ON THE MEMBERSHIP OF HANKEL OPERATORS
IN A CLASS OF LORENTZ IDEALS

Quanlei Fang and Jingbo Xia

Abstract. Recall that the Lorentz ideal C, is the collection of operators A satisfying the
condition [| A, = 3272, i~ P~V/Ps;(A) < co. Consider Hankel operators Hy : H*(S) —
L?(S,do) © H?(S), where H?(S) is the Hardy space on the unit sphere S in C". In this
paper we characterize the membership Hy € C,, 2n < p < oco.

1. Introduction

The study of Hankel operators has a long and rich history [1,2,4-7,10-14,17-19]. We
are particularly interested in one kind of Hankel operators: those on the Hardy space of
the unit sphere. Let us begin by describing our basic setting.

Let S be the unit sphere {z : |z| = 1} in C". In this paper, the complex dimension
n is always assumed to be greater than or equal to 2. Let do be the standard spherical
measure on S. That is, do is the positive, regular Borel measure on S with o(S) = 1 that
is invariant under the orthogonal group O(2n), i.e., the group of isometries on C™ = R*"
which fix 0.

Recall that the Hardy space H?(S) is the norm closure in L?(S, do) of the collection of
polynomials in the complex variables z1, ..., z,. As usual, we let P denote the orthogonal
projection from L?(S, do) onto H?(S). The main object of study in this paper, the Hankel
operator Hy : H*(S) — L?(S,do) © H?(S), is defined by the formula

Hy = (1 P)M;|H(S).

To motivate what we will do in this paper, let us briefly review what has been done so far.

We consider symbol functions f € L?(S, do). Recall that the problems of boundedness
and compactness of Hy were settled in [17]. Later, in [5] we characterized the membership
of Hy in the Schatten class Cp, 2n < p < co. Moreover, it was shown in [5] that the mem-
bership Hy € Ca,, implies Hy = 0. More recently, in [6] we characterized the membership
of Hy in the ideal C;f, 2n < p < o0.

In this paper, we turn our attention to the membership of Hy in the Lorentz ideal C, .
Before going any further, it is necessary to recall the definition of these operator ideals.

Given an operator A, we write s1(A),...,s;(A4),... for its s-numbers [9,Section II.2].
For each 1 < p < oo, the formula

— 5,(4)
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defines a symmetric norm for operators [9,Section III.15]. On any separable Hilbert space
H, the set
C, ={Ae€B(H):|Al, < oo}

is a norm ideal [9,Section III.2].

Closely associated with the Lorentz ideals C, are the ideals C,\, which are defined as
follows. For each 1 < p < oo, the formula

+ 81(A)+82(A)++83(A)
14l = ?gﬁ) 1-Yp 4 2-1/p 4 ... 4 j=1/p

also defines a symmetric norm for operators [9,Section II1.14]. On any separable Hilbert
space H, we have the norm ideal

Ch={AeBH): A} < oc}.

As we mentioned, the Cz‘f ’s were the ideals of interest in [6]. In this paper, these ideals will
play an important supporting role.

Compared with the more familiar Schatten class C, = {4 € B(H) : ||A||, < oo}, where
|A|l, = {tr((A*A)P/2)}1/P for all 1 < p’ < p < 0o we have the relation

Cy CcC, CCyCCy,

with all the inclusions being proper. This explains the + and — in the notation: C, is
slightly smaller than C,, whereas C]j is slightly larger than C,.

Since the membership problem Hy € C;f', 2n < p < oo, was settled in [6], the obvious
next step is to determine the membership Hy € C,, 2n < p < oco. But this next step,
however natural it is, turns out to be quite a challenge. We have a sizable collection
of techniques from previous investigations [5,6,18], but these techniques alone are not
sufficient for the membership problem Hy € C, . The reason for that is that the norm ||- || ;
is much harder to work with than || - |l¥. But, with considerable effort, we have finally
developed the necessary additional techniques. Combining these additional techniques
with techniques from previous investigations, we are able to characterize the membership
HyeC,,2n <p< oo,

It is well known that, if p,q € (1,00) are such that p~' 4+ ¢! = 1, then C} is the
dual of C; [9,Section II1.15]. This duality was quite useful, sometimes even crucial, in the
investigations of many problems in the past. It is, therefore, something of a surprise that
this duality plays no role whatsoever in this paper. Instead, we must exploit a different
kind of relation between the families {C, : 2 < p < oo} and {C;} : 2 < p < o0},

To state our result, it is necessary to recall the notion of symmetric gauge functions.
Let ¢ be the linear space of sequences {a;},en, where a; € R and for every sequence the
set {j € N :a; # 0} is finite. A symmetric gauge function (also called symmetric norming
function) is a map
®:¢—[0,00)
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that has the following properties:
(a) ® is a norm on ¢é.
(b) ®({1,0,...,0,...})=1.
(c) ®({a;}jen) = ®({|ar(j)|}jen) for every bijection 7 : N — N.
See [9,page 71]. Each symmetric gauge function ® gives rise to the symmetric norm

IAlle = §1>111)<I>({31(A), ...,85(A),0,...,0,...})

for operators. On any separable Hilbert space H, the set of operators
Co ={A€B(H):|Ale < oc}

is a norm ideal [9,page 68]. If X is an unbounded operator, then its s-numbers are not
defined. But it will be convenient to adopt the convention that || X||¢ = co whenever X is
an unbounded operator.

In particular, associated with the ideal C, is the symmetric gauge function @, which
is defined as follows. Let 1 < p < co. For each {a;},en € ¢, define

o0

_ ‘aﬂ( )|
P, ({aj}jen) = Z Wa

Jj=1

where m : N — N is any bijection such that |a| > |ar41)| for every j € N, which
exists because a; = 0 for all but a finite number of j’s. Then we have C,; = Cg-.
p

Similarly, for each 1 < p < co we define the symmetric gauge function

Yo |ax(n)| + lax@)| + -+ [ax(y)|
@, ({a;}jen) = ?;11) 1-1/p 4 2-1/p ... 4 j=1/p

) {aj}jeN € ¢,

where, again, 7 : N — N is any bijection such that |a,(;)| > |ax(+1)| for every j € N.
Then C;j' = Cg+. Theorem 1.6 in [5] implies that if ¢ is a symmetric gauge function and
/2

if 0 < ||Hy|lo < oo for some f € L%(S,do), then Co D C..

As in [6,18], we need to extend the domains of definition of symmetric gauge functions
beyond the space ¢. Let ® be any symmetric gauge function. Suppose that {b;};en is
an arbitrary sequence of real numbers, i.e., suppose that the set {j € N : b; # 0} is not
necessarily finite. Then we define

Thus for every bounded operator A we can simply write

[Alle = @({51(4),...,5;(A),...}).
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We also need to deal with sequences indexed by sets other than N. If W is a countable,
infinite set, then we define

P({ba}acw) = (I)({bﬂ(j)}jeN)a

where m : N — W is any bijection. From the definition of symmetric gauge functions we
see that the value of ®({by}aew) is independent of the choice of the bijection 7. For a
finite index set F' = {x1,..., 2z}, we define

O({bydwer) = B({bay, .. by 0,...,0,... }).

Let us write B for the open unit ball {z : |z| < 1} in C". Let § be the Bergman
metric on B. That is,

114 fpu(w)
Plew) = g los T w)

where ¢, is the M6bius transform of B [15,Section 2.2]. For each z € B and each a > 0,
we define the corresponding f-ball D(z,a) = {w € B : 8(z,w) < a}.

, z,w € B,

Definition 1.1. [18 Definition 1.1] (i) Let a be a positive number. A subset I' of B is said
to be a-separated if D(z,a) N D(w,a) = () for all distinct elements z, w in T

(ii) Let 0 < a < b < co. A subset I' of B is said to be an a, b-lattice if it is a-separated
and has the property U,erD(z,b) = B.

Recall that the normalized reproducing kernel for the Hardy space H?(S) is given by

the formula -

1 _ n

by = (L2
(1= (w,2))"

For f € L?(S,do) and z € B, we define

lz| <1, |w|<1.

Var(f;2) = ||(f — (ks k2))k-||>.

We think of Var(f; 2) as the “variance” of f with respect to the probability measure |k,|?do
on S. We know from previous investigations that the scalar quantity Var(f;z) plays an
extremely important role in the study of Hankel operators.

One can formulate a rather broad conjecture about the membership of Hankel oper-
ators Hy in a norm ideal Cy. Suppose that ® is a symmetric gauge function satisfying
the condition Ce D C;,, which is necessary for Cg to contain any Hy # 0 [5,Theorem 1.6].
Then the general conjecture is that a Hankel operator H¢ belongs to Cq if and only if

O({Var'/?(f — Pf;z)}ser) < o0

for some a, b-lattice I' in B with b > 2a. But the challenge is to prove this conjectured
result for specific symmetric gauge functions, where success depends in no small measure
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on the “user-friendliness” of the ® in question. In [6], the solution of this problem for the
symmetric gauge functions (IJ,j , 2n < p < 0o, represented the limit of what could be done
with the techniques available then. Now, newly developed techniques allow us to finally
solve this problem for the symmetric gauge functions @, 2n < p < oc:

Theorem 1.2. Let 2n < p < oo be given. Let 0 < a < b < oo be positive numbers such
that b > 2a. Then there exist constants 0 < ¢ < C' < oo which depend only on the given p,
a, b and the complex dimension n such that the inequality

c®, ({Var'?(f — Pf;2)}zer) < |Hyll, < C®, ({Var'/?(f — Pf;2)}zer)

holds for every f € L*(S,do) and every a, b-lattice T in B.

Next let us explain some of the difficulties involved in the proof of Theorem 1.2. Recall
that in [6], an extremely important role was played by the inequality

s

(1.2) ¢ (f {onteen))” < @F ({aftren) < C () ({artren))

where 1 < r < 00, 1 < p < oo and p = pr. For the lack of a better term, one might call
(1.2) the power-transformation property of the family of symmetric gauge functions @; )
1 < p < oo. This power-transformation property is needed because, e.g., at certain point
in our estimates, what we can prove are inequalities of the form

(1.3) ({[| A= *}eer) = QA" AVz 1,92 1) o) < CJlA™Alla,

but what we need to prove are inequalities of the form

(1-4) CI)({”sz,t

tzer) < Cl|Alo.

The power-transformation property is precisely what allows us to deduce (1.4) from (1.3).
But for this paper, the first stumbling block is that there is no analogue of this power-
transformation property for the family of symmetric gauge functions @, 1 < p < oo.
Thus our only hope is to somehow “make (1.2) work for the @ -problem”, so to speak.
Thanks to a rather complicated relation between @ and q);r,, Pr 1<r <p<r<oo,
this idea actually works.

Another major difficulty is the proof of a “reverse Hélder’s inequality” of the form

(1.5) D({Je(g: K, 5) Ywjyer) < COHI (g5 ks J) Fh,jyer)-

Here t > 1 and J; “has the exponent ¢ inside the integral”, making (1.5) a reverse Holder’s
inequality. In [6], the proof of this inequality in the case of <I>;,' again depended on the
power-transformation property. But for the proof of this inequality in the case of ¢, even
the above-mentioned relation between @ and @:C, @ does not help. Instead, we must
take an entirely new approach. We exploit a property of ® called (DQK). Condition
(DQK) was introduced in [16] for a completely different purpose, but it turns out to be
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exactly what is needed to prove (1.5). We are able to show that (1.5) actually holds for
every symmetric gauge function that satisfies condition (DQK).

To conclude the Introduction, let us briefly describe the organization of the paper. We
begin by establishing the all too important relation between ® = and CD:T,, ®:F in Section 2.
Using the results from Section 2 and the partial sampling technique from [6], in Section 3 we
prove (1.4) in the case ® = P, , 2 < p < oo, which is one of the two main steps in the proof
of the lower bound in Theorem 1.2. Section 4 is the other main step in the proof of the
lower bound, which involves the local inequality from [6]. The proof of the lower bound
is then completed in Section 5. Section 6 is devoted to the reverse Holder’s inequality
mentioned above. Finally, using the inequalities from Sections 2 and 6, in Section 7 we

prove the upper bound in Theorem 1.2 through a two-stage interpolation.

2. Symmetric gauge functions ¢, and o

The proof of Theorem 1.2 depends on a crucial relation between the symmetric gauge
functions @ and o, <I>jf,, where 1 < 7/ < p < r < co. Our task in this section is to
establish this relation.

Let us introduce the following notation. For every sequence of non-negative numbers
a={ai,...,a;,...} and every s > 0, we denote

N(a;s) =card{j € N :a; > s}.

Lemma 2.1. Let 1 < p < oo. Then for every sequence of non-negative numbers a =
{a1,...,aj,...} we have

2.1) | s s < oy @ <p [ (@) s

Proof. Given any 1 < p < 00, it is trivial that

k k
1 1
1/p E { 1/p
(22) B — jp=1)/p <1 +/1 m(pfl)/pdx < pk
j:

for every k € N. For the given p, define the measure p,; on N by the formula

_ 1
JEE

By the monotone convergence theorem and (1.1), it suffices to consider the case where
the sequence a = {ai,...,a;,...} has only a finite number of nonzero terms. For such a
sequence, rearranging the terms if necessary, we may assume that it is non-increasing, i.e.,

ar>ag > >a; >



For such an a = {ay,...,qaj,... } we have

(2.3) @;(a)zzj(p?ﬁ:/ooou;({jEN:aj > s})ds,

Jj=1

where the second = follows from Fubini’s theorem. Suppose that a; > 0, for otherwise
(2.1) holds trivially. Since the sequence a = {a1,...,qa;,...} is non-increasing, for each
0<s<a; wehavea; >sif 1 <j < N(a;s) and a; < sif j > N(a;s). Thus for every
0 < s < a1 we have

N(a;s)

— s _ 1
p, {7 €Nz:aj > sh) =p, ({1,...,N(a;s)}) = z; -0/
‘7:
Combining this with (2.2), we obtain
(2.4) [N )} < s ({j € Nt a > s}) < p{N(as 5)}/7

for 0 < s < a;. On the other hand, it is obvious that if s > a;, then

(25) iy (1 € N ay > s}) = 1y (8) = 0 = {N(as5)}'7.

Obviously, (2.1) follows from the combination of (2.3), (2.4) and (2.5). O

Proposition 2.2. For every sequence of non-negative numbers a = {a1,...,a;,...} and

every s > 0, define the sequence a”(s) = {ay (s),...,a;(s),...}, where

0 if a;>s
ay(s) = , JeEN.
a; if a; <s

Then given any 1 < p < r < oo, there exists a constant 0 < Cy.5 < 0o such that

S

(2.6) /O h <1q>j (av(s))>r/p ds < Cy 207 (a)

for every sequence of non-negative numbers a = {as,...,a;,...}.

Proof. Let 1 < p < r < oo be given. By the monotone convergence theorem and (1.1), it
suffices to consider the case where a = {a1,...,qa;,...} has only a finite number of nonzero
terms. For each i € Z, define

(2.7) v(i) = card{j e N: 27" < aq; <271}

Suppose that 27 < s < 27! for some i € Z. For such an s, by the definition of ®;", there
is a subset £(s) of N with card(&(s)) = k(s) € N such that

2 jees) @ (5) _ ljeen 4 (8)

q)+(av(8)) = 1-1/r ... 4 (k(s))_l/r - (k(S))l_(l/T) .

T
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Define E,,, = {j € £(s) : 277 < aj(s) <277}, m € Z. Since aj (s) < s for every
j and since s < 271 we have

D a=> >
JjEE(s) m=0jEE;s m
If j, i and m are such that a}/(s) > 27"~ then a}(s) = a;. Therefore
card(Es ) < min{v(i +m), k(s)}.
Hence for each m > 0 we have

1 v 2 card(Es,m) 2 ' n
(k(s)) =0/ .E; 45 (8) S St sy —/n = o VEEMET
J s,m

Combining this with the above, we conclude that if 27¢ < s < 27! then

. (a¥(s)) = h(e)i=am Z 2. a9 <2 Z_O 2i-1km {v(i+m)}r.

m=0j€F; m

Consequently, we have

1 =1 o
(2.8) —0f(a¥(s) <2 ) oo {v(i+m)}'" forevery s € (27,27,
S

m=0

Since r/p > 1, we have r/p = (1 +€)/(1 — ¢€) for some 0 < € < 1. That is, (r/p)(1 —€) =
1 + e. Factoring 2~™ in the form 2= = 2= . 2-(1=9m 4 gimple application of Holder’s
inequality to (2.8) gives us

r/p 00
(oreen) =03 srmtetirmy

for s € (27%,27%*]. Therefore

I (é@;ﬁ(a%s»)r ds = Z / ( v<s>>)r/pds

Ly 1/p _ 1/p
<C % g X gl =0 3 3 g gl
(2.9)
=1
oY Ry Y e Y L
k=—o0 m=0 k=—oc0



By (2.7), we have v(k) < N(a;s) for every s € (27%71,27%]. Thus

Z Qk{y }l/p_2 Z 2k+1{y }1/p<2 Z / as}l/pds

k=—oc0

(2.10) = 2/ {N(a;5)}'/?ds < 28, (a),
0

where the last < is an application of Lemma 2.1. Obviously, the proposition follows from
the combination of (2.9) and (2.10). O

Proposition 2.3. For every sequence of non-negative numbers a = {a1,...,a;,...} and
every s > 0, define the sequence a”(s) = {aq'(s),...,a}(s),...}, where

aj if a;>s
aj(s) = , JjeEN.
0 if a; <s

Then given any 1 < 1’ < p < oo, there exists a constant 0 < Co.3 < 0o such that

/Ooo (%@ﬁ(aA(S)))r//p ds < Cy 5P (a)

for every sequence of non-negative numbers a = {as,...,a;,...}.

Proof. Let 1 < ' < p < oo be given. Again, by the monotone convergence theorem
and (1.1), it suffices to consider the case where a = {a1,...,a;,...} has only a finite
number of nonzero terms. For each ¢ € Z, let v(i) be given by (2.7). Suppose that
27" < 5 < 27! for some i € Z. By the deﬁmtlon of @7, there is a subset F(s) of N with
card(F(s)) = k'(s) € N such that

A _ D jer(s) % () > jer(s) 47 (s)
P (a"(s)) = =07 & o+ (b () )" < COEEE

r’

Define Fy,, = {j € F(s) : 277 < aj(s) < 27" +1} for each m € Z . By definition, if
a}(s) > 0, then af(s) > s. Since s > 277, we have

IRACED S O

]6.7:(8) mZOJGFS,m

We have card(Fs,,,) < min{v(i —m), k'(s)} for every m > 0. Therefore

B S g S Y G2y 2 - my

m=0jEFs m
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Consequently,

1
—<I>+ <2 Z 2™y (i —m) "

Since 0 < r’/p < 1, it follows that

r'/p 00 )
(Fe5ae)) <23 2wy
m=0

for 27" < s < 271, Thus

| (ﬁ@maA(s))f ds - Z [ ( A<s>>)r//pds

<2 Z 9—i Z gmr /p{y )}1/17
1
=2 _Z Z_: = (rf/p))m g V(= m)} "
1
_ka 2k{y }1/pz o(I—(r/p))m

Recalling (2.10), the proof is now complete. [

Although Theorem 1.2 is about membership in the ideal C,, the fact that we need
Propositions 2.2 and 2.3 clearly indicates that symmetric gauge functions q);; , 1 < p < oo,
will be an important part of our analysis. We end this section with some facts about these
symmetric gauge functions, which will be needed later on.

Lemma 2.4. [6,Lemma 5.6] Suppose that 1 < p < co. Let a = {ayq,...
non-increasing sequence of non-negative numbers. Define

gy ... ) be a

Then

Lemma 2.5. [6,Lemma 5.7] Let 1 < r < oo, 1 < p < oo and p = pr. Then for every
sequence a = {aq,...,q, ...} of non-negative numbers we have

p— 1 r r T
T (‘I);_({Oék}kzeN)) < (I):({Oék}keN) < (—1q);_({ak}keN)> .

10



If ®, denotes the symmetric gauge function for the Schatten class Cp,, 1 < p < oo,
then, of course, for every sequence of non-negative numbers a = {ay,...,ax,...} we have
the following well-known inequality of weak-type:

(2.11) N(a;s) < (®p(a)/s)"”

for s > 0. But for the purpose of this paper, (2.11) is not good enough; we need an
improved version of it. More specifically, we need to replace the ®,(a) above by CD; (a):

Lemma 2.6. Suppose that 1 < p < co. Then for every sequence of non-negative numbers
a={ay,...,a,...} and every s > 0 we have

(2.12) Amms)gg(—il-)p(1¢+@n>p.

p—1 s P

Proof. Given an s > 0, set M = {j € N : a; > s}. If card(M) = oo, then &} (a) = oo,

and therefore (2.12) holds in this case. Obviously, (2.12) also holds in the case M = .

Suppose that card(M) = m € N. Then there is a bijection 7 : {1,...,m} — M such that
Qr(1) > 2 Ar(m)-

Since Gy (m) > s, by Lemma 2.4 we have

1/p 1/p 1/p p + b +
sm P < apmym P < sup apmk /P < ——0 " ({ary, s Onimy }) < ——P 7 (a).
(m) Sup i 51 % (e m}) < 2772 (a)

Solving for m (= N(a;s)), we find that m < {p/(p — 1)}?(®,f (a)/s)P. O

Although (2.12) is only a slight improvement of (2.11), we will see in Sections 3
and 7 that this improvement makes quite a difference. In fact, (2.12) is the reason why
Propositions 2.2 and 2.3 are useful for our purpose.

3. Decomposition and modified kernel

It is well known that the formula
(3.1) d(¢.6) = 1= (.1 (ges,
defines a metric on S [15,page 66]. Throughout the paper, we denote
B(¢r)={z €S :[1—(z,¢)"? <7}
for ( € S and r > 0. There is a constant 27" < Ay < oo such that
(3.2) 272" < o(B(¢, 1)) < Agr?™

for all ¢ € S and 0 < r < /2 [15,Proposition 5.1.4]. Note that the upper bound actually
holds when r > v/2.
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Next we need to recall the spherical decomposition in [6]. For each integer k > 0, let

{wr,1, .-, Upm(r)} be a subset of S which is mazimal with respect to the property
(3.3) B(ur;, 27" YN Bug ;7,275 =0 forall 1<j<j <m(k).

The maximality of {ug,1,. .., Uk mk)} implies that

(3.4) UMY B(uy,;,27F) = 8.

For each pair of £ > 0 and 1 < j < m(k), define
(3.5) Thj={ru:1—-2"% <2 <1 -27204Y 4 € B(uy;,275)).
As in [6], we define the index set

I={(k,j): k>0,1<j<m(k)}.

Recall from [5,6] that for each pair of 0 < ¢t < co and z € B, we define

(1= [ef?) /2t
-Gy

|¢| < 1. In terms of the normalized reproducing kernel k, and the Schur multiplier

wz,t(C) =

(3.0 me(0) = T

we have the relation
Vo = (14 |2])'mlk..

We think of v, ; as a modified kernel function, i.e., a modified version of k..

Definition 3.1. [6,Definition 3.2] (a) A partial sampling set is a finite subset I’ of the
open unit ball B with the property that card(F N T} ;) < 1 for every (k,j) € I.
(b) For any partial sampling set F' and any ¢ > 0, denote

Rg) = Z 77/},z,t 02y ¢z,t-

zeF

The next proposition shows the benefit of modifying k. :
Proposition 3.2. For each t > 0, there is a constant C32(t) such that the inequality

Q({(BWz,t, V2t) b2er) < C32(t)||Blle

holds for every partial sampling set F', every symmetric gauge function ®, and every non-
negative self-adjoint operator B on the Hardy space H?(S).
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Proof. Let ® be any symmetric gauge function. Then it has the following property: For
non-negative numbers a; > -+ >a, > 0 and b; > --- > b, > 0 in descending order, if

ar+---+a; <by+---+b; forevery 1<j<v,
then
®({ay,...,a,,0,...,0...}) < P({by,...,b,,0,...,0...}).

See Lemma II1.3.1 in [9]. Let ¢ > 0 be given. By [6,Proposition 3.3], there is a constant
Cs5.2(t) such that

IR < Caa(t)
for every partial sampling set F'.

Let B be a non-negative self-adjoint operator, and suppose that F'is a partial sampling
set with card(F) = m. Then we can enumerate the elements in F as 21, ..., 2, in such a
way that

<Br¢}z1,tv¢zl,t> Z T Z <sz7n7t7wz7n7t>'

For each 1 < k < m, define the subset Fj, = {z1,...,2;} of F. Then each F} is also a

partial sampling set, and we have ||R%3|| < HRg)H < (C5.9(t) for every 1 < k < m. In terms
of s-numbers, this implies that

sj(BRY) < Cs.2(t)s;(B)

for every j > 1 (see page 61 in [9]). Write || - || for the norm of the trace class. Since
rank(R%z) < k, we have

(Btbay 4oy ) + -+ (Btay 1, 0sy 1) = tr(BRY) < | BRY |,
= 51(BRW) + - + s, (BRY)) < Caa(t){s1(B) + --- + si(B)}.

Since this holds for every 1 < k < m, by the property of ® that we mentioned in the
previous paragraph, we have

O({(BYzt, ¥z p)}zer) < Caa(t)@({s;(B)}jen) = Cs.2(t)|| Blle,

proving the proposition. [J

Proposition 3.3. Given any pair oft > 0 and2 < p < 0o, there exists a constant Cs3 3(t,p)
such that the inequality

By ({1 A0z 2]} zer) < Caslt,p)|Allf

holds for every bounded operator A : H*(S) — L?(S,do) and every partial sampling set F.
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Proof. Let t > 0 and 2 < p < 0o be given. Set p = p/2. Then p > 1 and p = 2p. Let
C = {p/(p—1)}2. Let A: H*(S) — L?(S,do) be any bounded operator and let F' be
any partial sampling set. Applying Lemma 2.5 with r = 2, we have

1/2
F ({[[ Az ell}eer) < C (@5 ({[[A%2 4]} 2er)) /
(3.7) = C (@] ({(A" At ) oer) 7
On the other hand, Proposition 3.2 gives us
(3.8) OF({(A" At i, V) }oer) < Caa(t)|A* AT

Again applying Lemma 2.5 with » = 2, we have
p ? p ?
a9 Al = el < CEaeare ) = {2 )

Thus if we set Cs.3(t, p) = C{Cs.2(t)}/2{p/(p — 1)}, then the proposition follows from the
combination of (3.7), (3.8) and (3.9). O

Proposition 3.4. Given any pair oft > 0 and 2 < p < oo, there exists a constant Cs 4(t, p)
such that the inequality

(3'10) (I);({”sz,tH}zeF) < 03.4(t7p)HAH;

holds for every bounded operator A : H2(S) — L?(S,do) and every partial sampling set F.

Proof. Let t > 0 and 2 < p < oo be given. We pick an ' such that 2 < ' < p. To
prove (3.10), we only need to consider compact A : H?(S) — L?(S, do), for otherwise the
inequality holds for the trivial reason that its right-hand side is infinity. But for a compact
A, we have the representation

A= ZCLjJ?j ®yj7

Jj=1

where {z; : j € N} and {y; : j € N} are orthonormal sets in L?(S,do) and H?(S)
respectively, and a; > 0 for every j € N. For every s > 0, define the operators

As = Z ajr; ®y; and By = Z a;xT; QYj.

a;>s CLjSS

It follows from Proposition 2.3 that

oo 1 7"l/p
(3.11) [ () s < caaal,

On the other hand, it is obvious that || Bs|| < s. Since |4, ¢]| < 2!, we have

(3.12) |Boths]| < 2

14



for all z € B and s > 0.

Let a partial sampling set F' be given. With somewhat abuse of notation, let us write
N(F;X) =card{z € F: ||A. +|| > A}

for A > 0. By Lemma 2.1, we have
(3:13) &, ([ Av-lboer) <p [ (NENYPIN= (142 [ (N5 (1429} 7ds,
0 0

where the last step is the substitution A = (1 + 2%)s. Define
N(s) =card{z € F : || A5, ]| > s}

for s > 0. Since A = A; + B,, we have ||AvY, || < ||Asthzt]| + [|Bstzt] for all s > 0 and
z € F. Therefore (3.12) implies that for every s > 0,

N(F;(1+2%s) < N(s).

Applying Lemma 2.6 and Proposition 3.3, we have

’

/ r’ 1 r’ / r’ 1 r
o < (55) (Gertiamadhen) < () (o)

r

Thus if we set C' = {r'Cs.3(t,7')/(r' — 1)}/, then

1 iy
(N(F;(1+2Y8)}/? < {N(s)}/? < C (;HASHi)

for every s > 0. Substituting this in (3.13) and recalling (3.11), we obtain

00 r'/p
1
D, ({[[AY2 il }zer) < (1 + Qt)pc/ (gHAsH:r/) ds < (1+2")pCCa sl All, .
0

This completes the proof of the proposition. [

Definition 3.5. A partial sampling map is a map ¢ from a set X into B which has the
property that card{x € X : p(z) € T}, ;} <1 for every (k,j) € I.

Lemma 3.6. There exists a natural number Mz determined by the complex dimension
n such that the following is true: Let L be a subset of I and suppose that z : L — B is a
map satisfying the condition z(k,j) € Ty, ; for every (k,j) € L. Then there is a partition

L=EU---UEp,,
such that for every 1 < v < Msg, the map z : E, — B is a partial sampling map.
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Proof. By (3.5), we have Ty ; N Ty, = 0 for all k # k¥ in Zy and 1 < j < m(k),
1 <i<m(k). By (3.2), (3.3) and (3.5), there is an M € N determined by the complex
dimension n such that the inequality

(3.14) card{i: 1 <i <m(k), Tp; NTy; #0} <M

holds for every (k,j) € I. Let us show that Mz ¢ = M? suffices for our purpose.

Let L C I, and suppose that z : L — B is a map such that z(k, j) € T} ; for every
(k,j) € L. Then by (3.14), for every (k,j) € I we have

(3.15) > card{€e{1,...,m(k)}: 2(k,0) € Ty} < M? = Msg.
Tk’jﬂTk,i?éq)

We pick a subset F; of L that is maximal with respect to the condition that the restricted
map z : E1 — B be a partial sampling map. Suppose that m > 1 and that we have
defined pairwise disjoint subsets F1,..., E,, of L. We then define E,,11 to be a subset
of L\(E1 U ---U E,,) that is maximal with respect to the condition that the restricted
map z : F,,+1 — B be a partial sampling map. Then the proof will be complete once
we show that Fjp;, 41 = 0. Assume the contrary, i.e., assume that there were some
(k*,5%) € Eng g+1- We will show that this leads to a contradiction.

First of all, we have
(3.16) 2(K*, %) € T .

By the maximality of the sets Ei, ..., Ep, ,, for each 1 < v < M;sg, the map z fails to
satisfy Definition 3.5 on the set F, U {(k*,j*)}. Since z is partial sampling on E,, this
means that for each 1 < v < M;¢ there is a (k,,¢,) € E, such that

{2(ky, 0y), 2(k*, j)} C kaﬂiu

for some (k),,4,) € I. By (3.16), this implies k|, = k* = k, and Ty~ ;, N T}~ ;= # O for every
1 <v < Msg. Thus z maps the set {(k*,5%), (*,€1),..., (k*,{p )} into

U Tioe .

Ty o« NThex ;70
Since the set {(k*,5*), (k*,¢1),..., (k*,€n, )} contains M3+ 1 = M? + 1 elements, this
contradicts (3.15). This completes the proof of the lemma. [

In addition to the index set I, let us also define I,,, = {(k,7) € I : k < m} for each
m € Z4. The following is the main goal of this section:

Proposition 3.7. Let2 < p < oo and 0 < t < oco. Suppose that wy ; € Ty ; for every
(k,j) € I. Then the inequality

(3.17) O, ({1 A%uwy ;i1 } (ke grer,) < Caalt,p)Mss||All,
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holds for every bounded operator A : H*(S) — L*(S,do) and every m > 1, where Cs 4(t, p)
and Ms.¢ are the constants provided by Proposition 3.4 and Lemma 3.6 respectively.

Proof. First of all, a symmetric gauge function ® has the following obvious property: If X
is any countable set and if X = X; U---U Xy, then for every map ¢ : X — [0, 00) we have

(3.18) P({e(@)}teex) < 2({p(2)}eex,) + -+ + P({e(2) }rexy)-

Let m > 1 be given and consider the map (k, j) — wy, ; from I, into B. Since wy ; € T} ;
for every (k,j), by Lemma 3.6 there is a partition

Im=E1U--'UEM3_6

such that for every 1 < ¢ < Mjsg, the map (k,j) — wg,; is partial sampling on E;. By
Definition 3.5, this means that the map (k, j) — wy_; is injective on E; and {wy, ; : (k,j) €
E;} is a partial sampling set as defined in Definition 3.1. Hence Proposition 3.4 gives us

O, (L AYw .l hgrer,) < Coalt, p)IIAll,

for every bounded operator A : H2(S) — L?(S,do) and every 1 <i < M3g. By (3.18), we

also have
M3.6

Yogern) < D @y ({1 A%u, 1} jrer:)-

=1

@, ({[[A%uy ; ¢

Obviously, the proposition follows from the above two inequalities. [J

4. Radial contractions and local inequality

As in [6], for each ¢ € N we define the radial contraction

(1= 4@ = [zP)V2(=/l2]) i 471 —12?) <1
(4.1) pe(z) = )
0 if 451 —1z%) >1
z € B. One can better understand these p, in terms of the following relations: we have

pe(2)/|pe(2)| = z/]z]  and

L—|pe(2)]* = 4°(1 = |2[?)

(4.2)

if 4°(1 —|z|?) < 1. Recall that the Schur multiplier m, is given by (3.6). A key ingredient
in the proof of the lower bound in Theorem 1.2 is the following local inequality for Hankel
operators:

Theorem 4.1. [6,Theorem 1.1] Given any 0 < § < 1/2, there exists a constant 0 < C(§) <

oo which depends only on 6 and the complex dimension n such that the inequality

=1
Var'/?(f = Pf;2) <C(6) ) | mHMmpe(z)kapz(z)H
=1
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holds for all f € L*(S,do) and z € B.
Next we again turn to the symmetric gauge function @, .

Lemma 4.2. [6,Lemma 6.1] Let 1 < p < oo. Let X, Y be countable sets and let N € N.
Suppose that T : X — Y is a map that is at most N-to-1. That is, card{x € X : T(z) =
y} < N for everyy € Y. Then for every set of real numbers {ay},cy we have

q);({aT(w)}mGX) < max{p, Z}Nl/pq);({ay}er)-

We will now bring the radial contractions p, defined by (4.1) into our estimates. Recall
that the index set I was defined in Section 3 and that for each m € Z, we write

I, ={(k,j) € I:k<m}.

Lemma 4.3. There exists a constant Cy.3 which depends only on the complex dimension n
such that the following holds true: Let h : B — [0,00) be a map such that sup,,eq,  h(w) <
oo for every (k,j) € I. For each (k,j) € I, let wy ; € Ty ; be such that

(4.3) h(wy ;) 2% sup h(w).

weTy,;

Suppose that zy, ; € Ty, ; for every (k,j) € I. Then the inequality

O ({h(pe(2k,5)) Ykgrer,) < max{p, 2}Cy.52*"/P® ({h(wi ;) Ykjyer,,)

holds for all m,? € N and 1 < p < oco.

Proof. First of all, by (3.3) and (3.2), there exists a natural number C; such that for all
integers 0 < k' < k and 1 < ¢ < m(k"), we have

(4.4) card{j € {1,...,m(k)} : B(ugj,27%) N Blup ;,27%) # 0} < ¢ 220K,

Let h, wy ; and 2, (k,j) € I, be as in the statement of the lemma. Let £ € N. By (4.2)
and (3.5), we have

(4.5) oY, (UT:({C)T]C,]) - U;-Z(lk_é)Tk_g’i if k> /.

Consider any 1 < p < oo and m € N. First let us consider the case where m > ¢. Then
I,=1,U Im7g, where
Ime={(k,j)el:l<k<m}.

By (4.5), for each (k,j) € I, ¢, there is an n(k, j) € {1,...,m(k — ¢)} such that ps(zx ;) €
Ty—t,n(k,5)- We now define a map ¢ : I, ¢ — I, by the formula

90(]{3,]) - (k - evn(kaj»’ (kvj) € Im,é-
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This map ensures that pe(zx,j) € Tyk,j)s (k,J) € Ime. By (4.3), we have

h(pe(z1.5)) < 2h(wyg ) for every (k7)€ L.

Consequently,
(4.6) D, ({Mpe(2k,5)) Y kojyerm.e) < 2@, ({( Wk, j)) }(koj)elm..)-
By (4.1), if (k,j) € L ¢, then

pe(Zhj) _ Zhij

pe(ze5)l |2k,

Since zy,; € Ty ; and pg(2x,5) € Tph,j) = Th—tm(k,5)> Y (3.5), the above identity implies
B(uk,j,27%) 0 B(ug_g k.5, 27) # 0.
Combining this with (4.4), we see that for each i € {1,...,m(k —¢)},
card{j € {1,...,m(k)} : n(k,j) = i} < C,2*"".

In other words, the map ¢ : I, ¢ — I, is at most Cy 227 to-1. By Lemma 4.2, this means
— 1 n —
© ({h(week )} kjer,, ) < max{p, 2CL/ P22 /2o ({h(wk ;) k. jyet,,)-
Since C’ll/p < (4, if we combine the above with (4.6), we obtain

(4.7) O ({h(pe(2r,)) Y kgyern, ) < max{p, 2}2C12*"/P @ ({h(wy. ;) Y. jyer,,)-

Next we consider the set I,.

Note that by (3.3) and (3.2), there is a natural number Cs such that
(4.8) m(k) < Co2*"%  for every k > 0.

By (4.1), we have
pe (U Ths) c U T i 0 <k <L

Therefore there is a map v : Iy — Iy such that
pe(2k5) € Ty(k,jy for every (k,j) € Io.
Combining this relation with (4.3), we have

@, ({h(pe(2r,5)) tkyer) < 2@, ({h(wyk,5)) tk.g)er,)-
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By (4.8), card(l;) < Cy Yh_, 22" < 20522, Therefore the map ¢ : I, — Iy is at most
205227 _to-1. Applying Lemma 4.2 again, we obtain

O ({h(wyen i) tgyer,) < max{p,2}2Co22"/P & ({h(wk ;) }k.i)ero)-

Therefore

(4.9) O, ({h(pe(2r,5)) Y rjyer,) < max{p,2}4Co2*" /P& ({h(wi ;) }k.gyers)-

Combining this with (4.7), we see that in the case m > ¢ we have

D, ({h(pe(2k,5)) }kgyern) < @, ({Moe(2k,5))} kjyerm.e) T Pp ({R(pe(2k,5)) } k. 5)er,)
< max{p, 2}(2C} + 4C5)2*"/?® " ({h(wy ;) } x jyert,, )-

On the other hand, if m < ¢, then (4.9) gives us

(P;({h(p£<zk,j))}(k7j)el'rn) < (I);<{h<p€(zk,j))}(k77)€h)
< max{p, 2}40222n£/pq);({h(wk,j)}(k,j)go)
< max{p, 2}40222”£/p<b;({h(wk,j)}(kz,j)elm)-

This completes the proof of the lemma. []

Proposition 4.4. Given any 2n < p < oo, there exists a constant Cy 4(p) which depends
only on p and the complex dimension n such that the following estimate holds: Let f &€
L3(S,do). For each (k,j) € I, let wy ; € Ty ; be such that

1
(4.10) 1M, Hikw |l > 5 sup [|Myn, Hekoll.
»J 2 eT .
WEelE,j

Let 2, ; € Ty 5, (k,j) € I. Then for every m € N we have

(411) @, ({Var'®(f = Pfize) b gern) < Caa®)@y (1M, Hikuwe, Y pyern):

Proof. Since p > 2n, there is a 0 < § < 1/2 such that if we set

e=1-3—(2n/p).
then ¢ > 0. Let f € L2(S,do), and let wy; and zx; be as in the statement of the
proposition. By Theorem 4.1, we have

o0

1
Varl/z(f — Pf; Zk,j) < C(9) Z 21—08)¢ ||Mmp£(zk’j)kaPe(Zk,j)H

(=1
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for every (k,j) € I. Since @, is a norm on ¢, it follows that

®, ({(Var'®(f = Pf215)}gper,) <

oo

1 _
(4.12) C(9) Z mq’p M, ., s Hikpoe ) 1} kgyern,)
=

for every m € N. Next, we define
hw) = || My,, Hrkyl||, w € B.

Then (4.10) tells us that this map h : B — [0,00) and the points wy, ;, (k,j) € I, satisfy
condition (4.3). This allows us to apply Lemma 4.3 to obtain

o0 o0 1 B
221 5502 UM, H b Y iren) = D gasye ® (oo} oepper,,)
/=1 =1

22n€/p
<pCy3 Z W p {M(wij)} ket

—p0432265 » Mo, Hpkw, |1}k jyer,)-

Combining this with (4.12), we see that the proposition holds for the constant Cy4 =
pC((S)Cng Z;il 2¢O
5. Lower bound

Propositions 3.7 and 4.4 represent the two main steps in the proof of the lower bound
in Theorem 1.2. The remaining step in the proof of the lower bound is to bridge the gap
between the right-hand side of (4.11) and the left-hand side of (3.17), which only involves
existing ideas. Nonetheless, we repeat all the necessary details here for completeness.

Lemma 5.1. [6,Lemma 5.2] There is a constant 0 < C51 < oo such that
1Mo, Hyks || < |Hpthul| + CsatVart2(f — Pf; 2),

for all f € L?(S,do), 2€ B and 0 <t < 1.

Proposition 5.2. Given any 2n < p < oo, there is a constant Cso(p) such that the
following holds true: Let f € L*(S,do). For each (k,j), let z ; € Ty ; satisfy the condition

(5.1) Var(f — Pf;z,;) > % sup Var(f — Pf;z).

ZGTk,j

Then
O ({Var'/2(f — Pfizi) bk jyer) < Cs2(p) | Hyll, -
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Proof. Let f € L?(S,do) be given. For each (k,j) € I, we pick a wy ; € Ty ; such that

1
1Mo, Hebw,ll 2 5 sup [ Mo, H kol

wETk,j

Then by Proposition 4.4 we have

O ({Var'/2(f — Pfizi) e jer,) < Cua(p)®, (1 Mm,,,  Hikw, |1}k per)

for every m € N. Applying Lemma 5.1 to each || M, ijkwk’j ||, for 0 <t <1 we have

o ({Var'2(f — Pfi 2.5) Ykyer) < Caa(®)®y (LN H s s e} kjyer,,)
+ Cu.a(p)Cs.1t®, ({Var'2(f — Pfiwi i)} kjreln)-

Since wy, ; € Ty 4, it follows from (5.1) that Var(f — P f;wy ;) < 2Var(f — Pf; 2k ;). Hence
©, ({Var'?(f — Pfizi)}jyern) < Caa(0)®, ({1 H dw, ;b e,
+2C4.4(p)Cs.1t®, ({Var'2(f — Pfi21) e gyer,)-

Now, for the given 2n < p < oo, we pick 0 < ¢t < 1 such that 2Cy 4(p)Cs.1t < 1/2. This
fixes the value of ¢ in terms of p, and from the above inequality we obtain

o, ({Var'2(f = Pfizi)wjyern) < Caa®) @y {1 Hptw, il oyern)
+(1/2)@, ({Var'/2(f — Pf;zi) Y kojrert)-

Since I,, is a finite set, the quantity @;({Varlﬂ(f—Pf; 2k,j)} (k,j)el,, ) is finite. Therefore
after the obvious cancellation the above inequality becomes

®, ({Var'/2(f — Pfi21)} pyern) < 2C0a(0)®, (IHsYw sl } o gyer,)-

Assuming [|Hy||, < oo, an application of Proposition 3.7 to the right-hand side gives us

O ({Var'2(f — Pfi2x ) Ywgyenn) < 2C1a(p)Cs.a(t,p)Ms.ol| Hf | -

Since this holds for every m € N, by (1.1) we have

‘D;({Varl/z(f — Pfizj) Ykgrer) < 2C1.4(p)C3.4(t, p) Mz 6|/ Hyl|, -

Thus the proposition holds for the constant Cs.2(p) = 2C4.4(p)C3.4(t, p) M3.6. O

Lemma 5.3. [18,Lemma 2.4] Given any 0 < a < oo, there exists a natural number K which
depends only on a and the complex dimension n such that the following holds true: Suppose
that T' is an a-separated subset of B. Then there exist pairwise disjoint subsets I'y,... 'k
of T' such that UK T; = T and such that card(T; N Ty ;) < 1 for alli € {1,...,K} and
(k,j) € 1.
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With the above preparation, we now have

Proof of the lower bound in Theorem 1.2. Let 2n < p < oo and a > 0 be given. We need
to find a 0 < C; < oo that depends only on p, a and n such that the inequality

(5.2) ®, ({Var'/?(f = Pf;2)}zer) < CullHll,

holds for every f € L?(S,do) and every a-separated set I' in B.

Let an a-separated set I' in B be given. Then Lemma 5.3 provides the partition
(5.3) r=r,u---ul'g
where K depends only on a and n, such that
(5.4) card(I’; N T ;) <1 forall i€ {l,...,K} and (k,j) €l

Let f € L?(S,do). For each (k,j) € I pick zx; € Ty ; such that (5.1) holds. Combining
(5.1) with (5.4), we see that

©, ({Var'/(f — Pf;2)}zer,) < 20, ({Var'/2(f — Pfizi)}k.g)er)

for every i € {1,..., K'}. Proposition 5.2 tells us that

o, ({Var'/2(f = Pfizi) bk jyer) < Cs2(p) | Hyll, -

Therefore
O ({Var'/2(f — Pf;2)}.er,) < 2C5.2(p)| Hyll,

ie{l,...,K}. By (5.3) and (3.18) we have

N

o, ({Var'/?(f — Pf; 2)}zer) < Z ({Var'/?(f = Pf;2)}zer,).

By the above two inequalities, (5.2) holds for the constant C; = 2K C5 »(p). O

6. Small factor and cancellation

We now turn to the upper bound in Theorem 1.2. One of the main ingredients in the
proof of the upper bound is a reverse Holder’s inequality, an inequality that is analogous
to Proposition 6.4 in [6]. But whereas [6,Proposition 6.4] works for the symmetric gauge
function @;, here the inequality must cover @, which makes its proof a much more difficult
task. The reader will see that the key to the proof of the reverse Holder’s inequality
is a certain cancellation, and what enables this cancellation to take place is a certain
“small factor”. Here we must take an approach that is fundamentally different from the
corresponding part in [6] to obtain the requisite “small factor”.
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For any a = {a;}jen and N € N, define the sequence alVl = {a;\f}jeN by the formula

(6.1) aY =a; if (i-1)N+1<j<iN,ieN.

In other words, al¥! is obtained from a by repeating each term N times. Alternately, we
can think of al™¥ as a ® - -- @ a, the “direct sum” of N copies of a.

Definition 6.1. [16,Definition 2.2] A symmetric gauge function @ is said to satisfy con-
dition (DQK) if there exist constants 0 < # < 1 and 0 < o < oo such that

®(aM) > aN?®(a)

for every a € ¢ and every N € N.
The relevance of Definition 6.1 to what we do in this paper is the following;:

Lemma 6.2. For each 1 < p < oo, the symmetric gauge function @, satisfies condition
(DQK). More precisely, we have (ID;(a[N]) > Nl/pq); (a) for alla € ¢ and N € N.

Proof. Let 1 < p < oo. It suffices to consider a = {a;};en where the terms are non-
negative and in descending order, i.e.,

alZaQZ"'>a'

> ]2

Then by (6.1) and the definition of ®_, for every N € N we have

o} N 0
E E a; N

= 7 > e — Nl/P(I)—
=i (Gl N+J)(p D/p = ; (iN)®e=1)/p » (@)

as promised. []

The proof of the reverse Holder’s inequality for @ will be based on condition (DQK).
But for the proof itself it will be more convenient to work with (DQK), rather than with
the specific @,

Recall that for each k£ > 0, in Section 3 we introduced {ug,1, ..., Ug,m(k)}, Which is a
subset of S that is maximal with respect to (3.3). For each (k,j) € I, we now define

(6.2)  Apj=Blur;, 27", Brj=Blug;,27""?) and Cp; = Blug;,27").

Definition 6.3. For each i € Z, and each (k,j) € I, we set

Ei(k,j) ={(k+1,5") € I : Apqij N By j # 0}

Definition 6.4. Suppose that g € L?(S,do).
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(a) For each 1 <t < oo and each (k,j) € I, define

. 1/t
ki) = —— _ |td .
Ji(g:k, j) (U(Bk,j)/BkJ 9 — 9B, a)

(b) For each k € Z, define the function Ryg on S by the formula

1
R = do S.
( kg)(C) O'(B(C,2_k_2)) /B(C72k2)g ) Ce

(c) For 1 <t<oo,i€Zy and (k,j) € I, define

1/t
1
i 1k, ) = — i td d
Grilgi k. J) (U(Bk,j) /Bk,j 9= Rarig U) "

1/t
1
Hi ; ) = g — .t .
t, (g7k7]) <0(Bk,j) /Bkd’ |Rk—|— g gBk7]| dO’)

(d) For each (k,j) € I, define

1
kj) = ——— — go. |do.
J(g:k,7) 7(Cr) /CM l9 — 9c, ,|do

Lemma 6.5. There is a constant Cg 5 such that
. _ o (By+i j ..
Gi,i(g; k,j) <271Cq 5 Z —( bt )Jf(g; k+1,5")
4  0(DBk,j)
for all g € L*(S,do), 1 <t <oo,i € Z, and (k,j) € I.
Proof. By (3.2) and (6.2), there is a constant C; such that

0(Bgij)
oSBTy <O

for all k,i € Z,, j' € {1,...,m(k+1i)} and ¢ € S. Let g € L*(S,do), 1 <t < o0,i € Z,
and (k, ]) € I. Then by Deﬁmtlon 6.3 and (3.4) we have

/ |9 — Riyigl'do < > / g — Riyigl'do
By,

(k41,5 )EE;(k,j) Akyi g

<27 >, 9 — 9B, |'do
(kti,§')EE; (k,5) ” Brii!
(6.3) +2imt Y / 98,,, . — Ritigl'do.

(]{3+Z7]/)EE1(I€,]) Ak+i’j/
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For each ¢ € Ayy; ;v we have B((, 2 k=i=2) ¢ By, y; j. Therefore

1
9B,.., ., — R 9O < —— / JB i,,—gtda
| k4i,j + ( )‘ 0(B(§,2 k—i 2)) B(C,Q*’“*i*2)| kti,j |

< C1Ji(g;k+1,5")

for every ¢ € Ay . Hence
/ 198, ,, 0 — Brrigl'do < Cro(Ayri ) Ji(g:k +1,5).
Appir
Substituting this in (6.3), we see that if we set Cs 5 = 1 + Cq, then the lemma holds. O

Lemma 6.6. [18 Lemma 2.2] Suppose that X and Y are countable sets and that N is a
natural number. Suppose that T : X — Y s a map that is at most N-to-1. That is, for
everyy € Y, card{r € X : T(x) = y} < N. Then for every set of real numbers {b,},cy
and every symmetric gauge function ®, we have

P({br(e) trex) < NO({by}yey)-

The next lemma is the most crucial step in the proof of our reverse Holder’s inequality:
extraction of the requisite “small factor”.

Lemma 6.7. Let ® be a symmetric gauge function satisfying condition (DQK). Let 1 <
t < oo and € > 0 also be given. Then there exists a natural number v € N which depends
only on ®, t, € and the complex dimension n such that

Q{Gr,u(95k,5) Y kjrer,) < €@{Je(9: Kk, 5)} kj)elmrn)

for all g € L*(S,do) and m € N.

Proof. We begin by fixing a number of necessary constants. First of all, by (3.3) and (3.2),
there is a natural number M; € N such that

(6.4) card{j’ € {1,...,m(k)} : Cx jy NCk,; # 0} < M,

for every (k,j) € I. Let m € N. By a standard maximality argument, there is a partition
(6.5) I, =Ty U---UZIy,

of the truncated index set I,,, such that for each pair of ¢ € {1,..., M1} and k € Z,
(6.6) if (k,j),(k,j')€Z, and j#j', then Cy;NCy  =0.

Again by (3.3) and (3.2), there are constants 0 < ¢; < C7 < oo such that

—2ni U(B(Cﬂ_ir))
6.7 a2 S T BE )
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holds for all (,£ € §, 0 <r <8 and i € Z;. In particular, we have o(By, ;) < Co0(Ax,;)
and o(Cy ;) < Ca0(By, ;) for every (k,j) € I, where Ca = (22"/c;1). Note that for every
i€ Zy,if (k+1,5") € Ei(k,j), then Ap4; j» C Ck ;. Combining these facts with (6.4), we
see that if we set C3 = M;C3, then

o(Bgijr)
6.8 — s
0% Z o o(Bry) T
(k+7'7] )eEz(k7])
forallie Z, and (k,j) € 1.
Suppose that ® is a symmetric gauge function satisfying condition (DQK). Then
Definition 6.1 implies that there exist constants 0 < § < 1 and 0 < C4 < oo such that

(6.9) ®(a) < OUN"®(a™) forall aeé and N e N.

Let 1 <t < 0o be given. We write C5 = 2871Cg.5, where Cg. 5 is the constant provided by
Lemma 6.5. Let € > 0 also be given. We pick an Ny € N such that

€
(6.10) (4Cs)YVPOuN;¥ < ——.
° "ol

Finally, with Ny so chosen, we pick a v € N such that
(6.11) (ANoC1C527 )Yt < €/2.

What remains is to show that the lemma holds for this v.

Let g € L*(S,do) be given. It suffice to consider the case where J;(g; k,j) < oo for
every (k,j) € I,,4,. For each (k,j) € I,,,, Lemma 6.5 gives us

Jz .
G, (g:k,5) < Cs > %Jf(g; k+v,j)
(k+v,5 )€ By (k. j) o
(6.12) o Y 9(B+v.j)

Ji(gik+v,5)
B ] t ) 9 9
(k+v.5")E By (k,5) 7(B.j)

where E,(k,7) = {(k+v,j") € E,(k,j) : Jt(g;k + v,5') > 0}. Now, for every (k,7) € I,

we have the decomposition
oo

Eu(kvj) = U Xg(k,j),

l=—00

where X,(k, j) is the collection of (k + v, j’) € E,(k,j) satisfying the condition
(6.13) 27 < Ji(gik+ v, 5) <2,
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¢ € Z. For each (k,j) € I,,,, define the sets

ZW(k,j)={leZ:1<card(X(k,7)) < No} and
Z® (k,j) ={l € Z : card(X,(k, 7)) > No}.

It follows from (6.12) that
(6.14) Gio(gik,j) < Cs{T Mk, ) + T (k, j)},

where, for 1 =1, 2,

i ' 0 (Bt i .
TOM )= ) 2 ((J(Jk; ) Ltk v,
e Z) (k,j) (k+v,j')EXe(k,5) g

Let us first consider T (k, 7). Suppose that (k,7) € I, is such that Z()(k, j) # 0. Since
E,(k,j) is a finite set, the set Z() (k, §) is also finite and, consequently, has a largest element
(K, 7). Thus thereis an n(k,j) € {1,...,m(k+v)} such that (k+v,n(k,j)) € X,u.5) (k. j).
By (6.13), we have

2#009) <27 (g k + v n(k, 5))-

By (6.7), 0(Bitv.j1)/0(Bg;) < C1272™. Since card(X,(k, 5)) < No for every £ € Z(M (k, )
and since pu(k, j) is the largest element in Z() (k. j), we have

(k)
TW(k,j) < > NoCr272™2" = 2N Cy 272 2r k)

f=—0o0

< ANGC1272™ I (g3 k + v, n(k, §)).

If (k,j) € I, is such that Z(M(k,j) = 0, then TM (k, j) = 0. Thus we conclude that for
every (k,j) € I, thereis an n(k,j) € {1,...,m(k+v)} such that (k+v,n(k, 7)) € E,(k,J)
and such that

(6.15) TW (k, j) < 4ANoC1272™ It (g; k + v,n(k, 7).

Now define the map ¢ : I,,, = I,;,4, by the formula

p(k,j) = (k+v,n(k,j)),

(k,j) € I,. If k € Z; and j1,j2 € {1,...,m(k)} are such that n(k, j1) = n(k, j2), then, by
the definition of n we have E, (k, j1) N Ey(k, j2) # 0. By (6.2), if Agy; ;7 N By, ; # 0, then
Apyijo C Ck ;. Hence the condition E, (k, j1) N E,(k, j2) # 0 implies Cy, ;, N Ck j, # 0. By
(6.4), the map ¢ : I, = I,;,4, is at most Mj-to-1. Thus Lemma 6.6 gives us

S({Je(g; k +v,n(k, ) Y kgyern) = U950k, 3))} (k.jyern)
< Ml(p({Jt(gv k»j)}(k,j)61m+,/)'
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By (6.15), we have
(T (k, )" < (4NoCr272" )V Jo(g3 k + vy (K, 5))
for every (k,j) € I,,,. The combination of these two inequalities gives us

(6.16)  ({(TYD(k, N Ik jyen) < ANGC127 2 VYN R({ T (93K, 5) ko)t )-
It follows from (6.14) that

Grolgik,§) < O3/ {TD (k, V! + (TP (K, 5)) ).
Hence

D({Gtu(g:k, 7)Yk j)er,)
< PO ({(TD (ky i)Y Y hsyenn) + C3 LTk, 5)Y Y pyern)
< (e/2)@({J(g: k, )Y kyern ) + O3 DUTP (ky i)Y Y jyern):

where the second < follows from (6.16) and (6.11). Thus the proof of the lemma is reduced
to the proof of the inequality

Cy (TP (e, ) Yk gyer) < (€/2)BETiG5 ks 1) bk gy etnsn)-
By (6.5) and (3.18), this inequality will follow if we can show that

€

(6.17) ST (k, )N Yk jyez,) <

< —72{ (g k. 9) kegyerny)
2M10;/t 3 (k.J)Elm+

for every ¢ € {1,..., M;}.

To prove (6.17), consider any ¢ € {1,...,M;}, and define iq = {(k,j) € I, :
Z® (k,j5) # 0}. Again, each Z®@)(k, j) is a finite set because card(E, (k,j)) < oo. Thus
for each (k,j) € Z,, Z?)(k, 7) has a largest element A(k, 7). That is,

(618) CaI'd(X)\(ij)(k,j)) > N(),

and £ ¢ ZP)(k,j) if £ > \(k, j). For each (k,j) € Z,, pick an h(k,j) € {1,...,m(k +v)}
such that
(k + v, h(k7j)) € X)\(k,j)(kaj)

Since A(k, 5) is the largest element in Z(®(k, 5), by (6.13) we have

T gk +v,5") <200 (g;k + v, h(k,j)) forevery (k+v,i)e | Xu(k,j).
€22 (k,j)
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Combining this with the definition of T (k, j) and with (6.8), we obtain
TP (k,j) < 203J{(g: k + v, h(k, 5))-
Thus (T® (k,§))/t < (2C3)Y*J,(g; k + v, h(k, 7)) for every (k, j) € Z,. Consequently,
(TP (k, )Yk jyez,) = PUTP (ks i)Y Y1 jyez,)
(6.19) < (205) D({Jelgi k + v, (ks )} 1y, )

Recall that the condition Agy; s N By ; # 0 implies Agy; ;o C Ck ;. Combining this fact
with (6.6), we have E, (k1,71) N E,(k2,j2) = 0 for all (ki1,j1) # (k2,j2) in Z,. Therefore

(6.20) X)\(kl,jl)(klajl) N X)\(k2’j2)(k2,j2) = @ for all (kl,jl) 75 (/{ig,jg) in iq.
Note that (6.13) also gives us
(6.21)  Ji(g:k+ v, h(k,§)) < 24T (g;k + v, §') for every (k+wv,j') € Xk, (ks J)-

If (k,j) € iq, then, of course, Xy ;)(k,j) C Im4,. Thus, if we re-enumerate the num-
bers {J:(g;k + v, h(kvj))}(k,j)eiq in the form b = {by,...,b;}, then it follows from the
combination of (6.21), (6.20) and (6.18) that

(BNl) < 21D ({Jy(95 kv 1) ket )-

Applying (6.9), we now have

O({Ji(g; k + v, h(k, 1))} o jyez,) = D) < CalNg "@(bIN))
< 2V CuNG P ({ i (g; s )} et

m+u)'

Combining this with (6.19) and (6.10), we have

O({(TP (k, )"}k jyez,) < (AC3)YVECuNG  @({ (g5, 3) Yk jyetms)
€

< —— 7 Q{9 k. ) et )-
2M1C§/t ' (Bl

This proves (6.17) and completes the proof of the lemma. [J

Lemma 6.8. There exists a constant Cg.g which depends only on the complex dimension
n such that the inequality

Ht,z(g, k?]) < 068227”‘](gﬂ ka])
holds for all g € L?(S,do), (k,j) € I,i € Zy and 1 <t < cc.
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Proof. Let g € L?(S,do) and (k,j) € I. If ( € By j and i € Z, then B((,27%772) C Oy,
and consequently

1
i — 1< . — |d
|(Rk+ g)(C) ngJ’ = O'(B(C,2_k_z_2)) /B(C’Q—k—i—2) |g gc;ﬂ’3| g

O(ij) 1 /
LA . — |do
S BT o) Jo, 19T 90k
< (219 /e1)22™ I (g5 k, 5),

where the third < follows from (6.7). On the other hand,

l9c,.., — 9ldo
o (Bk,;j) /B,w. .
U(Ck j) 1 / 2 .

= —gldo < (2" /c1)J (g5 k, ),
o(Br;) o(Cr;) o l9c,.; — gldo < (27" /c1)J (g5 k, J)

1

|ng,j _gBk,j| <

<

where the last < again follows from (6.7). Write Css = (2!°"/c1) + (22" /¢1). Then the
above two inequalities together give us

|(Ri4i9)(C) — 9B, ;| < C6.82°" T (g: k, )
for every ¢ € By, ;. Recalling Definition 6.4(c), the lemma follows. O
Definition 6.9. (a) For each (k,j) € I, we set

E(k,j) ={(K,7)€T:k >k, d(up j,ur ) <27} and
G(k,j)={(K,j") el k' >k, Ap j N By, #0}.

(b) For g € L*(S,do) and (k,j) € I, we set

M(g;k,j) =sup{J(g; k', ") : (K',j") € E(k,j)}.

Proposition 6.10. Let 1 <t < oo. Then there exists a constant Cg.10 = Cg.10(t,n) such
that the inequality

Jt(g7k7.7) S CGlOM(gak7]>
holds for all g € L*(S,do) and (k,j) € I.

Obviously, Proposition 6.10 follows from a more structured version of the well-known
John-Nirenberg theorem, a version that incorporates our particular decomposition scheme
(3.3), (3.4) and (6.2). As such, the proof of Proposition 6.10 is relegated to the Appendix
at the end of the paper.

Proposition 6.11. Let 1 <t < co. There exists a constant Cg.11 = Cg.11(t,n) such that
if ® is any symmetric gauge function, g € L*(S,do) and £ € Z, then

(6.22) O({Ji(g: )}V < Con1®({T (g3 ks §)}hjyer)-
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Proof. By (3.3) and (3.2), there is a natural number L such that the inequality
(6.23) card{j’ € {1,...,m(k)} : d(up jr,ur ;) < 27F0} < L

holds for every (k,j) € I. Let 1 <t < oo be given. Let g € L?(S,do) and symmetric
gauge function ¢ also be given. To prove (6.22), it suffices to consider the case where
D({J(g;:k,7)}(k,jyer) < oo. Note that this implies

sup J(g;k,j) < oo.
(k,j)el

Let £ € Z. Then for each i € {1,...,m(¢)}, there is an h(i) € E(¢,i) such that

J(g; h(i)) = 5 M(g; ¢, 0).

DN | —

Applying Proposition 6.10, we have
Ji(g;4,1) < Ce10M (g; ¢, 1) < 2C6.10J (g5 h(1)),

ie{l,...,m({)}. Consequently,

(6.24) O({Ji(g: 0, 1)} D) < 205100 ({J (g (i)} D).

If i,i" € {1,...,m(¢)} are such that h(i) = h(i’), then E(¢,i) N E({,i") # (), which means
that there is some (ko, jo) such that

£+5 £+5

d(Wp iy kg jo) < 27 and  d(ugir, Ukg,j,) < 27
Hence if h(i) = h(i’), then d(ug,up ) < 27476, Thus, by (6.23), the map
h:{1l,....m)} =1

is at most L-to-1. Therefore it follows from Lemma 6.6 that

O({J(g: h(i))}D) < LO({I (g5 k. )Y gyer)-

Combining this with (6.24), we see that the proposition holds for the constant Cg1; =
2L06.10. ]

After the extensive preparation above, here is our reverse Holder’s inequality:

Proposition 6.12. Let ® be a symmetric gauge function satisfying condition (DQK), and
let 1 <t < oo. Then there exists a constant Cg.12 which depends only on ®, t and the
complex dimension n such that

(6.25) ({Je(g:k,5) Ywgyrer) < Co12@({T (95K, 7) }kj)er)
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for every g € L?(S,do).

Proof. Given ® and t as in the statement of the proposition, Lemma 6.7 provides a v € N
such that

(6.26) Q{Gt(9:k, 5) Yk jyern,) < sPHTe(9: K, 5) Y kgyernsn)

N | —

for all g € L?(S,do) and m € N. By Lemma 6.8, we also have

(6.27) O({Hy,u(9: k. 5) Y ojyer,) < Co.82°™ ©({J (g5 k, §) Yk, jyer,,)

for all g € L?(S,do) and m € N. To prove (6.25), we only need to consider g € L?(S, do)
satisfying the condition ®({J(g;k,7)}(k,j)er) < oo. By Proposition 6.10, this implies
Ji(g; k,j) < oo for every (k,j) € I.

Since Lty = Iy U{Lni\Im}, by (3.18) we have

S{Je(9:k,3) Y kjrermrn) < PUHIe(g3 5, 9)} (kjyern) + PUT(G 5, 5) Y k) elm\Im)

m-+v

< O({ gk, N per) + Y. ({Tlg: 6.0}
{=m-+1

Applying Proposition 6.11, we obtain
S({Je(g: k. ) Y kgyetny,) < PU{Je(9: k) Ykgyer,) + vCe11®({J (95 K, J) k. jyer)-

Substituting this in (6.26), we have

D{Gru(g: k) Y kjyern) < s @HTe(g: %, 5) Y kjyern.) + vCs.11P{ T (g: K, 5) Yk j)er)-

N =

By Definition 6.4, Ji(g:k,7) < Giu(g;k,j) + Hi(g;k,j). Thus, combining the above
inequality with (6.27), we find that

({Je(g: K, 3) Y kjyern) < PUGHL (95K, 7)Y kjyern) + PUH (9K, 5) } k. jyer,n)
]_ . nv >
< §‘P({Jt(9; ka])}(k,j)elm) + (VCG.M + C6.822 )‘I)({J(g; k7.7)}(k,j)61)'

Thus the obvious cancellation in the above leads to

O({Je(g9: k. ) Yk jyern) < 2wCs11 + Co.82°™)({J (g5 k, 1)} . jyer)-

Since m € N is arbitrary, recalling (1.1), we conclude that the proposition holds for the
constant Cg.10 = 2(vC.11 + Cg.822™). O

7. Upper bound
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We now turn to the estimate of ||[P, M]||,;. As it happens, this estimate involves a
new and quite elaborate interpolation scheme. In other words, this is not the standard kind
of interpolation [3]. Our estimate of ||[P, M]|, will be realized through an interpolation

between the norms | - ||, and || - ||}, where ' < p < r. What complicates the matter is
that estimates of || - ||, and || - || are themselves obtained through interpolation between
Schatten classes. Thus the estimate of ||[P, M]||, is really a two-stage interpolation.

As in [5,6], for each operator A we introduce the distribution function
Ny(s) =card{j € N:s;(A4) > s},

s > 0, where s1(A), s2(A4), -+, s;(A), - are the s-numbers of A. Also recall from [5,(7.1)]
that we have the inequality

Nayp(s) < Na(s/2) + Np(s/2).

We define the measure

do(z)do(y)
1= (e p)Pr

on S x S. For each 1 < p < oo, let LE (S x S,du) be the collection of functions F' on
S x § which are LP with respect to du and which satisfy the condition

du(z,y) =

|F(2,y)| = |F(y,2)], (z,y) €S xS
(S x S,du), define Tr to be the integral operator on L?(S,do) with the

F(z,y)
(1= (z,y))"

For these operators we have the following weak-type inequality:

For each I' € LE
kernel function

KF('xvy) -

Proposition 7.1. [6,Proposition 7.1] Given any 2 < p < oo, there is a constant C71 =

C7.1(p,n) such that
07 1 (z,y ’p
N
(< G [ R e @sty)

S x S,du) and t > 0.

Definition 7.2. (a) A subset Y of S x S is said to be symmetric if for every (x,y) € S xS,
we have (z,y) € Y if and only if (y,z) € Y.

(b) For any g € L?(S,do) and any measurable, symmetric subset Y of S x S, we let C(g;Y)
denote the integral operator on L?(S,do) with the kernel function

for all F € LP

sym (

9(y) —g(x)
XY(:E?y) (1 _ <.I‘, y>)n
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Definition 7.3. (a) For each k € Z, let B = {(z,y) € S x S :27% < d(z,y) < 27k}
(b) For each (k,j) € I, we set Dy ; = By ; X By, j, where By, ; is defined in (6.2).
(c) For each (k,j) € I, we set Ry j = Dy ; N Ey.

We are now ready to carry out the out two-stage interpolation for ||[P, M,] The

first interpolation is a more refined version of Proposition 7.2 in [6]:

I

Proposition 7.4. Let 2 < p < t < oo. Then there is a constant C74 = C7.4(p,t,n)
such that the following estimate holds: Suppose that G is a subset of I and that Y is a
measurable, symmetric subset of S X S satisfying the condition

Y CUk,jyecRe.;-

Then ||C(g; V)l < Cra®) ({Ji(g: k. ) }x.j)ec) for every g € L(S, do).
Proof. Let 2 < p <t < oo. By (3.2), it is elementary that there is a constant C' such that

24nk /V/DkJ ‘g(x) _ g(y)‘tdo'(:v)dd(y) < CJf(g7 k,])

for all g € L?(S,do) and (k,j) € I. Let G and Y be as in the statement of the proposition.
To prove the proposition, it suffices to consider g € L?(S,do) satisfying the condition

O ({Je(9:k,5) ko jyea) < 00

Let us estimate N¢ g,y (), s > 0. For this, we will decompose the integral operator
C(g;Y) in the form C(g;Y) = As + B, and take advantage of the inequality

Netgry(s) < Na, (s/2) + N, (5/2)

We will then estimate N4, (s/2) by Proposition 7.1 and estimate Np_(s/2) by using the
Hilbert-Schmidt norm ||Bs||2. But first we need to define A4 and B.

Let us write
P )
(7.1) = 21/pﬁ‘1’3({=ft(g; kyJ)}kgrec)-

Set N' = N in the case card(G) = oo and set N = {1,..., m} in the case card(G) = m < oc.
By Lemma 2.4, there is a bijection 7 : N' — G such that

(7.2) Ji(g;7(i)) < R/iYP  for every i€ N.
Let G(s) = {m(i) : 1 <i < (R/s)P}. We define
W(s) = U, jecs (Y NRej) and  F(s) =Y\W(s).
Now we let A, and B; be the integral operators on L?(S, do) with the kernel functions

9(y) — g(x)

9(y) — g(=)
XF(S)(x7y)W and  Xw(s)(T,¥) T

(1= (z, )"

35



respectively. We first estimate Na_(s/2).

Since Y C U jyeqRr,; by assumption, we have F'(s) C U(k’j)eg\g(S)RkJ‘. Hence

//F(S) Ty |gfda(a:)da<y) < > //R |1_ ) ‘gljdo(x)da(y)

(k,7)€G\G(s)

< yink //D 9() — g(@)'do(2)do(y) <C Y JHgik.J)

(k,a)eG\G(s) (k,j)€G\G(s)
=C Y JHgw@)<C Y (R/AVPE (by (7.2)
i>(R/s)P i>(R/s)P
< R Cy(max{1, R/s})PU=#/P) = ¢ R (max{1, R/s})P~,

where the last < is the reason why we must require ¢ > p. Since the set F'(s) is symmetric,
we can apply Proposition 7.1 to obtain

g(x)['
i scneny [[ S EE @)
(73) S 07‘1(2/8) . C’lRt(max{l,R/s})p t S 2t0107_1Rp87p,

where the last < also uses the assumption ¢ > p.

To estimate Np_(s/2), note that

B8 = | /W o @'f eyt < Y [ BOCIG et

(k,3)€G(s)

< gink //D (z)2do(x)do(y) <Co > JZ(gik. ),

(K, J)EG(S) (k.g)€G(s)

where the last < follows from (3.2) and Hélder’s inequality. Recalling (7.2), we have

IBJZ<Co Y Jigim(i) <Co Yy (R/IVP)

(1) EG(s) 1<i<(R/s)P
< C3R%- (R/s)P1~(/P) — CypPg—P+2,

Therefore
N, (5/2) < (2/5)||Bs|l3 < 4CsRPs™?.

Combining this with (7.3) and recalling (7.1), we have
Ne(givy(s) < {2'C1Cr1 +4C3}RPs™P = Cu{ @Y ({Je(9: K, 5) Yk jyea) }Ps 7P

If v € N and a, > 0 are such that Nr(a,) < v, then s,(T) < a,. Hence it follows from
the above inequality that the s-numbers of C(g;Y") satisfy the condition

s0(Clg:Y)) < (2C) P05 ({u(g5 k. 5) i jyec)v™ 7
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for every v € N. Therefore

1C(g: V)5 < (20)YP®F ({ T (95 K. §) } k. jyec)-

This completes the proof of the proposition. [
The second stage of our interpolation requires the estimates obtained in Section 2.

Proposition 7.5. Let 2 < p < co. Then there is a constant C75 = C7.5(p,n) such that

I[P, Mylll, < Crs®, ({(g5 ks 3) ik yer)

for every g € L?(S,do).

Proof. Given 2 < p < 0o, we pick a ¢ such that p < ¢t < co. Lemma 6.2 tells us that the
symmetric gauge function @ satisfies condition (DQK). Thus, by Proposition 6.12,

D, ({Je(g5 5, 9)} kjyer) < Co12®, ({J(93K,5) Yk jyer)

for every g € L?(S, do). Hence it suffices to show that there is a constant C such that

(7.4) 1P, Mglll, < C®, ({Ji(g; k5 3) Ykgrer)

for every g € L?(S, do).

To prove (7.4), we pick 7 and 7/ such that 2 < v’ < p <r < t. Given g € L?(S,do),
let us estimate Np as,)(s), s > 0. The idea is to decompose [P, M| in the form C(g; X,) +
C(g;Ys) and take advantage of the inequality

(75) N[P,Mg} (S) < NC(g;XS)(S/Z) + NC’(g;YS)(S/Z)'

The sets X and Y; are chosen as follows. Let A denote the diagonal {(x,z) : x € S} in
S x S. Then, of course, (o x 0)(A) = 0. For each s > 0 we set

E(s) = {(k,j) € I : Ji(g; k. j) < s}
We then define
Xs =Uwj)eps) B,y and Y, = (9 x S)\(X;UA).
Since 2 < r < t, it follows from Proposition 7.4 that
IC(g; X < Cralr, )@ ({Te(95 k. 9) } (koj)eB(s))-

By Lemma 2.6, we have

Vo2 < (7)) (Glict Xl -
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Setting C; = {2C7 4(r,t)r/(r — 1)}", from the above two inequalities we obtain

1 ) "
(7.6) Netgo(5/2) < o (0F (g gepeis))
By (3.4) and (6.2), we have UT:(If)Dk,j D Ey for every k € Z,. Also, it is obvious that

UploEr = (S x S)\A. Consequently, U, jyerRi,j = (S x S)\A. Therefore
Ys C Uk jene(s) B,
Since 2 < r’ < t, it follows from Proposition 7.4 that
IC(g; Yl < Cralr’, )25 ({Te(gs k. ) }ojyenms))-
Then another application of Lemma 2.6 gives us

1

& Notw(5/2) < Ca (5 (Uhla b Dapenee))

where Cy = {2C7.4(r', t)r' /(' —1)}"". Note that (a+b)'/? < a*/?+b/? for all a, b € [0, ).
Thus if we write C3 = (max{C,C5})'/P, then it follows from (7.5), (7.6) and (7.7) that

T/p

1 .
{Nipa, (s)}P < Cy <;‘I)r+({<]t(9; ka])}(k,j)eE(s)))

r'/p
1 .
(7.8) +03( @;ﬁ({w;k,j>}<k,j>g\E<s)>) .

s
Since 2 < p < r, it follows from Proposition 2.2 that
0 1 r/p
/o (E‘Dj({Jt(g; kaj)}(k,j)eE(S))) ds < C2.2%, ({J(9: K, 7)Y j)er):

Similarly, since 2 < v’ < p, Proposition 2.3 tells us that

r'/p

> /1 . _ .
/O (gq’;r/({t]t(g; k,J)}(k,j)ez\E(s))) ds < C23®, ({Je(g; %, 5) } (k. jyer)-

Combining the above two inequalities with (7.8), we obtain

| Nipat (9)177ds < Ca(Cas + Con)y ((hlgsh )} wper)
0

Now an application of Lemma 2.1 gives us

[P, Mlll, < p/ {Nipar,) ()} /Pds < pC5(Caz + Co3)®, ({J: (95 K, 5) Y rejyer)-
0
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That is, (7.4) holds for the constant C' = pC5(Cs.2 + Cs.3). This completes the proof. [J

Proposition 7.5 is the essential part of the proof of the upper bound in Theorem 1.2.
What remains in the proof of the upper bound is to bring Var'/2(g; z) and Bergman lattice
into the picture. But this last step has been taken care of previously:

Proposition 7.6. [6,Proposition 8.4] Given any positive number 0 < b < oo, there is a
constant C7 ¢ which depends only on b and n such that if T is a countable subset of B with
the property that U,crD(z,b) = B, then

O({J(g: k,5)}k jyer) < Cr.e®({Var'/?(g; 2)}.er)

for every g € L?(S,do) and every symmetric gauge function ®.

Proof of the upper bound in Theorem 1.2. Given an f € L2(S,do), write g = f — Pf.
Then Hy = H,. Let 2 < p < oo and b > 0. Let I' be a countable subset of B such that
U.erD(z,b) = B. Applying Propositions 7.5 and 7.6, we have

[Hegll, = 1Hgll, <[P, Mll, < Crs®, ({J(g:k,5)} k. jer)
< Cr.5C7.60, ({Var'/?(g; 2)}aer) = Cr.5C7.6®, ({Var'/2(f — Pf;2)}zer).

This completes the proof of Theorem 1.2. [J

Appendix

The purpose of this appendix is to provide a proof of Proposition 6.10. This proof
follows the general approach of the standard John-Nirenberg theorem, as can be found,
e.g., in [8,Section VI.2]. Our proof begins with the introduction of maximal functions
associated with our particular spherical decomposition (3.3), (3.4) and (6.2).

Let f € L'(S,do) and x € S. Then for each k € Z, we define

(Mkf)(a:):max{ /A .\f|d0:w€Ak,j,1§j§m(k)} and

1
o(Ag,j)
1
o(B,j)

(Mkf)(x):max{ /B .|f|da:xEBk,j,1§j§m(k’)}.

Lemma A.1. There exists a constant Cg 1 such that

(M3 f)(x) < Csa(Myf)()
for all f € LY(S,do), x € S, and k € Z,.

Proof. By (6.7), there is a constant Cg 1 such that

o(Ay,j)

<C
0(Brys) — o
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forall k € Zy, j € {1,...,m(k)} and i € {1,...,m(k + 3)}. Let f € L(S,do), x € S,
and k € Z, be given. By (3.4), there is a j* € {1,...,m(k)} such that z € B(uy j-,27%).
By (6.2), we have Ay j« D B(z,27%). Again by (6.2), if i € {1,...,m(k + 3)} is such that
T € Byys,i, then B(x,27%) D Byy3,;. Thus

A j« D Biys,; forevery ie{l,...,m(k+3)} such that = € By ys;,.
Therefore if x € Bjy3;, then

1 / O'(Ak; '*) 1
- f do, S 5] .
0(Bk+3,i) JByss., 1 0(Bits,i) 0(Ak,;j+)

/A |fldo < Cs.1(Myf)(x).

Combining this with the definition of (M sf)(z), the lemma follows. [J

Lemma A.2. There exist constants Cgo and Cg 3 such that the following estimates hold:
Suppose f € L1(S,do), (k,7) € I and r > 0 satisfy the condition

1

(Al) ﬂC—WLk,j |f‘d0' S T.

Then there exists a subset G of G(k,j) (see Definition 6.9) such that
(a) |[f(z)] < Cg.ar for o-a.e. © € By j\{U(x,i)ecBr,i};

(b) I
S o(Be) < 1 / fdo,
(r,0)EG " JOw,

where My is the natural number in (6.4);
(c) for every (k,i) € G, we have

1
—_— do < Cg 3r.
O'(B,i’fi) \/;mi ‘f’ (O 8.3T

Proof. By (3.2), there is a constant 0 < (g2 < oo such that

o(B(¢,27"%?))
o(B(£,275))

for all (,£ € S and k € Z. Suppose that (A.1) holds. Then define

< (g2

B = {x € By ; - limsup(M, f)(z) > Cg,gr} :

K— 00

It follows from (3.2) that if x is a Lebesgue point for |f|, then

lim (M, f)(x) = [f ()|

K— 00
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Hence |f(z)| < Cs.or for o-a.e. x € By ;\B. Consequently, it suffices to find a subset G of
G(k, ) such that

(A?) U(n,i)eGB/i,i OB

and such that estimates (b) and (c) hold. To find such a G, we first recall that if Kk > k
and if An,i N Bk,j 7£ @, then A,{’i C Cij.

Let x € By j. Forany 1 <v <3,ifi e {1,...,m(k+v)} is such that x € Ag4,, then

1 / O'(Ck j) 1 /
_— do < : . do < Cgor.
o) Jasos 175 o) 0y Sy, 1197 = o

This shows that (Mg, f)(x) < Cgor for all x € By j and v = 1,2,3. Thus for each x € B,
there is a natural number k(x) > k + 3 such that

(M) f)(x) > Cgor and (M, )—3f)(x) < Cgar.
Set Cg.3 = Cg.1Cs.2. By Lemma A.1, the second inequality above implies
(A.3) (M) f)(2) < Cs.r.
For each x € B, there is an i(z) € {1,...,m(k(x))} such that x € A, ;) (») and

1

(A.4) L
o(Ax(z),i(z))

/ |fldo = (M) f)(x) > Csar.
Aw(@),i(=)

Let
G = {(k(x),i(x)) : x € B}.

Then, of course, G C G(k,j) and U, ;)cgAx,s O B. Our desired set G will be a subset of
G, defined as follows. Recall that x(z) > k + 4 for every x € B. We define

Grt+a = {(k(x),i(z)) : x € B and k(x) =k + 4}.

Inductively, suppose that ¢ > 4 and that we have defined G4 for every 4 < ¢ < /. Then
we define

Giie+1 = {(k(x),i(x)) : z € B, k(x) = k+£+1 and Am(m)7i(x)ﬂ{U$:4U(,€7i)€Gk+qA,w-} = (}.
This defines G, for every ¢ > 4. Let

G - U?;4Gk+g.
Let us verify that G has the desired properties. First of all, by the above inductive process,
if z € B is such that (k(z),i(z)) ¢ G, then there is a (k,7) € G with k < k(x) such that
Ay(a),i(e) N Ar,i # 0. Since k < k(x), this implies A () i(z) C Bx,i- Hence (A.2) holds.
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To verify (b), for each ¢ > 4 we define

Ay = U Ao
(k+£,i)EGrte

It follows from (6.4) that

Z XApie: < Mixa,
(k+€,i)€Gk+z

for every ¢ > 4. By (A.4), we have
1
Cg.20(Apyei) < = | fldo
T JApte
for every (k + ¢,i) € Gi1¢. Combining the above two inequalities, we have

> Certid <, X [ i< 22 [ isiao

(k+£,i)EGr e (k+£,3)EG 4o ¥ Akt

Since Cg.20(Akye,i) > 0(Bgye,i) for every (k+£,i) € Gy, we obtain

M
> 0(Bryei) < 71/A | f|do,
4

(k+£,i)EG 40

0> 4. If (k+£,i) € Giqe, then Agyp; N B # 0. Hence Ay C Cy ; for every £ > 4. The
definition of the G ¢’s ensures that Ay N Ay = () for all 4 < ¢ < ¢'. Therefore

S o)=Y 3 <%ms—zﬁmw«— fldo,

(ki)EG (=4 (k+£,5)€Cri Ck.j

proving (b). Finally, (c¢) follows simply from (A.3). Indeed for each = € B, we have

1 ~
m/ |f|d0 < (Mm(m)f)(x) < Cg.ar.

Bia(a) i)

This completes the proof. []

Proposition A.3. There exists a constant Cg 4 such that if g € L?(S,do) and (k,j) € T
satisfy the condition 0 < M (g;k,j) < oo and if s > 0, then

o({x € By : |l9(z) — gB, ;| > s}) < 2exp ( e )
() = Cs.aM(g;k,5)) "

(A.5)

Proof. By (3.2), there is a constant Cy such that
0(C,i) < C10(Byi)
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for every (k,i) € I. It is easy to see that

|98, — pc,.| < C1J(p; kK, i)

for all ¢ € L?(S,do) and (k,i) € I. By the homogeneity of (A.5), it suffices to consider
the case where g € L?(S,do) and (k, j) € I satisfy the condition M (g;k,j) = 1. Note that

O'(Ck’j) o |g g lw| U(Ok:,j) Cros ‘g g k,]’ ’g k,j g k,3| 1

Now we apply Lemma A.2 to the pair of f = |g — g, ,| and (k,j), and to the number

(A6) T:201M1(1+C1),

where M is the natural number that appears in (6.4). By Lemma A.2, there is a subset
G of G(k, j) such that

lg(x) — g, ;| £ Cgar for c-ae. x€ B]ghj\{U(n’,L‘)eG(l)B,{’i},

M M 1
>, o(Bei) < / 9= 98, ,1do < == (14 C1)o(Cry) < 5o (Bry),
(k)G " JCh; "

and
1

0<Bn,i)

/B |9 — 9B, ;|do < Cg3r for every (k,i) € e}
This last inequality implie; that

9B,.. — 9B,.;| < Csgar for every (k,i) € aW,
Also, since GV c G(k, 5), for every (k,4) € G we have k > k + 1 and
AUy iy up j) < 2-27FF2 =271 g=hHd,

Inductively, suppose that £ > 1 and that we have a subset G of {(k,i) € I : K > k + £}
such that

(A.7) l9(x) — 9B, ;| < Cgor + (£ —1)Cg3r for c-ae. z¢€ Bk,j\{u(m)e(;(@Bm},

1
(A.8) Z 0(By,i) < ?U(Bk,j)y
(kyi)eGWO
and
(A.9) 9B.; — 9B, | S €Cs3r and  d(uk,ug,;) < (271 4. 427 . g7kt
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for every (k,i) € GY). This last condition means G¥) C E(k, j) (see Definition 6.9), which
together with the condition M(g;k,j) = 1 implies

dU + |gCH,i - gBli,’i S 1 + Cl

1 1
—/ |9 = 9B,..|do < / 19— 9c,.:
U(O’ifi) Cn,i , O-(C’%i) Cn,i 7

for every (k,i) € G . Thus the above argument can be repeated. That is, we apply
Lemma A.2 to each triple of (k,i) € G\, f.., = |g—gp, .|, and the same 7 given by (A.6).

This gives us a subset fojl) of G(k, 1) for each (x,i) € G). We set

¢ - | el
(k1) €GO

By Lemma A.2(a) and (A.9),
l9(x) — gB, ;| < Cgar +£Cs37
for o-a.e. z € {U,iyec Br,i}\{U(x,i)ece+n) B, }. Combining this with (A.7), we have
9(x) — 9B, ;| < Csor +£Cs 37 for o-ae. =€ By j\{Uy, ieqe+n Br,i}-

Also,
1 1
Z U(B/@,i) < Z §U(Bm') < %O'(Bk,j)

(k,i)eGU+D) (k,5)EGH)

and
‘an,i - gBk,j’ < (K + 1)08.37' for every (l‘i, Z) € G(£+1)'

Furthermore, if (k,i) € G¥+Y), then there is a (k/,i') € G such that (k,i) € G(x', ).
Since ' > k + £, this implies d(u, ;, uer i) < 271277 T4 < 276-1.27k+4 By the triangle
inequality,

AU iy up ) < (27 4 42704270 27 for every (ki) € G,

This completes the inductive selection of the sets GV, G?, ... . GO ...

To complete the proof of the proposition, let us write C' = max{Cs s, Cs 3}r, where,
as we recall, r is fixed in (A.6). Suppose that s > C. Then there is an ¢ € N such that

(C<s<(L+1)C.

By (A.7) and (A.8), we have

0 (Bk.;) 2¢
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On the other hand, if 0 < s < C, then

€ By j: — >
2exp <—IO§,28> > 2exp <—10220> —1> o({x k,j |Eléw) : 9B, | s})
o k,j

Hence the proposition holds for the constant Cg 4 = C'/log2. O
Proof of Proposition 6.10. For any 1 <t < oo, g € L?(S,do) and (k, j) € I, we have

1

Jf(g7k7j):—/3 |g_gBk,j‘td0-:t
k,j

ds.
o(Bk;)

/OO -1 € Brj + |9(@) — g5, ,| > 5})
0 o(Bk.,j)

Applying Proposition A.3 to the fraction in the last integral and making the obvious
substitution, we obtain

Ji(g:k,j) < 2t(08.4M(g;k,j))t/ ut e du.
0
Thus Proposition 6.10 holds for the constant

Cs.10 = (2)/Cq 4 (/ utle“du)
0

This completes the proof. [

1/t
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