A LOCAL INEQUALITY FOR HANKEL OPERATORS ON THE SPHERE
AND ITS APPLICATION

Quanlei Fang and Jingbo Xia

Abstract. Let H?(S) be the Hardy space on the unit sphere S in C". We establish
a local inequality for Hankel operators Hy = (1 — P)M¢|H?(S). As an application of
this local inequality, we characterize the membership of H; in the Lorentz-like ideal Cl‘f ,
2n < p < 0.

1. Introduction

Throughout the paper, let S denote the unit sphere {z € C" : |z|] = 1} in C". We
assume that the complex dimension n is greater than or equal to 2. Let o be the positive,
regular Borel measure on S that is invariant under the orthogonal group O(2n), i.e., the
group of isometries on C™ = R®" which fix 0. As usual, the measure ¢ is normalized in
such a way that o(5) = 1.

Recall that the Hardy space H?(S) is the closure of C[z1,...,2,] in L?(S,do). Let
P be the orthogonal projection from L?(S,do) onto H2(S). Then the Hankel operator
Hy: H*(S) — L?(S,do) & H?(9S) is defined by the formula

Hy = (1 P)M;|H(S).

There is a rich literature on various kinds of Hankel operators. See, e.g., [1,2,4-6,9-13,19].
This paper falls within the so-called “one-sided” theory of Hankel operators. We remind
the reader that the term “one-sided” theory refers to the study of the Hankel operator H
alone, whereas the simultaneous study of the pair Hy and Hy is called “two-sided” theory.
By virtue of the identity

[My,P]=Hy — H;?,
“two-sided” theory is equivalent to the study of the commutator [M, P]. By contrast,
“one-sided” theory must deal with Hankel operators H; that cannot be expressed in the

form of [My, P], g € L*(S,do), which poses a much greater challenge.

Let us write B for the open unit ball {z € C": |z| < 1} in C". Furthermore, write

(1= [
(T (w )"

Then k. is the normalized reproducing kernel for the Hardy space H?(S). In the study of
Hankel operators, an extremely important role is played by the scalar quantity

Var(f;2) = ||(f — (fkz, k.))k. ||,

Keywords. Hankel operator, local inequality, norm ideal.

k.(w) =

lz| <1, |w|<1.
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f € L?(S,do), z € B. One can think of Var(f;z) as the “variance” of f with respect to
the probability measure |k,|?do on S, hence the notation.

It was shown in [16] that for f € L?(S,do), the Hankel operator Hy is bounded
if and only if f — Pf € BMO, which is equivalent to the boundedness of the function
z +— Var(f — Pf;z) on B. Also, H; is compact if and only if f — Pf € VMO [16], which
is equivalent to

lliﬁll\/ar(f —Pf;z)=0.

In [5] we proved that H; belongs to the Schatten class Cp, 2n < p < oo, if and only if

/Varp/2(f — Pf;2)d)\(z) < oo,

where d\ is the standard Mobius-invariant measure on B.

What sets the “two-sided” theory of Hankel operators apart from the “one-sided”
theory is just one thing: If one has both Hankel operators Hy and Hf available, then one
has the local inequality

(1.1) Var(f;z) < [|Hypk|” + || H gk |*

for every z € B (see [15,(6.4)]). Most of the difficulties that are particular to the “one-
sided” theory of Hankel operators can be traced to the single fact that there is nothing
comparable to (1.1) in the “one-sided” theory. Nothing, that is, up to this point.

One of the motivations for this paper is to find a local inequality analogous to (1.1)
in the context of the “one-sided” theory of Hankel operators. This we manage to do. As
it turns out, our “one-sided” analogue of (1.1) enables us to characterize the membership
of the Hankel operator Hy in the Lorentz-like ideal Cz‘f , 2n < p < o0.

To state our result, we first need to introduce a sequence of contractions in the radial
direction of the ball. For each pair of j € N and z € B, define

(L =47 = [PN2(/l2]) i 41— ]2) <1
(1.2) pj(z) = ,
0 if 47(1—|z*) > 1.
To better understand these contractions, notice the following relations: we have

pi(2)/lpj(2)| = 2/|2| ~ and

1—|pj(2)]? =47 (1 = |2%)

(1.3)

if 49(1 — |2]?) < 1.
Recall form [5] that for each z € B, we define the Schur multiplier

1|z

(1.4) m.(w) = = (w,2)’

lw| < 1.
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Obviously, the corresponding multiplication operator M, is a contraction on L?(S, do).
Note in particular that mg is just the constant function 1. With all the ingredients ex-
plained, we can now present our “one-sided” analogue of (1.1).

Theorem 1.1. Given any 0 < § < 1/2, there exists a constant 0 < C(J) < oo which
depends only on 6 and the complex dimension n such that the inequality

=1
(1.5) Var'/?(f = Pf;2) <C(6) ) | m||Mmpj(z>kapj(z)||

J=1

holds for all f € L*(S,do) and z € B.

Since || My, || = ||m:]|co = 1, aslightly weaker, but perhaps aesthetically more pleasing
version of (1.5) is

= 1
(1.6) Var'/?(f — Pf;z) < 0(5)2 m”kaPj(z)H’
j=1

f € L*(S,do) and z € B. From (1.6) we see immediately that if sup|, . [ H k.| < oo, then
f— Pf € BMO. Similarly, it is a trivial exercise to deduce from (1.6) that the condition

lim ||H k.|| =0
lin | k|

implies f — Pf € VMO. In other words, local inequality (1.6) recaptures the main results
in [16], and indeed explains why these results hold true. But for the application that we
will present in this paper, we need (1.5), the stronger version of the local inequality.

Recall that, for each 1 < p < oo, the formula

JAIE = sup LA+ 52(A) 4 - + 51 (4)
P kZIi 1-1/p 4+ 92-1/p 4 ... 4 k—1/p

defines a symmetric norm for operators [7,Section I11.14], where s1(A),...,sk(A4),... are
the s-numbers of A. On any separable Hilbert space H, the set

C]j ={Ae€B(H): \|A||1;,F < o0}

is a norm ideal [7,Section IIL.2]. It is well known that C,; contains the Schatten class C,
and that C;F # Cp. An interesting property of Cl‘f is that it is not separable with respect
to the norm ||.||f.

Let us also recall the notion of symmetric gauge functions. Let ¢ be the linear space
of sequences {a;}jen, where a; € R and for each sequence a; # 0 only for a finite number
of j’s. A symmetric gauge function (also called symmetric norming function) is a map

®:¢—[0,00)
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that has the following properties:
(a) ® is a norm on ¢.
(b) ®({1,0,...,0,...})=1.
(c) ®({a;}jen) = ®({|ar(;|}jen) for every bijection 7 : N — N.
See [7,page 71]. Each symmetric gauge function ® gives rise to the symmetric norm

[Alls = sup®({s1(4), .., 54(4),0,....,0,...})

for operators. On any separable Hilbert space H, the set of operators
Co ={A€B(H):|Als < oc}

is a norm ideal [7,page 68]. This term refers to the following properties of Cg:

e For any B, C € B(H) and A € Cy, BAC € Cy and | BAC||e < ||B]|||Alla||C]|-

o If A€ Cp, then A* € Cp and ||A*||o = || Al

e For any A € Cs, ||A|| < ||A4]|e, and the equality holds when rank(A4) = 1.

e Cy is complete with respect to ||.| .
For an unbounded operator, s-numbers are, of course, not defined. But it will be convenient
to adopt the convention that || X||¢ = oo for any unbounded operator X.

Given a symmetric gauge ®, it is a common practice to extend its domain of definition
beyond the space ¢. Suppose that {b;};cn is an arbitrary sequence of real numbers, i.e.,
the set {j € N : b; # 0} is not required to be finite. Then we define

(1.7) 2({by)jen) = sup @({br, - b, 0,0, ).

For our purpose we also need to deal with sequences indexed by sets other than N. If W
is a countable, infinite set, then we define

O({bataew) = @({bx(j)}jen);

where 7w : N — W is any bijection. The definition of symmetric gauge functions guarantees
that the value of ®({bs}acw) is independent of the choice of the bijection w. To be
thorough, let us also mention the case of finite sequences. For a finite index set F' =
{z1,..., 24}, we define

O({by}oer) = ®({by,, .. bs,,0,...,0,...}).

In particular, associated with the ideal C;f" is the symmetric gauge function @7, which
is defined as follows. Let 1 < p < co. For each {a,},en € ¢, define

N N B ’aﬂ(l)’ + -+ ’aw(k)|
(1.8) ®p ({aj}jen) = ig 1-1/p 4.4 k—1/p

Y
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where m : N — N is any bijection such that |a| > |ar41)| for every j € N, which
exists because a; = 0 for all but a finite number of j’s. Then C;,L = Cg+. More precisely,
p

the relation between the norm | - ||} and symmetric gauge function ®. is that

IAlly = @7 ({51(A), ..., sk(A),... }).

Theorem 1.6 in [5] implies that if ® is a symmetric gauge function and if 0 < ||Hy||e < 00
for some f € L%(S,do), then Co D CJ .

Theorem 1.1 enables us to characterize the membership H; € C; , 2n < p < oo. Our
characterization result involves the notion of lattice in B, which is defined in terms of the
Bergman metric, as follows. For each z € B\{0}, we have the Mébius transform

19 el = e {o = e - (w- S22 )

of the unit ball B. Recall that each ¢, is an involution, i.e., ¢, o ¢, = id [14,Theorem
2.2.2]. Also, we define ¢o(w) = —w. It is well known that the formula

114 fpa(w)
Plaw) = gl T w)

defines a metric on B. For each z € B and each a > 0, we define the corresponding S-ball

D(z,a) ={w e B: f(z,w) < a}.

Definition 1.2. [18 Definition 1.1] (i) Let a be a positive number. A subset I' of B is said
to be a-separated if D(z,a) N D(w,a) = () for all distinct elements z, w in T.

(ii) Let 0 < a < b < co. A subset I' of B is said to be an a, b-lattice if it is a-separated
and has the property U.crD(z,b) = B.

As it was mentioned in [18], the simplest example of such a lattice is the following.
Take any positive number 0 < a < oo, and then take any subset M of B that is mazimal
with respect to the property of being a-separated. Then M is an a, 2a-lattice in B.

We can now characterize the membership H; € C;’ ,2n < p < oQ.

Theorem 1.3. Let 2n < p < o0 be given. Let 0 < a < b < 0o be positive numbers such
that b > 2a. Then there exist constants 0 < ¢ < C < oo which depend only on the given p,
a, b and the complex dimension n such that the inequality

c®f ({Var'/?(f — Pf;2)}zer) < | Hylly < O ({Var'/?(f — Pf;2)}er)

holds for every f € L*(S,do) and every a, b-lattice T in B.

The rest of the paper is organized as follows. The proof of Theorem 1.1, which is
based on a collection of estimates of mean oscillation, both old and new, will be presented
in Section 2. Sections 3-5 are taken up by the proof of the lower bound in Theorem 1.3.
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Specifically, we introduce a standard decomposition of the ball B and modified kernel

function ¢, ;. With this decomposition and 1, ;, we define partial sampling operators Rg).
In Section 3 we prove that for each given ¢ > 0, there is a bound Cj3 3(t) for the norms of

the operators Rg). This is the key step in the proof of the lower bound in Theorem 1.3.

Then in Section 4 we use these R(Ft) to “sample” operators of the form (H}H £)P/2. The
result of this “sampling” together with the local inequality provided by Theorem 1.1, plus
some counting arguments that are standard in connection with the decomposition of B,
give us a lower bound for ||(H;Hf)p/2||q> in Proposition 5.5. In fact, Proposition 5.5 is a
rather general result by itself. To complete the proof of the lower bound in Theorem 1.3,
we need a special property (Lemma 5.7) of the family of symmetric gauge functions @,
1 < p < co. Because of this special property, the general lower bound given in Proposition
5.5 implies the lower bound in Theorem 1.3.

The proof of the upper bound in Theorem 1.3 takes up Sections 6-8. For the upper
bound, it suffices to work with commutators [P, M| rather than Hy. In other words, the
upper bound in Theorem 1.3 can be treated as a “two-sided” problem, which is how one
usually deals with upper bounds for Hankel operators. The two main steps in the proof
of the upper bound in Theorem 1.3 are a “reverse Holder’s inequality” involving @;' and
an interpolation. These two steps are accomplished in Sections 6 and 7 respectively. The
proof of the upper bound is then completed in Section 8.

2. Various mean oscillations

As one might expect, the proof of Theorem 1.1 is a collection of estimates of mean
oscillations. Fortunately, some of these estimates have been established previously [5,16].
But new estimates will also be needed. We begin with a review of what has already been
established, and then progress to new material.

First of all, we will follow the notation in [5,14,16]. It is well known that the formula
(2.1) d(¢.6) =11- (O, (€8,
defines a metric on S [14,page 66]. Throughout the paper, we denote
B(¢r)={z €S :[1—(z,¢)|"? <7}
for ( € S and r > 0. There is a constant 27" < Ay < oo such that
(2.2) 27" < g (B((, 1)) < Agr®”

for all € S and 0 < r < /2 [14,Proposition 5.1.4]. Note that the upper bound actually
holds when r > /2. For f € L*(S,do), ¢ € S and r > 0, we define

1/2
1
(2.3) SD(f;¢,r) = (m /Bw) |f_fB(C,r)|2dU) ,
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where

if F is any Borel set with o(F) > 0.

Proposition 2.1. [16,Proposition 2.2] There exists a constant 0 < Ca1 < oo such that
the inequality

SD(Pf;¢,a <C212—SDfC,2ka)

holds for all f € L*(S,do), ¢ € S and a > 0.

Lemma 2.2. [5,Lemma 2.2] There erists a constant 0 < Cao < 00 such that for all
f € L?(S,do) and z € B\{0}, we have

(F = (Fhes k)]l < Gz 3 5SD(f3¢, 2%),

k=1

where a = (1 — [2|?)Y/2 and ¢ = 2/|2|.

Recall that for z € B\{0}, the M&bius transform ¢, is defined by (1.9). Moreover,

<g O Yz, 1> = <nga kZ>

for every g € L?(S,do) [14,page 44].

Lemma 2.3. [5,Lemma 2.3] There is a constant Ca.3 such that the following estimate
holds: Let 0 < a <1 and( € S, and set z = (1 — a®)*/2C. Let f € L?(S,do). Then for
each a < b < 4,

SD(f 0125, 0) < Cas D 5o SD(F: 6,25 (a/h).

k=1

Lemma 2.4. There is a constant Cs 4 such that the following estimate holds: Let(0 < a < 1
and ¢ € S. Set z = (1 — a®)Y/2(. Then

> 5 SDUP(f o p:)) 092, 2%) < Couy Zl 107 SP(f3 ¢, 2'a)
]:

k=N

for all f € L?>(S,do), N € N and 0 < € < 1/2.

Proof. The more substantive half of the lemma, namely the case where the natural number
N € N satisfies the condition 2Va < 4, was proved as Lemma 2.4 in [5]. Therefore we
only need to consider the other half of the lemma, i.e., the case where 2Va > 4.
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Let f € L*(S,do). Since we now assume 2Na > 4, if k > N, then B((,2%a) = S.
Consequently, with ¢, = ((P(f 0 ¢2)) 0 ¢.,1) = (k2 P(f 0 ¢2), kz), we have

oo

1 1/2
JESDUP(f 0 0:)) 0 02i6.2') = oo { [ I(P(F o)) o, — o}

k=N
1/2
20 =g { [IPGoe - elhPir] = SvarA(P(fo g
Now we apply Lemma 2.2 and Proposition 2.1. This gives us
2 2 =1
v Var' 2 (P(f 0 92);2) < 5 Caa ) 5 SD(P(f 0 92);¢, 2%a)
k=1
2022021 o= 1 <= 1 C J ;
< THN T D 2 SD(f o 2 a) < 2—; 57SD(f 0023, 2a)
k=1 (=1 J=1
Co < J
2 J . 9d
(25) < 5w 2 5SD(feei Ya),

where J is the smallest natural number satisfying the condition 27a > 4 and Cy = Ci(1+
Zgo‘il(j +1)/27). Using Lemma 2.2 again, we have

(2.6) SD(fo¢.:(,27a) = Varl/2(f o ¢.;0) = Var/2(f; 2) < CQ.QZ 2ikSD(f;C,Zka).
k=1

On the other hand, for each 1 < j < J—1, the definition of J ensures 2/a < 4, consequently
Lemma 2.3 can be applied with b = 27a. Therefore, by Lemma 2.3,

Jl.

5SD(f 092,20 <0232 2; ZQZSD (£i¢.2725)
Jj=1 1=

| —_

-SD(f;¢, 27 )q),

[\)

. J—1 . oo
_023223 £i¢, 2T~ J))SCBZ%Z
i= =1 o1

where the last < follows from the inequality 27772 < a < 27/%3 and (2.2). Hence

m=1 C(i,5;m)

where C(i, 7; m) represents the following three constraints: i +J —j=m, 1 <j < J —1,
and i > 1. Note that N > J by the definition of J. Thus for every 0 < € < 1/2 we have

J—1 . o0 .

1 J m, J

9N Z 57SD(f 0 ¢3¢, 2%a) 2€N Z SD(f;¢,2"a) ) Qitit+(1—e)J
j=1

C(i,5;m)

oo

Cs 1 Com J
(27) < 9eN 1 o(l—e)m SD(f: Cv 2 a) C(§ : : 92(1—€)j ’
m= 1,7;m




Obviously, for each m > 1, if 4,4 € N and j,5' € {1,...,J — 1} satisfy the equations
i+J—j=mandi+J—j =m,and if i # i, then j # j'. Since we assume 0 < € < 1/2,
it now follows that

> s S 2 5 2.5 =C
C(i,5;m) C(i,j;m) 7=1

Substituting this in (2.7), we find that

= S J SD (.29a) < CsCa S 1 SD(f:¢.2m
2_N z; 2_] (fO(JOZ7C7 a/) — QEN ‘ 2(l—e)m (f?C) CL).
j= o

Now if we let C5 = C3C4 + Co.5 and if we take (2.6) into account, we see that
Cs = 1

J
1
J
ov 2 5SD(fopsiC2a) < o5 Y oS

Jj=1 m=1

D(f;¢,2™a).

2 |.

Recalling (2.4) and (2.5), this completes the proof of the lemma in the case 2Va > 4. [J
Lemma 2.5. [5,Lemma 3.4] Let f € L?(S,do) and write g = f — Pf. Then for every z €
B\{0} we have H¢k, = v k., where v, = g— (P(gop.)) o ¢..

Lemma 2.6. [5,Lemma 5.1] For each k > 0, there is a Ca6(k) which depends only on k
and n such that

SD(vz; 2/|2], 25 (1 — [2[*)!/?) < Co6(k) || Mo, Hyk |

for all f € L?(S,do) and z € B\{0}, where the relation between f and v, is the same as
in Lemma 2.5.

Lemma 2.7. For each N € N, there exists a constant C(N) which depends only on N
and the complex dimension n such that if f € L?(S,do) and g = f — Pf, then

D(g; /|z], (1=[2*)"/?) < C(N)|| My Hyk ||+26N 2(1_6)3‘SD(g;Z/IZI,2”(1—|Z|2)1/2)
71=1

for all z € B\{0} and 0 < e < 1/2, where Co7 = (1 + Co1)(1 4+ Ca.4) and Cy1, Ca 4 are
the constants provided by Proposition 2.1 and Lemma 2.4 respectively.
Proof. Let f € L?(S,do) and write g = f — Pf. Given a z € B\{0}, we set h, =

(P(gow,)) oy, and v, = g — (P(gop.)) o p,. Since g = v, + h, and Pg = 0, we have
h, = —Puv,. Therefore

D(g; 2/|z]s (1 = |2*)"/2) < SD(vs; 2/ |, (1 = [2[*)"/?) + SD(Puvz; 2/[2], (1 - [2*)/?)

oo

1
<(140Csq) 227 Uz;z/|z|,2k(1—|z|2)1/2),
k=0

9



where the second < follows from Proposition 2.1. Thus for each N € N we have
D(g;2/z], (1 — |2]*)"/?) < (1 + C21) (R + Sy + T,

where

N—

L g
Y 55SD(vss 2/12], 281 = |21%)1?),

H

>
(\]

Tl

o

Z —SD (g52/121,25 (1 = [2[*)/?),

T = Z —SD(( (90@:)) 0 psiz/2],25(1 — [21)2).
k:N

Applying Lemma 2.4 to T, we see that
Sy + Ty < — 225" L SD (g /]2, 2 (1 — [2)1/?)

9eN 2(1—€)j
j=1

for every 0 < € < 1/2. By Lemma 2.6, Ry < M(N)||M,,, Hsk.||, where M (N) depends
only on N and n. This completes the proof. []

Lemma 2.8. There exists a constant Cy.g which depends only on n such that
D(f;2/|2),2/ (1 — |2|%)/?) < CysVar/2(f; p;(2))
for all f € L*(S,do), 2 € B\{0} and j € N, where p; is defined by (1.2).
Proof. 1t is easy to see that there is a C; which depends only on n such that
D(f;2/l2l, (1 = |2)"/?) < C1Var'/2(f; 2)

for all f € L?(S,do) and z € B\{0}. Thus in the case where p;(z) # 0, the lemma follows
from the above inequality and (1.3). On the other hand, if p;(z) = 0, then by (1.2) we
have 27 (1 — |2[2)'/2 > 1. Hence, recalling (2.2), in the case p;(z) = 0 we have

D(f;2/l2],2 (1 = |21*)'/%) < CaSD(f; 2/l21,2) = CaVar'/?(f30) = CaVar'/2(f; p;(2))-

This completes the proof. []
Corollary 2.9. For each N € N, there exists a constant C(N) which depends only on N
and n such that if f € L?(S,do) and g = f — Pf, then

Ca.9
0 3 it Ve (o)
j=

D(g; 2/ |21, (1 = [21*)"/?) < C(N)|| My, Hyk: |l +
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for all z € B\{0} and 0 < € < 1/2, where Cy.9 = Co7C5.8 and Co 7, Cag are the constants
provided by Lemmas 2.7 and 2.8 respectively.

Proof. This follows immediately from Lemmas 2.7 and 2.8. [J

Lemma 2.10. There is a constant Cy 19 which depends only on n such that if r > 1/2,
then the inequality

D(f;¢,7) < CaaoVar'/(f30)
holds for all f € L*(S,do) and ¢ € S.
The proof of Lemma 2.10 is trivial and will be omitted.

Lemma 2.11. Lety > 0 and 0 < € < 1/4. There exists a constant Cs11(7,€) which
depends only on v, € and n such that if f € L*(S,do) and g = f — Pf, then

=1 1
(2.8) Var'(g;2) < Ca11(7,€) ) o5 | Mim,, Hf’fpk(z)leZ%l 57 Var'’2 (g pe(2)),
k=1

for every z € B, where py is the radial contraction defined by (1.2).
Proof. Let f € L?(S,do) be given and write g = f — Pf. Let z € B also be given.

(1) First we consider the case where 4(1 — |z|?) < 1. For such a z € B, let K(z) be
the smallest natural number such that 45()*1(1 — |2|?) > 1. Then, of course,

(2.9) 4KE (1 - 213 < 1.

Applying first Lemma 2.2 and then Lemma 2.10, we have

Var'/?(g; z) < Ca Z JeSD(g: 2/121,25(1 — [%)/2)

K(Z)

1
= (a2 Z Q—kSD(Q; Z/’Z’>2k(1 - ‘212)1/2)
k=1

oo

1
FCa Y SD(g/lel 20— o))
k=K(z)+1
SO — Ca1o
<Caz ) 5SD(g#/12, 2" (L= )V + Con D, 5 Var'/2(g;0)
k=1 k=K (2)+1
(2.10) = Ca2A + C2202108,

where

K(2)
1
Z—k (9:2/12,2"(1 = |2[*)'/?) and B = Var'/?(g; 0).

2K (2)
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We estimate A and B separately.

For A, note that (2.9) ensures that 4%(1 — |2|?) < 1 for every 1 < k < K(z). Thus, by
(1.2), we have
K(z)

A= EZ—SDg% /o) (1= loi()2)/?).

Applying Corollary 2.9 to each term on the right-hand side, for N € N and 0 < e < 1/4
we have

ASOW) Y ol Mo, Hikipuoll + 5o D g D gy Vart2(9: 05 (ok(2))).
k=1 k=1 j=1

From (1.3) we see that p;(pr(2)) = pj+r(z). Therefore

=1 C2.9 1 J
A<CWN) Y oM, o Hikipeoll + 5o D Var 2 (gipe(2)) D o5 555
k=1 =2 k=t
CQ(G) > 1
< C(N) Z ok [ Mim,,, ., Hrkp, ()|l + 9eN Z 2(1_ze)evar1/2(95/’4(2))’
k=1 /=1

where Cy(€) = Chgsupys; 2702 Let v > 0 also be given. Then we set N to be the

smallest natural number such that Cy(€)/2°Y < v/Cs.5. This determines N in terms of
7, € and allows us to write C(N) = Ci(7,€). Hence the above becomes

(211)  A<Ci(r,0)) o 1M, o Hikp, ()| + oo > 2(1726)6\/%1/2(9;,0,5(,2)).
k=1 =1

For B, notice that since g = f — Pf, we have

Var'/?(g;0) = |lg|| = | Hs1|| = | Hykol| = 1Mo v T iRy s

where the last = is due to the fact pg(.)+1(2) = 0, which follows from (1.2) and the
inequality 4%(*)*1(1 —|z|?) > 1. Thus

2
2K (z)+1 HMmPK(z)+1(Z>kapx<z)+1(z) .

(2.12) B = Var'/2(g; 0) =

2K (2)

Now if we combine (2.10) with (2.11) and (2.12), we see that (2.8) holds for the constant
Co1(v,€) = C22C1 (7, €) +2C5.2C5 19 in the case 4(1 — [2]?) < 1

(2) Suppose that 4(1 — |2]?) > 1. Then |z|? < 3/4, and consequently |k.g| < Cs]g||-
Also, the condition 4(1 — |2|?) > 1 implies p;(z) = 0. Therefore in this case we have

Var'/2(g;2) < |lgk:|| < Csllgll = Cs|l Hp1ll = Csl| Hypkoll = Cs | Mum,, ., Hykp, o).
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This proves (2.8) in the case 4(1 — |2]?) > 1. O
Proof of Theorem1.1. Let 0 < § < 1/2be given and set € = §/3. Write A(e) =Y~ 27™.
Let v > 0 be such that yA(e) < 1. Let f € L?(S,do) and denote

g=f-Pf

In addition to the p; defined by (1.2) in the case j € N, we also define py(2) = z for every
z € B. Obviously, we still have py o p; = pi; for all k,j > 0. Let z € B be given. Then
we can apply Lemma 2.11 to every Var'/2(g; p;(2)), 7 > 0. This gives us

0 > =1
1/2
Z (1= 36)] Var'/ (9:pj(2)) < C211(7, € Z o(1— 36)9 Z 2_k||Mmpk(Pj(Z))kapk(pj(z))||
—0 7=0 k=1
o0 &9) 1
+72 2(1736)]. Z 2(1726)€Var1/2(g;Pe(ﬂj(Z)))
j=0 (=1
0 1
- C2.11(77 6) Z HMmpy(z)kapV(z)H Z 2(1-3¢€)j 9k
v=1 jt+k=v
1
+VZVM (95 pv(2)) Z 9(1—3€)j9(1—2¢)¢
j+Hl=v
= 1
< Con(v,0)A(e) ) s=s0w 1Mm,, . Hrkp, )|
v=1
= 1
(2.13) +vA(e) Z 2(1_—36)1,\7&1"1/2(9; pv(2))-
v=1

Since Var/2(g; p, (2)) < [|gkp, )| < llkp, () loollg]l and |pu(2)| < |2], it follows that

oo

> o Var/(g: pu(2)) < oo

v=1

Since yA(e) < 1, we can cancel out > oo 2~ (1=39"Varl/2(g; p,(2)) from both sides of
(2.13) to obtain

> 1
Varl/?(g; z) = Var'/2(g; po(2)) < Ca11(7, €)Ale) Z 2(1—36)1,H mp o Ko, ()|l
v=1

Since 3¢ = ¢, this completes the proof of Theorem 1.1. [J

3. Partial sampling
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Our next goal is to prove Theorem 1.3. For this we need the modified kernel function

1.+ introduced in [5], whose definition we now recall. For each pair of 0 < ¢t < 0o and z €
B, we define

(1= [af?) /2t
=G+

IC| < 1. In terms of the Schur multiplier m, defined by (1.4) and the normalized repro-
ducing kernel k., we have the relation

Uap = (14 [2])'mik
We think of v, ; as a modified version of k.. This modification improves the “decaying
rate” of the kernel, as is shown in the next proposition.

Proposition 3.1. Given any positive number 0 < t < oo, there is a constant Cs31(t) that
depends only on t and n such that the inequality

n+t
1|22 (1 - |w|2)1/2>
11— (w,2)|

(s )] < Cia (1) ((

holds for all z,w € B.
Proof. Let 0 < t < oco. By [14,Proposition 1.4.10], there is a constant C(¢) such that

do () c(t)
(3:2) / 1 () = (- P

for every v € B. Let z,w € B be given. The key idea is to express (w, z) in the form

(3.3) (w, z) = v*

for some v € C with |v| < 1. On the open unit disc {u € C: |u| < 1}, we have the power

series expansion
b; u?.
(1 . u n+t Z

If j # k, then (¢, 2)7 and (¢, w)* are orthogonal to each other in L?(S,do). Therefore

do(¢ ) ;
/(1—<C Z>)“+t§1)— (w, C))n+t Zb / (w, () do(C).

By an obvious change of variables or by a direct calculation using [14,Proposition 1.4.9],

/ (€, 2) (w0, Y do(C) = (w, 2)? / &P do(C)

14



where (; denotes the first component of . Using (3.3), we now have

do(C ) ;
/(1—(C z>)”+t§1)— (w, () Zb /“Cl (vG1)!do(C)

_ / ar(¢)
(1= oG (1 = o)

consequently

34) ’/ 1—(C2) nﬂg?— (w, ()t

It is elementary that if ¢ is a complex number with |¢| <1 and if 0 < r < 1, then

(<)

TG

211 —rel > 1 —¢|.
By (3.3) and this inequality, we have
1 —(w,2)] =1 = v*| <2]1 =G 0G| <21 =G| +2[1 = G-
Thus if we set

A={CeS:|1—v|>(1/4)|1— (w,2)|} and
B={¢CeS:[1—vG|>(1/9)|1 - (w,2)|},

then AU B = S. Hence it follows from (3.4) that

'/ do(¢)
AT e |
4n+t
: 1= (w, z)["*7 </A 1— vCﬂ”“ / 11— vCﬂ””)
Applying (3.2) to the vectors (v,0,...,0) and (9,0, ...,0) in B, we have

/ do(Q) __Clt) / do(¢) _  C()

1= G|+t = (1= Ju?)f [T =Gt = (1= )"

But |v]? = [{(w, 2)| < |w||z|. Therefore 1—|v|? > (1/2)(1—|z|?) and 1—|v|? > (1/2)(1—

Combining the above, we find that

4n+t2t+1 C(t)

‘ / do ()
(1= (¢, 2)" (1 — (w, )"+
Recalling the definition (3.1) of 1, ; and v, ¢, the proof is complete. [
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In [5], the modified kernel functions 1, ; were used to construct a certain “quasi-
resolution” of the identity operator. In this paper, 1, will be used differently; we will
use these functions to construct certain “partial sampling” operators. We will see that the
estimate provided by Proposition 3.1 leads to a uniform bound for these partial sampling
operators, which is a crucial step in the proof of the lower bound in Theorem 1.3. But first
we need to define these operators, which involves a decomposition of the unit ball.

For each integer k > 0, let {ug,1,..., U m)} be a subset of S which is mazimal with
respect to the property

(3.5) Buk;, 27" )N B(ug 4,277 ) =0 forall 1<j<j <m(k).
The maximality of {ug,1,. .., Uk m)} implies that
(3.6) UMY B(uy,;,27%) = 8.

For each pair of £ > 0 and 1 < j < m(k), define
(3.7) Thj={ru:1-2"2% <2 <1 - 272040 4 € B(uy;,277)}.
We also define the index set

I={(k,j):k>0,1<j<m(k)}

Definition 3.2. (a) A partial sampling set is a finite subset F' of the open unit ball B
with the property that card(F N7} ;) < 1 for every (k,j) € 1.
(b) For any partial sampling set F' and any ¢t > 0, denote

Rg) = Z Vot @Y, g.

zeF

Proposition 3.3. For each t > 0, there is a constant Cs3 3(t) such that ||R;f)\| < Cs.3(t)
for every partial sampling set F'.

To prove this proposition, we need to recall the following counting lemma:

Lemma 3.4. [17,Lemma 4.1] Let X be a set and let E be a subset of X x X. Suppose that
m is a natural number such that

card{y € X : (z,y) €e E} <m and card{ye X :(y,z) € E} <m
for every x € X. Then there exist pairwise disjoint subsets Eq, Fs, ..., Es,, of E such that
E=FE UFE,U---UEFEsy,

and such that for each 1 < j < 2m, the conditions (z,y), (z',y’) € E; and (z,y) # (2, y)
imply both x # ' and y # y'.

16



Proof of Proposition 3.3. Let t > 0 and partial sampling set F' be given. Then pick an
arbitrary orthonormal set {e, : z € F'} indexed by F. We factor Rg) in the form

Rg) = B*B, where B = Z e; @Y,y
zeF

Since |B*B|| = ||BB*||, it suffices to estimate the latter. Obviously,

BB" = Z <q/}’w,t> wz,t>ez & €y

z,WEF
For each k£ > 0, define
(3.8) Fo=FnU"V T ) ={ze F:1-272F <[22 <1272+,
Then it is easy to see that
(3.9) BB* = A+ > (Ac+ A}),

=1

where

AZ = Z Z Z <ww,t7wz,t>ez X ey

k=0 weFk ZGFk+g

for every ¢ > 0. From (3.8) we see that for each ¢ > 0, if k¥ # k’, then we have both
{ew :w € Fr}N{ey :w € Fy} =0 and {e, : 2 € Fyyoet N{e, : 2 € Frryp} = (0. Since
{e, : z € F'} is an orthonormal set, it follows that

(3.10) [ Ael| = sup [[ A,k
k>0

for every £ > 0 , where

Aé,kz = Z Z <¢w,t; wz,t>ez X s

wEFy, ZGFk_;,_[

k > 0. Obviously, our task is to estimate || Az x|. To do this, it is crucial that we group
and re-enumerate the terms in the above sum properly.

Fix a pair of £ > 0 and ¢ > 0 for the moment. First of all, (3.6) tells us that for each
v e {1,...,m(k + £)}, we have upisy € Blug (1,27 ") for some i(y) € {1,...,m(k)}.
Hence there is a partition
{1,,m(k—{—€)} :Il U--- UIm(k)
such that Z; N Z;; = 0 if i # ¢’ and such that for every i € {1,...,m(k)}, we have
(3.11) Upso~ € Blug,27") whenever v € T;.

17



By (3.5) and (2.2), this implies
(3.12) card(Z;) < C,2%"

for every i, where the constant C; depends only on the complex dimension n. By (3.8),
corresponding to the above is a partition

Frpo=GrU---UGpm
such that G; N Gy = 0 if i # ' and such that for every i € {1,...,m(k)}, we have
(3.13) Gi C Uyer, Tosen-
From Definition 3.2(a) and (3.8), we see that there is a subset J of {1,...,m(k)} such that
By =A{w; : j € J},

where w; # wj/ if j # j', and such that w; € T}, ; for every j € J. Now, for each pair of
jeJand i€ {l,...,m(k)}, we define

(3.14) Vi = Z <wwj,t7wz,t>ez;

z€G;

keeping in mind the usual convention that summing over the empty set results in 0. Since
G; NGy = () whenever i # i’ and since {e, : z € F'} is an orthonormal set, we have

(3.15) (jirpjri) =0 whenever i # i,
regardless of what j and j' may be.
By the preceding paragraph, we can rewrite Ay as

m(k)

Ao = Z Z ©ji ® €, .

jeJ i=1
We need to further decompose Ay according to the relation between j and i. Define

Ey={(j,i):j € J,1<i<m(k),d(ur;,u:) <27} and
E,={(j,i):je€J,1<i<m(k),27" < d(ugj,up;) <2759 for ¢ > 2.

Then

(3.16) Ao = ZYq, where Y, = Z ©ii @ e, .
q:1 (jvi)eEq

18



By (3.5) and (2.2), there is a Cs that depends only on the complex dimension n such that
card{i : 1 <1 < m(k),d(ug,j, up,i) < 2_k+q+1} < (052214

for every ¢ € N and every j € {1,...,m(k)}. Now we apply Lemma 3.4 to each E,. By
that lemma, for each ¢ € N we have a partition

(3.17) Eq=Eq1 U UEq2a(g);

where a(q) < €224, such that for every 1 < v < 2a(q), the conditions (j,1), (j',7) € F,.
and (j,4) # (j',4') imply both j # j' and i # 7'.

According to (3.17), we can further decompose each Y in the form

2a(q)

(3.18) Yo=Y Y., where Y, = > ;i ®eu,.
v=1 (4,9)EEq,v

The property of E,, ensures that both projections (j,i) — j and (j,4) — @ are injective
on Ey,. Thus by (3.15) and the orthogonality (ew,, €y, ,) = 0 for j # j’, we have

(3.19) Youll = sup el
(4,1)€Eq,u

for every pair of ¢ € N and 1 < v < 2a(q).

Obviously, our next task is to estimate ||p;;||. Since {e, : z € F'} is an orthonormal
set, it follows from (3.14) that

Iipsll < feard(Ga)}" sup |(u s z)]-

By Definition 3.2(a) and (3.13), we have card(G;) < card(Z;). Recalling (3.12), this means

1/2
ljill < C1/227 0P [{ 1, V)|

Applying Proposition 3.1, we further obtain

(1= o)1 - |w]-|2>1/2)"“

(3.20) lsill < CL2C51 ()2 sup
! ! 11— (2, w;)]

z€G;

The key observation at this point is to factor the fraction inside the (---)™** in the form

1/2
(1= |22 = fuy )2 { 1|2 }/ 1= fuyl?
1= (z,0;) =Ty [ U= (zwy)]
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As we will see momentarily, the two factors on the right-hand side provide decay in the
radial direction and the spherical direction respectively. Obviously, the decaying rates in
these two directions are different. Much of the complicated decomposition above is dictated
by this disparity between the two directions.

Since G C Fyye, it follows from (3.7) that 1 — |z|? < 2720+ for every z € G;. On
the other hand, (3.7) tells us that 1 —|w;|?> > 272*=2 for every j € J. Thus {(1—2|?)/(1 -
lw;[?)}/2 <27+ if » € Gi, i € {1,...,m(k)}, and j € J. Bringing this into (3.20), after
the obvious simplification we find that

1 . 12 n+t
(3.21) lsall < 27012 Cs1(£)27 sup (%) .

z€G; |1 - <vaj
Since [(z,w;)| < |w;|, this immediately gives us the simple estimate

.l < C3(t)2~% in the case (4,9) € By,

where C5(t) = 4"”011/203_1(15). By (3.19), we have ||Y7 || < C3(¢)27% for every 1 < v <
2a(1). Since a(1) < 22"Cy, by (3.18) we have

(3.22) |Y1]| < 22" FECyC5(t)27 .

But to estimate ||Y; | in the case ¢ > 2, we must analyze (1 — |w;|?)/|1 — (2, w;)|.

Consider a (j,7) in some E,, with ¢ > 2, and suppose that z € G;. Then by
(3.13) there is a v € Z; such that z € Tyys,. By (3.7), this means z = |z|¢ for some
¢ € B(uk+g’7,2_(k+£)). On the other hand, we have w; € T} ; by the definition of wj;.
Therefore, by (3.7), there is a £ € B(ug,;,27%) such that w; = |w;|¢. Thus

2’1 o <z7wj>| > ‘1 - <C7§>‘ = d2<<7§)
Since v € Z;, we have uyys € B(ug,;,27%) by (3.11). Since (j,i) € E,., ¢ > 2, we have

27 < d(ug g, un) < d(ug,y, &) + d(€,C) + d(C ko) + A(Ukse,y, ki)
< 2—k + d(f, C) + 2—(k—|—€) + 2—k
< d(€,C) + (3/4)27F

Cancelling out (3/4)27%+4 from both sides, we find that d(¢,¢) > (1/4)27%+4. Hence
11— (z,w;)| > (1/32)22kT21 = =2k +24=5,
By (3.7), the membership w; € T} ; also means 1 — |w;|?> < 272*. Thus we conclude that

1 — |w;|?

< 2—2¢+5
11— (2, wj)]

(3.23)
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if z € Gy, (j,i) € E;,, and ¢ > 2.
Substituting (3.23) in (3.21), we find that

< Cy(t)2~to72n e if (j iy e E,,, ¢>2,

l5,i
where Cy(t) = 26+0C /20y 1 (). Recalling (3.19), we obtain
[V ll < Ca(t)274272 D9 for all ¢>2 and 1< v < 2a(q).
Since a(q) < 03224, this and (3.18) together give us
1Y, || < Ca(t)2 12720 +0a . 90,2219 — Oy (t)2~ 22t
for ¢ > 2, where C5(t) = 2C2C4(t). Now set Cg(t) = max{Cs(t), 22" 120y C5(t)}.
Combining the above inequality with (3.22) and (3.16), we conclude that
IAekll < D NIYqll < Colt) Y 27272 = Cr(1)27%,
g=1 g=1
where Cr(t) = Cs(t) Y_,2; 272", By (3.10), this means
1Al < Cr(t)27"*
for every ¢ > 0. Finally, returning to (3.9), we reach the conclusion that
IBB| < [l Aoll + 23 Il4el| < 2C7(1) Y27 = Cs5(0).
=1 =0
Since |BB*|| = ||B*B|| and B*B = Rg), this completes the proof of the proposition. [J

4. Symmetric norm

The significance of Proposition 3.3 is that it brings the symmetric norm ||(H} H P2 e
into our estimates:

Lemma 4.1. Let 0 < t < oo and 2 < p < co. If f € L*(S,do) and if Hy is bounded, then
the inequality

O({ ||y} oer) < 207D Co(t)|(HFH)" o

holds for every symmetric gauge function ® and every partial sampling set F', where Cs 3(t)
1s the constant provided by Proposition 3.3.

Proof. Let ® be a symmetric gauge function. Then it has the following property: For
non-negative numbers a; > --- > a, >0 and by > --- > b, > 0 in descending order, if

ap+---+a; <by+---+b; forevery 1<j<v,
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then
o({ay,...,a,,0,...,0,...}) < ®({by,...,0,,0,...,0,...}).

See Lemma I11.3.1 in [7]. We will use this property to prove the lemma.

Let ¢, p, f and F be given as in the statement of the lemma. Suppose that card(F) =
m. Then we can enumerate the elements in F' as 21, ..., z,, in such a way that

||qu/)zl,t|| > ||Hf¢Z27t

> 2 |[Hps,, 0

For each 1 < k < m, let F, = {z1,...,2;}. Being a subset of F', each F}, is, of course, a

partial sampling set. Hence it follows from Proposition 3.3 that ||R%3 || < Cs35(t). In terms
of s-numbers, this implies that

s;(HfH7)P?RY)) < Caa(t)s; (HfHf)"'?)

for every j > 1 (see page 61 in [7]). By Definition 3.2(b), rank(R%}i) < k. Writing || - ||1
for the norm of the trace class, we have

tr((HHpP2RY) < |(HEHp)P2RY |y
— 51 ((H3Hp)PPRE) + - + s (HEHp)P/2RY)
(4.1) < Cs5(t){s1((HFHp)P/?) + -+ + si(HF Hp )P/}

On the other hand,
(4.2)  tr((H7Hp)P2RY) = (HFHp)P s, 0,02, ) + -+ ((HFH )P 1,02, 40).

Since p/2 > 1, it follows from the spectral decomposition of (H};H £)P/? and Holder’s
inequality that

p—2

||Hf¢2j,t

P — <H;Hf¢zj,t7¢zj,t>p/2 < <(H}<Hf>p/2¢zj,t’wzi’t>||¢zj’t|
< PO HFH Py 0 002,0).

Combining this with (4.2) and (4.1), we obtain the inequality
1H oy ollP 4 -+ [ H ooy [P < 28072 Coa(6) {51 (HFHyp)P?) + - + s (Hf Hp)P'?)}
for every 1 < k < m. By the first paragraph of the proof, this implies

(|| Hytht|P}zer) < 2°072Ca5(0)@({s;(H} Hp)"'?)}jen)
=200y 5 ()| (HF Hp) -

This completes the proof of the lemma. [
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Having applied Proposition 3.3, our next step is to apply the local inequality (Theorem
1.1) in the proof of the lower bound in Theorem 1.3. But this requires some preparation
because of the involvement of py and the possible overlap between T}, ; and T}, ;.

Definition 4.2. Let N € N. An N-partial sampling map is a map ¢ from a finite set X
into B that has the property card{z € X : p(x) € T}, ;} < N for every (k,j) € I.

Recall that for each ¢ € N, the radial contraction py is defined by (1.2). In addition,
as we did in the proof of Theorem 1.1, we define py(2) = z, z € B.

Lemma 4.3. There exists a natural number My s determined by the complex dimension n
such that the following holds true: Let I' be a finite subset of I and let z : I' — B be a map
such that z(k, j) € Ty ; for every (k,j) € I'. Then for each { € Zy the map ppoz: 1 —
B is My 32°™-partial sampling.

Proof. By (3.5) and (2.2), there is a natural number M; such that
(4.3) card{i : B(ups04,27" ") N Blug;,277) #0,1 <i <m(k +£)} < M 2%

for all £ € Z and (k,7) € I. Also by (3.5) and (2.2), there is a natural number M5 such
that m(k) < M522"* for every k > 0. Consequently

(4.4) m(0) +m(1) + - -- 4+ m(l) < 2Mp2°™
for every ¢ > 0. Suppose that z : I’ — B is a map such that z(k,j) € T} ; for every

(k,j) € I' and suppose that ¢ € Z . Let us estimate card{(k’,i) € I' : ps(2(K',4)) € Ty ;}
for each (k,j) € I.

(1) First we consider the case k > 1. Then 0 ¢ T}, ;. By (1.3) and (3.7), if ps(2(K', 7)) €
Tk,j7 then

1— |2(K, )2 = 2721 — |pe(2(K,0))[?) € (27 2(kFt+D) o=20k+0)),

Since it is assumed that z(k,v) € T}, , for every (k,v) € I’, the above implies k' = k + ¢.
Therefore

card{(k',i) € I' : pe(2(K',i)) € Ty, ;} = card{i : (k+¢,i) € I', pe(2(k + ¢,7)) € Ty ;}.

Since the membership pe(z(k + ¢,4)) € T, implies pe(z(k + €,7))/|pe(z(k + £,1))] €
B(ug,;,27%) and since z(k + £,4)/|z(k + €,i)| = pe(2(k + £,)) /| pe(2(k + £,4))|, we have

card{i: (k+0,7) € I', pe(2(k + £,4)) € T}, ;} <
card{i : B(ups04,2" ") N Bug;,27%) £ 0,1 <i <m(k+0)}.

Recalling (4.3), we now have
(4.5) card{(k',i) € I' : po(2(K',i)) € Ty ;} < M 2*™*
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in the case k > 1.
(2) Consider the case k = 0. That is, we need to estimate card{(k’,i) € I' : ps(z(k',1))
€Ty}, je{l,...,m(0)}. First of all, by (1.2) and by the argument in (1), we have
card{(k',i) € I' : pe(2(K',i)) € To 4, pe(2(K',3)) # 0} < M, 2%

for every 7 € {1,...,m(0)}. Thus it remains to estimate card{(k’,7) € I’ : po(z(k',i)) = 0}.
By (1.2), if |w|? > 1—-272¢ then py(w) # 0. Hence if (k’,i) € I’ is such that p,(z(k’, 1)) = 0,
then |z(k',4)|? < 1-27% < 1-272(4+1) Combining this with the assumption z(x,v) € T} .,
for every (k,v) € I' and with (3.7), we conclude that the condition p;(z(k’,7)) = 0 implies
k" < ¢. Thus by (4.4) we have

card{(K',i) € I' : pe(2(K',i)) = 0} < m(0) + m(1) + - - - + m(l) < 2M2°"™,
Therefore
(4.6) card{(k',i) € I' : pg(2(K',i)) € To;} < (M + 2My)2%™

for every j € {1,...,m(0)}.
Finally, from (4.5) and (4.6) we see that if we set My 3 = M; + 2Ms, then the map
peoz: I — Bis My 32?2 -partial sampling. O

Lemma 4.4. There exists a natural number My 4 determined by the complex dimension n
such that the following holds true: Suppose that N € N and that ¢ : X — B an N-partial
sampling map as defined in Definition 4.2. Then there is a partition

X=X1U---UXM4'4N

such that for everyi € {1,..., My 4N}, the map ¢ : X; — B is 1-partial sampling.

Proof. We use a standard maximality argument, as follows. By (3.5), (3.7) and (2.2), there
is a natural number My 4 such that the inequality

card{v : Tj,, NT; # 0,1 <v <m(k)} < My4

holds for every (k, j) € I. Moreover, if k # k', then Ty, ;NTy ;» = ( for all possible j and 5.
Suppose that ¢ : X — B is an N-partial sampling map. Then we define X; to be a subset
of X that is maximal with respect to the property that the restricted map ¢ : X; — B is
1-partial sampling. Suppose that m > 1 and that we have defined Xi,...,X,,. Then we
define X,, 11 to be a subset of X\{U",X;} that is maximal with respect to the property
that the restricted map ¢ : X,,+1 — B is 1-partial sampling. Inductively, this defines all
X;, 1> 1. We need to show that

X U UXa v =X,
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If not, then there would be some z* € X\{UM44" X;}. By the maximality of each X;, the
restricted map ¢ : X; U{z*} — B must fail to be 1-partial sampling, 1 < i < My 4N. That
is, for each i € {1,..., My 4N}, there would be an z; € X; and a (k;, j;) € I such that

Thigi 2 {p(@i), (")}

Let (k*,7*) € I be such that ¢(z*) € Ty« ;. Then we have k; = k* and Ty~ j, D
{p(z;), p(z*)} forevery i € {1,..., My 4N}. This in particular implies that Ty« ;- NTg- ;, #
(). Therefore

C&I‘d({j*} U {]z | S 1 S M44N}) S M4_4.

Since ¢ is an N-partial sampling map, it follows from this inequality that the inverse image
of the set T« ;= U{Uij\i‘*l“‘NTk*’ji} under ¢ contains at most My 4N elements. But the above
also tells us that this inverse image contains z1,...,x5, ,~ and z*, My 4N + 1 distinct
elements. This is a contradiction. [

For each m € N, define I,,, = {(k,j) € [ : k < m}.
Corollary 4.5. Suppose that z; € Ty ; for every (k,j) € I. Let 0 < t < oo and
2<p<oo. If f € L?(S,do) and if Hy is bounded, then the inequality

S H Yz ;P kgyern) < 2t(p_2)03.3(t)M4.3M4.4”(H;Hf)pmué

holds for every symmetric gauge function ® and every m > 1, where Cs3(t), Mys and
My 4 are the constants provided by Proposition 3.3 and Lemmas 4.3, 4.4 respectively.

Proof. First of all, a symmetric gauge function ® has the following obvious property: If A
is any countable set and if A = A; U---U Ay, then for every map ¢ : A — [0, 00) we have

(4.7) O({p(a)taca) < P({e(@)}aca,) +- -+ 2{@(@)}acay)-

Let m > 1 be given and consider the map (k, j) — zx ; from I,,, into B. Since zj ; € T} ;,
if we apply Lemma 4.3 to the case £ = 0, we see that this map is M, s-partial sampling.
Therefore, by Lemma 4.4, there is a partition

Im = El u---u EM4.4M4.3

such that for every 1 < i < My 4My3, the map (k,j) — 2z ; is 1-partial sampling on
E;. That is, the map (k,j) — 2z ; is injective on F; and {2y : (k,j) € E;} is a partial
sampling set as defined in Definition 3.2. Hence Lemma 4.1 gives us

QU1 H vy, il Y kjyem,) < 282 Cas(t) | (HFH )P ?||o
for every 1 <i < My 4My.3. By (4.7), we also have

My 4 My 3
S{[|H oz, Y kpyern) < Y PENHfz, eIk gyer,)-

=1
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Obviously, the corollary follows from the above two inequalities. [

Lemma 4.6. Let h : B — [0,00) be a map such that SUPyer, h(w) < oo for every
(k,j) € 1. For each (k,j) € I, let wy ; € T} ; be such that

(4.8) h(wy ;) 2% sup h(w).

weTy,j

Suppose that zy, ; € Ty, ; for every (k,j) € I. Then the inequality

(4.9) ({n(pe(21,5))} k pyer,) < 2MaaMaa22 ®({h(w )} kg,
holds for every pair of m,¢ € N and every symmetric gauge function ®, where My 3 and
My 4 are the natural numbers provided by Lemmas 4.3 and 4.4 respectively.

Proof. Let m,£ € N be given. Define the map ¢ : I,,, — B by the formula ¢(k, j) = pe(2x,;),
(k,j) € I,. Then Lemma 4.3 tells us that ¢ is My 322" -partial sampling. By Lemma 4.4,
there is a partition

I, = ma1U---U Im,M4,4M4'322n‘-7

such that for every 1 < i < My 4 My 3227 the restricted map ¢ : Ip,; — B is 1-partial
sampling. By (1.2), we have ¢(I,n.:) C U j)er,, Tk,j- Thus for every (k,j) € I,
card{(k,v) € L i : ¢(k,v) € Ty ;} <1 if 0 <k <m,
card{(k,v) € I : (k,v) € T} j} =0 if k> m.
This implies that for each 1 < i < My 4My4 532%™, there exist a subset J; of I,, and a

bijection m; : J; — Ip,; such that o(m;(k,j)) € Ty, ; for every (k,j) € J;. By (4.8), this
implies h(p(m;(k,j))) < 2h(wg, ;) for every (k,j) € J;. Since m; is a bijection, we have

P({h(p(k, V) }wp)eln.) = PUR(p(Ti(k, )} kyes) < 2@{M(wk, )} k. jyer,,)
for every 1 <i < My 4My 322", By (4.7), we have

My 4 My 322

({h(o(r ) wwer) < D 2{hle(r )} wwrer.)

i=1
< 2MyaMy 32" ®({h(wi ;) } k. yer,,)-
Since ¢(k,v) = pe(2x,), this proves the lemma. O
With the above preparation, the local inequality in Theorem 1.1 can now be applied:

Proposition 4.7. Given any 2n < p < oo, there is a constant Cy7(p) such that the
following holds true: Let f € L?(S,do). For each (k,j), let wy ; € Ty ; be such that

1
(4.10) | Mo, el | 2 5 sup [ Mo, Hyho |

wETk’j
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Let z, j € Ty, ;, (k,j) € I. Then we have

({Var”2(f = Pfi 215} k.gyern) < Coa()@{ 1M, Hikw, ;17 gyer,n)

for every symmetric gauge function ® and every m € N.

Proof. Given a 2n < p < oo, we pick a 0 < < 1/2 such that (1 — 26)p > 2n. This allows
us to write (1 — 26)p = 2n + € with some € > 0. With this §, Theorem 1.1 gives us

o0

1
Var'/?(f = Pf; z.;) < C(6) Z mHMmpz(%,j)kape(z’”)H

(=1

for every (k,j) € I. Now factor the 2~ (1=9¢ ahove in the form 2~ (1=9¢ = 9=(1=20)¢ . 93¢
apply Holder’s inequality to the sum ), with conjugate exponents p and p/(p — 1), and
then raise both sides to the power p. The result of this is

oo

1
Varp/2(f - Pf; Zk,j) <Ci Z 9(2n+e)l HMmpeuk,j)kaW(ZW)”p’
=1

where C; = CP(8)(2°7/(»=1) — 1)~(»=1)_ Since any symmetric gauge function ® is a norm
on ¢, the above inequality implies
(4.11)

o0

1
@({Varp/2(f —Pfi2r5) Yk jyer,) < C1 Z W‘I’({HMmpé(zk,j)kape(zk,j)||p}(k7j)61m)=
=1
m > 1. Now consider the map h : B — [0, 00) defined by the formula
h(z) = || M, Hyk. ",

z € B. Then (4.10) means that h and wy, ; satisfy condition (4.8). Now apply Lemma 4.6.
For this particular h, (4.9) translates to

O({| M, e, Hebiputo ) P h b irer,) < 2MagMa a2 (| Moy, Hiug, 1P}k yer,).

¢ > 1. Substituting this inequality in (4.11), we see that the proposition holds for the
constant Cy7(p) = 2My43M44C1 >0, 2-¢t O
5. Lower bound
We need to bridge the gap between || M, H k.| and ||H, +||. For this, we recall

Lemma 5.1. [5,Lemma 3.3] There exists a constant Cs1 which depends only on the
complex dimension n such that the inequality ||[P, Myt ||| < Cs.1t holds for all z € B and
t>0.

27



Lemma 5.2. For all f € L?(S,do), z € B and 0 < t < 1, we have
1Mo, Hpka|| < | Hposoll + CsatVar'/2(f — Pf; ),

where Cs 1 is the constant mentioned in Lemma 5.1.

Proof. On page 3100 in [5], we proved that
[Mi, Hrk: || < [Hytz || + Coat|| Hpk- |-

But ||H k.| < Var'/2(f — Pf;z). To see this, set ¢ = f — Pf — ((f — Pf)k., k). Then
|H k.|| = ||[Hok.| < ||k | = Var'/?(f — Pf; z). This proves the lemma. O

Proposition 5.3. Given any 2n < p < oo, there is a constant Cs3(p) such that the
following holds true: Let f € L?(S,do) and suppose that the Hankel operator Hy is bounded.
For each (k,j), let z ; € Ty ; satisfy the condition

(5.1) Var(f — Pf;z1;) > % sup Var(f — Pf;z).

2€Tk,

Then the inequality

S{Var’?(f = Pf; z1)}wgper) < Csa®)|(H7Hp ) ||o

holds for every symmetric gauge function ®.

Proof. For the given f € L?(S,do), pick wy ; € Ty, ; such that

1
[ M, Hikw, | =5 sup [[Mp, Hkwl],
k,j 2 wGTk,J

(k,j) € I. Then by Proposition 4.7 we have
S({Var"/2(f = Pfi 20 )} kpern) < Car)O{ My, Hyku, P} per)

for every symmetric gauge function ® and every m € N. Applying Lemma 5.2 to each
| M, Hpky, |, for 0 <t <1 we have

Yk, j

S({Var*’2(f — Pf;zi.:)Yhjyen,) < 2P Cur(0) @ H ftwy 1P} k. jyer,)
+ 27710y 7(p) (Cs 1 t)PB({Var?/2(f — PF; Wh,5) Y (k,j) el )-

Since wy, ; € T}, ;, it follows from (5.1) that Var(f — P f;wy ;) < 2Var(f — Pf; 2 ;). Hence

S({Var*’2(f — Pfizi.:)Yjyen,) < 28 Cur(0) ({1 Hyw, , 1P}k jyer,)
+ 2P 1oP/2C £ (p) (Cs 1 t)PO({Var?/?(f — PF; 2k,5) } (ki) Elm )
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Now, for the given 2n < p < 0o, we pick 0 < ¢t < 1 such that 2P=12P/2C ;(p)(Cs.1t)P < 1/2.
This fixes the value of ¢ in terms of p, and from the above inequality we obtain

O({Var?’?(f — Pf;21)}ojyern) < 207 Caz(p) @I H ptpuwn, 1"} .)€ 1,0)
+ (1/2)2({Var?’?(f — Pf;z1)} k. jyer,)-

Since I,,, is a finite set, the quantity ®({Var?/2(f — Pf; 2k j)}(r.j)er,.) is finite. Therefore
after the obvious cancellation the above inequality becomes

O({Var?/?(f — Pf; z1.) s jyer,) < 2PCar(p) @[ Hptbu, ;0

PYkgyer,)-

Finally, an application of Corollary 4.5 to the right-hand side gives us

S({Var?/?(f — Pf; z1.) bk jyer,) < 2PCar(p)2' P72 O3 5(t) My s My | (HFH )P (|-
Since this holds for every m € N, by (1.7) we have

O({Var?/?(f — Pf; 21.5) b jyer) < 2PCar(p)2" P2 Cs 5(t) Mys Myl (HFHy)P? .

This completes the proof of the proposition. [
We need to bring the Bergman metric into the proof of the lower bound.

Lemma 5.4. [18,Lemma 2.4] Given any 0 < a < oo, there exists a natural number K which
depends only on a and the complex dimension n such that the following holds true: Suppose
that T is an a-separated subset of B. Then there exist pairwise disjoint subsets I'y,... 'k
of T such that Uflef‘u =T and such that card(I', N Ty, ;) <1 for all p € {1,..., K} and
(k,j) e 1.

We would like to alert the reader to the fact that although Lemma 5.4 looks identical
to Lemma 2.4 in [18], these two lemmas actually differ slightly. This is due to the fact
that the set Ty ; is defined slightly differently in [18]. Compare [18,(2.5)] with (3.7) in
this paper. But this slight difference in definition does not change the fact that there is
a 0 < C < oo such that the S-diameter of each T}, ; does not exceed 2C. Therefore the
proof of [18,Lemma 2.4] works verbatim here for Lemma 5.4.

Proposition 5.5. Given a > 0, let K be the natural number provided by Lemma 5.4. Let
2n < p < oo. Let f € L?(S,do) and suppose that the Hankel operator Hy is bounded. Then
the inequality

O({Var?/?(f — Pf;2)}zer) < 202K Cs5(p) || (HHy )P ?|lo

holds for every symmetric gauge function ® and every a-separated set T in B, where Cs 3(p)
18 the constant provided by Proposition 5.3.

Proof. For each a-separated set I' in B, Lemma 5.4 provides the partition
(5.2) r=r,u---ul'g
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such that card(I'; N Ty ;) < 1 for alli € {1,...,K} and (k,j) € I. This means that for
each i € {1,..., K}, there is a subset I(?) of I such that

Ty = {2} : (k,5) € IV}

and such that zl(glz € Ty ; for every (k,j) € I,

Let f € L?(S,do) and suppose that H; is bounded. Then for each (k,j) € I pick
2k,; € T ; such that (5.1) holds. Since z() € Ty, 5, (5.1) implies

(5.3) Var?/2(f — Pf;200) < 20/2VarP/2(f — Pfiz5),  (k,j) € I,
Proposition 5.3 tells us that

S({Var*/?(f = Pfizu)}wger) < Cos®I(HFH) o

Combining this with (5.3), we find that

O({Var/2(f — Pf;2)}er,) = ({Var?’2(f — Pfi20)} o jyer)
< 27/2C5 4(p) | (HF Hy)P? o

By (5.2) and (4.7) we have

K
O({Var*/?(f — Pf;2)}zer) < Z ({VarP’?(f = Pf;2)}zer,).

Obviously, the proposition follows from the above two inequalities. [J

One should view Proposition 5.5 as a rather general result, a result that may have
implications beyond this paper. But our immediate goal is to deduce the lower bound in
Theorem 1.3 from Proposition 5.5. As it turns out, this involves an interesting special
property of the family of symmetric gauge functions @;, 1 <p<oo.

Lemma 5.6. Suppose that 1 < p < co. Let a = {aq,...,ak,...} be a sequence such that
ag > 0 for every k > 1 and

(54) a1 2y > > >

Define

Then



Proof. By (1.8), the upper bound @ (a) < Fp(a) is obvious. To prove the lower bound,
note that for every k € N,

k k
1 1 P 1—
Z 7p /1 xl/pda: p—lk .

Therefore by (1.8) and (5.4), we have

kl/p(xk.

" o]+ -+ g kay, _p-—1
(I)P (a) > 1-1/p ... k-1/p = {p/(p— 1)}/61*(1/7’) N p

Since this holds for every k € N, we have ®} () > {(p — 1)/p}Fp(a) as promised. [

Lemma 5.7. Let 1 < r < oo, 1 < p < o0 and p = pr. Then for every sequence
a={ay,...,ak,...} of non-negative numbers we have

P2 (@ fendien))” < 0 (lahew) < (T2 fondien) )

p

Proof. If the sequence « fails to converge to 0, then both @1 ({a} }ren) and @, ({ak }ren)
are infinity, and the desired inequality holds trivially. Therefore we may assume aj — 0
as k — oo. Since a — 0 as kK — oo, discarding zeros and re-enumerating the other terms
if necessary, it suffices to consider the case where

ar>ag> > >

Applying Lemma 5.6 and the relation pr = p, we have

®, ({afren) < Fp({af}ren) = supk'/Paf = (Sup k:l/pak)
k>1 E>1

~ (Bl{anhen)” < (2 8 fdien))

proving the upper bound. To obtain the lower bound, we also apply Lemma 5.6 and the
relation pr = p. We have

@7 ({ofren) 2 L;le({aZ}keN) -

-1 -1 "
sup kl/po/,; N (sup k:l/pak)
P k>1 P k>1

_r-1 o p—1 O (ot oen))”
= (Fp({artren))” = —— p (@ ({antren)) -

This completes the proof. [

Proof of the lower bound in Theorem 1.3. Let 2n < p < oo and a > 0 be given. We need
to find a ¢ > 0 that depends only on p, a and n such that the inequality

(5.5) 1Hy ;> c®F ({Var'/?(f = Pf;2)}zer)
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holds for every f € L?(S,do) and every a-separated set I' in B.

Since p > 2n, we can pick an r such that 2n < r < p. Write p = p/r. Then
l1<p<oo and pr=np.

Given an f € L*(S,do), to prove (5.5), we may assume that ||[Hy||f < oo, for otherwise

there is nothing to prove. Note that the s-numbers of (H}"Hf)’"/2 are (s1(Hy))", ...,
(sk(Hy¢))", ... . By Lemma 5.7 and the relation pr = p, we have

I(HFH) 5 = 25 ({(s(H))" bren})

(56) < (g tstpheny) = (Ll )

Now we apply Proposition 5.5 to r and the symmetric gauge function @j. For any a-
separated set I', we have

(5.7) (HFHp) 2|y = |(HfHp) 2| gr = (272K Cs5(r)) " @5 ({Var™/?(f — Pf; 2)}zer),
where K is determined by a. Applying Lemma 5.7 and the relation pr = p again,
—1 T
&f ({Var'/2(f = Pf;2)baer) 2 F—= (@5 ({var'/2(f = Pf:2)baer))

Combining this with (5.6) and (5.7), we obtain

) ~1 r
(]%1”11)0”;) Z 2r/2[)pKC5.3(T) (@;({Var1/2(f - PfQZ)}zEF)> :

Obviously, this implies (5.5), completing the proof of the lower bound in Theorem 1.3. [J

6. A reverse Holder’s inequality

Having proved the lower bound in Theorem 1.3, we will now turn our attention to the
upper bound. In the study of Hankel operators, upper bounds are inherently “two-sided”
problems, as it suffices to consider commutators of the form [P, My]. In our estimate of
I[P, M|}, the duality between symmetric gauge functions will play a crucial role. Let us
first recall this duality.

Given a symmetric gauge function ®, the formula
o0

O ({b;}jen) = sup ¢ | > ajbs| : {a;}jen € &, P({az}jen) < 1o, {bj}jen €2,
j=1

defines the symmetric gauge function that is dual to ® [7,page 125]. For any A € Cy and
B € Cg+, we have

(6.1) tr(AB)| < [|All« | B|

o*.
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This follows from inequality (7.9) on page 63 of [7]. Moreover, we have the relation ®** = ®
[7,page 125]. This relation implies that

(6.2) ®({a;}jen) = sup Zaj {bj}tien € &, 27 ({bs}jen) <1

for each {a;},;en € ¢

For each 1 < p < o0, define

- |ax ) .
(I)p ({aj}]EN) Z (p (f)/pu {aj}jEN €,

j=1

where 7 : N — N is any bijection such that |a )| > |ax2)| > -+ > |az¢y| > ---, which
exists because each {a;}jen € ¢ only has a finite number of nonzero terms. Then @ is
a symmetric gauge function. Indeed it is well known that the pair of symmetric gauge
functions <I>:)'/ (p—1y and @, are dual to each other [7,pages 148-149]. We need the following

special property of @ .

Lemma 6.1. Let 1 < p < oo. Let X, Y be countable sets and let N € N. Suppose that
T:X — Y is a map that is at most N-to-1. That is, card{x € X : T(z) = y} < N for
every y € Y. Then for every set of real numbers {a,},cy we have

®, ({ar (@) tzex) < max{p, Q}Nl/pq)gj({ay}er)-

Proof. By (1.7), it suffices to consider the case {a;}ien € ¢ where the terms are non-
negative and in the descending order: ay > as > --- > a; > ---. Let N € N and let
T : X — N be a map that is at most N-to-1. Now we define {b;};en by the rule that

That is, one can regard {b;};en as the “direct sum” of N copies of {a;}ien. Since T

is at most N-to-1, there is a subset E' of N such that ®, ({ar @) }zex) = @, ({bj}jcE)-
Therefore

00 00 N
(6.3) @, ({ar@) teex) < @, ({bj}jen) = 2; p/(p ) Z;“z 2; (i~ 1N +j)<p 0/p°
j= =1 j=
For each i > 2, we have
N N {i/(i —1)}p=D/PN1/p oN1/p
Z < = <
(i—1)N _|_J)(p D/p = ((i — 1)N)e—-1/p i(p—1)/p — j-1)/p’

]:1
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For the term i = 1, we have Z —(=D/p < pNV/P = pN1/P/1(P=1)/P_ Substituting
these in (6.3), the lemma follows. D

Recall from Section 3 that for each & > 0, {ug,1,...,ug m(k)} is a subset of S that is
maximal with respect to property (3.5). For each (k,j) € I, we now define the sets

Bk,j = B(uk7j,2_k+2), C]ﬁj = B(uk7j72—k+3) and Dk,j = Bk,j X Bk,j-

Previously we introduced the finite subsets I,,, = {(k,j) € I : k < m}, m € N, of I. But
now we need subsets of I of a different kind. From now on, for each v € Z, we write

IV) = {(k,j) el :k>uv}.

Lemma 6.2. There is a constant Cg.o that depends only on the complex dimension n
such that the following estimate holds: Suppose that {by ;} k. jyer is a set of non-negative
numbers and let v > 0. Define

bl = maxc{byj  Bij N Biyy # 0}

for every (k4 v,4) € I, Then for every 2 < p < 0o we have
q)z:({bl(cljzu,i}(kJru,i)eI(v)) < 06.22922W/pq);({bk,j}(k,j)el)-

Proof. By (2.2) and (3.5), there is a natural number Cg o such that for every triple of
k>0,1<j<m(k)and v >0, we have

card{i : B ; N B4y # 0,1 <i<m(k+v)} < Cp 222 .

Let {b,j}(k,j)er and v > 0 be given. We define a map 7" : I™) — I in the following way.
For each (k + v,4) € I™), there is an h(k + v,4) € {1,...,m(k)} which has the properties
that Bkvh(lﬁ_yﬂ‘) N Bk+u,i #* () and that bk,h(k—i—u,i) = max{bk,j : Bk,j N Bk+u,i # @} Set
T(k+v,i) = (k,h(k + v,i)). The second property ensures that @;({béﬁy,i}(k_’_y’i)el(u)) =
@, ({01 (k41,i) } (ktv,i)e1 ), While the first property guarantees that 7" is at most Cg.02%mv-
to-1. Applying Lemma 6.1, we have

©; ({67), Y svirere) = 5 ({00 (ets) rgwirero) < p(Co.222" )P0 ({bj b jyer):

Since Cg2 > 1 and 1/p < 1, we have C61/2p < (g.2. Hence the lemma holds. [

In addition to the duality of between symmetric gauge functions, the estimate of
I[P, M|} also involves more mean oscillations in connection with our particular spherical
decomposmon For g € L?(S,do) and (k,j) € I we define

/
o (Ck,]) Ck:,g ’

1/t
Vi(g: k. j) = {24”‘“//1) o)t do(z)d ()} C1<t<oo
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These mean oscillations play a significant role in the proof of the upper bound.

Lemma 6.3. Suppose that 1 < r < oo, 1 <t < oo, 1 < p < 2 and that these numbers
satisfy the condition 1 > r/t > (p — 1)/p. Then there is a constant Cg35 = Cg.3(r,t, p,n)
such that

SV (g5 k) Ywjyer) < Co3®y ({7 (955, 5) Y k,jyer)
for every g € L?(S, do).

Proof. Let g € L*(S,do), and consider a large m € N. By (6.2) and by the duality between

®+ and ® ) (,—1), there exists a set of non-negative numbers {ck,j: (k,j) € I} such that

(I’,:/(p—n({ck,j}(k,j)elm) <1 and
, . 1 ” .
> a Vi gk, g) = §<I>j({Vt (95K, 9) Yk gyer,,)-
(k.g)EIm
For convenience we define ¢ ; = 0 when k& > m. Then
@ oy Uekstwper) =2, 1 {ekitwern,) < 1.

Let us analyze the sum

S= Y aVi(g:kj)

(k,3)EIm
For this we introduce the functions

1
do, €S,
o(B(¢,27k=2)) /B(g,z—k—z) g ¢

k > 0. Since [g(¢) — g(&)| < 19(¢) — gr ()| + 9k(C) — gr(§)] + g (§) — g(€)], we have

S<C {24“’“ //D (O)[fdo(¢)d (f)}r/t

gk(C) =

(k,])el
r/t
+ O Ckj {24”'“ |9k(¢ (§)|td0(C)d0(§)}
(k, j)elm ’ //Dk g
r/t
(6.4) +Cy {24”k 19%(€) — 9(&)|"do(C)d (5)} :
(k,j)GI //Dk 3

where C; = 371, By (2.2),

//D,” (Ol do(Q)do(£) :U(Bk,j)/Bk’j g — gkl'do

< Ap2%n(RF2) / lg — gi|'do.
Bk,j
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Substituting this in (6.4), we find that
(6.5) S < C1{2(A42*™)/tS; + S5},
where

r/t
S1 = Z Ck,j {22"’“/3 lg — gk|tda} and
ki

(k.j)€lm

r/t
&zij%ﬁﬂfmymm—mm%@w@}-

(k,j)€Lm

We analyze 57 and S5 separately.

For S7, note that for each pair of integers £ > 0 and s > 0,

C
(6.6) 22"'“/ |Ghts — Grrst1|'do < 32 , / (I9k+s — 905 ;[ 1904 ; — Grrs41]')do.
By, ; U( kJ) By, j

If ¢ € Bi; = B(ug;,27%"2), then B((,27%7572) € B(ug;,27%"3) = C); and

1
k+s(C) —go, ;| < ——— / 9 —9gc,,ldo
| + ( ) k, | O'(B(C,Q k—s 2)) B(C,Q—k—$—2)| k, |

< G2 / 9 — 9oy, |do = C32°"* I (g; k, j)
=~ — ycC j == 3 ;N .
J(Ck,j) Ck,j b

(6.7)

A similar inequality holds for |gc, ; — grys+1(C)|, ¢ € Bg,j. Substituting these estimates
in (6.6), we obtain

(68) 22nk/ ‘gk—i—s - gk—l—s+1|td0 S 0422n3t‘]t(g; kaj)a
By ;

k>0,s > 0. Obviously, |9, ; —9c, ;| < Cs5J(g; k,j). Combining this with (6.7), we have

2 [ lgn, - gul'de < Cal'(gikd)
Bk 7j
Hence

22nk:/ |g _gkltdo_ S 2t—122nk/ |g _gBk7j|th+ 2t—122nk;/ |gBk,j _gkltdo_
Bk,j Bk,j B

k,j

(6.9) < CrViH(g; k, §) + CsJ (g5 %, 7).
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Suppose that v € N. If 5,5/ € {1,...,m(k)} and i € {1,...,m(k + v)} are such that
both intersections By ; N Bity,; and By j» N By, are non-empty, then d(uy j, ug ;) <
3-27k+2 Thus by (3.5) and (2.2), there is an M € N such that the inequality

card{j : By N By4v,; # 0,1 <j<m(k)} <M

holds for all k > 0, v € N and i € {1,...,m(k+v)}. Now, for each triple of £k > 0, v € N
and i € {1,...,m(k+v)}, define

(6.10) oz,(;jzyyi = M max{cy ; : Bij N Bitv,i # 0}.

Then for each pair of £ > 0 and v > 1, we have

m(k) r/t
Z Ck,j {22nk/ 9 — gk+u|td0}
j=1 Bk,
m(k) r/t
< 2—2nm~/t Z Chj Z {22n(k+1/)/ ‘g - gk+y’td0}
Jj=1 Byyv,iNBy,; #0 Bitu.i
m(k+v) T/t
— g~ 2nwr/t Z {22”(k+”) / lg — 9k+u\tda} Z Ch.j
=1 Bietv,i By, jNBr4u,i #0
m(k+v) r/t
(611) S 2—2711/7’/15 Z a](;ﬁyz {22n(k+v) / |g _ gk—i—y’tdo-} ,
i=1 Bitv,i

where the assumption 7/t < 1 is used to justify the first <. For each v € N, we have
(6.12) Sy <2 HTy(v) + Ta(v)),

where

r/t
Ti(v) = Z Ch.j {22”16/]8 lg — gk+l,\tda} and
kg

(k,g)Elm
r/t
D)= Y o {22nk/ |Ire+v —gkz|td0} :
(k»j)elm kg
Denote

r/t
Tg(l/) _ Z Z 041(521,,1' {22n(k+1/)/B |g _ gk+y|td0} )
k+v,i

k=m—-—v+1 1=1
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By (6.11) and (6.9), we have
m m(k:+l/)

r/t
Ti(v) <27ty Y a,i”ly,i{z%““*” / |g—gk+u|tda}
k=0 i=1 Brtv,i

m—v m(k+v) r/t
— 9~ 2nvr/t Z Z k_H,Z {22n(k+l/) / |g _ gk-i-y‘tdo-} + 2—2nur/tT3(V)
= Brtv,i

m—r m(k+v)

< Qg2 2w/t Z Z a,g’;)wvr (g;k +v,1)
k=0 =1
m— ym(k+V)

+ Ch27 2/t Z Z oz,H_MJT g k+ v, z)+2_2"”T/tT3(V).

Since {(k +v,4) € I : 0 < k < m — v} is a subset of both I,,, and I%*), by (6.2) we have

m—v m(k‘+1/)

SN o), Vigk+vi) <@, ({0, Yorvaero) 05 (Vi (g8, 5) egrer,,)-
k=0 =1

Therefore

Ty ( ) < Cy 2_2nw/tq);/(p 1)({al(<;ljzu,i}(k+y,z’)el<v))(I)j;({vtr(g;k,j)}(k,j)elm)
+ 00272 (), e ero) @5 (LT (g kD) Y geger) + 272 T (v),

By (6.10) and Lemma 6.2, we have

(I)p/(p 1)({ak+y z}(k—H/ z)e](“)) < MCs.2{p/(p— 1)}2%”(/) R p/(p— 1)({Ck,g}(k j)GI)
Write 6 = (r/t) — {(p — 1)/p}. Recall that we have & e ({c;w}(k jer) < 1. Thus
Ty (v) < Co27>™° @ ({V/ (g: k. §) Y (hjyetnn)
+ 0102_2nyé‘1);r({=]r(93 k,3) Yk jyer) +T3(v),

where C§ = CoMCs2{p/(p — 1)} and C1y = C1oMCs2{p/(p — 1)}. Substituting this in
(6.12) and then recalling (6.5), with C; = 27C;(A4¢2%")"/*, we have

1 T y —2nv T -

5@:({‘4 (9 3) Y hojyern) <S8 < CnCH272™ 0 ({V] (93 k, )}k jyet,n)

+ 0110102_27”/6@:({JT<Q; kJ)}(k,j)eI)
+ Cll(T2(V) + T3(I/)) + 015’2.

Now comes the most crucial step in the proof. Since § = (r/t) — {(p — 1)/p} is greater
than 0 by assumption, we can fix a ¥ € N such that 011052_2"”5 < 1/4. Since C7; and
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C{ depend only on n, r, ¢t and p, this fixes the value of v in terms of these numbers. With
0110§2_2”V5 < 1/4, an obvious cancellation in the above leads to

1 . - .
Zq’:({‘ér(g;kd)}(k,j)elm) < Cro®y ({J"(9: k5 4) Y kojyer)
(6.13) + C11(T2(v) + T3(v)) + C152,

where C12 = C11C},. Next we estimate T»(v), T5(v) and Ss.
For T(v), note that

r/t v—1 r/t
22nk/ |90 — gil'do <v! Z 22nk/ |Gk+s+1 = Grts|'do
By, ; s=0 By,;

<Oy 2T (g3 ks ),

where the second < follows from (6.8). Since the natural number v is now fixed, we can
write Ci3 = V’"CZ/ ‘92nvr Recalling the definition of T (), we have

Ts(v) < Cis Z ck,jJ (9:k,J) < 013(13;/(p_1)({Ck,j}(k:,j)elm)@;({Jr(g;k»j)}(k,j)elm)
(k,j)ELm

(6.14) < Ci3®y ({7 (95K 9) e jyer)-

The estimate of T3(v) is more interesting. Here, the main observation is that the total
number of k’s involved in T5(v) is only v: m — v 4+ 1 < k < m. Thus

(615) Tg(l/) = Ym+1 + cee + Ym—‘,—u,

where
m(£)

r/t
L
i=1 By,

m—+1</{<m+v. To estimate Yy, define

m(L)

r/t
via = 3o {2 [ e |
i=1 By,

for L € N. Write € = 6/2 (recall that § = (r/t) — {(p — 1)/p}). By Holder’s inequality,

L—1
1 €
9o+ — gel" < (1= 2/ Dy Z 2 goy g1 — Gorql'-
q=0
Since r/t < 1, this leads to
L-1 m(£) r/t
Yo <Cus Z 21Zy 4, where Z;,= Z aé"? {22”5/ |Gotq+1 — gg+q|tda} )
q=0 i=1 0,0
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For each triple of £ > m + 1, ¢ > 0 and v € {1,...,m(¢ + q)}, define
(6.16) hg_i_qﬁ = Mmax{aé? : BN Bg_|_q7fy =+ @}

Then

m(£)

r/t
Zoq = Z O‘g,ji) Z {22716/ |Ge+q+1 — ge+q\td0}
=1 Biig,y

By,iNBiyq,#0
m({+q)

r/t
< g2nar/t Z hetq,~ {Q%(Hq) / [ 9€+q|td‘7}
y=1 Beyq,y

m(l+q)
r/to—2ngr r
< Cyltg2nar/t > " hergy (g 0+ 0.7),

y=1
where for the last < we use (6.8) in the case s = 0. By (6.16) and Lemma 6.2, we have
— m(€ nag(p— — v
(I)p/(p—l)({h“m}’vz(lﬂ)) < MCs.a{p/(p— 1)y22 1)/p(pp/(P—1)({agch)u,i}(k-l-V,i)EI(V))
<{MCs.2{p/(p— 1)}}222711/(/3—1)/9 .92nq(p=1)/p _ 01522nq(p—1)/p.
By (6.2), we have
T —2nqgr - m é r .
Zig <CY272 00 (g YR ({7 (95 K0 ) Y kgyer)
< 0162_2nq6‘1);r({=]r(93 ky5) Y k,jyer)-
Since § = 2¢, we now have
Yo < C14C16 Z 2° . 2_2nq6@;—({<]r(93 kaj)}(k:,j)el) = 017@:({JT(9§ kaj)}(k:,j)el)'
q=0
Obviously, grt1,(¢) — g(¢) as L — oo for o-a.e. ( € S. Thus, by Fatou’s lemma,

Y, < liLHLiOIéfH,L < Crr®F ({93 ks 4) } kojyer)-

Recalling (6.15), if we write C1g5 = vC17, then

(6.17) T3(v) < C18¢j({c]r(9; k,3)} ke jyer)-

For S5, note that

odnk //D ,lgk(o — g1 (9)|'do(Q)do (€) < 2t24nk0'(Bk,j)/ gk — gc, ,|'do

Bkyj
Cio
~ 0(Bk,;)

/ 95 — g0, ' < CroCLT (g: k. 5),
Bk’j
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where the last < follows from (6.7). Writing Coo = (C19C%)"/?, we have

(6.18) Sy <Ca Y eyt (gik, ) < Coo®F ({T7 (g5 K, 5) Y kjer)
(k,j)Elm

where the second < follows from (6.2) and the fact that q)p_/(p_n({ck,j}(k,j)elm) <1

Now if we set
Co.3 = 4{C12 + C11(C13 + C13) + C1Cx0},

then the combination of (6.13), (6.14), (6.17) and (6.18) gives us

5 (Vi (g5 k.0 warern) < Cos®y ({7 (935, 5) Y wgyer):

Since Cjg 3 is independent of m, by (1.7) the above implies

STV (g k, )Y kjper) < Cos®F ({7 (95 k. 5) Y hjyer)-

This completes the proof of the lemma. [
We now have the following “reverse Hoélder’s inequality” involving CD;“ :

Proposition 6.4. Suppose that 1 < p < t < oo. Then there is a constant Cg 4 =
Ce.4(p,t,n) such that

O ({Vilgs k. ) Ykjyer) < Coa®f (T (g5 k,5) Y kgyer)

for every g € L?(S, do).

Proof. Given 1 < p <t < oo, we pick an r € (max{1,p/2},p) such that r/t > (p —r)/p.
With 7 so chosen, we set p =p/r. Then 1 < p <2, pr=p,and (p—1)/p=(p—1)/p <
r/t < 1. Applying Lemma 6.3 to these r, ¢ and p, we obtain

YUV (g5 k) Ywjyer) < Co3® ({7 (955, 5) Y rjyer)s
g € L?(S,do). On the other hand, since pr = p, Lemma 5.7 tells us that
(@5 ({Valgs ks )} ryer))” < Ap/(p = D325 ({Vi (95 %, 5) Y kjrer)
and that
S ({T (g3 ks 9) Y per) < Ap/(p — DY (@ (T (g k. 9) Y rojyer))”-
Obviously, the proposition follows from the combination of these three inequalities. [

7. Interpolation
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Recall that for an operator A, we write s1(A), s2(A),---, s;(A),--- for its s-numbers.
Furthermore, for each ¢ > 0 we denote

Ny(t) =card{j € N :s;(A) >t}
as in [5]. Also recall from [5,(7.1)] that we have the inequality
Natp(t) < Na(t/2) + Np(t/2).

A common tool in the study of commutators is interpolation. See, e.g., [3,8]. But the
estimate of ||[P, M]||; involves an interpolation of a rather ad hoc kind. This particular
interpolation requires quite a bit of work, including all the work in Section 6.

For this section we introduce the measure

do(x)do(y)

W) = e

on S x S. For each 1 < p < oo, let L, (S x S,du) be the collection of functions F' on
S x S which are LP with respect to du and which satisfy the condition

|F(z,y)| = |F(y, z)|,  (z,y) €Sx5S
For each F € LP (S x S,du), define Tr to be the integral operator on L2(S, do) with the

sym
kernel function

F(x,y)
(1 - <l', y>)n

Our interpolation begins with the requisite weak-type inequality.

KF<m7y) -

Proposition 7.1. Given any 2 < p < oo, there is a constant C71 = C7.1(p,n) such that

C’ C
NTF < L7 /|F’pd ~r.1 // |1_ oy |2n (:r;)da(y)

forall F e LP, (S xS ,du) and t > 0.

sym

Proof. Given 2 < p < oo, we denote ¢ = p/(p—1). Then1 < ¢q < 2. Let F € LE,,, (Sx.S, dp)
be given. For each x € S, define n(zx) to be the smallest quantity (non-negative number or
infinity) such that the inequality

o({y € S:[Kp(z,y)|* > A}) < nf(z)/A

holds for all A > 0. The proof is divided into two steps. The first step is to show that

(7.1) Ny (8) < (ﬁ +2) (qf_l)ptlp/npda
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for all ¢ > 0. Fix a t > 0 for the moment. To prove (7.1), define the set
G=Gi={(x,y) € S xS :|Kp(z,y)] <t~ max{n"(z),7"(y)} }.
We have the factorization
Kp(z,y) = 0(x,y)|[Kp(z,y)l,  where [0(x,y)] =1,
on S x S. Now define the functions

Kp(x,y) if (z,y)eg
G(z,y) = and
t=P max{nP(x), 7" (y)0(z,y) if (z,y)¢G

0 if (z,y)eg

(|IKp(z,y)| — 7P max{nP(z), 7" (y)})0(z,y) if (x,y)¢g.

Then
KF=G+B and TFZTl—f-TQ,

where Ty and Ty are the integral operators in L?(S, do) which have G and B as kernel
functions respectively. If x € S is such that 0 < n(x) < oo, then

Jepaews [ K)o )i

- /0°° o({y : |Kp(z,y)| — 77 P (2) > s})ds

[e’e] o Iz
:/ o({y : |Kp(z,y)| > s})ds S/ . (q Las
nP (x)/tP—1 e (z) /=t 8

) 1 !

g1 (a1t T g1

A chase of the definitions shows that [|B(z,y)|do(y) = 0 if either n(z) = 0 or n(x) = oco.
Therefore

(12 [ 1BGwlot) <

for every z € S. Since |Kp(z,y)| = |Kr(y,z)| we also have

t

(7.3) [ 1B ldota) <

It is well known that (7.2) and (7.3) together imply

t
4 Th|| < ——.
(7.4) 1Tl < =5
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Next we estimate N, (t). Writing || - ||2 for the Hilbert-Schmidt norm, we have

t2NT1 (t) < ||T1||§ = // |G|2dada = // |G|2d0da—|— // |G|2dada
g (SxSH\G
< / / K p (2, ) 2do(2)do (y)
|Kr(z,y)|<nP(z)/tr—1

4 / / K p(a,y)Pdo(2)do(y)
|Kr(z,y)|<nP(y)/tP—1

+/(”p(‘“))2a({y:|KF(x,y>| > P (a) /P~ })do (x)

tr—1

+/ (L(y)) o({z : |Kp(z,y)| > 17 (y) /"~ })do(y)

tr—1

nP (z)/tP*
< 2/ (/O 2s0({y : |Kp(zy)| > s})ds> do()

(7.5) =1 ("p‘x)) o({y: K. y)] > nP (@) /1~ })do ().

tp—1

Using the definition of n(z) again, and using the fact that 2 — ¢ > 0, we have

"7”(30)/2517—1 np(x)/tp_l 9261
[ oty et > pas < [T 2,
0 0

s4q

2 2 nP(z)

(7.6) = g @@/ = e

On the other hand,

D T 2 D T 2 q T D "
(7.7) (77 ( )) o{y: |Kp(z,y)| > np(w)/tp—l}) < (Zp(_l)> (np(n (z) _ nP(z)

tp—1

Substituting (7.6) and (7.7) back in (7.5), we have

4 1
tQJVT1 (t) S (2—_(1 +2) tp_z /nde'.

Equivalently,

(7.8) N (1) < <2i + 2> tlp / nPdo.

—-dq
Now the relation T = T + T4 leads to
Nt (2t/(qg—1)) < Np,(t/(¢ — 1)) + No, (t/(q — 1))-
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But (7.4) tells us that Np,(¢/(¢ — 1)) = 0. Combining this with the fact that ¢/(¢—1) > ¢
and with (7.8), we now have

Ny (20/(q = 1)) £ Nt/ = 1) £ N0 < (54 2) 5 [

2—q

Thus (7.1) follows from this by an obvious substitution.

The second step in the proof of the proposition is to show that

(7.9) / Pdo < 29 AT 2// ‘1_ : y |2n do(z)do(y),

where Ay is the constant in (2.2). To prove this, set & = p/(p —2). For a Borel function ¢
on S we define ||¢]|q,00 to be the smallest quantity (non-negative number or infinity) such
that the inequality

o({y : le®)]* > A}) < llella,ce/A

holds for all A > 0. Fix an x € S for the moment and define the functions

Fx,y) B 1
R hy) = (1 — (z, y))" -G/

Note that if ||g[|, = 0, then = has the property n(z) = 0. Since F' € L& (S x S,dpu), to
prove (7.9), it suffices to consider the case where 0 < ||g||, < co. By (2.2), we have

o({y: |hW)|* > A}) = o({y : [1 = (z,y)| < A~H/M})
= o(B(z, \"1/2M)) < Ag(A~1/20)) 20 = 4/,

Thus
(7.10) 17]]a00 < AN < 0.

Now suppose that
9llplllla,o0 = a-

Then define

A=qag/P"Y and B=qP2/-1)
We have
(7.11) AP = q? = B*.

Since AB = a, there is a ¢ > 0 such that if we set
G =g/c and H = ch,
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then
(7.12) 1GlplHla00 =a; (Gl = A, and [[Hla,c0 = B
For each A > 0, consider the set
Ex ={y: [Kp(z,y)[" > A} ={y : lg()h(y)|* > A} = {y : |G)H(Y)|" > A}.
If z€ Exn{y:|H(y)|® <A}, then A < |G(2)H(2)|7 < |G(2)]9A%, i.e.,
1G(2)]7 > A @/@) = \V/ =D which means |G(2)[P > A.

Hence
Ex C{y: [H)|" > A U{y : [G(y)[" > A}
for every A > 0. Recalling (7.11) and (7.12), we now have

o(Ex) <o({y: [H(y)|" > A}) +o({y: |Gy)[" > A})
SATHHNG o + G117 =207 a = 237 ([lglp 11|

a,oo)q-

Recalling the definitions of n(z) and g and recalling (7.10), this gives us

/p
of [ E@yP 1
) < 2 gl o < 20y ([ DD go)) ™

This inequality holds for every x for which the right-hand side is finite. Since we assume
F e LE,,(S x S,du), the above inequality holds for o-a.e. x € S. This clearly implies

(7.9). Finally, the proposition follows from the combination of (7.1) and (7.9). O

For g € L?(S,do) and (k, j) € I, in addition to the J(g;k,j) introduced in Section 6,
let us also define

. 1/2
ki) = — go. . |12d .
Jo(g; K, 5) {U(Ck,j)/ck,j 19— gc. | a}

By the Cauchy-Schwarz inequality, J(g; k, j) < Ja(g; k, j) for all g € L?(S,do) and (k, j) €
I. Also, it is obvious that there is a constant C' such that

ginh //D 9(y) — 9()|?do(z)do(y) < CI3(g; k. )

for all g € L?(S,do) and (k,j) € I. Now comes the main step in the proof of the upper
bound in Theorem 1.3:

Proposition 7.2. Let 2 < p < co. Then there is a constant C7.o = C7.2(p,n) such that
(7.13) I[P, My]|l;} < Cro®} ({J2(g3 K, 4) } kjyer)
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for every g € L?(S,do).

Proof. Given 2 < p < oo, we fix a A € (p, 00) for the proof. Let g € L?(S,do) also be given.
Then we only need to consider the case where @ ({J2(g; k, 1)} (k,j)er) < 00, for otherwise
(7.13) holds for trivial reasons. Since J(g;k,j) < Ja2(g;k,j) for every (k,j) € I, it follows
from Proposition 6.4 that

(7.14) S ({Valgi k, 3) Y wjper) < Coa®yt ({J2(g: k0 4) Ywjyen)-

Let us estimate Nip az,)(t), t > 0. This is where interpolation comes in.

The ideal is to decompose the commutator in the form [P, M,] = A; + B, and take
advantage of the inequality

Nipa,)(t) < Na,(t/2) + N, (t/2).

We will then estimate N4, (t/2) by Proposition 7.1 and estimate Np,(t/2) by using the
Hilbert-Schmidt norm || B;||2. But before any estimates, we need to define A; and By first,
which has to be done carefully.

For convenience let us write

R=2!r

f 106.4‘I>;({J2(9; k,3)}kyer)-
By (7.14) and Lemma 5.6, there is a bijection 7 : N — I such that
(7.15) Va(g; (@) < R/iY?  for every i€ N.
Let I(t) = {m(i) : 1 <i < (R/t)P}. For each k > 0, let

B ={(z,y) €S x8:27% <d(z,y) <27F 1

=1 Dk,j, k > 0. For each k > 0, we define

Then By € UMY (Byj x Bry) = U
Wi(t) = Uk, jyert) Dr.j-
Finally, we define
F(t) = U o BA\W(D)} and W(t) = U o{ Bk N Wi (1)},

Then F(t)NW(t) =0 and F(t) UW(t) = (S x S)\{(z,z) : © € S}. Now we let A; and By
be the integral operators on L?(S,do) with the kernel functions

g(y) — g(z)
(1= (z,y))"

respectively. We first estimate N, (¢/2).

9(y) — g(x)

and  xw () (7, y)m

Xr) (T, y)
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For each k, since F) C Um( )ij, we have Ex\Wi(t) C Upjyena@ 18k N Dij}-
Hence

A A
//F(t) 11— (2, y) |2|n do(z)do(y) < Z //Eka -z y()|ZL do(x)do(y)

(k,§)EINI(2)
< g4nk Ao (x)do(y) = Va(g; k, )}
< (v)|*do(x)do(y) = Z {Valg; k,5)}
(k,J)GI\I(t) Di.j (k,j)EINI(t)

S Wgr@)Pr < > (R/IVP (by (T.15))

i>(R/t)P i>(R/t)P
< R Cy(max{1, R/t})P=/P) = ¢ RN(max{1, R/t})?~*

Form the definition of F'(¢) it is clear that (z,y) € F(¢) if and only if (y,z) € F(t). Thus
we can apply Proposition 7.1 to obtain

— 9@ e
Va2 < G [ IS o o)
(716) S 07‘1(2/15) . C’lRA(max{l, R/t})p_A S 2A0107.1Rpt_p,

where the last < uses the assumption A > p.

To estimate Np,(t/2), note that

mlz= [f O e < Y / [ R i

(k,7)€I(t)

(7.17) < 3 o //D (@) Pdo()do(y) <C S TR(a:k. ).

(k,g)EI(t) (k,j)EI(t)
If we write

P ,
R — 21/pmq>;({Jz(g; k7)Y k. g)en)s

then by Lemma 5.6 there is a bijection b : N — [ such that
Jo(g:b(i)) < R'/i'/?  for every i€ N.

Since card(I(t)) < (R/t)P, continuing with (7.17), we have

IB3<C Y, Jgb@)<C Y (RfVP?P<C Yy (R/iVP)

b(i)EI(t) b(i)EI(t) 1<i<(R/t)P
< Cy(R)? - (R/t)PO~C/P) = 0y (R')2RP—2¢7P+2,

Therefore
N, (t/2) < (2/t)?||Be|l5 < 4Co(R')*RP %P,
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Combining this with (7.16), we have
Nipar,) (t) < {22C1C71RP + ACo(R')*RP 2177 = C3{ @) ({J2(g: k. 5) Y. jyer) PP

If v € N and ¢, > 0 are such that Nip () < v, then s, ([P, M,]) < t,. Hence it follows
from the above inequality that the s-numbers of [P, M| satisfy the condition

su([P, Mg)) < (2C3) P} ({Ja(g: k. )} rjyer)v P
for every v € N. Therefore

TP, Ml[l < (2C3) V7@ ({J2(g5 k. )} k. jyer)-
This completes the proof of the proposition. [

8. Upper bound

Proposition 7.2 represents the essential part of the proof of the upper bound in The-
orem 1.3. The remaining task in the proof of the upper bound is to bring Bergman lattice
into the picture, which is a rather routine exercise. The reader will find that the material
in this section closely resembles the second half of Section 2 in [18]. As such, an omission
of the proofs in this section is well justified. But we decide to retain the proofs for those
readers who are interested in details. Those who are not interested in details may wish to
go directly to the proof of the upper bound at the end of the section.

By [14,Theorem 2.2.2], we have

(L —JwP)(A —[2*)

(81) 1- |(‘0w(2’)‘2 = |1 _ <z,w)|2 )

z,w € B. For each (k,j) € I, we define
w(k, j) = (1= 2729) 2y,

which is an element in the set T}, ; defined by (3.7).

Lemma 8.1. Given any 0 < b < oo, there is a constant C's 1 which depends only on b and
n such that if z € B and (k,j) € I satisfy the condition w(k,j) € D(z,b), then

Ja(g; k, 5) < Cg1Vart/?(g; 2)

for every g € L?(B, dv).

Proof. A review of the definitions of J, and Var'/? tells us that it suffices to show that
there is a C' such that the inequality

1
8.2 S < Ok, |?
(82 Gy o < Ol
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holds on S whenever (k,j) € I and z € B satisfy the condition w(k, j) € D(z,b). Since
o(Cy ;) > 272k (8.2) will follow if we can show that there are 0 < ¢; < oo and 0 < Cy <
oo such that for (k,j) € I and z € B satisfying the condition w(k, j) € D(z,b), we have

(8.3) 1—[22>¢27% and |1 —((,2)] < o272 for each ¢ € Cy ;.
To prove this, suppose that D(z,b) contains some w(k, j). Suppose that 1 — |z|? < €272¥
for some € > 0. Then by (8.1) we have

o _ (L—Jw(k,j)[?)-e27 _ (1 |w(k,j)[?)-e272"
1- |§0w(k,j)(z)| S 1- |90w(k,j)(z)| S |1 — <z,w(k:,j)>|2 S (1 — |w(k’,j)|)2
(1 + [w(k, 5)[)? - 272"

= < 4e.
= wk )2

Hence b > B(w(k,j),z) > (1/2)log{(4¢)~1}. Solving this inequality, we find that ¢ >
(1/4)e=2b. Therefore if we set ¢; = (1/8)e™2?, then 1 — |z|?> > ¢;272*.

To prove the other half of (8.3), we need an upper bound for 1 — |z|. Note that
|1 — (z,w(k,j))| >1—|z|. Using (8.1) again, we have

21— |z)) - (1~ fw(k, )[*) _2-27%
1-— wk,) (2)] < 1- w(k,j)\ % 2 < ] ’ < '
|Puw(k,j) (2)] |Pwk,g) (2)] 11— (z,w(k,7))|? 1—|z|

Thus b > (1/2)1log{(1 — |2|)/(2 - 272k)}, which implies 1 — |z| < 2e20272F = (03272F,

Let us write z = |z|¢, where £ € S. We need an upper bound for d(uy ;,&). Suppose
that [1—(ug ;,&)| > A272k for some A > 0. Then 2|1—(w(k, 5), 2)| > [1—(uy ;, )| > A272.
Another application of (8.1) now gives us

(1 —|w(k,j)>)-2(1 —|2]) _27%%.2C5272F  8C
ol O S T e S (e T

Hence b > (1/2)log{A?/(8C3)}. That is, A < QﬁCé/er. Thus if we set Cy = 4C§/2eb,
then |1 — (uyj,€)| < C4272%. That is, d(uy;,€) < C}/227F,

Let ¢ € Cy; = Blug.;,275+3). Then d(¢,€) < d(C,ur;) + d(up;,€) < (8 +C,/?)27F.
Thus if we set C5 = (8 + Ci/2)2, then |1 — (¢, &) < C5272%. Hence

1= (G2 < (L= 2) + 1= (¢, 6)] < G527 + G527,

This proves the second half of (8.3) and completes the proof of the lemma. [J

Lemma 8.2. Given any 0 < b < oo, there is a natural number N such that for every z €
B, we have card{(k,j) € I : w(k,j) € D(z,b)} < N.
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Proof. In the proof of Lemma 8.1 we showed that if w(k,j) € D(z,b), then (c;/2)272F <
1 —|z| < C327%% where ¢; and C3 depend only on b. In other words, there is an m € N
which depends only on b such that

2—2(k—|—m) S 1 _ |Z| S Q—Q(k—m)

if w(k,j) € D(z,b). Ifw(k', ;") also belongs to D(z,b), then 272(k+m) < 1 |z| < 2-2(K'=m),
Solving the inequality, we find that &' < k + 2m if w(k, j),w(k',j’) € D(z,a).

As in the previous proof, write z = |z|£, where £ € S. The previous proof tells us
that d(ug j,&) < C’i/22_k if w(k,j) € D(z,b). Hence if both w(k,j) and w(k,v) belong
to D(z,b), then d(ug,;,uk,) < QCi/QZ_k. By (3.5) and (2.2), there is an N7 which is
determined by n and C4 such that

card{j € {1,...,m(k)} : w(k,j) € D(z,b)} < Ny
for all £ > 0 and 2z € B. Combining this with the conclusion of the preceding paragraph,
we see that card{(k,j) € I : w(k,j) € D(z,b)} < (2m+1)-N;. O

Recall that Lemma 6.1 concerns the particular symmetric gauge function @, 1 <p <
o0o. In contrast, our next lemma provides a more crude estimate, but has the advantage
that it holds for all symmetric gauge functions.

Lemma 8.3. [18 Lemma 2.2] Suppose that X and Y are countable sets and that N is a
natural number. Suppose that T : X — Y is a map that is at most N-to-1. That is, for
everyy € Y, card{x € X : T(x) = y} < N. Then for every set of real numbers {b,},cy
and every symmetric gauge function ®, we have

P({br(a) teex) < NO({by}yey).

Proposition 8.4. Given any positive number 0 < b < oo, there is a constant Cg 4 which
depends only on b and n such that if T is a countable subset of B with the property that
U.erD(z,b) = B, then

O({J2(g:k,5) Y rjyer) < Csa®({Var'/2(g; 2) }zer)

for every g € L?(S,do) and every symmetric gauge function ®.

Proof. Given b, let N be the natural number provided by Lemma 8.2. Suppose that I" has
the property that U,crD(z,b) = B. Then for each (k,j) € I, pick a z(k,j) € T such that
w(k,j) € D(2(k,j),b). By Lemma 8.1, for each g € L?(S,do) and each symmetric gauge
function ® we have

O({J2(g; K, 5) ik jyer) < Csa®({Var'’?(g; 2(k, 5)) Y. jyer)-

Lemma 8.2 tells us that the map (k, j) — z(k,j) is at most N-to-1. Thus, by Lemma 8.3,
o({Var'/?(g; 2(k, )} e.5ye1) < NO({Var'/?(g; 2)}er).-
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Hence the constant Cg 4 = NCg 1 suffices for the proposition. [

Proof of the upper bound in Theorem 1.3. Given an f € L2(S,do), write g = f — Pf.
Then Hy = H,;. Let 2 < p < oo and b > 0. Let I' be a countable subset of B such that
U.erD(z,b) = B. Applying Propositions 7.2 and 8.4, we have

[Hylly = 1Hglly < I[P, Myllly < Cr.2®y ({J2(95 K, 5)} .jyer)
< C72Cs.40) ({Var'/?(g; 2) }oer) = 07.208.4¢;({Vaf1/2(f — Pf;z)}.er).

This completes the proof of Theorem 1.3. [J
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