ESSENTIAL NORMALITY OF POLYNOMIAL-GENERATED
SUBMODULES: HARDY SPACE AND BEYOND

Quanlei Fang and Jingbo Xia

Abstract. Recently, Douglas and Wang proved that for each polynomial ¢, the submod-
ule [q] of the Bergman module generated by ¢ is essentially normal [9]. Using improved
techniques, we show that the Hardy-space analogue of this result holds, and more.

1. Introduction

Let B be the unit ball in C™. Throughout the paper, the complex dimension n is
always assumed to be greater than or equal to 2. Recall that the Drury-Arveson space
H?2 is the Hilbert space of analytic functions on B with (1 — ((,2))~! as its reproducing
kernel. The space H?2 is naturally considered as a Hilbert module over the polynomial ring
Clz1,...,2n). In [3-6], Arveson raised the question of whether graded submodules M of
H? are essentially normal. That is, for the restricted operators

ZM,j = MZj|M7 1<j<m,

on M, do commutators [Z;k\/[’j7ZM,i] belong to the Schatten class C, for p > n? This
problem is commonly referred to as the Arveson conjecture.

Numerous papers have been written on this problem [4,6,7,10,13,14]. In particular,
Guo and Wang showed that the answer to the above question is affirmative if M is gen-
erated by a homogeneous polynomial [14]. In [8], Douglas proposed analogous essential
normality problems for submodules of the Bergman module L2 (B, dv).

As it turns out, the Bergman space case is more tractable. In fact, the Bergman
space version of the problem was recently solved by Douglas and Wang in [9] for arbitrary
polynomials. In that paper, Douglas and Wang showed that for any polynomial q €
Clz1,..., 2], the submodule [¢] of the Bergman module generated by ¢ is p-essentially
normal for p > n. What is especially remarkable is that [9] contains many novel ideas.

The present paper grew out of a remark in [9]. Toward the end of [9], Douglas and
Wang commented

“It seems likely that the argument in this paper can be generalized to obtain the same
result for the Hardy and the Drury-Arveson spaces. However, while we believe that
both results hold, perhaps techniques from [9,8] may be needed to complete the proofs.”

While the Drury-Arveson space case is out of reach at the moment, in this paper we will
settle the Hardy space case mentioned above, and we will go a little farther than that.
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The key realization is that Bergman space, Hardy space and Drury-Arveson space are
all members of a family of reproducing-kernel Hilbert spaces of analytic functions on B
parametrized by a real-valued parameter —n < ¢t < oo. In fact, the spaces corresponding to
the values t € Z were used in an essential way in the proofs in [9]. Our main observation
is that if one considers other values of ¢, then one will see how to extend the techniques
in [9] beyond the Bergman space case. In short, in this paper we establish the analogue
of the main result in [9] for spaces with parameter —2 < ¢ < oo. Before stating the result,
let us first introduce these spaces.

For each real number —n < t < oo, let H(Y) be the Hilbert space of analytic functions
on B with the reproducing kernel

1
(1= (¢, 21+t
Alternately, one can describe H(*) as the completion of C[z1,...,2,] with respect to the
norm || - ||; arising from the inner product (-, -); defined according to the following rules:

(2%, 2P)s = 0 whenever o # f3,
a!

Tt )

(2%, 2%

if « € Z7\{0}, and (1,1); = 1. Here and throughout the paper, we use the conventional
multi-index notation [15,page 3].

Obviously, H(® is the Bergman space L?(B,dv). One can view the Bergman space
H(®) = L2(B, dv) as a benchmark, against which the other spaces in the family should be
compared. Note that for each —1 < ¢t < oo, H® is a weighted Bergman space.

Let S denote the unit sphere {z € C" : |z| = 1} in C". Let o be the positive, regular
Borel measure on S that is invariant under the orthogonal group O(2n), i.e., the group of
isometries on C™ = R?" that fix 0. We take the usual normalization ¢(S) = 1. Recall
that the Hardy space H?(S) is the closure of C|z1,..., z,] in L*(S,do).

Obviously, H(~b) is just the Hardy space H?(S). Moreover, H(~™ is none other than
the Drury-Arveson space H?2.

It is well known that for each —n < t < —1, the tuple of multiplication operators
(M.,,..., M., ) is not jointly subnormal on H® [1,Theorem 3.9]. In other words, if —n <
t < —1, then H® is more like the Drury-Arveson space than the Hardy space. The
practical consequence of this is that it is difficult to do estimates on H®) if —n <t < —1.

Let g € Clzy,...,2,]. For each —n <t < o0, let [¢]® denote the closure of
{qf : f € C[Zlv" . 7Zn]}
in H®. Since H") is a Hilbert module over Clz1,. .., z,], [¢]*) is a submodule. For each

j€{1,...,n}, define submodule operator

q9,]



Recall that the submodule [¢](¥) is said to be p-essentially normal if the commutators

[Zéf]).*,Zé?], i,j € {1,...,n}, all belong to the Schatten class C,. With the foregoing

preparation, we are now ready to state our result.

Theorem 1.1. Let q be an arbitrary polynomial in C[zy,...,z,]. Then for each real
number —2 < t < oo, the submodule [q]® of HY) is p-essentially normal for every p > n.

Clearly, the Hardy-space case mentioned in [9] is settled by applying Theorem 1.1 to
the special case t = —1.

On the other hand, it is a real pity that the requirement ¢ > —2 in Theorem 1.1 does
not allow us to capture any Drury-Arveson space in dimensions n > 2. But as a consolation,
Theorem 1.1 does cover spaces H(*) for —2 < t < —1, which, as we mentioned, are more
Drury-Arveson-like than Hardy-like.

On the technical side, this paper does offer some improvement over [9]. As the authors
of [9] stated, the key step in the proof of their result rests on weighted norm estimates
given in Section 3 in that paper. At the core of their weighted estimates is an argument
using a covering lemma. This is where we offer the most significant improvement. In this
paper, the covering-lemma argument of [9] is done away with entirely. In its place, we use
a much simpler argument based on Fubini’s theorem.

In fact, using Fubini’s theorem-based argument in place of covering-lemma argument
is a situation with which we are quite familiar. See, for example, the proofs of Proposition
2.6 and Lemma 5.2 in [11].

There are many technical contributions made in [9]. Perhaps, the most important
among these is Lemma 3.2 in that paper. This lemma will again be the basis for analysis
here. The reader will see that with the combination of [9,Lemma 3.2] and our Fubini’s
theorem-based argument, the analysis part of the proof is actually easy.

As it was the case in [9], an essential role in the proof is played by the number operator
N introduced by Arveson in [2]. Recall that, for a polynomial f(z) =) ca2®,

(N)(z) =3 calal=.

«

Here as well as in [9], the proof boils down to the estimate of an operator series where the
k-th term has the operator
(N+14n+t)~F1

as a factor, k > 0. Douglas and Wang’s idea is to factor the above in the form
(N+1+n+t) P =N+1+n+t)" V2. (N+1+n+1t) /2,

“reserve” the factor (N 4 14 n+t)~1/2 for establishing the requisite Schatten-class mem-
bership, and use the other factor, (N 41 +n+t)_k_(1/2), to boost the weight of the space.
This is another place where [9] and the present paper differ. Instead of factoring, we will
apply the whole of (N + 1 +n +t)7*~! to boost weight. Proposition 4.2 below allows us
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to recover an equivalent of (N 4+ 1 +mn +t)~'/2 at the end of the estimate. This is why we
are able to push ¢ below —1.

The rest of the paper is organized as follows. Since the analysis part of the proof is
now easy, we will take care of that first, in Sections 2 and 3. Section 4 contains a brief
discussion of the relation between the natural embedding H® — H*+1D and norm ideals.
Section 5, which mirrors Section 2 in [9], contains the proof of our result.

2. Derivative on the Disc

Write D for the open unit disc {z € C : |z| < 1} in the complex plane. Let dA be the
area measure on D with the normalization A(D) = 1. The unit circle {r € C: |7]| = 1} will
be denote by T. Furthermore, let dm be the Lebesgue measure on T with the normalization
m(T) = 1. For convenience, we write 0 for the one-variable differentiation d/dz on C.

Our first lemma is basically a restatement of Lemma 3.2 in [9].

Lemma 2.1. Suppose that g is a one-variable polynomial of degree K > 1, and that f is
analytic on D. Then for each k € N we have

(0%9) (0) F(O)? < 2242 (K12 / gf PdA.

Proof. For each 0 <1 < 1, let g,(2) = g(rz) and f,.(z) = f(rz). We only need to consider
the case 1 < k < K. For such a k, Lemma 3.2 in [9] tells us that |(0%g,)(0)f.(0)] <
K! [ |gr fr]dm. Since (8%g,)(0) = r*(8%¢)(0) and f,(0) = f(0), we have

1

@907 =2 [

1/2

1
—k k —k
r="1(0%g,)(0) £ (0)|dr < 2K /1/27” /Tlgr(T)fr(Tﬂdm(T)dT
1
< 2P /1/2 2T/T|g(r7)f(r7)|dm(7)dr < 2k+1K!/|gf|dA.

Squaring both sides and applying the Cauchy-Schwarz inequality, the lemma follows. [
For each z € D, define the disc D(z) ={w € D : |w —z| < (1/2)(1 — |2]) }.

Lemma 2.2. For allw € D and x € (—1,00), we have

[ s xpe (w)dAG) < 201y,

Proof. Let w € D, and let z € D be such that w € D(z). Then we have 1 — |w| <
1= [2] + |2 —w] < (3/2)(1— [2]). Also, 1~ |2| < 1 fuo| + [w— 2] < 1] + (1/2)(1 - [2]).
After cancellation, we find (1/2)(1 — |z]) <1 — |w|. Thus

(2.1) (2/3)(1 —|w|) <1—|z] <2(1 —|w|) whenever w € D(z).
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From this we obtain that for w € D(z) and x € (—1, c0),
227(1 — Jw[?)® if 0<z<oo
(1 —=12I) :
3(1—|w?)® if —-1<x<0

Thus, to complete the proof, it suffices to show that

XD(z)(w
(2.2) dA(z) <9
A(D(2))
for every w € D. For each w € D, let G(w) =

{z €D :we D)} If ze G(w), then
|z—w| < (1/2)(1—|z]) < 1—|w| by (2.1). Hence A(G(w)) < (1—|w|)2. On the other hand,
if 2 € G(w), then A(D(2)) = (1/4)(1 — |z])? > (1/3)2(1 — |w]|)?, also by (2.1). Clearly,
(2.2) follows from these two inequalities. [J

Proposition 2.3. Suppose that g is a one-variable polynomial of degree K > 1, and that
f is analytic on D. Then for allk € N andt € (0,00) satisfying the condition t —2k > —1,

[ 1091 )P0 - 2Py dA)
< goremas(t=2R0 7 )2 [ Jo(w) fl) (1w dA(w)

Proof. Define g,(u) = g(z + (1/2)(1 — |z|)u) and f.(u) = f(z 4+ (1/2)(1 — |z|)u) for each
z € D. Then 27%(1 — |2|)*(0%g)(2) = (0%¢.)(0) and f(z) = £.(0). By Lemma 2.1,

2k k 2 4k+2
@ o = HEEQEOE < 2EO [ faaw

_ 24kz+2(K!)2 . 1 . . , .
= o ADE) /D  lotw) () PaAGw).

Therefore, if t — 2k > —1, then

/|(3’“g)(2)f(z)l2(1 — |2*)"dA(2)

6k+2 o [(L—[2) %" w) Flw) 2dA(w .
N ( [, lotw)swraa >> 4A()

_|,[2)t—2k
= ooy [ [OSEZ wiaae  lswswPaaw
< Ok 2max{t=2k,0447 (fr1)2 / (1= Jw*)=*|g(w) f (w)[PdA(w),

where the last step is an application of Lemma 2.2. This completes the proof. [
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3. Derivatives on the Ball

Recall that there is a constant Ay € (27", 00) such that
(3.1) 27 <o({£e S 1= (u, &) <r}) < Agr”
for all w € S and 0 < r < 2 [15,Proposition 5.1.4]. For each z € B, define the subset
T(z) ={weB:|1—(w2)] <2(1—|2°), 1 |w]* > (1/2)(1 - [2[*)}

of the unit ball. We begin our estimates with the properties of the set T'(z).
Let dv be the volume measure on B with the normalization v(B) = 1.

Lemma 3.1. There is a constant 0 < C51 < 0o such that for all ¢ € B and x € (—1,00),
[ o ©do() < Canz e (1 - o),
Proof. Let ¢,z € B be such that ¢ € T'(z). Then we have 1—|¢|? < 2(1—[¢]) < 2[1—(¢, 2)]
< 4(1 — |2]?). Combining this with the condition 1 — |¢|? > (1/2)(1 — |2|?), we have
(3.2) (/)1 = [¢*) < 1— [P <201~ [¢).
Therefore, for x € (—1,00) we have
27(1—[¢*)* if 0<x<oo

(1—[z)" < :

41 —|¢])* if -1<x<0

Thus, to complete the proof, it suffices to show that there is a 0 < C' < oo such that

(3.3) /Mdv(z) <C

T =P)+

for every ¢ € B. Given a ¢ € B, consider the set Q(¢) = {z € B:{ € T(z)}. Write ( = |(|n
with n € S. If 2 = |2]|€ € Q(¢), where £ € S, then |1 — (n,&)| < 2|1 — (¢, 2)] < 4(1 — |2]?)
< 8(1—[¢]?). Also, 1 — |z| < |1 —(¢,2)] <4(1—[¢]?) if z € Q(C). Hence

AUO) C{re:0<1—r <41 [¢*); €€8, 1= (n, &) <8(1—[¢*)}.

By (3.1) and the decomposition dv = 2nr?"~ldrdo, there is a 0 < C; < oo such that
v(Q(¢)) < C1(1 = [¢[*)"*! for every ¢ € B. By (3.2), (1 — [2*)™"~! < 4™ (1 —[¢]*)™"7}
when z € Q((). Clearly, (3.3) follows from these two inequalities. [J

Lemma 3.2. There is a constant 0 < € < 1 such that for each 0 < a < 1, the set
T((a,0,...,0)) contains the polydisc

(3.4) P,={(a+u,Cs,....,G): u|l < e(1—a?), Il < evV1—a?, 2<j<n}
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Proof. Given an a € [0,1), write & = (a,0,...,0). Let 0 < e < 1, and suppose that u
and (o, ..., (, satisfy the conditions |u| < €(1 — a?) and |{;| < ev/1 —a?, 2 < j < n. Then
consider the vector w = (a+u, (2, ...,(,). We have |1 —(w, a>| =|l-a —au\ < (1+e)(1—
a?). Moreover, 1— [wf? = 1—[a+ uP — (|2 ++ - +[Ca?) = 1—|a-+uf — (n—1)e(1 - a?).
On the other hand, 1 —|a+u|? = 1—(a?+2Re(au) +|ul?) > 1—a2—3|u| > (1-3¢)(1—a?).
Hence 1 —|w|? > (1 — (n+2)e)(1 —a?). Thus e = {3(n+2)}~! suffices for our purpose. OJ

As usual, write 01, ..., 0, for the differentiations with respect to the complex variables
Z1y...,2n. For each vector b = (by,...,b,) € C", define the directional derivative

Op =b101 + -+ + b,0p.

Lemma 3.3. There is a constant 0 < Cs3 < oo such that the following estimate holds:
Suppose that q € C[z1,...,z,] and that deg(q) = K > 1. Let f € Clz1,...,2,]. If z and b
are vectors in B\{0} satisfying the relation (b, z) = 0, then

2 Cas(K1)? 200
@I < 5 i [ o

Proof. Consider the special case where z = a = (a,0,...,0) for some 0 < a < 1. Let € be
the constant provided by Lemma 3.2. Define the polydisc

Y ={(a+u,0,G,...,C) : |u] < e(1—a?), || <evl—a?, 3<j<n}

For each y € Y, we define the one-varible polynomial ¢,(w) = ¢(y + ev/1 — a?wez), where
=(0,1,0,...,0). Similarly, define f,(w) = f(y + eVl — a?wez) on D. Since (¢, )(0) =
eVl —a?(02q)(y) and f,(0) = f(y), we apply Lemma 2.1 to obtain

(@) w0 = CBIOLOE < S 1o, 01y () Paaw)

e2(1 —a?)

Making the substitution (s = e/1 — a?w, we find that

16(K1)?

(220) (W) f(y)* < AT a2 |a(y + Cae2) f(y + Gae2) PdA(Ga).

/|C2<6\/ 1—a?

Now, integrating both sides over Y, we see that

21 = Pl @ < [ il < Zc s [ arpa

where P, is given by (3.4) and C accounts for the normalization constants for the measures
involved. Since Lemma 3.2 tells us that P, C T'(«), we have

lqfPdv.

e~ (2n+2) 12
(@) (@) f () < 2 = a2)C"’-(i-I2{') /



Obviously, the above inequality also holds if we replace d; by 0; for any 2 < 5 < n.
Applying these and the Cauchy-Schwarz inequality, we see that

16~ (2 C(K1)?
o (1 _ a2)n+2

[(Bbq) (@) f(@)* < (n

/ lqf|?dv if (b,a) =0, be B.
T(a)

This proves the lemma in the special case where z = a = (a,0,...,0), 0 < a < 1.
The general case follows from this special case and the following easily-verified relations:
If U is any unitary transformation on C™ and w,b € B, then UT(w) = T(Uw) and
(Os(qoU))(w) = (Ousq)(Uw). O

Following [9], for each pair of i # j in {1,...,n} we define L, ; = Z,;0; — Z;0;.

Proposition 3.4. There is a constant 1 < C5.4 < 0o such that the following estimate
holds: Suppose that q € Clz1,...,2,] and that deg(q) = K > 1. Let f € Clz1,...,2,].
Then for every positive number t > 0 and all integers i # j in {1,...,n}, we have

/‘(Li,jQ)(Z)f(Z)F(l —|2[*)'dv(2) < C3.42'(K!)? / |a(C)F (O (1 = [¢]*)"  dv(Q).

Proof. 1t follows from Lemma 3.3 that

Cs.3(K!)?

) () f(2))P < 2dv
(L) (IR < G2 ms A Qa0

z € B. Multiplying both sides by (1 — |z|?)! and integrating, we find that
/!(Li,jQ)(Z)f(Z)\Q(l = [2[*)"dv(2)
< Caoa(k? [ ((1 ~lapyne [ |q<<>f<<>r2dv<c>> e
T(z)

— Oy 5(K)? / { / (- |z|2>t“xT<z><c>dv<z>} 4O F(O)Pdv ().

Applying Lemma 3.1 with x = ¢ — 1 to the {---} above, the proposition follows. [

Write R = 2101 + - - - + 2,0p, the radial derivative in n variables. We will denote the
one-variable radial derivative by R. For each polynomial h and each £ € S, define the

“slice” function he(z) = h(z§), z € D. If q is a polynomial in n variables, then for every
¢ € S we have the relation (Rqe)(z) = (Rq)¢(2).

Proposition 3.5. There is a constant 1 < C35 < oo such that the following estimate
holds: Suppose that ¢ € Clz1,...,2,] and that deg(q) = K > 1. Let f € Clz1,...,2n].
Then for each pair of k € N and t € (0,00) satisfying the condition t — 2k > —1,

/ (RO SO — ¢ du(¢) < CE (k1)? / QO F QP — ¢ du(C).
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Proof. As in [9], we need the following relation between dv, do and dA: Since dv =
2nr?"~ldrdo, dA = 2rdrdm, and do is invariant under rotation, we have

(35) Jato=n [ ( [ atcelse2aac)) aote

By Lemma 3.6 in [9], for each k € N,

k
(3.6) RF=3"a2107 with |al®] < (7 +1)"
j=1
Since the degree of g equals K, for each & € S we have

min{k,K}

(RFq)e(2) = (RFqe)(2) = Y alM29(0ge)(2).

J=1

Given f, for each £ € S we define the “rigged” slice function f&)(z) = 2"~1f(2£), z € D.
Applying first (3.6) and then Proposition 2.3, when ¢t — 2k > —1, we have

/|(RkQ§)(Z)f(£)(Z)!2(1 — |2I*)"dA(2)

mln{k K}
< K(K + 1) / (@) (2)FO ()1 — |22) dA(2)
mln{k,K}
CK(K+1)% Y 20 2max{i=20047 ()2 / ge(2)F O )P - |212) Y dA(2)
j=1

< KK+ PR [ ge(a) 1O )P~ o) dAlz)
< IO [ lae O )P - o) dAG).
By the relations (R¥q¢)(2) = (R*q)e(2), £ (2) = 2"~ f(2€) and |z| = |2£|, we now have
J IR QGO OP - [Py P 2dA()
< IR [ la) £GP - |a€P) 2 a2 dA ().

Integrating both sides with respect to the measure do on S and applying (3.5), the propo-
sition follows. [J

Proposition 3.6. There is a constant 1 < Cs5¢ < 0o such that the following estimate
holds: Suppose that q € Clz1,...,2,] and that deg(q) = K > 1. Let f € Clz,..., 2,
Then for each t € (1,00) and each j € {1,...,n}, we have

(3.7) / @0 F QP — 0P du(¢) < CRUE? / QO FQOP — [CP)2du(C).
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Proof. There is a C' such that for every analytic function A on B and every ¢t > 0, we have

201 _ 1612V do 16 201 _ 1C12V do
58 [ O e <o () [ o HOR O = G0,

Now apply Proposition 3.4 and the case kK = 1 in Proposition 3.5: by the identity |z]28j =
ZiR+ 3,4 %L, (3.7) obviously holds if (9;¢)(¢) is replaced by 1¢12(9;¢)(¢) on the left-
hand side. The extra factor |¢|? is then removed by using (3.8). O

4. Embedding and Norm Ideals

For a bounded operator A, we write its s-numbers as s1(A),...,sk(A),... as usual.
Recall that, for each 1 < p < 0o, the formula

s1(A) + s2(A) +--- + sk(A)

+ _
(41) ||A|| 1 1/p_|_2 1/p+ kj_]-/p

defines a symmetric norm for operators [12,Section I11.14]. On any Hilbert space H, the
set Cf = {A € B(H) : [|A]l} < oo} is anorm ideal [12,Section ITL.2]. It is well known that
if p < p/, then C; is contained in the Schatten class C,.

For a non-increasing sequence of non-negative numbers {ay,...,ag,...}, if a3 +---+
ap < COA7YP ... 4 k71/P) then kap < C(17YP 4 ... + k=1/P). Tt follows that if p > 1
and if T € Cf, then there is a 0 < C(T) < oo such that s,(T) < C(T)k~/? for every k €
N. Thus if p > 1 and if B is a bounded operator such that B*B € Czj, then B € CQJ;

Proposition 4.1. For each t > —n, let I® : HO — HEFD be the natural embedding.
Then IM*11) ¢ CF.
Proof. Expanding the reproducing kernel (1 — (¢, 2))~ 1% we see that the standard

orthonormal basis for H® is {e((l to € 27}, where

1/2
||

(4.2) e (¢ ,H n+t+i) | ¢ a#o,

and egt) (¢) = 1. Given these orthonormal bases, it is straightforward to verify that

JOLS (O P i L BN )
Y n41l4al+t Cas

n
a€Z+.

This formula gives us all the s-numbers for 7®* 1) By (4.1), I®*1®) ¢ ¢+, O

Proposition 4.2. Suppose that E is a linear subspace of Clz1,...,z,] and that t > —n.
Let EM be the closure of E in H®Y, and let EY be the orthogonal projection from H®
to EW . Suppose that A € B(H(t)), and suppose that there is a C such that

(4.3) [Aglle < Cliglle+1

10



for every g € E. Then AEW € C .
Proof. By (4.3), for each g € F we have

(A*Ag, g)e = 1Agll7 < C?llgllZy = CPIIWglZy = C2 (1M g, 1Vg)rsn = C2ID* 1V g, g)..

That is, the operator inequality (AEM)*AE® < 2 M+ [ ®) holds on H®. Thus
si((AEMW)*AEM) < 5,(C2EW [O* [ M) for each j € N [12,Lemma II.1.1]. By Proposi-
tion 4.1, (AEW)*AEW € . Since n > 2, this implies AE® € ¢ . O

5. Proof of Theorem 1.1

(t

For each t > —n and each polynomial ¢, we write My ) for the operator of multiplica-

Wy ”

tion by ¢ on the space H(Y). Keep in mind that the notation “«” is t-specific: Mét)* means
the adjoint of Mq(t) with respect to the inner product (-, -);.

Proposition 5.1. Let ¢ € Clz1,...,2,), 1 < j<nandt > —n. For f € Clz1,...,2,]
satisfying the condition f(0) = 0, we have

MO § - MOMO*f = SN 4140t 1) ()

Spg — MM ).
k=0

Proof. The main idea is that both sides are linear with respect to both ¢ and f. Therefore
the proof is a matter of straightforward verification in the special case of ¢ = 2% and
f =27, B +#0, using (4.2). The details of the verification are similar to the Bergman space
case (see the proof of Proposition 2.1 in [9]). O

Proposition 5.2. Lett > —n and ¢ € N. (1) For each f € Clz1,...,z,] satisfying the
condition (0% f)(0) = 0 for |a| < ¢ and each non-negative integer k, we have
(n+2k+2+t+0)

(€—|— 1 +n —|—t)2k+2 HfHZk:—i—Z—l—t

(2) For each f € Clz,...,2,| satisfying the condition (0%f)(0) = 0 for |a| < £+ 1, each
non-negative integer k and each 1 < j < n, we have

[(N+1+n+t)" 17 <

s(n+2k+441t40)%"
(0+1+n+t)2k+2  rewees

[N+ 14 n48) 751 (MO — M%) 12 < (2K 4-4)*

Proof. For (1), it suffices to consider the case where f is a homogeneous polynomial of
degree m >/, as it was the case for the corresponding part in [9]. For such an f,

A1

N +1 t)y"FLf)12 =
[((N+1+n+t) fliz (m +1+n+t)2k+2

1A 12k 240 n+2k+2+t+j
_ 4.2
(m+1+n+t2k+2H n+t+j (see (4.2))
2k+2
_ ||f||2k:+2+t ﬁ nt+tm+t+y
(m+1+n+t)2k+2 ’

n+t+y

11



where the last = is obtained by considering H?ZJ{Hm(n +t+j). Since m > ¢, for each

j>1lwehave (n+m+t+j)/im+1+n+t)<(n+l+t+35)/(l+1+n+t). Hence

2k4-2

IN+1+n+ )7 12 < Besare [
j=1

n+l+t+7
(l+14+n+t)(n+t+))

n+2k+2+t+75 _ (n+2k+2+t+0)*
n4t+j T (0414 n+t)2kt2

1115k 124+
(0 +1+n+1)2h+2

L
(7 T

=1

This proves (1).

Let e; be the element in Z'} whose j-th component is 1 and whose other components
are 0. To prove (2), first note that (4.2) gives us

Q@
—L
n+t+|al

a—ey

M(t)*zoc —
Zj

whenever the j-th component «; of « is greater than 0. Hence

ij(2k+2> -
(n+t+la))(n+2k+2+t+|al)

(5.1) = 2RE2 jeerziea

n+t+|al

a—ey

For f € Clz1,...,2,] with f(0) =0, (N +n+t)"1f is well defined. Thus we can define
fix=(N+1+n+2k+2+t)(N+n+t)"'f.

We have ||fik|l- < (2k +4)| f]|+ for every 7 > —n. Obviously, (5.1) implies

(MO* — MEH2H05) £ — (2 + 2)MEFH (N 4 1+ n+2k+2+ 1) fux

Now suppose that (0%f)(0) =0 for |a] < £+ 1. Applying (1) twice, we have

(N + 14 6) R (D" — pBR+2+0w) g2

= 2k + 22 |(N + 14+ n+ ) F MEFHFONN + 14 n 4 2k + 24+ 6) " frrll?
s(n+2k+2+t+10)°
(€ +1+n+t)2k+2
2(n+2k+24+t+0)°
(6+ 1+ n+ )2+
(n+2k+2+t+0°" (n+2k+4+t+0)° THE
(C+1+n+6)2+2  ((+1+n+2k+2+)2  0FIzrad

(n+2k+4+t+40)%*
i (l+1+n+ t)2k+2 (2k + 4)2Hf“%k+4+t-

< (2k +2) [MEZE2FON(N 1+ 0+ 2k + 24+ 8) " frpl3r o

< (2k +2) I(N +1+n4+2k+2+6)7" filZiion

< (2k +2)?

< (2k +2)

12



This completes the proof of (2). O

For each real number ¢ > —1, define

1 _
Qn,t = ﬁ H(t +J)
j=1
Using (4.2) and [15,Proposition 1.4.9], it is straightforward to verify that

(5.2) Uﬂh:%ﬂ/ﬂORﬁﬂ—Kﬁwwo

for f,g € H®, t > —1. In other words, if t > —1, then %) is the weighted Bergman
space L?L(Ba an,t(l - K|2)td’l)<g))

Our next step requires the assumption that ¢t > —2.

Proposition 5.3. Let real number t > —2 and integer K > 1 be given. Then there is a
constant Cs 3 = Cs.3(n, K, t) such that the following estimate holds: Let q € Clzy, ..., z,] be
such that deg(q) = K. Suppose that f € Clz1,...,z,] satisfies the condition (0% f)(0) =0
for |a| <€+ 1, where £ € N. Then for every integer k > 0 and every j € {1,...,n},

—k—1(37(t)
[(N+1+n+t) (Mp . rig

- Méj)*Mgnglq)f”t
(n+ 2k +4 4t 4 £0)+2

Ck—H .
— (l+14n+t)ktt 5.5 |1af e+

Proof. Since

MO Mz(f)*Mg;qu _ (M(t) _ M§fk+2+t)*M}§2+1q) _ (MS)* _ MSHQH)*)M@)

d;R*q d;R*q RE+1g
we have
(5.3) (N 41+ n+6) (M, — MO M), ) fll < A+ B,
where

A= (N +1+n+t) 5N (M, — MEFZE M f], and

B=|(N+1+n+t)"F (MO — MEH2E ML f.

We estimate A and B separately. For A, we apply Proposition 5.2(1), which gives us

(n+2k+24+t+0)° . Yt
— (l+1+n+t)ktl ”(Mégj)qu N Mz(?kmm Mz(%fzﬂq)f"?“?“
(n+2k+2+t+0)* k4241 o r(2k2+t
64 = g 1Moty = MEFEOMGET) oo

13



Since t > —2, we have 2k + 2+t > 0 for each k > 0. Hence HZ*+2+1) ig a weighted
Bergman space. By (5.2), we have

H( ég;:z+¢) Ad(2k+24¢)*ﬂlgzitz+ﬂ)fH2k+2+t

1/2
<alZirin ( JAC @(R’““q)(z)}f@n?(l—|z|2>2k+2+fdv<z>) .

The identity 9; — z; R = (1 — |2]?)9; + > izj #ilj; then leads to

H(Mézgfﬂ) M(2k+2+t)*M1(32kﬁt2+t))fH2k+2+t

1/2
< 0 ([ 100G —\z\%?k*‘*“dv(z))

1/2
55 e ol § N ICHETIRE O
i#]

Applying Propositions 3.6 and 3.5, we have
J 1R P [ o)
< CEPHHOERD? [ (R P~ P (s
(5.6) < (CasCas/ O TOEY! [ a2 F()P (L~ [ ().
Since 1 +t > —1, we can apply Propositions 3.4 and 3.5 to obtain
J LR @S P 2 ()
< CaaZ PR [ (RSP s ()
(5.7) < Caa(205.) <O EY! [ la()f ()P0~ |2 o).

By the assumption ¢ > —2, we have a, 14+ > (n!)71(2 4+ ¢)". Also note that a, 2xto+t <
(n!)~Y(n + 2k + 2 + t)™. Combining (5.5), (5.6), (5.7) and (5.2), we see that there is a C}
that depends only on n, K and ¢ (> —2) such that

2k+2+t 2k+2+t
[0 — M CR20 M EEZE0) £y < CFFY gf .

Recalling (5.4), this gives us

(5.8) A<(n+2k+2+t+£)4

Ck—i—l ‘
= (l+14n4t)krt 1 g flle+1

14



It follows from Proposition 5.2(2) that

B < (n+2k+4+t+0)+2
(U4 1+n+t)kt?

MGy Flloksase
Applying (5.2) and Proposition 3.5, we obtain
M1 B = amareass [ IR QSR = |2 ()

< an,2k+4+tC§é3k+5+t)(K!)2 / |q(z)f(2)|2(1 - |z|2)2+tdv(z).

Thus there is a Cy that depends only on n, K and ¢ (> —2) such that ||Mg,2+1qf||2k+4+t <
5 lqf o1 Consequently,

B < (n+2k+4+t+£)+2

Cckt1 .
— (414 n+t)kt 5 [laflle

Combining this with (5.8) and (5.3), the proof of the proposition is complete. O

Proof of Theorem 1.1. Let q € Clzy,...,2,]| be such that deg(q) = K, K > 1. Let t > —2
also be given. For this pair of K and ¢, let C5.3 = C5.3(n, K,t) be the constant provided

by Proposition 5.3. Let £ € N satisfy the condition
(5.9) C+1+n+t>2C53.
With this ¢, we now define
E={qf : f€Clz1,...,2n), (0°f)(0) =0 for |a] <€+ 1}.

For the given ¢, let Q) denote the orthogonal projection from H® onto H® © [¢]®). Let
je{l,...,n},and let f € Clz,...,z,] be such that (0%f)(0) =0 for |o| < ¢+ 1. Then

OO0 r — OO ArO*ar® £ — OO (Ar®O* pr® _ pp® pr@)=
Q sz qf_Q sz Mq f_Q (sz Mq Mq sz )f

Applying Propositions 5.1 and 5.3, we have

1QUMD*flle < 3NN + 1+t 6 (M, — MO ML, e
k=0

oo

(5.10) <
k=

(n+ 2k +4+t+ )2

Ccktl ‘
(L+1+n+t)ktl 5.3 [0S+

o

Set
N (n+2k+4+t+02
C= CELL.
2 (L+1+n+t)ktt 753

k=0
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Then (5.9) ensures that C' < co. Thus (5.10) can be restated as

1QUMY* gy < Cllgllir  for every g € E.

Let E() be the closure of E in H®), and let £®) : H(*) — E® be the orthogonal projection.
By Proposition 4.2, the above implies that

QUMM eW® e cf .

Obviously, E® is a subspace of [q]®) of finite codimension. That is, if P*) denotes the
orthogonal projection from H®) onto [¢]®), then rank(P® — £®) < co. Therefore

QUMD PY ey .

Combining this with the well-known fact that [M. Z(f)*, M Z(t)] € C;f, it follows from a routine

argument that Z(t)-*, 7MW e Cr,i,5€{1,...,n}. This completes the proof. [J
a.j *“qi n
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