MTH 131: Mathematical Analysis for Management, Fall 2017

Practice Midterm 3

Name:

Student Number:

Answer the questions in the spaces provided on the question sheets.
Show all of your work.

If you run out of room for an answer, continue on the back of the page.
You are allowed to use a non-graphing calculator.

You are allowed a one page formula sheet.




Page | Points | Score
3 7
4 9
5 8
6 2
7 8
8 11
9 10
10 10
11 10
12 8
13 9
14 8

Total: | 100
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1. Evaluate the following indefinite integral: /6x dz

Full solution:

2
/6xdx:6/x1dx:6%+023x2+0

/6x dr = 3x> + C (Use C' as the arbitrary constant.)

1
2. Find the following indefinite integral: /—6 dx
x

Full solution:

1 _6 x® 1
/Eda::/x d:U:_—5+C’:—§+C

/xﬁ dr = -1/(5x°) + C (Use C' as the arbitrary constant.)
8
3. Evaluate: /— dz
x

Full solution:

1
/§da::8/—dx:8ln\x]+0
T x

/%dm = 8 In[x| + C (Use C' as the arbitrary constant.)

4. Discuss the validity of the following statement, and select the correct answer below.

xn+1
is an antiderivative of z™.

If n is an integer, then

Full solution:

This is a standard integration rule.

(O This is a true statement for all n.
(O This is a false statement for all n.
v/ This is a true statement for all n except -1.

(O This is a true statement for all positive n.
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5. Evaluate the following indefinite integral: /i dx [3]
NG

Full solution:

3 z/?
/—dx:3/$_1/2dx:3—+026\/5+0
Nz

1/2
3 .
/— dx = 6./ + C (Use C as the arbitrary constant.)
NS
6. Find the particular antiderivative of the following derivative that satisfies the given condition. [3]
d
d—f:6et—5, 2(0) = 2

Full solution:

/(6et—5)dz:6et—5t+c

Tr =
2(0)=2=6e"-5(0)+C=C=—-4
= z(t) = 6" — 5t — 4
x(t) = Ge' - 5t - 4
: e x3
7. Find the indefinite integral: /4 e dx [3]

Full solution:

1
Use the method of substitution: u = 4 + 5z* = du = 2023 dz = z° dx = —du. Then:

20
23 11 1 (1
dr= [ ——du=— [ =4
/4+5:c4 v /u20 Yoo )
n(4 + 5z%)

1 1 1
= —1 — —Inl4 4 =
7 nlul+C 5 n|4+5z% +C 20

+C

Note that the absolute value can be dropped since 4 + 52* > 0 for all .

3
/ *_dr=__In(4+ 5x)/20 + C (Use C as the arbitrary constant.)
4 4 5zt N i
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8. Find the indefinite integral: /x\/7 —x?2dx

Full solution:

Use the method of substitution: u =7 — 2 = du = =2z dz = xdx = —3du. Then:
/xx/?— x?2dx = —l/ul/Zdu = —lﬂ = —lu?’/2 +C = —1(7—x2)3/2 +C
2 23/2 3 3
/$\/7 —x?dr = -(7-x*)%2/3 + C (Use C' as the arbitrary constant.)

: : . . d
9. Find the general solution for the first-order differential equation: d_y = 28z.
x

Full solution:
Integrate both sides to find y as a function of z:

dy W 9
d—:28x:>y: 2833611‘:2854—0:1433 +C
x

y = 14x* + C (Use C as the arbitrary constant.)
10. Find the particular solution to the first-order differential equation that satisfies the given
condition: p
Y 0.5z
— = ; 0)=3
o= y(0)

Full solution:

Find the general solution to the differential equation:

d 0.5z
% — 05T sy — /eo'md:z; _ 60.5 1O =205 4 o

Use the given condition to find the particular solution:

y(0)=3=2"+C=2+C=C=1

Yy = 2e%5" 4+ 1
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11. Give the order of the differential equation below, where y represents a function of z.

y+a'y -2y =2

Full solution:

Find the highest order derivative in the left-hand side.

(O The given equation is a first-order differential equation because it only involves a first
derivative.

(O The given equation is a first-order differential equation because it involves a first derivative
but no higher derivative.

v/ The given equation is a second-order differential equation because it involves a
second derivative but no higher derivative.

(O The given equation is a third-order differential equation because it involves a third deriva-
tive but no higher derivative.

12. Calculate the definite integral below by referring to the figure with the indicated areas.

/O ) da

Area A =1.213 Area B =271
Area C = 5369 Area D =1.611

Full solution:

The definite integral is the area under the graph of the function in the interval [0, c]. This
is the area C.

/ f(z)de = 5.369 (Write the numerical value.)
0
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4
13. Evaluate the integral: / (2x + 3) dx. [3]
3

Full solution:

/4(2:70 +3)dx = (:v2 + 3:}5)

= (4> +3(4)) — (3* +3(3)) =28 — 18 = 10

4
/ (2x +3)dz = 10
3
67
14. Calculate the definite integral: / —dx. 3]
5 X

Full solution:
6

=7(In6 —In3) =7In2
3

6
/ zdx:71n|x|
3 I

6
/zd$: 7In2
3 T

4
15. Evaluate the integral: / (z* — 6z + 9)15 dx 2]
4

Full solution:

The limits of integration are the same, so the result is zero.

4
/ (x2—6x—|—9)15dx: 0
4
1
16. Calculate the definite integral: / 5/ dx
0

Full solution:

1 v 1 s £6/5
55xdx:5/x dx:5(—)
| 0 o7

1
/ 5v/xdr = 25/6
0

1
5 25
:5 e 16/5_06/5 _ ==
(6)< )=2

0
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17. Find the area bounded by the graphs of the equations f(x) and g(z) over the given interval.

flx)=2>-6; gx)=3, 0<r<3

Full solution:
f(z) < g(x) on [0, 3], so the area is:

A= o) - sltr= [3-@-0ar= [0~
()2 (o-2)

The area is 18 square units.

18. Find the area bounded by the graphs of the equations f(z) and g(z).
f(z) =4a%  g(z) = 36

Full solution:

The intersection points are where f(z) = g(x):

402 =36 =>22=9=2=-3,3

f(z) < g(x) on [-3, 3], so the area is:

A:/S[g(a:) — f(z)] al:t::/3 (36 — 42?) dx

-3 -3

L (3602) - 4(33>) - (s0-3)- 4<_33)3)) — 11

The area, calculated to three decimal places, is 144 square units.

19. Find the Gini index of income concentration for the Lorenz curve given by: f(z) = 2*4
Full solution:

1 1 o4 2 | 1 1
G /0 [z — f(z)] da /O [z =2 ] dx ( 2 3,4) . (2 3.4) !

The Gini index is 0.412 (Round to three decimal places.)
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20. Find the total income produced by a continuous income stream in the first 3 years if the rate
of flow is given by the following function, where ¢ is time in years:

f(t) = 400e%"

Full solution:

3 3 0.05t |3
Total income = / ft)dt = / 400e% %" dt = 400 = 8000(e”"® — €") = 1294.67
. ; 0.05 |,
The total income is $1295 (Round to the nearest dollar.)

21. Find the future value at 3.25% interest, compounded continuously for 4 years, of the contin-
uous income stream with rate of flow:

f(t) = 1650e 00

Full solution:

T 4 4
FV = erT/ f(t)e—rt dt = 60.0325(4) / 16506—0.02t€—0.0325t dt = 165060.13/ 6—0.052515 dt
0 0 0

013 00525t 4 013 =021 _ 0
= 1 = = 1650e™ " | ———==— | = 6779.52
650 (—0.0525) . ¢ ( —0.0525 )
The future value is $6780 (Round to the nearest dollar.)

22. Find the consumers’ surplus at a price level of p = $120 for the price-demand equation below:

p = D(x) =400 — 0.02z

Full solution:

400 — 120
p=$120 = 400 — 0.027 = 7 = Q00 14000

The consumers’ surplus is then:

iz 14000 14000
cS = / (D(z) — pl dz = / (400 — 0.022 — 120] d — / 1280 — 0.024] da
0 0 0

14000

= (280z — 0.01z%) = (280(14000) — 0.01(14000%) = 1,960, 000

0

The consumers’ surplus is $1,960.000 (Round to the nearest dollar.)
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23. Find the producers’ surplus at a price level of p = $67 for the price-supply equation below: [4]

p = S(z) =10+ 0.1z + 0.0003z”

Full solution:

p =67 =10+ 0.1 + 0.0003z> = 0.0003z> + 0.1 — 57 = 0
= 0 = 322 + 1000z — 570000 = (z — 300)(3z -+ 1900)
= T = 300

The producer’ surplus is then:

@ 300 300
PS = / [p— S(z)]dr = / [67 — (10 + 0.1z + 0.00032?)] dx = / [57 — 0.1z — 0.00032?] dx
0 0 0

300
= 57(300) — 0.05(300%) — 0.0001(300*) = 9900
0

= (57z — 0.05z% — 0.0001z*)

The producers’ surplus is $9,900 (Round to the nearest dollar.)

24. Evaluate the integral: /33669” dw 6]

Full solution:

Integrating by parts, choose:

U=z dv = €% dx

€6x

du=d ==
U X v 6

Then, by the integration-by-parts formula:

6x 6x 6x 6x
e e xe e
/udv:uv—/vdu:m—— —dx = = — ==

6 6 6 36

/xeﬁx dv— __ xe% /6 - €5*/36 + C
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25. A company produces two models of a surfboard: a standard model and a competition model.
The monthly cost function is given by:

C(z,y) = 3000 + 150z + 310y

where x is the number of standard models produced per month and y is the number of
competition models produced per month. Find C'(16,38).

Ul SR C(16,8) = 3000 + 150(16) + 310(8) = 7830

C(16,8) = $7.880
26. The Cobb-Douglas production function for a bicycle company is given by:
fla,y) =192"7y*?

where x is the utilization of labor and y is the utilization of capital. If the company uses
1,211 units of labor and 1,742 units of capital, how many bicycle will be produced?

The company will produce 25,661 bicycles (Round to the nearest integer.)

0
27. Find 8_Z if 2 = 2% — 4oy + 5y°

Yy
Full solution:
0z J, , ) J 0 J 5
2 T2 —4 B Tr=0-4 2) = —4z + 1
o ay(m xy + 5y°) aym aymy—l—f)ayy 0 (x) + 5(2y) x + 10y
% = -4x + 10y
dy

28. Find fu.(z,y) if f(z,y) = bz +y)°

Full solution:

0

—x(5x +4)° = 5(5z + y)488 (5z +y) = 5(5z + v)*(5) = 25(5z + y)*

o

d d d

faa(@,y) = 5 falz,y) = 5-25(52 + y)* = 25[4(5z + y):”]@—m(
= 100(5z + y)3(5) = 500(5z + y)?

5z + y)
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29. Find the critical points of the function:
fla,y) =2® —y* + 4o + 6y — 8

Use the second derivative test to determine if the critical points are local extrema.

(a) Find the critical points of f(x,y). Use a comma to separate answers as needed.

Full solution:
The critical points are where f,(z,y) =0 and f,(z,y) = 0:

folr,y) =22 4+4=0= 2= -2, fy(z,y) =—2y+6=0=>y=3

So, the function has a single critical point at (-2, 3)

The function f(z,y) has critical points at (-2, 3)

(b) Use the second derivative test to determine if the critical points are local extrema.

Full solution:
Applying the second-derivative test:

B = fu,(z,y) =0
C = fy(z,y) =2

AC — B> =2(-2) — 0> = —4 < 0 for all (z,v)

So, any critical points are saddle points.

Find the location of local minima.

(O The function has local minima at

v/ The function has no local minima.
(c) Find the location of local maxima.

(O The function has local maxima at

v/ The function has no local maxima.

(d) Find the location of any saddle points.
v/ The function has saddle points at (-2. 3)
(O The function has no saddle points.

(e) Find the location of any critical points where the second-derivative test fails.
(O The second-derivative test fails at
v/ The second derivative test does not fail for any of the critical points.
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30. Explain why f(z,y) = 22 has local extremum at infinitely many points.

31.

O fu(z,y) and f,(z,y) are always negative except at x = 0, where f(z,y) =0, so f has
the local maximum 0 at each point of the y-axis.

Vv fz(x,y) and f,(z,y) are both equal to zero for = 0 and y is any real number,
meaning that each of these critical points represents a critical point. Since
f(z,y) is nonnegative and equals zero when = = 0, f has the local minimum 0
at each point of the y-axis.

O fu(x,y) and f,(z,y) are both equal to zero for all points on the y-axis. Since AC—B? < 0
and A < 0 for all points on the z-axis, where A = f,.(a,b), B = f,,(a,b), c = fy,(a,b),
and (a,b) represents a critical point, f(z,y) has local minima for all points on the z-axis.

O fu(z,y) and f,(x,y) are always negativeexcept at = = 0, where f(z,y) = 0, so f has
the local maximum 0 at each point of the x-axis.

Use the method of Lagrange Multipliers to maximize f(z,y) = 2zy subject to x +y = 6

Full solution:

The constraint is g(z,y) = © +y — 6 = 0. Form the function:
F(z,y,A) = f(z,y) + Ag(z,y) = 22y + Az +y — 6)
The critical points of this function are where:

F,=2y+X=0= )= -2y
F,=224+X=0=> )= -2z
Fr=x4+y—6=0

So, —2y = —2x, therefore x = y. Substituting into F\ = 0 yields 20 — 6 =0 = z =
3,y = 3. The maximum value is then f(3,3) = 2(3)(3) = 18.

The maximum value of f(x,y) is 18 atx = 3 LY = 3
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32. Three pens of the same size are to be built along an existing fence. Let the fence parallel to [8]
the existing fence be of length =, and the length of the other four fences each be y. If 640
feet of fencing are available, what length should = and y be to produce the maximum total
area? What is the maximum area? Use any technique you wish to find the maximum area.

Full solution:

The total length of fence used is = + 4y. We want to maximize A(x,y) = xy subject to
the constraint g(x,y) = x + 4y — 640 = 0. Form the function:

F(z,y,A) = A(z,y) + Ag(z,y) = zy + Mz + 4y — 640)
The critical points of this function are where:

Fo=y+A=0=>)XA=—y
Fo=z+4=0=>)X=—-z/4
F\=24+4y—-640=0

So, —y = —x /4, therefore x = 4y. Substituting into F)\ = 0 yields 4y + 4y — 640 = 0 =
y = 80,2 = 320. The maximum value is then A(320,80) = 320(80) = 125600.

The maximum areais 25,600  square feet whenz = 320  feet, y = 80
feet.
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