,e3 = 0.5; g1 =
l—6, =6, 3=14+6p(1)=1—¢€,p(1) =1—€* p3(1) =1—€; 73 =77 =0; 5y = 8o = 53 = 0. Note

that under the last condition, it is always optimal for a vehicle to collect the information since it takes
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2
/ - Vehicle 1

== Vehicle 2

Figure 6: The example to show that éﬂ;;) can approach 1/2 arbitrarily close when 7=0

R(x"
(

zero amount of time and provides non-negative reward to the fleet. In addition, each vehicle’s route
is a straight line, and therefore there is no benefit to skip a region for both vehicles. Since the travel
time does not influence the solution, we assume zero travel between each pair of regions to simplify the
representation of the policy. Each vehicle is given one unit of mission time and there are two feasible
policies for each vehicle under this scenario: 7§ = {z1(1) = 0,23(1) = 1}, 7} = {z1(1) = 1, 2}(1) = 0}
and 7§ = {x3(1) = 0,23(1) = 1}, 7% = {23(1) = 1,23(1) = 0} for vehicles 1 and 2, respectively. We
first show that (7%, 73) is a local optimum of problem (IAP).

First, we have R(7¢,75) > R(w%,75). Since for vehicle 1, region 3 provides a larger reward than
region 1 if the vehicle succeeds while the vehicle has the same probability to succeed in both regions.
We also have R(m¢,7$) = ezg3[1 — (1 —p3(1))?] = 0.5(1—¢€?). Since R(7¢,75) = e3gsp3(1) +e1g1pi(1) =
0.5(1 —€) +0.5¢(1 — €2) = 0.5(1 — €3) > 0.5(1 — €?) = R(n{, 7$), (7¢,7h) is a local optimum.

However, it is easy to verify that the optimal policy should be (7%, 7¢), where R(7%, 7¢) = e3gsps(1)+
e2gap2(1) = 0.5(1 — €)? + 0.5(1 — €). Since

0.5(1 —¢3) 1 1

lim - - _ -

0051 -€)?2+051—-¢ 2 2—7

the ratio provided in can be approached arbitrarily close when v =0. O

Corollary 2 For any 7y > 1, (@) can be approached arbitrarily close.

:
—_— _— —_—

Vehicle 1

== Vehicle 2

R(r*)
R(7*)

Figure 7: The example to show that can approach 1/4 arbitrarily close
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Proof. Consider the example in Figure [6] where two vehicles share two regions on the straight line
that connects the start depot and the end depot. For regions 1 and 2, we have e; = 0.5,e; = 0.5;
g=71-€,p=Lpl)=1-€epl)=1-gn=7r=72>1s=s5=0.

Similar to the former example, each vehicle has only one unit of mission time and the vehicles
always collect the information when they detect it. Note that we also ignore the travel time in this
example and there are two feasible policies for each vehicle in this case: ¢ = {z}(1) = 0,23(1) =
1,7t = {22(1) = 1,23(1) = 0} and 78 = {z}(1) = 0,3(1) = 1},7} = {z3(1) = 1,23(1) = 0} for
vehicles 1 and 2, respectively. We first show that (7¢,79) is a local optimum of problem (IAP).

Since the two vehicles are the same, we just need to show that R(7¢, 7$) > R(n%, 7%). To verify this,
we have R(7¢, 79) = 2eapa(1)(1 —pa(1)) +eap2(1)2(1+7) = (1 —€) +0.5(1 —€)?(1+7) = 0.5(1 — €?) +
0.59(1—¢)? and R(7}, 75) = eagap2(1) +e1g1p1(1) = 0.55(1—€)?+0.5(1 —¢) < 0.5(1 —€?)+0.59(1—¢)2.
Therefore, (7%, 7¢) is a local optimum. It is easy to find that the optimal policy is (7%, 75), for which
we have R(mb, 75) = 2e1p1(1)(1 —p1 (1)) +eipr(1)*(1+7) = (1 —€)?*5(1 —€) +0.5(1 —€)*(1+7) (1 —¢).
We have

. 0.5(1 — €%) + 0.55(1 — €)?

lim - —— =

N T =P — ) + 05(1— (1 + 7)A(1— o)
Thus, can be approached arbitrarily close. O

| =
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